

ABSTRACT: To apply the tension estimation method based on effective vibration lengths, it has been clarified that the installation of at least one sensor near the high end of a stay cable or a suspender of arch bridge is necessary for attaining good accuracy. Efforts are made in this research to release such an undesirable requirement that may greatly hinder popular applications of this method. Re-examination of formulations first reveals that the half-wavelength, rather than the whole effective vibration length, of each considered mode is actually needed in the mode shape based method. Therefore, cable tension estimation simply using local vibration measurements to fit partial mode shapes is a viable alternative as long as the accuracy in determining the half-wavelengths of all the chosen modes can be ensured. Numerical analyses with the finite element models for two stay cables are then conducted to investigate the appropriate covering range of local measurements and the preferred choice of modes. Numerical verification for a cable tension estimation method simply based on local vibration measurements
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Introduction
To apply the vibration-based tension estimation method, it regularly begins with identifying the cable frequencies from the ambient vibration signals. The simplest version of the vibration-based method is to calculate the cable tension with an analytical formula derived from the string theory where an identified modal frequency of cable, the corresponding vibration length, and its mass per unit length are required. By additionally incorporating the effects of flexural rigidity, gravity sag, and involved boundary constraints, the accuracy of this method can be upgraded with more sophisticated formulas. 
An alternative development for improving the tension estimation accuracy of the vibration-based method focuses on the decision of a precise vibration length to more realistically reflect the actual vibration behavior of cable. The complicated details near the boundaries of a practical cable makes it particularly challenging to select an accurate vibration length that is generally the key parameter in any tension determination formula. For example, rubber constraints and special anchorage systems are typically designed at both ends of a stay cable or at least one end of a suspender. For staying away from the troubles of complex modelling in the neighborhood of cable boundaries, a novel idea with additional information of mode shapes to directly decide the effective vibration lengths for interested modes was initiated by the authors [1-4]. It was proposed to collect multiple synchronized vibration measurements on a cable and identify the mode shape values at different sensor locations. The corresponding effective vibration length for each considered mode can then be independently obtained by best fitting the sinusoidal component of mode shape. Simple linear regression techniques were subsequently applied to solve the cable tension and flexural rigidity with the identified modal frequencies and the determined effective vibration lengths. 
For simplicity, the method developed by the authors was initially formulated by assuming symmetric boundary constraints at both ends in the optimization of effective vibration length [1]. A shifting parameter was further added in the assumed sinusoidal mode shape function to take the unsymmetrical boundary constraints into account [2]. However, this unsymmetrical formulation was found to bring about a tricky objective function with a lot of local minima all over the considered range if all the sensors concentrate at one end [2]. Such a difficulty in obtaining an appropriate optimal value for the effective vibration length was further overcome by adding at least one sensor close to the other end [2]. 
The general requirement of installing at least one sensor close to the high end could greatly hinder popular applications of this method because a mobile crane is indispensable for the sensor installation in the case of a stay cable or a suspender of arch bridge. For extremely long stay cables, it may be even impossible to hire a crane that can reach the demanded height. The current work is consequently aimed to further extend its applicability by improving the convenience in tension estimation merely with local vibration measurements. The mode shape based method is first reformulated for providing the legitimacy of using local vibration measurements to fit partial mode shapes, followed by numerical investigation to explore the favorable sensor deployment and choice of modes for keeping reliable accuracy.
Method based on effective vibration length
The transverse displacement v(x, t) of a cable under an axial tension T is a function of axial coordinate x and time t. If the sag effect is neglected, its equation of motion for the case of free vibration can be expressed as:

		(1)



in which  denotes the mass per unit length, E is the Young’s modulus, and I stands for the cross-sectional area moment of inertia. If a dimensionless variable  in a range of  is further defined by normalizing x with respect to the cable length L, Eq. (1) can be reformulated into:

		(2)
where


	   and   	(3)


The technique of separation of variables is commonly adopted to solve Eq. (2) by letting  to obtain the general solutions of  and Y(t) as:

		(4)

and  where


	  and  	(5)
With the specified boundary conditions at both ends of the cable, four simultaneous equations obtained from Eq. (4) can be used to yield the corresponding frequency equations for solving the modal frequencies and the associated mode shape functions. For instance, the simplest case with hinged boundary constraints at both ends would lead to the frequency equations:



	 or ,   	(6)
and mode shape functions:


	,   	(7)
In this case, the explicit frequency formula of Eq. (6) together with the definitions of , , and  in Eqs. (5) and (3) can be combined to analytically express the modal frequencies of cable as:


	,   	(8)

where  represents the natural frequency of the k-th mode in Hz. For the more involved case with fixed boundary constraints at both ends, it has been solved [4] to gain a pair of frequency equations:

		(9)
and their associated mode shape functions:

		(10)




Even though the frequency equations of Eq. (9) can be successfully derived for the case with fixed boundary constraints at both ends, they are evidently too complicated to be analytically solved. Accordingly, it becomes unfeasible to acquire explicit formulas for tension estimation in this case. No matter how complicated the boundary conditions are [4], the corresponding mode shape functions would generally consist of a sinusoidal component  just containing  and the other hyperbolic component  only involving , as observed in Eq. (10). Based on this understanding, the authors [1-4] recently proposed a methodology to expediently solve the cable frequencies by solely focusing on the sinusoidal component , instead of the whole mode shape function . Considering that a practical cable in engineering applications is typically well constrained at both ends, the only chance for a mode shape function like Eq. (10) to satisfy the boundary conditions is with a dominant sinusoidal component and a trivial hyperbolic component. As a result, the contribution from the hyperbolic component of a mode shape function should be observable only in a very limited range close to the boundary. Extraction of the sinusoidal component of mode shape is consequently achievable as long as a few mode shape values not too close to the boundaries are available.
The principal advantage of purely considering the sinusoidal component of mode shape function is to recover the simple frequency equations similar to Eq. (6):



	 or ,   	(11)

where  symbolizes the dimensionless distance between the first and last zero-crossing positions for the k-th mode. Then, the modal frequencies of cable can be explicitly written as


	,   	(12)

Eq. (12) renders the cases of complicated boundary constraints a formula like the case of hinged boundary conditions, but with a difference that  needs to be pre-determined. 





Regarding the details of fitting, assume that n synchronized measurements are taken at , , ,  and m significant modes are selected in analysis. The sinusoidal component of mode shape can be described by the sine functions with phase shifts in the interval   and then expressed as: 


	,   	(13)


where ,  are the mode orders of the m chosen modes. To best fit the identified mode shape values at the n measurement locations for each considered mode, the corresponding error function has been suggested [2] as:


	,   	(14)



where  represents the identified mode shape value of the k-th mode at . After the effective vibration length  is determined from the optimization of Eq. (14), Eq. (12) turns into a linear function of T and EI. Subsequently, classical linear regression techniques can be applied to solve the optimal values for T and EI from m simultaneous linear equations.

The introduction of shifting parameter  in Eq. (14) is aimed to reflect the possibly unsymmetrical effect of boundary constraints at both ends [2]. Nevertheless, it has been explored in the previous studies [2] to discover that the objective function of Eq. (14) would be full of local minima if all the measurements congregate at one end of cable. This phenomenon induces additional difficulties in obtaining a reasonable optimal value for the effective vibration length, but can be tackled by adding at least one sensor near the other end [2]. Namely, the sensor deployment needs to basically cover a full range of cable, which creates another obstacle resulted from the sensor installation at the high end. 
New concept simply with local vibration measurements
To deal with the difficulty of installing sensors at the high end, Eq. (14) is first reformulated as


	,   	(15)

where  is defined to signify the half-wavelength for the sinusoidal component of mode shape in the k-th mode. Similarly, Eq. (12) can also be re-expressed as


	,   	(16)


Eqs. (15) and (16) unequivocally indicate that only the half-wavelength  of each considered mode is actually needed in the formulation of the mode shape based method, but not the whole effective vibration length . This new insight illuminates the possibility of cable tension estimation simply using local vibration measurements. The only key issue remained is how to accurately determine the half-wavelengths of all the chosen modes with an appropriate sensor deployment for these local measurements.
Numerical investigation


The numerical analysis in this section to explore the proper sensor deployment for local measurements will target at the shortest cable R01 and longest cable R33 of Ch-Lu Bridge situated in central Taiwan. These two stay cables have been employed to evaluate the developed method in several previous works by the authors [1-2, 4]. Using the input parameters listed in Table 1, the finite element (FE) models for these two cables are constructed with SAP2000 software. The values of cable tension and flexural rigidity in Table 1 follow those determined from the real measurements [1]. If the length between rubbers are taken as the vibration length L, the calculated values of  are around 1900 and 48700 for Cables R01 and R33, respectively. The actual anchorage system is simulated by a fixed end and a pair of linear springs located at the two adjacent nodes near the rubber location, as shown in Figure 1 for Cable R01, to imitate the elastic constraints from rubber in both the transverse and rotational directions. Moreover, the spring coefficient of the spring element is assumed to be  for Cable R01 and  for Cable R33 such that the cable frequencies identified from real measurements can be well matched [1].
With the prepared FE models, the modal analysis in SAP2000 can then be performed to find the corresponding modal frequencies and mode shapes that serve as the identified modal parameters. As also plotted in Figure 1 for the first two, five sensor deployments including the full coverage and four partial coverages with different ranges (1/2, 1/3, 1/4, and 1/5) are selected for comparison. In each deployment, four nodes along the portion between spring constraints of the FE model are picked as the assumed sensor locations. For Cable R01, the three sensor locations close to the left end (x = 0.06L, 0.08L, and 0.1L) are the same for all the five deployments with the consideration of effectively excluding the interference from hyperbolic components. The fourth sensor location in each deployment is varied to cover the intended range and the concern of hyperbolic components is added for the case of full coverage. Similar arrangements corresponding to various ranges of coverage are made for Cable R33 with the only difference to start the first sensor location from left at x = 0.01L because of the much higher  value for this long cable.
Table 1. Input parameters for FE models of R01 and R33.
	Cable no.
	Total
length
(m)
	Mass per unit length (kg/m)
	Flexural rigidity

()
	Tension

()

	
	
	
	
	

	R01
	29.3
	61.3
	7.31
	2.56

	R33
	126.4
	48.0
	5.77
	2.05



	[image: ]

	(a) full coverage

	[image: ]

	(b) 1/2 coverage


Figure 1. FE model and sensor deployments for Cable R01.

Table 2. Errors of effective vibration lengths for Cable R01.
	Covering range 
	Error in effective vibration length for each mode (%)

	
	1st mode
	2nd mode
	3rd mode
	4th mode
	5th mode

	Full
	0.39
	0.38
	0.28
	0.24
	0.21

	1/2
	2.43
	0.42
	0.77
	0.25
	0.26

	1/3
	5.34
	1.51
	0.50
	0.35
	0.26

	1/4
	10.48
	2.74
	0.99
	0.63
	0.68

	1/5
	18.42
	4.11
	1.46
	0.94
	0.89



Table 3. Errors of effective vibration lengths for Cable R33.
	Covering range 
	Error in effective vibration length for each mode (%)

	
	1st mode
	2nd mode
	3rd mode
	4th mode
	5th mode
	6th mode
	7th mode
	8th mode

	Full
	0.01
	0.01
	0.02
	0.02
	0.01
	0.01
	0.01
	0.00

	1/2
	0.41
	0.02
	0.97
	0.02
	0.69
	0.02
	0.09
	0.00

	1/3
	0.47
	0.38
	0.05
	0.19
	0.23
	0.04
	0.06
	0.17

	1/4
	2.91
	0.69
	0.14
	0.09
	0.06
	0.11
	0.07
	0.04

	1/5
	2.30
	1.26
	0.46
	0.21
	0.10
	0.03
	0.00
	0.34


	[image: ]

	(a) Mode 1

	[image: ]

	(b) Mode 2

	[image: ]

	(c) Mode 3


Figure 2. Optimally fitted sinusoidal functions of Cable R01.


The mode shape values corresponding to each sensor deployment are then optimally fitted to obtain the effective vibration length  (or equivalently the half-wavelength ) for each mode based on Eq. (15). For example, the fitted results of three sensor deployments (full coverage, 1/2 coverage, and 1/5 coverage) for the first three modes of Cable R01 are displayed together in Figure 2. To more systematically examine the accuracy of effective vibration lengths obtained from different sensor deployment, Eq. (16) is reformulated as


	,   	(17)




to yield a simple quadratic equation of  if , , T and EI are known. Since the two roots of Eq. (17) must be with different signs, there exists a unique solution of  for the k-th mode. In other words, each mode of the FE model corresponds to an exact solution for its effective vibration length that can be taken as the reference value.
[bookmark: _GoBack]Considering that only the first few modes of Cable R01 can be identified from real measurements [1], the optimal values of its effective vibration length for the first five modes with various sensor deployments are determined and then compared with the corresponding exact values solved from Eq. (17) to obtain the errors summarized in Table 2. Similar results for Cable R33 are listed in Table 3, but with the fist 8 modes examined for the reason that much more modes can usually be identified in this case [1]. It is first observed from Table 2 that the error in effective vibration length for each mode of Cable R01 increases with the decreasing range of coverage except for the third mode with 1/2 coverage. Such a trend is not surprising and suggests that the covering range of measurements has to be reduced with cautions. The outcomes for Cable R33 in Table 3 basically shares the same tendency for the first few modes and the errors for the higher modes are typically too small to make meaningful comparisons. Another recognizable difference for the errors in effective vibration lengths of Cable R33 is that they are generally smaller than those for the corresponding cases of Cable R01. The principal source of the advantage for Cable R33 should come from its much larger value of  to allow closer sensor locations to the boundary at the near end and thus reduce the numerical errors in fitting. 
The results in Tables 2 and 3 more importantly confirm that accuracy of effective vibration length would sharply deteriorate if the range of measurements could not cover the major part of one half-wavelength for a specific mode. Highlighted by bold-face numbers in both tables, the first mode for 1/2 coverage, the first two modes for 1/3 coverage, the first three modes for 1/4 coverage, and the first four modes for 1/5 coverage mostly suffer larger errors compared to the other higher modes with the same sensor deployment. In addition, it is also indicated in Tables 2 and 3 with slanted numbers that the third mode for 1/2 coverage in the case of Cable R01 as well as the third and fifth modes for 1/2 coverage in the case of Cable R33 are with more errors than the fitting for the neighboring modes. The plots in Figure 2 can elucidate that this problem is actually resulted from the measurement at the far end. If such a sensor location gets very close to the peak (or valley) positions of the sinusoidal function, the corresponding fitting would be subjected to a higher risk of errors due to the flat slope. 
conclusions
Efforts are made in this research to release the undesirable requirement that at least one sensor near the high end of a stay cable is necessary for attaining good accuracy in applying the tension estimation method based on effective vibration lengths. Numerical exploration is conducted to investigate the appropriate covering range of local measurements and the preferred choice of modes. It is found that the error for the effective vibration length of each mode normally increases with the decreasing covering range of measurements and the decreasing slenderness of cable. Regarding the choice of modes, it is evident that the first few lower modes for which the range of measurements could not cover the major part of their half-wavelengths have to be avoided. Furthermore, stable mode shape fitting can not be guaranteed if the sensor at the far end getting close to the peak or valley positions of the sinusoidal function and the corresponding modes are not decent candidates for selection. 
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