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INTRODUCTION

As states and local districts adopt more rigorous standards, our nation’s students 

must be prepared to face these greater challenges in order to keep pace. A 

strong foundation is essential for later success in mathematics, and adequate 

preparation is essential to their future success. According to the 2015 National 

Assessment of Education Progress (NAEP) Mathematics test, 60 percent of 

American’s fourth graders are not proficient in mathematics. The NAEP data 

also reveals that 67 percent of eighth graders are not proficient in mathematics 

(National Center for Education Statistics, 2015). More students in the U.S. 

need to be proficient in mathematics in order to be successful in algebra. The 

National Mathematics Advisory Panel’s Final Report (2008) has established that 

fluency with fractions and other basic arithmetic concepts and skills are critical 

foundations for algebra. If students are struggling with the acquisition of these 

foundational skills, it is essential to provide the supports necessary for them to 

become proficient in these areas.
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SUCCESS IN EARLY STAGES OF INSTRUCTION WILL LEAD TO A 
GREATER LIKELIHOOD OF SUCCESS IN THE FUTURE

Children struggle with mathematics for a number of reasons such as language, learning disabilities, and a simple lack 

of adequate prior exposure. English learners, for example, can struggle with understanding the mathematical concepts 

and vocabulary (Frederickson & Cline, 2002). Learning disabilities are a pervasive challenge in our nation’s classrooms. 

Between five to eight percent of school-aged children have some form of a learning disability which affects their ability to 

learn mathematics (Geary, 2004). One percent of school-aged children experience a math disability not associated with 

any other learning disability, and two to seven percent experience serious math deficits. Although these challenges can be 

significant, they can also be addressed especially if done so early with adequate supports for both teachers and students. 

Another factor affecting the classroom is the adoption of more rigorous standards. The effects of increasing rigor also 

impact teachers who report changes in the way they deliver instruction. In addition, teachers report a greater need for 

support, especially those working with students who are one or more grade levels behind (Bay-Williams, Duffett & Griffith, 

2016). Support can take several forms such as professional development and advances in technology and infrastructure. 

Results from a recent national survey show that educators are more optimistic about using new technologies that enhance 

instruction and perform differentiated instruction. The survey also indicates that approximately 97 percent are using 

some form of digital technology in their classroom, and many have seen these benefits in the form of increasing student 

engagement and achievement (HMH, 2015).

The National Council of Teachers of Mathematics (NCTM®) Principles to Actions (2014) outline the importance of teaching 

and learning, tools and technology, coherent curriculum, assessment, and professional development as key components to 

creating “systematic excellence” in schools. In addition, the National Mathematics Advisory Panel recommends that math 

curricula for elementary and middle school be a coherent progression of key topics with an emphasis on proficiency. For 

many students, especially those who struggle, meeting these goals presents a challenge when they only receive a typical 

50-minute daily session dedicated to math instruction. Moreover, many students require instruction that is specifically 

designed to target key misconceptions and to focus on the most critical foundational mathematical concepts.

This Research Foundations document describes a program that addresses many of these challenges and is based on 

decades of research used to inform its development. The document will outline and connect the eight guiding principles 

of Do The Math with supported research. Examples from the program will be used to demonstrate how these guiding 

principles impact the way students learn mathematics. Finally, a set of studies pointing to the program’s efficacy in 

improving student academic outcomes are summarized.
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ABOUT THE PROGRAM 
Since its inception almost 10 years ago, Do The Math has fostered student engagement in math and provided support for teachers 

in thousands of classrooms across the United States. 

A LONG HISTORY OF TURNING RESEARCH INTO PRACTICE
Do The Math was initially published in 2008. The program is based on nearly 50 years of research and experience by Marilyn 

Burns working with teachers and students in the classroom. Marilyn Burns, along with a team of Math Solutions® instructors with 

extensive classroom teaching experience, created the lessons in Do The Math. They discussed, wrote, debated, tested, rewrote, 

and refined the lessons to ensure that the content, pacing, and scaffolding were on target to meet the needs of struggling 

students. She continues to teach regularly in classrooms, finding the experience essential for developing and testing new ideas 

and materials. The program was initially intended to provide intervention for students who had fallen behind, yet many teachers 

reported using the modules in a wide variety of settings including whole-class instruction. The lessons are effective for building 

all students’ understanding, skills number sense, and engaged them with the mathematical practices. 

Do The Math shifts the focus of instruction from simply covering content to uncovering essential math content (Burns, 2014). 

With this new focus the challenge of the teacher is not about finding better ways to explain new content but rather finding 

better ways of asking students to make sense of what they are learning for themselves (Burns, 2014). This shift from telling to 

asking is infused throughout all of the modules that comprise the Do The Math program.

The modular design of Do The Math provides flexibility, allowing for the program to be implemented in small-group settings to 

support struggling students, or in whole-class settings to build numerical understanding and reasoning skills. This flexibility also 

allows for it to be used in a variety of settings such as classrooms, resource rooms, extended day, and after school programs. The 

program can be used to supplement on-grade level instruction as well as an intervention for students who are multiple grade 

levels behind. The program aligns to Response to Intervention (RTI), a national framework for instruction and intervention.



INTRODUCTION  |   7

Do The Math rebuilds critical mathematical foundations for understanding by:

• Developing understanding of key concepts and skills with whole numbers and fractions—

the essentials necessary for students to succeed in algebra and higher-level mathematics

• Providing lessons that balance developing understanding and learning procedures

• Strengthening students’ ability to make sense of concepts, solve problems, reason, and use 

appropriate tools

• Extending student practice and further increasing engagement through new online tools 

and interactive games 

The current version of Do The Math retains the core research principles from the original program 

and expands and enhances them with the use of lessons learned and the effective leveraging of 

current technologies. Now available for all tablets, the new Do The Math experience provides 

teachers and students with easy access to all lessons, interactive visual models, and games to 

engage and challenge learners within and beyond the walls of the classroom. Students have the 

flexibility to explore, make mistakes, and have fun with the range of tools and games designed 

to build their fluency and understanding of key concepts. Teachers can refine their instructional 

practices using a library of point-of-use resources designed by Marilyn Burns and Math Solutions. 

Building upon the effective uses of technology, Do The Math’s HMH Teacher Central™ is a new 

tablet-ready digital experience that provides teachers with virtual tools, games, and professional 

learning resources right at their fingertips. In addition, with the new HMH Student Central™, all 

of the students’ favorite games and hands-on materials are now available digitally to provide 

additional practice. ProgressSpace™ is another digital feature that offers an online assessment and 

reporting tool. 
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PROGRAM CONTENT

NUMBER CORE 

Number Core supports students’ success by rebuilding the foundations 

of Numbers and Operations. Students develop mental representations 

of quantity using the benchmark number of 5 and then 10, learn to think 

fl exibly about how to compose and decompose numbers, and build 

facility with fi guring sums to 20.

ADDITION & SUBTRACTION A: 

ADDITION WITH SUMS UP TO 100

Addition & Subtraction A builds a foundation for addition 

using two of the big ideas of mathematics:

    10 is an organizer for the base-ten number system.

    Numbers can be composed and decomposed.

These big ideas help students to build place-value understanding and 

make sense of meaning behind the addition facts and calculations 

involving regrouping.

ADDITION & SUBTRACTION B: 

SUBTRACTION WITH NUMBERS UP TO 100 

Addition & Subtraction B reinforces subtraction and addition as inverse 

operations. The major emphasis of this module is on helping students 

recognize the three meanings of subtraction in real-world contexts: take-

away, missing part, and comparison. Students also learn three ways to 

compute differences between numbers from 0 to 100, and how to fl exibly 

apply these strategies to solve contextual problems involving subtraction.

ADDITION & SUBTRACTION C: 

NUMBERS GREATER THAN 100 

Addition & Subtraction C applies and extends the big ideas, concepts, 

and skills developed in earlier modules to calculations with greater 

numbers. Students use place value and explore the open number line to 

solve word problems with addition and subtraction involving numbers up 

to 999,999. 

MULTIPLICATION A: BASIC CONCEPTS 

Multiplication A provides visual and contextual models to 

help students understand the meaning of multiplication—a 

major building block for students that requires a shift from 

thinking additively to thinking multiplicatively. 

MULTIPLICATION B: FACTS THROUGH 12 X 12 

Multiplication B uses array models to represent the basic 

facts and show how the Commutative Property reduces 

the number of facts to learn. Applying the big idea that 

numbers can be decomposed to splitting array models lays 

the foundation for the Distributive Property and provides 

students with strategies for multiplying. 

MULTIPLICATION C: FACTORS GREATER THAN 12 

Multiplication C uses patterns; place value; and the 

Commutative, Associative, and Distributive Properties 

to help students make sense of and develop skills for 

multi-digit multiplication.

ADDITION AND SUBTRACTION MULTIPLICATION
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Designed to support struggling students in Grades 1–5+, Do The Math is organized into 13 scaffolded 

modules that focus on whole numbers and fractions. Each module contains 30 lessons. Students receive 

an assessment every fi fth lesson to monitor progress. Additionally, students take a beginning- and end-of-

module assessment to monitor growth. 

DIVISION A: BASIC CONCEPTS 

Division A focuses on the idea that division is the inverse 

operation of multiplication, eliminating the need to memorize 

division facts. Computational methods for solving a division 

problem are introduced contextually and concretely to help 

students understand the two meanings of division—sharing 

and grouping. 

DIVISION B: FACTS THROUGH 100÷10 

Division B applies understanding of the inverse relationship 

between multiplication and division to help students calculate 

quotients and remainders for two-digit numbers divided by 

two-digit divisors, and to solve word problems.

DIVISION C: DIVIDENDS TO 1000 

Division C extends to dividing two- and three-digit dividends 

by two-digit divisors, engages students in exploring divisibility, 

and provides experiences with solving contextual problems 

involving greater numbers.

FRACTIONS A: BASIC CONCEPTS 

Fractions A provides students with concrete models that 

develop understanding of the meaning of fractions as equal 

parts of a whole. Teaching with fraction strips to model 

combining unit fractions, comparing fractional quantities 

to the benchmarks of ½ and 1, and identifying equivalent 

fractions is essential to help students give meaning to the 

abstract ideas of fractions. 

FRACTIONS B: EQUIVALENCE AND COMPARISON 

Fractions B develops six strategies for comparing and 

ordering fractions using reasoning with the support of fraction 

strips. Students extend their understanding of fractions of 

a whole to fractions as parts of sets, and learn to rename 

fractions as equivalent fractions.

FRACTIONS C: ADDITION AND SUBTRACTION 

Fractions C extends students’ understanding of fractions to 

adding and subtracting fractions and using concrete models 

only to verify answers. Students use number sense to compute 

fractional sums and differences mentally, and use benchmark 

fractions to make estimates.

DIVISION FRACTIONS
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PROGRAM COMPONENTS

TEACHER BOOKCASE

The Teacher Bookcase contains all the teaching materials and professional resources needed for clear instructional guidance and 

lesson planning.

TEACHER GUIDE

The Teacher Guide provides all the information needed for lesson planning, monitoring student progress, and using both the 

Classroom Materials and mTools effectively.

PROFESSIONAL LEARNING GUIDE

The Professional Learning Guide from Math Solutions provides a comprehensive overview of the program architecture and 

instructional strategies.

HMH TEACHER CENTRALTM FOR DO THE MATH
This new tablet-ready digital experience provides teachers with mTools, games, and professional learning resources right  

at their fingertips.

ANNOTATED WORKSPACE

The Annotated WorkSpace provides clear representations of model student answers to help teachers provide timely  

progress monitoring.

READ ALOUDS

Read alouds provide engaging children’s literature to support the instruction throughout the program.

FOR THE TEACHER



INTRODUCTION  |   11

Do The Math provides teachers and students with easy access to all lessons, interactive visual models, and 

games to engage and challenge learners within and beyond the walls of the classroom. Students have the 

flexibility to explore, make mistakes, and have fun with the range of tools and games designed to build 

their fluency and understanding of key concepts. The program can flexibly adapt to a range of locally 

available technology including all tablets. ProgressSpace and its reporting functionality allow the teacher 

to monitor student understanding of key concepts periodically throughout a module. Teachers can also 

gauge student growth in their understanding through the use of pre- and post-module assessments. 

WORKSPACE

The WorkSpace® is designed to support students’ transition to independent work and to help teachers monitor students’ progress 

and understanding. The WorkSpace provides clear representations of model student answers to help teachers provide timely 

progress monitoring.

CLASSROOM MATERIALS BOX

The Classroom Materials Box provides hands-on resources and manipulatives that support and extend student learning throughout 

the modules.

HMH STUDENT CENTRAL

With HMH Student Central, all of the students’ favorite games and interactive visual models are now available digitally to provide 

additional practice.

MTOOLS

mTools allow teachers and students to use visual models to better understand foundational mathematical concepts and 

differentiate instruction on interactive whiteboards and tablets. 

•  Research-based visual models have been proven to help students build fluency and transition from concrete objects  

to abstract reasoning.

•  Students may use a range of digital tools to explore multiple representations of a concept.

•  Teachers may demonstrate using digital tools for older students, or to facilitate easier classroom management.

•  Visual models are used and developed across modules to help students make connections and identify familiar  

mathematical structures.

FOR THE STUDENT
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ABOUT MARILYN BURNS 
Marilyn Burns is one of the most highly respected mathematics educators in the United States today. Over almost 50 years, 

she has educated children, conducted countless in-service workshops, written more than a dozen children’s books and 

numerous articles in professional journals, and created more than 20 professional development resources for teachers 

and administrators. In 1984, Marilyn founded Math Solutions Professional Development, an organization dedicated to the 

improvement of math instruction. She has received a number of awards, including the Glenn Gilbert National Leadership 

Award, given by the National Council of Supervisors of Mathematics, and the Louise Hay Award for Contributions to 

Mathematics Education, given by the Association for Women in Mathematics.

Marilyn Burns, along with a team of Math Solutions instructors with extensive classroom teaching experience, created 

the lessons in Do The Math. They discussed, wrote, debated, tested, rewrote, and refined the lessons to ensure that the 

content, pacing, and scaffolding were on target to meet the needs of struggling students. She continues to teach regularly 

in classrooms, finding the experience essential for developing and testing new ideas and materials.
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ABOUT THE COAUTHORS 
VICKI BACHMAN
was a primary classroom teacher in Iowa City, Iowa, for more than 20 years and was most recently a math consultant for 

Grant Wood Area Education Agency in Cedar Rapids, Iowa. A Math Solutions in-service instructor, Vicki is the author of 

First Grade Math: A Month-to-Month Guide. 

JANE CRAWFORD
is a recipient of the Presidential Award for Excellence in Teaching Mathematics, a Math Solutions consultant, and the 

author of Math by All Means: Money; she also taught in the Kalispell School District in Montana for more than 10 years 

and has a master’s degree in curriculum and instruction.

EUNICE HENDRIX-MARTIN
is a teacher at Carrillo Elementary School in Carlsbad, California, and has been teaching for 37 years. She is a curriculum 

developer and a conference presenter and has been a consultant for Math Solutions.  Eunice has also authored math 

educational resources through Stenhouse.

LEO KOSTELNIK
is a K–8 principal, has been a classroom teacher in Grades 1–12, as well as a mentor teacher and professional 

development presenter. 

MELODY RANDEL
has over 20 years of classroom teaching experience at the elementary, middle school, and university levels, and has 

been a Math Solutions consultant for over 17 years. She has a particular interest in the areas of teaching English 

language learners and using differentiated instruction. She is one of the authors of the Math Reasoning Inventory ® (MRI).

SUSAN SCHARTON
has over 30 years of experience teaching at the elementary and university levels and is currently a Math Solutions 

consultant. She completed her EdD in Teaching and Learning in 2007. Her book, Teaching Number Sense, was 

published in 2005.

MALLIKA SCOTT
is the cofounder of S&S Math Services, has been a classroom teacher in Grades 2–8 as well as a math coach, mentor 

teacher, professional development presenter, and conference speaker. 

DANIELLE WEILL
has over 18 years of experience teaching at the upper elementary and middle school levels. She is currently a 6th grade 

teacher and math leader at her school in California, in addition to working as a Math Solutions consultant. She worked 

closely with Marilyn Burns during the development of the Teaching Arithmetic: Introducing and Extending Fractions 

books.

MARYANN WICKETT
is a former elementary classroom teacher and mathematics staff developer in San Marcos Unified School District in San 

Marcos, California, and is a recipient of the Presidential Award for Excellence in Science and Mathematics Teaching.  

She is also a workshop leader, conference speaker, and Math Solutions consultant. 

LYNNE ZOLLI
is a classroom teacher in Grades 1–6 and has also been a mentor teacher, professional development leader,  

and conference speaker. Lynne has served as a grant writer and written Math Solutions professional books.
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INSTRUCTIONAL 
PRINCIPLES
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In the years since the original release, Do The Math has been proven to be successful in 

addressing the key challenges that American students face. 

The program’s instructional design applies what is known about reaching a wide variety of 

students who struggle with math to help them achieve proficiency with arithmetic concepts  

and skills.

Do The Math incorporates the following guiding principles:

• Teaching for Understanding: Step-by-step lessons help students develop understanding, learn 

new mathematical skills, see relationships, and make connections.

• Scaffolded Content: Breaking down the content into chunks makes the mathematics more 

accessible to students.

• Multiple Strategies: Exploring different strategies for developing concepts and skills  

builds students’ mathematical reasoning.

• Mathematical Thinking: Standards help develop mathematical expertise and habits  

of mind in all students.

• Classroom Routines: Routines such as “think, pair, share” promote engagement and  

deepen student understanding, particularly among English learners.

• Independent Student Work: Assignments provide students with opportunities to  

practice, strengthen, and extend their learning.

• Vocabulary and Language: Explicit vocabulary instruction helps students communicate effectively 

about the math they are learning.

• Assessment and Differentiation: Ongoing assessment and progress monitoring helps teachers 

meet individual student needs.
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TEACHING FOR UNDERSTANDING 
Teaching for understanding describes an approach to mathematics instruction in which the teacher: 1) demonstrates and provides 

clear models of thinking through solving a problem or learning a skill, 2) supports students to understand connections and articulate 

relationships, 3) provides extensive practice with timely feedback, and 4) encourages students to verbalize their thinking. Teaching for 

understanding is accomplished through explicit, intentional instruction that addresses the diverse needs of students. 

RESEARCH FOUNDATIONS
  A meta-analysis of 55 studies comparing instruction conducted with concrete manipulatives versus control conditions using 

only abstract representations concluded that the effective use of manipulatives in mathematics instruction has a positive effect 

on student learning (Carbonneau, Marley, & Selig, 2013).

  As students use manipulatives to explore mathematical concepts, it is important that pictorial representations are used to 

bridge their reasoning from concrete to abstract (Battista, 2012; Bray & Abreu-Sanchez, 2010).

  Feedback is essential for providing information to a student on their progress toward a particular goal. An essential element 

to the success of this feedback is timing. The earlier a student can get that feedback, the better (Wiggins, 2012).

  Explicit instruction with students who have mathematical difficulties has shown consistently positive effects on performance 

with word problems and computations (National Mathematics Advisory Panel, 2008).

  Establishing clear and explicit learning goals is essential for the teaching of mathematics (Hiebert et al., 2007).

  Teaching underlying mathematical foundations through explicit instruction and then providing students with the opportunity 

to work on relevant problems produced positive gains when compared with traditional instruction (Gersten, 2003).

  Explicit concrete-to-representational-to-abstract sequenced instruction was shown to be an effective pedagogical strategy for 

building mathematical knowledge and skills (Witzel, Mercer, & Miller, 2003).

  Reports from the National Follow-Through Project showed that explicit instruction was associated with achievement in both 

basic skills and math concepts (Hall, 2002).
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HOW DO THE MATH DELIVERS

Do The Math supports teaching for understanding through the use of explicit instruction intentionally designed to model mathematical 

thinking, connect concepts to their mathematical representations, and introduce appropriate language. In Do The Math, explicit 

instruction does not mean to imply “teaching by telling.” When learning requires understanding of logical mathematical processes, it 

is essential that the explicit instruction presents carefully sequenced experiences through which the students develop concepts, learn 

skills, see relationships, and make connections. However, when students are required to learn social conventions, such as vocabulary 

and mathematical symbols, the explicit instruction imparts the necessary and appropriate information.

LESSON
continued

12

2 Solving Division Grouping Problems (continued)

Guide students to solve 
a division problem.

 1   Present a problem.
h  Let’s suppose that there are 12 students, and that 

each relay team will have 4 students. We want to 
know whether 12 students can form relay teams of 
4 students, with no one left out. We also want to 
know how many relay teams can be formed.

 2   Students model the problem  
with tiles.
h  How can we show this problem with tiles?  

(by taking 12 tiles and arranging them in rows of 4)

Have students work with their partners to arrange 
their tiles, count the rows, and write the division 
equation. When most have finished, interrupt 
and ask a pair of students to show their tile 
arrangement. 

h  How can we write this as a division equation?  
(12 4 4 5 3)

Record the equation on the board. Then ask 
students to identify each number in the equation. 
Label the numbers on the board.

 12 ÷ 4 = 3
number of 
students

number of 
students 
on a team

number of 
teams

 3   Students think, pair, share to solve 
the problem with multiplication. 
h  Now let’s solve the problem with multiplication.
Erase the board and write the division problem. 

12 ÷ 4 = 

h  Let’s think about what multiplication equation we 
can use to solve the problem. 

Have students think, pair, share. Then choose 
a student to state the related multiplication 
equation. Record it on the board.   

12 ÷ 4 = 
 ≈ 4 = 12

h  What number times 4 equals 12? (3)

Write 3 in the multiplication equation.

12 ÷ 4 = 
 ≈ 4 = 123

Then point to the division equation, write 3, and 
read the equation two ways. 

h  12 students divided into teams of 4 makes  
3 teams. 12 divided by 4 equals 3.

12 ÷ 4 = 
 ≈ 4 = 123

3

Solve Division Grouping Problems

WHOLE GROUP

3STEP

DTM_DV_TGB_P010_013.indd   12 5/11/16   2:54 PM

LESSON
continued

8

1 Introducing Comparing Fractions 

Introduce more math 
vocabulary.

 1   Explain denominator and unit fraction.
h  The numerators for    1 _ 2   and    1 _ 8   are the same, but the 

denominators are different. The denominator is 
the number below the fraction bar in a fraction. 
What are the two denominators on the chart?  
(2 and 8)

Write denominator on the chart and draw a 
line from it to the 2 in   1 _ 2  . Have students read 
denominator aloud with you.

Next, write    1 _ 2  ,   1 _ 3  ,   1 _ 4  ,   1 _ 5  , and    1 _ 8   on the chart, saying 
each fraction aloud as you write it.

h  When a fraction has 1 as the numerator, it is 
called a unit fraction. The whole can be divided 
into any number of equal parts. The fraction for 
one of those parts is a unit fraction. All of the 
fractions on the chart are unit fractions.

Write unit fraction next to the examples as shown. 

Have students read unit fraction aloud with you. 

MathVocabulary

•commonnumerator
•numerator1_2 1_8
•denominator
•unitfraction1_21_31_41_51_8

 2   Students write the vocabulary and 
read the definitions.
Have students copy what is on the 
chart onto WorkSpace page 57. Then 
have them read the definitions in 
the glossary on pages 59 and 62.

Introduce comparing 
fractions with common 
numerators.

 1   Present two fractions with the same 
numerator.
On the board, replace   1 _ 2   and   1 _ 8   with   3 _ 12   and   3 _ 4  . 
Display the magnetic fraction strips. Point out that 
to show a fraction like   3 _ 12  , you make a train with 
three   1 _ 12   pieces. Have students read each fraction 
aloud.

3__123_4

h  Let’s say aloud which fraction is greater. (   3 _ 4   )  
Let’s say aloud which fraction is less. (   3 _ 12   )

 2   Explain why   3 _ 4   is greater than   3 _ 12  .
h  In the fraction    3 _ 12  , what does the 12 mean?  

(The whole is cut into 12 equal pieces.) What does 
the 3 mean? (There are 3 pieces.) In the fraction  
   3 _ 4  , what does the 4 mean? (The whole is cut into  
4 equal pieces.) What does the 3 mean? (There are 
3 pieces.) Explain why    3 _ 12   is less than    3 _ 4  .

Have students think, pair, share. (Twelfths are smaller 
than fourths, and there are 3 pieces of each,  
so   3 _ 12   is less than   3 _ 4  .)

SUPPORTING INSTRUCTION
Think, pair, share is a routine that will be used 
throughout this module. Having students talk in 
pairs provides them a “safe” way to share ideas 
that they may not be quite sure of, think of words to 
articulate their ideas, brainstorm, and practice what 
they will say when they share with the larger group. 

Explain the routine to students: they should think 
first and then talk with their partner, taking turns 
listening and speaking, and finally discussing what 
they will say when they are called on to share with 
the whole group. 

NETS 10067 Scholastic Do the Math Wkbk pDTM_sw_am_int_s6_54-62 dw 09-26-06 Edit JF 10-7-06 2nd

61Math Vocabulary

Math Vocabulary

Home Note: Your child records terms and examples of math vocabulary.

Introduce Comparing Fractions

WHOLE GROUP

4STEP

WHOLE GROUP

STEP5

DTM07_FR_TGB_p006-009.indd   8 1/27/16   4:10 PM

In Multiplication B, Lesson 28: The teacher demonstrates how a 
problem can be visualized and decomposed into manageable 
components by splitting rectangles so that one of the rectangles has 
10 rows.

In Fractions B, Lesson 1: Students use fraction strips to show 
a pattern when comparing unit fractions and fractions with common 
numerators. Once students identify the pattern, they apply this to 
compare fractions. 

In Division B, Lesson 2: The teacher uses the problem 12 ÷ 4 to 
explicitly reveal the relationship between division problems and 
multiplication problems.

131

 3   Students share their solutions.
Outline a 12 3 6 rectangle on the Grid Chart. 
As each student reports how he or she split the 
rectangle, draw a line to show the student’s split 
and write the multiplication equations for each 
of the smaller rectangles. Students may split the 
rectangle in different ways; acknowledge all of 
their approaches.

SUPPORTING INSTRUCTION
If a student names an incorrect product, first 
have him or her find the correct product on the 
Multiplication Chart. Then let the student correct his 
or her work or ask a classmate for assistance.

 4   Model splitting rows into 10 and 2.
h  Watch as I split the rectangle so that one of the 

smaller rectangles has 10 rows. I’ll split it into a 
10-by-6 rectangle and a 2-by-6 rectangle.

Students may have already suggested splitting the 
rectangle this way. Explain that this is the split 
you want to focus on, even though other solutions 
are also correct. 

 5   Model writing equations for 12 3 6.
Now make the connection between the rectangles 
and their equations. Write 10 3 6 5 60 and  
2 3 6 5 12.

10 ≈ 6 = 60

2 ≈ 6 = 12

Explain that you changed the original problem 
into two easier problems, just as you split the 
rectangle into two smaller rectangles. Instead 
of solving 12 3 6, you solved 10 3 6 and 2 3 6. 
Then you can add the answers.
Write on the board.

12 ≈ 6
10 ≈ 6 = 60
2 ≈ 6 = 12
60 + 12 = 72
12 ≈ 6 = 72

Last Lesson Students use the number-
splitting strategy to multiply by 11.

Lesson 28  Students use the number-
splitting strategy to multiply by 12.

Next Lesson Students find products mentally 
by using the number-splitting strategy.

CONTINUE

Lesson 28
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RESEARCH AND EXPERT OPINION
  The importance of scaffolding instruction encompasses many domains and populations of students whether they are general 

education or at-risk students. Teachers in pre-service programs also benefit from scaffolded instruction in their acquisition of 

pedagogical content knowledge (Visnovska & Cobb, 2015; Nason, Chalmers, & Yeh, 2012).

  Scaffolding can provide an aid for students’ development of important critical thinking skills as it provides the necessary 

supports for students as they engage in more complex cognitive processes (Belland, 2014).

  Although the specific strategies used to implement scaffolding may vary somewhat a review of 10 years of scaffolding 

research found the practice to be effective for both metacognitive and cognitive student outcomes  

(Pol, Volman, & Beishuizen, 2010).

  Scaffolding allows the class as a whole to move toward deeper levels of understanding key mathematical concepts. It also 

allows students to work individually on material that is appropriate for their particular level of understanding (Williams, 2008). 

  By providing the necessary supports, scaffolding allows students to achieve a greater sense of ownership  

of their learning (Hyde, 2006).

  Scaffolding is one of the principles of effective instruction that enables teachers to accommodate individual student needs 

(Kame’enui, Carnine, Dixon, Simmons, & Coyne, 2002).

  Scaffolded instruction helps students became more independent learners. “Scaffolding principles and techniques can guide 

teachers to assist students on any grade level to become more independent learners” (Larkin, 2001, p. 34).

  Three strategies for scaffolding content—organization of concepts, sequencing, and chunking—support teaching for 

conceptual understanding (Grouws & Cebulla, 2000).

  Scaffolding is the “role of teachers and others in supporting the learner’s development and providing support structures to 

get to that next stage or level,” according to Vygotsky (Raymond, 2000, p. 176).

  A synthesis of investigations into instructional techniques for students with learning disabilities shows scaffolding to be 

among the most effective approaches (Gersten, 2003).

  Students learn better when new knowledge is connected to things that they already know and understand  

(Hiebert & Carpenter, 1992; Hiebert et al., 1997).

SCAFFOLDED CONTENT 
Scaffolding is the systematic process of analyzing the content and partitioning it into small manageable chunks  

for the purpose of planning and delivering instruction that facilitates students’ learning. Scaffolded content  

is at the heart of planning instruction for struggling students. Research shows that scaffolding content to inform instruction benefits 

all students, and particularly students with learning disabilities.
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HOW DO THE MATH DELIVERS

Do The Math focuses on the basics of Numbers and Operations with lessons that build accuracy, effi ciency, and understanding. 

All lessons have been carefully designed and sequenced to align with the scaffolding of the content, and then paced to ensure 

student success.

Continue adding 
multiples of 10.

 1   Present the second problem.

I sold 40 tickets.
Then I sold 50 more.
How many tickets did I sell in all?
(30, 20) (40, 50) (58, 40)

 2   Students solve the problem.
Turn over the 40 card and ask students to think, 
pair, share how to solve the problem. Then choose 
a student to turn over the card with the answer. 

91 92 93 94 95 96 97 98 99

81 82 83 84 85 86 87 88 89 90

71 72 73 74 75 76 77 78 79 80

61 62 63 64 65 66 67 68 69 70

51 52 53 54 55 56 57 58 59 60

41 42 43 44 45 46 47 48 49 50

31 32 33 34 35 36 37 38 39 40

21 22 23 24 25 26 27 28 29 30

11 12 13 14 15 16 17 18 19 20

1 2 3 4 5 6 7 8 9 10

100

Write the equations on the board.

40 + 50
40 = 4 tens
50 = 5 tens
4 tens + 5 tens = 9 tens
40 + 50 = 9 tens
40 + 50 = 90

 1   Present the third problem.
h  Now I’ll show how to solve the problem using the 

third pair of numbers, 58 and 40.

I’ll begin by turning over the card for 58. This 
time the starting number is not a multiple of 10.

Turn over the 98 card. Sweep your finger across 
the rows from 58 to 68 and say 10, from 68 to 78 
and say 20, from 78 to 88 and say 30, and from 
88 to 98 and say 40. 

91 92 93 94 95 96 97 98 99

81 82 83 84 85 86 87 88 89 90

71 72 73 74 75 76 77 78 79 80

61 62 63 64 65 66 67 68 69 70

51 52 53 54 55 56 57 58 59 60

41 42 43 44 45 46 47 48 49 50

31 32 33 34 35 36 37 38 39 40

21 22 23 24 25 26 27 28 29 30

11 12 13 14 15 16 17 18 19 20

1 2 3 4 5 6 7 8 9 10

100

Then read each of the following equations one  
at a time as you write them on the board.

58 + 40 
58 = 5 tens + 8 ones     
40 = 4 tens
5 tens + 4 tens = 9 tens 
58 + 40 = 9 tens + 8 ones
58 + 40 = 98 

3STEP
Demonstrate adding 
a multiple of 10 to a 
two-digit number. 

WHOLE GROUP

4STEP

WHOLE GROUP

LESSON
continued

84

18 Adding Multiples of 10

Add Multiples of 10 to Two-Digit Numbers
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In Addition & Subtraction A, Lesson 18: Students use the hundred-
pocket chart to fi nd patterns as they add multiples of 10. This is 
helpful for students, as they use the open line to add, making jumps 
of 10s in later lessons in the module. 

In Division C, Lesson 11: Students divide two-digit dividends by 
one-digit divisors by using groups of 10. This builds the foundation for 
division of three-digit dividends by two-digit divisors, including taking 
out groups of 10 and partial quotients.

In Multiplication C, Lesson 6: Students multiply numbers by 11 
by drawing egg cartons and splitting the factor 11 into 10 and 1. 
This helps support students as they split two-digit factors in the 
next lessons.

Students figure 9  11.

 1   Present a problem. 
h  Use the splitting strategy to figure out how  

many eggs are in nine egg cartons if each carton  
has 11 eggs.

Have students think, pair, share. Draw the egg 
cartons on the board. Draw a line to split the 
cartons and label the sections as shown. 

Have students state the total number of eggs and 
the equations they used, and record the equations 
on the board.

10
10
10
10
10
10
10
10
10

1
1
1
1
1
1
1
1
1

9 ≈ 11 
9 ≈ 10 = 90
9 ≈ 1 = 9
90 + 9 = 99
9 ≈ 11 = 99

Students practice 
multiplying by 11  
with splitting.

 1   Students complete WorkSpace  
pages 9 and 10. 
Explain the directions to the WorkSpace pages, 
review the example, and have students complete 
the pages independently. 

9Lesson 6

DIRECTIONS

Multiply by 11

5	≈	10	=	50
5	≈	1	=	5
50	+	5	=	55
5	≈	11	=	55

Write equations to  
solve the problem.

3

5  11  

1
 
 
 
 
 

Split the 11s into 10s and 1s.

2
 10	 1
	 10	 1
	 10	 1
	 10	 1
	 10	 1

1   2  11  

 
 

 
 
 
 

2   4  11   

 
 
 
 

 
 
 
 

 10 1
 10 1
 10 1
 10 1

 10 1
 10 1

2  10  20
2  1  2
20  2  22
2  11  22

4  10  40
4  1  4
40  4  44
4  11  44

WORKSPACE PAGE 9

10 Lesson 6 Home Note: Your child uses the number-splitting strategy to multiply by 11.

3   7  11  

 
 

 
 
 
 

4   11  11   

 
 
 
 

 
 
 
 

 10 1
 10 1
 10 1
 10 1
 10 1
 10 1
 10 1

 10 1
 10 1
 10 1
 10 1
 10 1
 10 1
 10 1
 10 1
 10 1
 10 1
 10 1

7  10  70
7  1  7
70  7  77
7  11  77

11  10  110
11  1  11
110  11  121
11  11  121

WORKSPACE PAGE 10

WHOLE GROUP INDIVIDUALS

3STEP 4STEP

33Lesson 6

STOP
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51

Last Lesson Students demonstrate 
understanding of the objectives of  
Lessons 6–9.

Lesson 11  Students solve tricycle 
problems with dividends up to 60.

Next Lesson Students solve tricycle problems 
with dividends up to 90.

Lesson 11

 3   Demonstrate how to solve the 
problem.
h  What division problem can we write to solve this 

problem? (37 4 3)

Write the problem on the board using long-
division representation.

3 37

h  I like to use 10 whenever possible because it’s  
a friendly number. Friendly numbers are easy  
to multiply. I think, Can we make at least  
10 tricycles? 

I think yes, because there are 10 times 3 is 30, 
and 30 is less than 37. So I can use 10 3 3, or  
30 wheels. 

Write the equation and circle the 10. Write the 
quotient and product. 

3
10

 37
 30
 

10≈3=30

Point to the 10.

h  So far, we’ve put wheels on 10 tricycles. Next, 
I think, How many wheels do we have left? I 
subtract 30 from 37. So we have 7 wheels left.

3
10

 37
 30
 7

10≈3=30

h  We can put wheels on more tricycles. I think, 
About what number times 3 is close to 7? I know 
that 2 3 3 is close to 7. 

Write 2 3 3 5 6, circle the 2, write 2 in the 
quotient, and write 6 below the 7. 

h  Then I subtract 6 from 7 to figure out how many 
wheels are left. There is 1 wheel left, not enough 
for another tricycle.  

Write the difference.

3
10
 37

 30
  7
 6
  1

2

10≈3=30

2≈3=6

h  How many tricycles did we put wheels on?  
10 1 2 5 12, so we put wheels on 12 tricycles.

Write the quotient. 

h  How can I write the 1 leftover wheel in the 
answer? I’ll write it as a remainder, R1.   

Write the remainder. 

3
10
 37

 30
  7
 6
  1

2

10≈3=30

2≈3=6

12R1

Have students check the answer.

The class board should still 
show the problem scenario.

CONTINUE
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MULTIPLE STRATEGIES
Multiple strategies are essential to ensure that all students build number sense, develop skills, deepen their mathematical 

understanding, and make connections. Using multiple strategies such as modeling, engaging in discussions, and viewing 

and creating visual representations to teach mathematics ensures that students have a deep understanding of each skill and 

concept, rather than a shallow or incorrect notion.

RESEARCH FOUNDATIONS
  Making comparisons has been shown in cognitive psychology to be an effective process for the classroom. Reviewing and comparing 

multiple strategies for solving problems helps increase student understanding by improving procedural flexibility (Star, Pollack, Durkin, 

Rittle-Johnson, Lynch, Newton, & Gogolen, 2015; Rittle-Johnson & Star, 2011). 

  “Effective teaching of mathematics engages students in solving and discussing tasks that promote mathematical reasoning and 

problem solving and allow multiple entry points and varied solution strategies” (NCTM, 2014, p. 10).

  The National Council of Supervisors of Mathematics (NCSM, 2013) recommends that teachers consistently use manipulatives to build 

conceptual understanding of mathematics. 

  Manipulatives can help students build links between the object, the symbol, and the mathematical idea being represented (National 

Research Council, 2001) and are a useful strategy for helping students to build a foundation in mathematics, particularly for students 

who have previously struggled with mathematics (NCSM, 2013).

  Studies that included visual representations produced significant positive effects for students with learning disabilities, and for low-

achieving students (National Mathematics Advisory Panel, 2008).

  Manipulative materials help students make sense of abstract ideas, provide students with ways to test and verify ideas, are useful 

tools for solving problems, and make mathematics learning more engaging and interesting by lifting mathematics off textbook and 

workbook pages (Burns, 2007).

  The American Mathematical Society identified teaching using multiple strategies as a common area of agreement  

in a concept paper (Ball et al., 2005).

  A summary of research suggests that the development of practical meaning for mathematical concepts is enhanced through the use of 

manipulatives (Sabean & Bavaria, 2005).

  Visual representations help students advance their understanding of mathematical concepts and procedures, make sense of problems, 

and engage in mathematical discourse (Arcavi, 2003; Stylianou & Silver, 2004).

  The use of contextually based problems and games provides intrinsic motivation for students (Kamii, 2000).

  Multiple means of content representation, expressing learned content, and content engagement are cornerstones in Universal Design 

for Learning, a set of principles designed to make learning universally accessible to all learners (Rose & Meyer, 2000).
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HOW DO THE MATH DELIVERS

In Do The Math, lessons engage students with concepts and skills in multiple ways using concrete manipulative materials, games 

that reinforce concepts and provide practice, selected children’s literature that offers a context for mathematical concepts and 

skills, and visual representations to help students represent their thinking.

In Addition & Subtraction C, Lesson 16: Students subtract 
165 from 400 using an open number line in 3 different ways. 

In Division B, Lesson 18: Instead of long division, students split 
the dividend into two numbers they can divide by the divisor 5. 

79Lesson 16

Students solve  
a problem.

 1   Present a problem.
Write the following problem on the board.

	 400
µ	 165

 2   Partners solve the problem.
h  Work with your partners to solve this problem by 

drawing an open number line.
Choose a student to share a solution. Record  
on the board. Then ask if anyone used a  
different open number line. If no one did,  
draw open number lines so that students see  
all three versions. 

165	 	 200	 400

165	+	235	=	400

165	170	 200	 400

400	–	235	=	165

235	240	 300	 400

400	–	165	=	235

+	200+	35

µ	5 µ	30 µ	200

	 400
µ	 165

µ	5
µ	100µ	60

Students solve 
problems by finding 
differences.

 1   Students complete WorkSpace  
page 27.
Explain the directions to the WorkSpace page, 
pointing out that students will figure out 
differences or distances between numbers. Have 
students complete the page independently.

27Lesson 16

DIRECTIONS

Subtraction Practice

Home Note: Your child uses addition and subtraction on open number lines to solve 
subtraction problems.

Problem Open Number Line and Equation
1  150 

 2  75

Equation:

2  100 
 2  57 

Equation:

3  400 
 2  92

Equation:

4  700 
 2 381

Equation:

5  500 
 2 134

Equation:

 500 
 2 288
 

288 + 212 = 500
or

500 – 288 = 212
or

500 – 212 = 288

Write an equation.

2

 500 
 2 288
 212

Write the answer. 

3 + 12 + 200

 288 300 500
or

 – 8 – 80 – 200

 212 220 300 500
or

 – 2 – 10 – 200

 288 290 300 500
Solve the problem using  

an open number line.

1

Possible open number lines and equations:

75 1 75 5 150

57 1 43 5 100

92 1 308 5 400

700 2 381 5 319 

500 2 366 5 134

 125 150

75 100  150

 143

57  100

 18 1300

92 100  400

 21 280 2300

319 320 400  700

 266 2300

134 200  500

75

308

319

366

43

WORKSPACE PAGE 27

 2   Partners compare answers.
When students complete the page, have them 
compare their answers with those of their 
partners. Have them use open number lines to 
correct any errors.

PARTNERS

4STEP

INDIVIDUALS

STEP5

Distribute a copy of page 146 to each student.
A reproducible of a 0–7 spinner is available in 
the Do The Math digital resources.
This News provides directions for  
How Much More Do You Need?, a subtraction 
game that provides practice with finding the  
difference between two numbers.

Do The Math

STOP
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85Lesson 18

Demonstrate solving  
a problem with a 
divisor of 5.

 1   Present a problem.
Write 70 4 5 5 on the board.

70 ÷ 5 = 

h  We know that 70 is divisible by 5 so we’ll get a 
zero remainder. How do we know that? (70 has a 0 
in the ones place)

To solve this problem, I can think: What number 
times 5 equals 70? But thinking about the related 
multiplication doesn’t help me because I don’t 
know what number times 5 is 70. 

So I’ll use the splitting strategy that we learned 
with dividing by 2.

 2   Solve the problem.
Record on the board as you say the following.

h  I can split 70 into 50 1 20 or 40 1 30. I’ll 
choose 50 1 20.

50 divided by 5 is 10. I know this because  
10 3 5 5 50.

20 divided by 5 is 4. I know this because  
4 3 5 5 20.

So, 70 divided by 5 is 10 1 4, or 14.

70 ÷  5 = 14 
70 = 50 + 20
50 ÷ 5 = 10 10 ≈ 5 = 50
20 ÷ 5 = 4 4 ≈ 5 = 20
10 +  4 = 14

Students solve division 
problems with divisors 
of 5.

 1   Students solve a problem.
Have students work with their partners to solve 
the first problem on WorkSpace page 45. 

h  You and your partner will solve the first problem 
together, but you will each record in your own 
WorkSpace.

Give students time to solve the problem. Then 
have a student report his or her solution, and 
record it on the board. Ask students if anyone 
solved the problem differently, and record their 
solutions as well. 

75 ÷  5 = 15
75 = 50 + 25
50 ÷ 5 = 10      10 ≈ 5 = 50
25 ÷ 5 = 5         5 ≈ 5 = 25
10 +  5 = 15

 2   Students complete page 45 
independently.

45Lesson 18

DIRECTIONS

Home Note: Your child uses a splitting strategy to divide numbers by 5.

Divide by 5

1  75  5 5 2  70  5 5 

3  80  5 5 4  85  5 5 

5  65  5 5 6  90  5 5 

7  95  5 5 8  60  5 5 

50 ÷ 5 = 10
35 ÷ 5 = 7

Divide the two addends.

2

85  5 5 17
10 + 7 = 17

Add the quotients. 
Write the answer.

3

 85  5 5 
85 = 50 + 35

Split the dividend.

1

 15
75 5 50 1 25
50  5 5 10
25  5 5   5
10 1 5 5 15

 14
70 5 50 1 20
50  5 5 10
20  5 5   4
10 1 4 5 14

 16
80 5 50 1 30
50  5 5 10
30  5 5   6
10 1 6 5 16

 17
85 5 50 1 35
50  5 5 10
35  5 5   7
10 1 7 5 17

 13
65 5 50 1 15
50  5 5 10
15  5 5   3
10 1 3 5 13

 18
90 5 50 1 40
50  5 5 10
40  5 5   8
10 1 8 5 18

 19
95 5 50 1 45
50  5 5 10
45  5 5   9
10 1 9 5 19

 12
60 5 50 1 10
50  5 5 10
10  5 5   2
10 1 2 5 12

Possible solutions shown.

WORKSPACE PAGE 45

This shows one 
possible solution.

WHOLE GROUP

STEP6
INDIVIDUALS

STOP

STEP7
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In Fractions B, Lesson 12: Students explore with fraction strips to compare fractions and identify equivalent fractions; then they 
use connecting cubes to generate further equivalent fractions.

 3   Guide students to use the new 
strategy to compare the fractions.
h  The     11 _ 12    train is longer than the     7 _ 8    train, so     7 _ 8    is  

less than     11 _ 12   . Now let’s use the new strategy  
to show that     11 _ 12    is greater than     7 _ 8   . How many 
twelfths equal 1 whole? (12) How many eighths 
equal 1 whole? (8)

Write 1 5    12
 ___ 12     and 1 5    8 __ 8     on the board. 

h  Think about the missing pieces that would make 
each fraction as long as the blue whole strip.

Have students think, pair, share. (    11 __ 12    is    1 __ 12    away from 
1 whole;    7 _ 8    is    1 _ 8    away from 1 whole.)

Write the equations on the board and display 
magnetic fraction strips.

7_8<11__12

1=12__12 1=8_8
11__12+1__12=1(or12__12)

7_8+1_8=1(or8_8)

h  How do we know that     1 _ 12    is less than     1 _ 8   ? (We can 
use Strategy 1: compare unit fractions.) Then how 
do we know that     11 _ 12    is closer to 1 whole  
than     7 _ 8   ? (   1 __ 12    is less than    1 _ 8   , so    11 __ 12    is closer to 1 
whole.) Since     11 _ 12    is closer to 1 whole than     7 _ 8    is,  
    11 _ 12    is greater than     7 _ 8   .

Represent    1 _ 2    with  
cube trains.

 1   Model building a cube train that is 
one-half blue and one-half yellow.
Show students a pile of blue and yellow 
connecting cubes.

h  How many yellow cubes and how many blue cubes 
will I need if I want to make a cube train with  
10 cubes, so that the train is one-half blue and 
one-half yellow? (5 blue, 5 yellow)

Build a cube train with 5 blue cubes and 5 yellow 
cubes. Then break the train into its yellow and 
blue parts and hold them side by side to show 
they are equal.

Have students count the cubes in each part aloud 
to verify that there are 5 yellow and 5 blue cubes.

LANGUAGE DEVELOPMENT 
When we snap cubes together, students may not 
understand why we call the connected cubes a 
train. Point out that the word train has several 
meanings. Students may think of train as to train 
or to teach a pet or they may think of a train as 
a string of railroad cars that carry passengers or 
freight. Explain that like a passenger or freight train, 
when we snap cubes together in a line, we say that 
we have made a train of cubes.

2STEP

WHOLE GROUP

57

Last Lesson Students learn a new 
strategy for comparing fractions— 
comparing fractions that are one unit  
fraction from 1 whole.

Lesson 12  Students use cube trains  
to learn that there are many fractions  
equivalent to    1 _ 2   .

Next Lesson Students continue to use cube 
trains to identify fractions that are equivalent to    1 _ 2   .

Lesson 12

CONTINUE
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 3   Guide students to use the new 
strategy to compare the fractions.
h  The     11 _ 12    train is longer than the     7 _ 8    train, so     7 _ 8    is  

less than     11 _ 12   . Now let’s use the new strategy  
to show that     11 _ 12    is greater than     7 _ 8   . How many 
twelfths equal 1 whole? (12) How many eighths 
equal 1 whole? (8)

Write 1 5    12
 ___ 12     and 1 5    8 __ 8     on the board. 

h  Think about the missing pieces that would make 
each fraction as long as the blue whole strip.

Have students think, pair, share. (    11 __ 12    is    1 __ 12    away from 
1 whole;    7 _ 8    is    1 _ 8    away from 1 whole.)

Write the equations on the board and display 
magnetic fraction strips.

7_8<11__12

1=12__12 1=8_8
11__12+1__12=1(or12__12)

7_8+1_8=1(or8_8)

h  How do we know that     1 _ 12    is less than     1 _ 8   ? (We can 
use Strategy 1: compare unit fractions.) Then how 
do we know that     11 _ 12    is closer to 1 whole  
than     7 _ 8   ? (   1 __ 12    is less than    1 _ 8   , so    11 __ 12    is closer to 1 
whole.) Since     11 _ 12    is closer to 1 whole than     7 _ 8    is,  
    11 _ 12    is greater than     7 _ 8   .

Represent    1 _ 2    with  
cube trains.

 1   Model building a cube train that is 
one-half blue and one-half yellow.
Show students a pile of blue and yellow 
connecting cubes.

h  How many yellow cubes and how many blue cubes 
will I need if I want to make a cube train with  
10 cubes, so that the train is one-half blue and 
one-half yellow? (5 blue, 5 yellow)

Build a cube train with 5 blue cubes and 5 yellow 
cubes. Then break the train into its yellow and 
blue parts and hold them side by side to show 
they are equal.

Have students count the cubes in each part aloud 
to verify that there are 5 yellow and 5 blue cubes.

LANGUAGE DEVELOPMENT 
When we snap cubes together, students may not 
understand why we call the connected cubes a 
train. Point out that the word train has several 
meanings. Students may think of train as to train 
or to teach a pet or they may think of a train as 
a string of railroad cars that carry passengers or 
freight. Explain that like a passenger or freight train, 
when we snap cubes together in a line, we say that 
we have made a train of cubes.

2STEP

WHOLE GROUP

57

Last Lesson Students learn a new 
strategy for comparing fractions— 
comparing fractions that are one unit  
fraction from 1 whole.

Lesson 12  Students use cube trains  
to learn that there are many fractions  
equivalent to    1 _ 2   .

Next Lesson Students continue to use cube 
trains to identify fractions that are equivalent to    1 _ 2   .

Lesson 12

CONTINUE

DTM07_FR_TGB_p056-059.indd   57 1/27/16   2:14 PM



22   |   INSTRUCTIONAL PRINCIPLES

MATHEMATICAL THINKING 
Do The Math is focused on developing the early habits of mind necessary to foster the ongoing progress toward 

mathematical proficiency. Building these skills is fundamental in developing students into mathematical thinkers.

Students must be able to persevere, reason abstractly, use mathematics to model and solve real-world problems, and 

strategically apply mathematical and practical tools. 

RESEARCH FOUNDATIONS

  In order to learn mathematics and then have the ability to express or apply that knowledge in unique situations takes more than 

just exposure to facts, definitions, rules, and procedures. Students need to go beyond solving simple word problems and must 

explain their thinking and enter into productive mathematical dialog (Seeley, 2014).

  The What Works Clearinghouse identified 16 studies that demonstrate the positive effects of encouraging children to view and 

describe their world mathematically. Students begin by using informal representations, gradually moving to more formal with 

the addition of mathematical vocabulary (Frye, Baroody, Burchinal, Carver, Jordan, & McDowell, 2013).

  To develop mathematical proficiency, the Standards for Mathematical Practice must become an integrated part of student 

learning (Confrey & Krupa, 2010). 

  External representations, such as models, help students understand abstract mathematics (Gersten et al., 2009). These models 

assist students in moving through a progression from concrete to pictorial to abstract representations of mathematical content 

(Wong, 2004).

  Effective teachers provide students with opportunities to develop procedural fluency and conceptual understanding  

(Hiebert & Grouws, 2007).

  The ability to understand and use language—both conversational and mathematical—is imperative to the development of 

mathematical concepts (Lager, 2007) and necessary for abstract reasoning in mathematics (Khisty & Morales, 2004).

  Modeling plays a vital role in Singapore’s national mathematics curriculum. Modeling provides students with concrete, 

pictorial, and abstract approaches to problem solving, ensuring the development of mathematical understanding and 

competencies (Ministry of Education Singapore, 2006).

  The Standards support students to develop conceptual understanding, procedural fluency, strategic competence, and 

adaptive reasoning (NRC, 2001).
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HOW DO THE MATH DELIVERS

In Do The Math, students are asked to solve real world problems that are presented in ways that are accessible to them. 

When solving these problems, they are asked to represent them in multiple ways both mathematically and with the use of 

concrete and digital manipulatives. In order to accomplish this successfully, students must draw from prior knowledge and 

communicate their ideas mathematically when working in pairs and independently when applying their reasoning individually.

In Number Core, Lesson 3: Students apply mathematical and practical 
tools strategically by using the ten-frame to help fi nd sums up to 10. 
They use 5 as a benchmark. 

In Division A, Lesson 29: Students are asked to solve sharing and 
grouping word problems with and without remainders. They are asked 
to communicate their ideas using math vocabulary.

In Multiplication B, Lesson 26: Students attend to precision, using 
mathematical language to communicate clearly and accurately by 
using words, numbers, and pictures to explain what they learned about 
multiplication. 

The Benchmark of 516

LESSON
continued

3 Using 5 as a Benchmark

3STEP 4STEPDemonstrate writing 
equations.

 1  Model writing an equation using  
the benchmark of 5.
Remove the counters from the bottom row of the 
ten-frame. Place 1 counter yellow side up on the 
bottom row of the ten-frame. 

//I can write an addition equation for the 6 
counters. I can see that 5 plus 1 equals 6.

Write the equation on the board.

5 + 1 = 6

Place another counter yellow side up on the  
ten-frame. 

//What equation can I write for the total number  
of counters? (5 + 2 = 7)

Continue adding counters one at a time and 
yellow side up to model the equations 5 + 3 = 8 
and 5 + 4 = 9. Write the equations on the board  
as shown.

5 + 1 = 6
5 + 2 = 7
5 + 3 = 8
5 + 4 = 9

Demonstrate using  
the benchmark of 5  
for sums of 6.

 1  Model how to use the benchmark  
of 5 to find sums.
//Now we are going to look at how 5 can help us 
solve addition problems. For example, 2 plus 4. 

Place 2 counters red side up and 4 counters 
yellow side up on a ten-frame.

First I put two reds on the ten-frame. Then I  
put on four yellows. This shows the addition 
problem 2 + 4. 

What equation can we write? (2 + 4 = 6)

Erase the board and write the equation.

2 + 4 =  6

//We can also look at the total 6 in a different way. 
We know that there are 5 in the first row and 1 in 
the second row. 

I can write 5 + 1 = 6.
Write the second equation on the board.

2 + 4 = 6
5 + 1 = 6

//We can see two ways to make 6. If we look at the 
colors we see 2 + 4, and if we look at the rows we 
see 5 + 1.

WHOLE GROUPWHOLE GROUP
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66 Home Note: Your child writes about multiplication.Lesson 26

DIRECTIONSDIRECTIONS

 Complete the web with words, numbers, and pictures.

ABOUT MULTIPLICATION

Multiplication

multiplication 

rectangle  
splitting

Zero Property  
of Multiplication

multiplication  
chart

multiplication  
equation

Commutative  
Property

square  
number

 Explain what you know about multiplication in complete sentences.

patterns

factors product

10, 20, 30, 40, … 3 ≈ 3 = 9

3 ≈ 8 = 8 ≈ 3

4 ≈ 7 = 28

3 ≈ 5 = 15

8 ≈ 0 = 0

16 ≈ 0 = 0

multiples  
of 10

end  
in 0

 

5 ≈ 4 = 20

 2 ≈ 4 = 8
20 + 8 = 28

3 ≈ 8 = 24

8 
≈ 

3 
= 

24

3 ≈ 5 = 15 3 ≈ 5 = 15

I learned strategies for multiplying and learning facts I don’t know. The 
Multiplication Chart was helpful for finding patterns. I used the Commutative 
Property to figure out products I didn’t know. Knowing 3 × 9 = 27 helps me 
figure out 9 × 3 is also 27.

dtm_mu_wsb_55-66.indd   66 5/4/16   12:23 PM

Write and Solve Problems136

LESSON
continued

29 Solving Word Problems With Division

Students solve a word 
problem.

 1   Present the problem.
Write the following on the board. 

There are 25 apples.
I’ll use 6 apples in each apple pie.
How many apple pies can I make?

h  Is this a sharing problem or a grouping problem? 
(grouping)

Have students think, pair, share. Choose a student 
to explain why it is a grouping problem. (There are 
6 apples in each group, or pie, and the problem asks 
how many pies can be made.)

 2   Students model the problem 
with tiles.
h  Use tiles and sheets of paper to model the 

problem with your partner. 
When students have finished, ask one pair to 
describe their tile arrangement. Then model it 
yourself, placing 6 tiles on a sheet of paper, then 
6 on another sheet of paper, and continuing until  
there aren’t 6 tiles left. 

 3   Students solve the problem.
h  Now you and your partner will solve the problem 

and write the division equation. You can use the 
sheets of paper you have to do this.

When most students have finished, interrupt 
them. Point to the problem on the board, and 
choose a student to answer your question.

h  What equation did you write? (25 4 6 5 4 R1)

Record the equation on the board.

25 ÷ 6 = 4 R1

There are 25 apples.
I’ll use 6 apples in each apple pie.
How many apple pies can I make?

Point to the 4, and ask another student to answer.

h  What does the 4 stand for? (the number of apple 
pies that can be made)

Point to R1, and ask another student to answer.

h  What does the 1 stand for? (the number of apples 
left over)

How many apple pies can we make with  
25 apples? (4)

3STEP

PARTNERS
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CLASSROOM ROUTINES 
When students voice their mathematical ideas and explain them to others, they extend and deepen their understanding of 

the mathematics. Using classroom routines such as “think, pair, share” encourages students to interact and to take responsibility 

for their own learning as they discuss their thinking. Expressing math knowledge verbally to a partner is particularly valuable for 

many students who are developing English language skills.

RESEARCH FOUNDATIONS

  Teachers should take opportunities to address tensions around language and mathematical content, to establish a 

mathematical discourse in the classroom community, and to foster the development of academic language and mathematical 

precision among students (Moschkovich, 2012).

  The way students learn mathematics is fundamentally impacted by what happens in the classroom and how teachers and 

students interact with the curriculum (Ball & Forzani, 2011).

  Feedback and classroom discourse can have a lasting impact on how students view intelligence (Burnett & Mandel, 2010).

  Programs that engage students in discussions about how people learn, how to overcome obstacles to learning, and how 

to create a community of learners have shown an increase in students’ confidence, motivation, and persistence, and a 

strengthening in students’ beliefs that they have control over their intelligence (NCSM, 2010).

  The development of mathematical concepts is assisted by students’ abilities to understand and use mathematical language 

(Lager, 2007).

  Teaching is composed of classroom interactions—between the individuals in the classroom and between those individuals and 

mathematics—that facilitate student learning (Hiebert & Grouws, 2007; Artzt & Armour-Thomas, 1999). 

  When students explain their thinking, either in pairs or small groups, they are forced to reflect on their own reasoning and to 

organize their thoughts clearly in order to communicate them to others (Chapin et al., 2003).

  Classroom interactions flow from the culture and norms established by the classroom teacher (NRC, 2001) and directed by the 

learning goals (Stein, Smith, Henningsen, & Silver, 2000).

  Learning with understanding can be further enhanced by classroom interactions, as students propose mathematical ideas  

and conjectures, learn to evaluate their own thinking and that of others, and develop mathematical reasoning skills  

(Hanna & Yackel, 2000).

  Structuring instruction around carefully chosen problems, allowing students to interact when solving problems, and then 

providing opportunities for them to share their solution methods results in increased achievement on problem-solving 

measures (Grouws & Cebulla, 2000).

  Several studies show that collaborative learning methods such as peer-mediated instruction produces increased achievement 

and conceptual understanding for students with and without disabilities (Fuchs et al., 1997).
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HOW DO THE MATH DELIVERS

In Do The Math, student interaction is built into the program.

•  One essential routine that encourages active student engagement is “think, pair, share”. Having students talk in pairs provides them 

with a safe way to share ideas, brainstorm, and practice what they will say when they share with the larger group.

•  Partner interaction is always encouraged when students are released to work independently in their WorkSpace books or tablets to 

build students’ confi dence and encourage them to justify their reasoning.

•  Games are carefully introduced and appropriate to the skills being taught. They encourage active engagement and provide practice.

In Division A, Lesson 26: Students think, pair, share ideas for writing, sharing, and grouping word problems based on 32 ÷ 4 = 8. After conferring 
they offer their ideas and the teacher records them on the board.

In Addition & Subtraction A, Lesson 16: After the teacher 
models how to add 10 on the hundred-pocket chart, students 
think, pair, and share to solve another problem: 34 + 10. 

Distribute the copies of the News.
This News provides directions for playing 
Pathways to 100, which offers students 
practice adding 1 or 10 to get a sum through 
100.

Do The Math

Lesson 16

Students review adding 
tens and ones on the 
hundred-pocket chart. 

 1   Review adding 10 on the hundred-
pocket chart.
h  Think about how we can add ten on the hundred-

pocket chart without counting one by one.
Have students think, pair, share. (The sum is the  
first number under the starting number on the chart.)

 2   Review adding 1 on the hundred-
pocket chart. 
h  Where is the sum when you add 1 on the hundred-

pocket chart? (The sum is the next number to the 
right. This is true except when you start with a 
multiple of 10; then the sum is the first number in 
the next row.)

 3   Present a problem for students  
to solve.
Write the following problem on the board.

34 + 10

h  Here’s another problem for you to solve.
Have students think, pair, share. Accept all 
methods that students use to find the sum of 44. 
Show students that the sum is the next number 
under 34 on the hundred-pocket chart. 

91 92 93 94 95 96 97 98 99

81 82 83 84 85 86 87 88 89 90

71 72 73 74 75 76 77 78 79 80

61 62 63 64 65 66 67 68 69 70

51 52 53 54 55 56 57 58 59 60

41 42 43 45 46 47 48 49 50

31 32 33 35 36 37 38 39 40

21 22 23

34

25 26 27 28 29 30

11 12 13 15 16 17 18 19 20

1 2 3 4 5 6 7 8 9 10

100

44

34

24

14

Students write 
equations and solve 
problems. 

 1   Students complete WorkSpace  
page 25.
Explain the directions to WorkSpace page 25. 
Have students think, pair, share about the first 
problem. Then have students complete the page 
independently.

25Lesson 16Home Note: Your child solves word problems by adding 10 to two-digit numbers.

Add 10 Problems

I collected  total 
pebbles.

Write the solution.

3
I collected  pebbles. 
Then I collected  more. 
How many total pebbles did  
I collect?

Read the problem using  
the pair of numbers.

1

31 5 3  tens 1 1  one

31 1 10 5 4  tens 1 1  one

31 1 10 5 41

Complete the equations.

2

I collected  pebbles.
Then I collected  more.
How many total pebbles did I collect?
(43, 10)  (79, 10)  (52, 10)

DIRECTIONSDIRECTIONS

1  (43, 10)
43 5  tens 1  ones
43 1 10 5  tens 1  ones
43 1 10 5 
 I collected  total pebbles.

2  (79, 10)
79 5  tens 1  ones
79 1 10 5  tens 1  ones
79 1 10 5 
 I collected  total pebbles.

3  (52, 10)
52 5  tens 1  ones
52 1 10 5  tens 1  ones
52 1 10 5 
 I collected  total pebbles.

31
10 41

5 3
53

53

4 3

8

5 2

62

6 2
62

9

89

7 9

89

WORKSPACE PAGE 25

79

WHOLE GROUP

4STEP

INDIVIDUALS

STEP5

Distribute a copy of page 144 to each 
student.
A reproducible of a  spinner and a Pathways 
to 100 grid is available in the Do The Math 
digital resources.
This News provides directions for playing 
Pathways to 100, which offers students  
practice adding 1 or 10 to make a path  
to 100.

Do The Math

STOP
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In Fractions B, Lesson 11: Students model fractions 7/8 and 5/6 
using fraction strips, and think, pair, share how much more is needed 
for both 7/8 and 5/6 to equal 1 whole. 

53

Last Lesson Students demonstrate 
understanding of the objectives of  
Lessons 6–9.

Lesson 11  Students learn a new strategy 
for comparing fractions—comparing fractions 
that are one unit fraction from 1 whole. 

Next Lesson Students use cube trains to 
learn that there are many fractions equivalent to    1 _ 2   .

Lesson 11

Explain how to compare 
fractions one unit 
fraction from 1 whole.

 1   Introduce comparing    7 __ 8    and    5 __ 6    without 
using fraction pieces.
h  We can see with the fraction pieces that the     7 _ 8    

train is longer than the     5 _ 6    train, so that tells us 
that     7 _ 8    is greater than     5 _ 6   . But suppose we didn’t 
have our fraction pieces.

 2   Establish that the fractions are one 
unit fraction less than 1 whole.
h  How many eighths equal 1 whole? (8) How many 

sixths equal 1 whole? (6)

Write 1 5     8 __ 8    and 1 5     6 __ 6    on the board.

7_8>5_6

1=  8_8   1=  6_6  

h  Let’s figure how much more is needed to add on to 
each of the fractions to equal 1 whole.  

Use your fraction pieces to figure out the missing 
pieces that would make the fraction trains for 
one-eighths and one-sixths as long as the blue 
whole strip. 

Have students think, pair, share. (    7 _ 8    is    1 _ 8    away from  
1 whole;    5 _ 6    is    1 _ 6    away from 1 whole.)

 3   Model with fraction strips how much 
to add on to make 1 whole.
Add the     1 _ 8    and     1 _ 6    magnetic fraction strips to make  
1 whole. Write the equations on the board.

7_8>5_6

1=  8_8   1=  6_6  

7_8+1_8=1(or8_8)
5_6+1_6=1(or6_6)

 4   Use the compare unit fractions 
strategy to show that    7 __ 8    .    5 __ 6   .
h  I know that     1 _ 8    is less than     1 _ 6   . Explain how I  

know that. 
Have students think, pair, share. (because we can 
use the strategy of comparing unit fractions)

h  I know that     7 _ 8    is closer to 1 whole than     5 _ 6   . Explain 
why. 

Have students think, pair, share. (    1 _ 8    is less than    1 _ 6   , 
so    7 _ 8    is closer to 1 whole.)

h  Since     7 _ 8    is closer to 1 whole than     5 _ 6    is,     7 _ 8    has to be 
greater. 

Distribute a copy of page 145 to each student.
A reproducible of the spinner is available in the 
Do The Math digital resources.
This News provides directions for Fraction  
Filler, a game that gives students practice  
with fractions.

Do The Math

2STEP

WHOLE GROUP

CONTINUE
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125Lesson 26

Students write a 
division word problem.

 1   Students brainstorm ideas for a  
word problem.
h  Now you’ll work together to write another 

division word problem for the equation  
32  4 5 8. You may make your problem  
a grouping problem or a sharing problem. 

Let’s brainstorm some ideas for problems. 
Write Sharing Problems and Grouping Problems on 
the board.

h  What are some things we can share that you could 
use to write a problem about? 

Have students think, pair, share. List their ideas 
on the board under Sharing Problems.

h  What are some things that come in groups of 4 
that you could write a problem about?

Have students think, pair, share. List their ideas 
on the board under Grouping Problems.

Sharing Problems Grouping Problems 

cookies wheels on cars

baseball cards beads for bracelets

stickers flowers in vases

 2   Students read a grouping 
problem frame.
h  To help you write your problem, look at 

WorkSpace page 43. Here are examples of both 
grouping and sharing problems for 32  4. 
Use these as a guide when you write your own 
problem on page 44. 

Have students read the two examples at the top of 
WorkSpace page 43.

43Lesson 26

Word Problems for 32  4

Home Note: Your child uses sample problems to help write 
and solve his or her own sharing or grouping word problem.

GROUPING

There are 32 .

There will be 4 in each .

How many  are there in all?

SHARING

There are 32 .

They will be shared among 4 .

How many  will each get?

Here is a grouping problem and a sharing problem with blanks to help you 
when writing your own problem on page 44.

EXAMPLES   

Grouping Problem

There are 32 patches .

There will be 4 on each jacket .

How many jackets  are there in all?

Sharing Problem

There are 32 balloons .

They will be shared among 4 people .

How many balloons  will each get?

Explain to students that they don’t have to use the 
exact wording as the problem frame. They should 
change words if necessary so that their problem 
makes sense.

 3   Students complete WorkSpace  
page 44.
Explain the directions to the WorkSpace page, and 
have students work in pairs to complete it. 

44 Lesson 26

Write a Word Problem for 32  4
DIRECTIONS

 Work with your partner to think of a word problem.

 Write the word problem.

 Solve the problem. Draw a picture and write the equation. 

 Write whether the problem is a sharing or a grouping problem.

Draw a picture that shows how to solve the problem.

Division equation: 

Is this a grouping or a sharing problem? 

The word problem: 

Home Note: Your child writes and solves a sharing or grouping word problem.

Example: There are 32 apples. 

 They will be shared among 4 people.

 How many apples will each get?

Drawings will vary.

32  4 5 8

sharing

4STEP

PARTNERS

EXAMPLE These are 
possible items students 
might suggest.

STOP
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INDEPENDENT STUDENT WORK 
Independent student work is most effective when it provides students opportunities to use their developing conceptual 

understanding and number sense, and is connected to previously learned concepts and skills. Regular practice is essential, 

and intervention students typically need more practice. Independent work, such as practice, provides students opportunities to 

strengthen and reinforce their learning as they connect new understanding to existing knowledge.

RESEARCH FOUNDATIONS

  Independent student practice is an essential ingredient for reinforcing knowledge and procedures and for building fluency. 

This practice can take place inside or outside the class and should be tied to instructional objectives (Rosenshine, 2012).

  Underserved students benefit from technology that emphasizes one-on-one experience with content. A significant force factor 

in this effect is the increased level of interactivity this learning environment affords. The increased interactivity allows students 

more opportunities for exploration and examining complex tasks in multiple ways (Zielezinski & Darling-Hammond, 2016; 

Elam, Donham, & Soloman, 2012).

  A review of 26 high-quality studies indicates that explicit instruction with extensive practice is effective for students with 

learning disabilities and for low-achieving students (National Mathematics Advisory Panel, 2008).

  Researchers have found that students’ conceptual understanding and problem-solving skills improve when they are 

encouraged to make sense of mathematics by writing about their mathematical thinking (Putnam, 2003).

  Repeated practice and application are essential to learning (Gee, 2003; Marzano, 2002; Pressley, 1995).

  In a report to the U.S. Department of Education, two specific strategies were cited that help students gain a deeper 

understanding of a topic. One strategy is targeted assignments that focus on specific elements of a complex skill and its 

practice. The other is practice that focuses on building conceptual understanding related to skills and procedures (Marzano et 

al., 2000).

  When students understand what is expected of them, they have increased motivation (Reiser & Dick, 1996).

  Mathematics makes more sense and is easier to remember and to apply when students connect new knowledge to existing 

knowledge in meaningful ways (Schoenfeld, 1988).

  An important reason to practice mathematics is to strengthen and reinforce what has already been learned. Studies about 

the specific nature of practice suggest that many repeated practice sessions are required for students to attain high levels of 

competence (Newell & Rosenbloom, 1981).
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HOW DO THE MATH DELIVERS 

In Do The Math, independent student work is an essential part of every lesson. The written practice in the WorkSpace is always 

similar to what students experienced during the lesson. The practice is carefully sequenced so that no new knowledge or skill is 

required in order for the student to be successful. Practice is supported through visual directions on the WorkSpace pages for 

those students who need a point-of-use reminder of the steps involved.

In Number Core, Lesson 19: Students play the game Hit the 
Target with a partner to practice fi nd number pairs that match 
a sum or difference. Games are often used for independent/
partner work. Students record equations in their WorkSpace 
pages, and engage in rich conversations about math with 
their partners, while checking each other’s work.    

In Fractions C, Lesson 26: Students practice fi guring out combinations 
of fractions that have a sum of 1 through the context of ordering 
pizza by the slice. All of the prerequisite skills—generating equivalent 
fractions, adding fractions both mentally and with paper and pencil, 
and simplifying fractions—have been learned and practiced previously. 
Students now apply their understanding and number sense about 
fractions to practice solving contextualized problems.

127Lesson 26

Students identify 
another combination 
with the sum 1.

 1   Present a problem.
h  This time I’d like you to order a combination of 

slices of pizza. You must order at least two slices, 
and the pieces must make 1 whole pizza.

Have students think, pair, share to come up with 
combinations of pizza slices. Have students record 
their combinations on WorkSpace page 54.

54 Lesson 26

DIRECTIONS

1 Whole Pizza Problem

Home Note: Your child identi�es combinations of fractions that have the sum 1.

Order:

1 cheese

1 mushroom

2 olive

Cheese    1 _ 2       1 _ 2   
Pepperoni    1 _ 3       1 _ 3       1 _ 3   
Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   
Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   
Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   
Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Circle the order.

 

    1 _ 2    +    1 _ 4    +    2 _ 8    =

    2 _ 4    +    1 _ 4    +    1 _ 4    =    4 _ 4    or 1

Solve the problem.

3

   1 _ 2    +    1 _ 4    +    2 _ 8    =

Write the problem.

2

1  Write the problem.

Solve the problem.

2
 Write the problem.

Solve the problem.

 
Write the problem.

Solve the problem.

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

3

   1 _ 
2
    1    1 _ 

4
    1    1 _ 

8
    1    1 _ 

8
    5

   1 _ 
2
    1    1 _ 

4
    1    2 _ 

8
    5

   2 _ 
4
    1    1 _ 

4
    1    1 _ 

4
    5    4 _ 

4
    or 1

   1 _ 
3
    1    1 _ 

3
    1    1 _ 

6
    1    1 _ 

6
    5

   2 _ 
3
    1    2 _ 

6
    5

   2 _ 
3
    1    1 _ 

3
    5    3 _ 

3
    or 1

   1 _ 
4
    1    1 _ 

4
    1    1 _ 

6
    1    1 _ 

6
    1    1 _ 

6
     

   2 _ 4    1    3 _ 6    5

   1 _ 2    1    1 _ 2    5    2 _ 2    or 1

Possible solutions:

WORKSPACE PAGE 54

h  When you’ve chosen a combination of pizza slices, 
write the problem and add to see whether the 
slices make 1 whole pizza.

Record the combinations, problems, and solutions 
suggested by several students.

1 cheese and 3 hamburger
  1 _ 2   +   1 _ 6   +   1 _ 6   +   1 _ 6   =
  1 _ 2   +   3 _ 6   =
  1 _ 2   +   1 _ 2   = 1
3 hamburger and 2 mushroom
  1 _ 6   +   1 _ 6   +   1 _ 6   +   1 _ 4   +   1 _ 4   =
  3 _ 6   +   2 _ 4   =
  1 _ 2   +   1 _ 2   = 1

Students write and 
solve more equations 
with the sum 1.

 1   Students complete WorkSpace  
page 55.
Have students turn to WorkSpace page 55. 
Explain the directions and remind students to ask 
themselves two questions when they are adding 
fractions:
• Which fractions can I add mentally? 
• Which fractions can I simplify?
Have students complete the page.

55Lesson 26

Fractions That Add to 1 Whole

Home Note: Your child identi�es combinations of fractions that have the sum 1.

DIRECTIONS

Cheese    1 _ 2       1 _ 2   
Pepperoni    1 _ 3       1 _ 3       1 _ 3   
Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   
Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   
Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   
Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Circle an order for 1 whole pizza.

“

     1 _ 4    +    1 _ 8    +    1 _ 8    +    1 _ 8    +    1 _ 8    +    1 _ 8    +    1 _ 8    =

    1 _ 4    +    6 _ 8    =

    1 _ 4    +    3 _ 4    = 1

Solve the problem.

‘

    1 _ 4    +    1 _ 8    +    1 _ 8    +    1 _ 8    +    1 _ 8    +    1 _ 8    +    1 _ 8    =

Write the problem.

’

1  Write the problem.

Solve the problem.

2
 Write the problem.

Solve the problem.

 
Write the problem.

Solve the problem.

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

Order Form

Cheese    1 _ 2       1 _ 2   

Pepperoni    1 _ 3       1 _ 3       1 _ 3   

Mushroom    1 _ 4       1 _ 4       1 _ 4       1 _ 4   

Sausage    1 _ 5       1 _ 5       1 _ 5       1 _ 5       1 _ 5   

Hamburger    1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6       1 _ 6   

Olive    1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8       1 _ 8   

3

   1 _ 
4
    1    1 _ 

8
   1    1 _ 

8
    1    1 _ 

8
    1    1 _ 

8
    1    1 _ 

8
    1    1 _ 

8
   

   1 _ 
4
    1    6 _ 

8
    5

   1 _ 
4
    1    3 _ 

4
    5    4 _ 

4
    or 1

   1 _ 
3
    1    1 _ 

6
    1    1 _ 

6
    1    1 _ 

6
    1    1 _ 

6
   

   1 _ 
3
    1    4 _ 

6
    5

   1 _ 
3
    1    2 _ 

3
    5    3 _ 

3
    or 1

   1 _ 
2
    1    1 _ 

8
    1    1 _ 

8
    1    1 _ 

8
    1    1 _ 

8
   

   1 _ 
2
    1    4 _ 

8
    5

   1 _ 
2
    1    1 _ 

2
    5    2 _ 

2
    or 1

Possible solutions:

WORKSPACE PAGE 55

These are examples 
of combinations that 
students might suggest.

WHOLE GROUP INDIVIDUALS

4STEP STEP5

STOP
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91Lesson 19

Students play the 
game Hit the Target.

 1  Students play the game Hit the Target.
//Now you’ll play Hit the Target.

Remind students that they may refer to the game 
rules on page 40. If your students need additional  
support, have them play the game in teams of two 
so that partners can help each other.

40 Lesson 19 Home Note: Your child practices subtraction by playing a game.

1

4

When you can’t capture any more pairs,  
capture the Target Number card.

3

HOW TO PLAY

Game Rules for Hit the Target

What you need 

• Ten-frame number cards 
10

10

DTM_10-Frame_NumberCards.indd   11 11/8/10   4:43 PM

Player A: Turn over five cards and then a sixth card—  
the Target Number.

 The game is over when all cards are used or there are no 
more plays possible.

 The player who captures more cards wins.

6

6
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1

1
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8

8
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5

5
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5

5
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0

0
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Number

Player B: Replace missing cards and turn over a  
new Target Number card. Follow Steps 2–3.

5

5
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9

9

DTM_10-Frame_NumberCards.indd   10 11/8/10   4:43 PM

8

8
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5

5
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7

7
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0

0

DTM_10-Frame_NumberCards.indd   1 11/8/10   4:43 PM

2

Player A: Look for number pairs you can add or subtract to make 
the Target Number. Capture each pair of cards you use.

6

6
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1

1

DTM_10-Frame_NumberCards.indd   2 11/8/10   4:43 PM

8

8
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5

5

DTM_10-Frame_NumberCards.indd   6 11/8/10   4:43 PM

5

5
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0

0
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1 + 5 = 6

 WORKSPACE PAGE 40

4STEP

INDIVIDUALS

Hit the Target
What you need

• Ten-frame number cards 
10

10

DTM_10-Frame_NumberCards.indd   11 11/8/10   4:43 PM

  Players take turns.

HOW TO PLAY Addition & Subtraction Game

Distribute a copy of page 149 to each student.
A reproducible of a 1–10 spinner is on  
page 153 of this guide as well as in the  
Do The Math digital resources.
This News provides directions for playing 
What’s the Difference?, which provides  
practice with subtraction.

Do The Math

�The game is over when all cards are used or 
there are no more plays possible. 

�The player who captures more cards wins.

Player A: Look for number pairs you can add  
or subtract to make the Target Number.  

Capture each pair of cards you use. 

2

Player A: Turn over five cards and then  
a sixth card— the Target Number.

1

When you can’t capture any more pairs  
capture the Target Number card.

3

1

1
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8

8
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5

5
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5

5
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0

0
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6

6
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Target Number

4

Player B: Replace missing cards and turn over  
a new Target Number card. Repeat steps 2 and 3.

5

5
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5

5
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0

0
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1 + 5 = 6

STOP
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VOCABULARY AND LANGUAGE 
Teaching students correct mathematical language gives them the tools to articulate their mathematical thinking coherently 

and precisely. Students incorporate the new vocabulary into their own language as they explain their thinking to each other or in 

whole-group settings. Explicitly teaching vocabulary and then using the words frequently in class discussions benefits all learners 

and encourages them to use the words when they are explaining their reasoning to each other.

RESEARCH FOUNDATIONS

  By learning the language of mathematics with both vocabulary and symbols, native English speakers and English learners  

can learn mathematics together (Razfar, Khisty, & Chval, 2011).

  Teachers must be cognizant of their lessons’ linguistic demands on English learners (Math Solutions, 2011).

  To support the mathematical learning of English learners, instruction should begin with stated content and language goals, 

build on student cultural context, limit unnecessary language, purposefully develop vocabulary, and utilize cooperative groups 

as safe learning spaces (Van de Walle, Karp, & Bay-Williams, 2010).

  Through classroom discourse, all aspects of mathematical thinking can be discussed, dissected, and understood. Dialogue in 

the classroom provides access to ideas, relationships among those ideas, strategies, procedures, facts, mathematical history, 

and more (Chapin, O’Connor, & Anderson, 2009).

  Instruction that emphasizes vocabulary and domain-specific communication skills can support learning for all students. Explicit 

vocabulary instruction is important because students may have existing notions about words such as product, factor, times, and 

sum that do not align with the mathematical meaning of these terms (Ball et al., 2005; Allen, 1988; Garrison & Mora, 1999).

  Based on a study of mathematical discourse between teachers and students in math classrooms, it was demonstrated that confusion 

arises when the precise meaning of mathematical words is not established (Raiker, 2002).

  Systematic vocabulary instruction in which new vocabulary is directly defined increases the likelihood that students will learn 

the terms (Marzano, 2002).

  English learners who are struggling with math must overcome confusions between trying to achieve mathematical 

understanding and trying to learn mathematical procedures (Frederickson & Cline, 2002).

  Teacher modeling of mathematical discourse provides students with the opportunity to incorporate mathematical language 

into their own communications about the mathematics they encounter (Khisty & Chval, 2002).

  The language of mathematics is an important component of instruction because students build their understanding as they 

process ideas through language (Thompson & Rubenstein, 2000).

  When English learners are presented with mathematics instruction and techniques that make concepts and operations 

comprehensible and are also presented with additional language and academic support that meets their needs, they are able 

to be successful. Additionally, working in groups can allow students to develop listening and speaking skills while increasing 

mathematical understanding (Garrison & Mora, 1999).
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HOW DO THE MATH DELIVERS

In Do The Math, vocabulary is introduced after students experience and develop a fi rm understanding of the mathematical concept 

so that they can anchor the word in their understanding. The meaning of a key vocabulary word is explicitly taught using the routine of 

see it, hear it, say it, write it, and read it. The word is recorded on a math vocabulary chart with examples so that students may refer to 

it as needed. Students read the meaning in their own student glossaries and record the meaning with an example in their WorkSpace. 

Students hear the word used frequently by the teacher and naturally begin to incorporate it into their own explanations as they talk to 

their partners and share their reasoning with the whole group.

In Addition & Subtraction A, Lesson 2: Math 
vocabulary may be introduced in a lesson after 
the concept is introduced. In Lesson 1, students 
represent addition on a ten-frame, and write the 
addition equation it represents. Key math terms 
are defi ned and explained in the next lesson. 

In Addition & Subtraction A, Lesson 29: In a Concept and Vocabulary lesson, students 
demonstrate what they have learned using math vocabulary introduced in the module. 
They create a concept web by using a partial web provided on their WorkSpace pages. 

LESSON
continued

12

2 Adding Two Numbers up to 6 1 6

Introduce math 
vocabulary.

 1   Explain add, addition, and equation.
Write add and addition on the Math Vocabulary 
chart. Read the words aloud and have students 
repeat them.

h  You add by combining two or more numbers 
together and finding the total number. Addition is 
the name for what you do when you add. When I 
add two numbers together, it is called addition. 

 We can show addition with an equation.
Write equation and 2 1 3 5 5 on the chart. Read 
equation aloud and have students repeat it.

Math Vocabulary

• add
• addition
• equation     2 + 3 = 5 

 1   Explain plus, equals, and sum.
Point to each part of the addition equation as  
you describe it.

h  The equation has a plus sign to show we are 
adding. The equals sign shows that the amounts 
on each side are the same amount.

I read the equation as 2 plus 3 equals 5. The 
number 5 is the sum. The sum is the answer you 
get when you add two or more numbers.

Label each part of the equation and write plus, 
equals, and sum on the chart. Read the words 
aloud and have students repeat them.

Math Vocabulary

• add
• addition
• equation     2 + 3 = 5 
• plus
• equals
• sum

 3   Students write the vocabulary and 
read the definitions.
Have students copy what you wrote on the chart 
onto WorkSpace page 61. Then have them read the 
definitions in the glossary on pages 63–64.

61Math Vocabulary

Math Vocabulary
DIRECTIONS

Home Note: Your child creates a math vocabulary list.

 Write new words and terms in the box.

 Write a definition, show an example, or draw a picture for each word or term in your list.

Introduce Addition

Distribute a copy of page 141 to each student.
A reproducible of ten-frame cards is on  
page 147 of this guide as well as in the  
Do The Math digital resources.
This News provides directions for playing 
Which Sum Wins?, which provides  
practice writing addition equations.

Do The Math

4STEP

WHOLE GROUP

dtm_as_tga_010-013.indd   12 3/18/16   2:39 PM

Students write about 
addition.

 1   Students complete WorkSpace  
page 56.
Have students turn to the WorkSpace page and 
write about addition. They can refer to the 
addition concept web for ideas to write about. 

56 Lesson 29

Write About Addition

Home Note: Your child writes about addition.

DIRECTIONS

 Complete the web with words, numbers, and pictures.

 Explain what you know about addition in complete sentences.

 

ABOUT ADDITION

10 + 3 = 13
 9 + 4 = 13

10 + 4 = 14
 6 + 8 = 14

38 = 3 tens + 8 ones
40 = 4 tens

2 tens and 3 ones
20 + 3 = 23

38 + 40 = 7 tens + 8 ones
38 + 40 = 78

 +10 +10 +3
 
32 42 52 55

 +4 +10 +10 +3
 
36 40 50 60 63

3 tens + 4 tens = 7 tens

 

9 + 438 + 40

adding 10s

23 pythons

going to the next 10

32 + 23 36 + 27

3  + 4  = 7

3 + 4 = 7

6 + 8

6 + 4 + 4

I learned that there are many ways to add. I can take the first addend and 
make a ten because after filling a ten-frame it is easy to add the spillover.  
I can also use the open number line to make jumps to 10 or jumps of 10.

addition addends tens and ones

open number line

make a 10
multiples  

of 10

sum

 WORKSPACE PAGE 56

SUPPORTING INSTRUCTION
To help students explain what they know about 
addition, you may want to give them the following 
prompts:

• I can show that 8  7  15 with ten-frames or a 
hundred-frame.

• Explain how to add tens and ones on the  
hundred-pocket chart. It is easy to add one 
because . It is easy to add ten  
because .

• I can draw an open number line to add 36 and 50.

• I can explain how to write 49 as  tens and 
 ones.

INDIVIDUALS

4STEP

 1   Work with students to create the 
concept web.
Have students continue to select ideas from the 
list, suggest where to write them on the concept 
web, and tell which other ideas they connect 
to. Some ideas may be connected to more 
than one idea; therefore, give several students 
opportunities to suggest connecting lines. 

SUPPORTING INSTRUCTION
The web on the previous page is just an example of 
what an addition concept web could look like. Your 
students, who will think of ideas, words, and skills 
they’ve learned so far—and the connections among 
them—will create their own, unique web.

135Lesson 29

STOP

dtm_as_tga_132-135.indd   135 3/18/16   2:32 PM
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ASSESSMENT AND DIFFERENTIATION 
Probing students’ internal reasoning processes reveals both their grasp of foundational concepts as well as their misconceptions.  

Do The Math provides guidance for teachers to assess students’ understandings during instruction and immediately address 

misconceptions. This allows teachers to differentiate instruction for all students: those who need additional help and those who  

are ready for a challenge.

RESEARCH FOUNDATIONS

  “An excellent mathematics program ensures that assessment is an integral part of instruction, provides evidence of proficiency 

with important mathematics content and practices, includes a variety of strategies and data sources, and informs feedback to 

students, instructional decisions, and program improvement” (NCTM, 2014, p. 89).

  Providing effective instructional practice should be the primary function of assessment to ensure mathematical success for all 

students (NCTM, 2014).

  The WWC educator’s practice guide points to the importance of providing routine targeted assessments to gauge student 

learning & progress and using the data to inform instruction (Frye, Baroody, Burchinal, Carver, Jordan, & McDowell, 2013).

  Learning is enhanced when instruction accommodates the differences in learning needs among individual children  

(Sousa & Tomlinson, 2011).

  A comprehensive assessment system integrates assessment and instruction, so that educators can continually use data to 

ensure they are meeting the needs of all students (National Center on Response to Intervention, 2010; Smith, 2010).

  Data collected through progress-monitoring should provide a clear profile of students’ strengths, weaknesses, and needs, and 

should be linked with resources for providing targeted follow-up instruction and intervention (Carnegie Council on Advancing 

Adolescent Literacy, 2010; National Joint Committee on Learning Disabilities, 2008; Vaughn & Denton, 2008).

  Findings from a review of the high-quality studies of assessment suggest that use of formative assessment benefited students 

at all ability levels. When teachers use the assessment data to provide differentiated instruction, the combined effect is 

significant (National Mathematics Advisory Panel, 2008).

  Ongoing assessment and progress monitoring are vital to documenting student growth and informing instruction (National 

Joint Committee on Learning Disabilities, 2008; Fisher & Ivey, 2006; Stecker, Fuchs, & Fuchs, 2005; Torgesen, 2002).

  Collecting data on student progress to drive instruction is vital to documenting student growth and determining the need for 

modifying instruction (Stecker, Fuchs, & Fuchs, 2005).

  Providing teachers with specific information on how each student is performing consistently enhances students’ mathematics 

achievement (Baker et al., 2002).
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HOW DO THE MATH DELIVERS

In Do The Math, lessons are carefully built on scaffolded content with attention to the common misconceptions 

of students who are in need of intervention. Ongoing assessment and suggestions for differentiation are integral 

to the program.

•  The Beginning-of-Module Assessment establishes a benchmark with which to measure each student’s mathematics growth 

after completing the module.

•    Formative Assessment through daily observations gives students the prompt attention that will enable them 

to complete math assignments successfully.

•  Progress Monitoring, which occurs every fi fth lesson, is followed by suggestions for differentiating instruction—what to do 

for the students who need additional support and for those ready for a challenge.

•  ProgressSpace features an End-of-Module Assessment, or Summative Assessment, which provides an opportunity to 

measure student growth and an opportunity to give continued support to those who need it.

In Fractions B, Lesson 25: In this Progress Monitoring lesson, students 
not only compare fractions using inequality symbols and write equivalent 
fractions, but they also synthesize what they’ve learned and explain what they 
notice about fractions equivalent to ¼.

In Addition & Subtraction C, Lessons 6–10: The teacher observes 
and supports students as they work toward using place value to add. 
Lesson 10 specifi cally monitors students progress as they demonstrate 
writing numbers up to 999 in expanded form, calculate sums of two- 
and three-digit addends, and communicate their ideas using key math 
vocabulary. 

ASSESSMENT ✓Progress Monitoring

continued

LESSON 25 Assessing Student Understanding

118

Objectives
• Compare fractions with common numerators  

and common denominators.

• Identify equivalent fractions.

• Communicate ideas with key vocabulary: 
numerator, common numerator, denominator,  
common denominator, and equivalent.

Assess
Use the annotated pages to correct WorkSpace  
page 41.

41Lesson 25

 DIRECTIONS

Home Note: Your child compares fractions and fills in missing  
numerators and denominators to show equivalent fractions.

Show What You Know

1    1 _ 4      3 _ 8  

4    2 _ 3      5 _ 6  

7    1 _ 2      3 _ 12  

2    4 _ 8      7 _ 16  

5    1 _ 3      1 _ 4  

8    2 _ 4      4 _ 12  

3    3 _ 6      3 _ 4  

6    1 _ 4      2 _ 12  

 Fill in the missing number.

9    1 _ 3       _ 9  

12    1 _ 3      5  _   

15    1 _ 2      5  _   

10    1 _ 4      3  _   

13    1 _ 2       _ 8  

16    1 _ 4      5  _   

11    1 _ 4       _ 20  

14    1 _ 2       _ 16  

 Compare the pairs of fractions. Write , or  between them.

 When a fraction is equivalent to   1 __ 4  , would the denominator be 
four times the numerator? Explain with an example.

 When a fraction is equivalent to   1 __ 4  , the 

 

,

,



8

15

12

3 5

4

10

,

 



20

                                                    denominator will be 4 times the numerator.  

In Problems 10 and 16, 3 × 4 = 12 and 5 × 4 = 20. So, this rule is true.

WORKSPACE PAGE 41

 

Note the progress of each student in the appropriate 
rows on the tracking chart on page 142.

Differentiating Instruction
Although the lessons are carefully scaffolded 
and paced at a rate most likely to give students a 
chance for optimal learning, there will be instances 
when students are still struggling and need extra 
support. Also, there will be instances when students 
would benefit from additional challenges or practice. 
Try the teaching ideas below.

For Students Who Need More Support
•  If students are having difficulty identifying equivalent 

fractions: 
■  Provide them with a copy of fraction circles (find the 

reproducible in the Do The Math digital resources).
■  Revisit the work in Lessons 22 and 23, but allow students 

to actually cut and compare the fraction circle.

For Students Ready for a Challenge
• Have students play Pizza Bars to construct a complete pizza 

full of toppings.  

■  Download Game Variation Notes for this game in the  
Do The Math digital resources.

Rename Fractions With Equivalent Fractions
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ASSESSMENT ✓Progress Monitoring

continued

LESSON 10 Assessing Student Understanding

46 Use Place Value to Add

Objectives
• Write numbers to 999 in expanded form.

• Calculate sums of two- and three-digit addends.

• Introduce key math vocabulary: equation.

• Communicate ideas with key math vocabulary: 
digit, expanded form, place value, and equation.

Assess
Use the annotated pages to correct WorkSpace  
pages 17 and 18.

17Lesson 10

DIRECTIONS

Show What You Know

Home Note: Your child uses place value to add two-digit and three-digit numbers.

1  24 1 53 2   68
  1 25

3   47
  1 32

4   145
  1 386

5   364
  1 515

6   309
  1 619

 Add the numbers. Show your work.

20 1 50 5 70
4 1 3 5 7
70 1 7 5 77

 80
    13
 93

 70
    9
 79

 800
 70
      9
 879

 900
  10
     18
 928

 400
 120
     11
 531

18 Lesson 10

DIRECTIONS

Show What You Know

Home Note: Your child writes two-digit numbers  
and three-digit numbers in expanded form.

 Write each number in expanded form.

1  36 5 

2  47 5 

3  69 5 

4  85 5 

5  128 5   

6  340 5 

7  556 5 

8  209 5 

30 1 6

40 1 7

60 1 9

80 1 5

 100 1 20 1 8

  300 1 40

  500 1 50 1 6

  200 1 9

Note the progress of each student in the appropriate 
rows on the tracking chart found on page 142 of this 
guide.

Differentiating Instruction
Although the lessons are carefully scaffolded and 
paced at a rate more likely to give students a chance 
for optimal learning, there will be instances when 
students are still struggling and need extra support. 
Also, there will be instances when students would 
benefit from additional challenges or practice. Try  
the teaching ideas below. 

For Students Who Need More Support
• For students who have difficulty adding three-digit numbers, 

provide additional practice.
■ Present two-digit and three-digit addition problems. 
■ Ask students questions for each part of the process. 
■  Have students use the related addition fact to add  

three-digit problems. For example:  
500 1 400 
5 1 4 5 9 
5 hundreds 1 4 hundreds 5 9 hundreds

• Have students play Terrific 10s to practice identifying 
number pairs that make sums of 10.  
■  You can download the game variation notes from the  

Do The Math digital resources.

For Students Ready for a Challenge
• Have students practice adding three-digit numbers with 

sums greater than 1000.
■  Present the problem 765 1 529.
■  Have the students write each number in expanded form  

to add.

 765 700 1 60 1 5
1 529 500 1 20 1 9

■  Remind students to write partial sums so that the 
thousands, hundreds, tens, and ones are aligned.

 765 700 1 60 1 5
1 529 500 1 20 1 9
 1200
 80
 14
 1294

DTM07_AS_TGC_p044-046.indd   46 4/13/16   1:33 PM
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This section outlines the research that has been conducted with the following school 

districts:

San Marcos Unified School District, California

Miami-Dade County Public Schools, Florida

New York City Public Schools, New York

Do The Math focuses on helping at-risk and struggling students rebuild their foundations of 

understanding through a classroom-tested teaching philosophy.  

In the preceding sections of this paper, the research that supports each of the guiding principles 

that comprise the Do The Math program was summarized. These research studies articulate the 

sound theoretical framework that supports the program. The next section continues to build on this 

efficacy argument by summarizing a series of efficacy studies that point to the positive impacts the 

program itself has demonstrated on student achievement outcomes.
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FIGURE 1: 
GRADE 3 STUDENTS, AVERAGE PRE- AND POST-MODULE TEST RESULTS

Multiplication A Division A
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SAN MARCOS UNIFIED 
SCHOOL DISTRICT, CA
San Marcos Unifi ed School District is a public school district in northern San Diego County, California, serving around 

20,000 students. Roughly 40 percent of students are eligible for a free or reduced-price lunch and 10 percent of students 

are English learners. Forty-fi ve percent of students are identifi ed as white or Caucasian, and 42 percent of students are 

identifi ed as Hispanic.
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GRADE 3 CST MATHEMATICS PERCENT PROFICIENT OR ABOVE
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ECONOMICALLY DISADVANTAGED STUDENTS AND ENGLISH 
LEARNERS OUTPERFORMED PEERS AFTER USING DO THE MATH

Evaluation Period: 2010–2011 school year
Grades Included in Evaluation: 3
Assessment: Do The Math pre- and post-module assessments,  
HMH Math Inventory, California Standards Test (CST) in Mathematics
Participants: N=145

OVERVIEW 

Third-grade teachers at a school in the San Marcos 

Unified School District used the Multiplication A and 

Division A modules for whole-class instruction. Teachers 

used the program for an average of 60 minutes a day. 

Additionally, Do The Math games and activities were 

often revisited by the teachers for whole-class activities 

after the modules were completed, and students could 

choose to play the games as free-choice activities.

In addition to all students completing pre-module and 

post-module assessments, HMH Math Inventory™ was 

administered to some students in January 2011, at the 

onset of Do The Math usage, and again between  

May and early June, after students completed the  

Do The Math modules. Students also completed the 

California Standards Test (CST) in Mathematics.

 

 

 

 

 

 

 

 

RESULTS 

Students showed significant improvement on the  

module assessments. Students improved an average  

of 22 percentage points on the Multiplication A 

assessment and 33 percentage points on the Division A 

assessment (Figure 1).

Two classes of students completed Math Inventory 

administrations prior to and after completing the two  

Do The Math modules. Students’ scores increased an 

average of 147 Quantiles in just a few months—the type 

of growth expected for an entire school year. On average, 

students’ posttest performance fell in the advanced 

performance level for third grade.

Ninety percent of third-grade Do The Math students 

achieved a proficient or above result on the 2011 CST 

Mathematics. Additionally, economically disadvantaged 

Do The Math students and English learners outperformed 

their peers at another school in the same district. The 

other school had similar demographics but did not use  

Do The Math. 

 

Do The Math students were significantly more likely 

to achieve a proficient or above score on the CST 

Mathematics assessment over their peers (Figure 2).
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MIAMI-DADE COUNTY 
PUBLIC SCHOOLS, FL
Miami-Dade County is the fourth largest school district in the nation, serving approximately 345,000 students in 410 

schools. Nearly two-thirds of students are Hispanic, and one-quarter of students are African American. Forty-six percent of 

students are eligible for free or reduced-price lunch, 15 percent of students are classifi ed with disabilities, and 11 percent of 

students are English learners.
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FIGURE 2: 
LEVEL 2 STUDENTS DEMONSTRATING GROWTH ON THE 2012 MATH FCAT

FIGURE 1: 
CHANGE IN MATH INVENTORY PERFORMANCE FROM PRE- TO POST-TEST
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STUDENTS REVEAL SIGNIFICANT IMPROVEMENTS  
IN PERFORMANCE ON THE FCAT AFTER PARTICIPATION  
IN DO THE MATH

Evaluation Period: Spring 2012
Grades Included in Evaluation: 3–5
Assessment: Staff interviews, HMH Math Inventory,  
Florida’s Comprehensive Assessment Test (FCAT)
Participants: N=695

OVERVIEW 
Six hundred ninety-five students in Grades 3–5 from 11 

elementary schools in the Miami-Dade County Public School 

District were enrolled in Do The Math during the spring semester 

of 2012. All of these students had been identified as being in 

need of mathematics intervention. Do The Math supplemented 

the district’s core math program. Math Solutions staff provided 

one-day professional development sessions for teachers, 

math coaches, and principals. Additionally, Math Solutions 

coaches visited Do The Math classrooms three times, providing 

ongoing professional development, in-classroom coaching, and 

support throughout implementation. HMH contracted with an 

independent research firm to observe Do The Math classes and 

conduct interviews with teachers, math coaches, and principals.

 

 

RESULTS 
During interviews, teachers reported that Do The Math positively 

impacted students’ confidence and math understanding as well  

as improved students’ grasp of foundational math concepts. 

About half of the teachers interviewed felt that the games in  

Do The Math played a large part in student success because 

students had fun while learning.

Six hundred thirty-four Do The Math students completed  

Math Inventory administrations before and after using  

Do The Math (Figure 1). Three hundred fifty-four students 

performed at the Below Basic level in the winter, but after 

interacting with Do The Math, only 240 students performed at 

Below Basic in the spring. The percent of students performing 

at Proficient or Advanced levels nearly tripled, from 11 percent 

(n=70) in the winter to 31 percent (n=194) in the spring.

A majority of Do The Math students showed growth on the 2012 

FCAT. Interestingly, when these results were disaggregated 

by FCAT Performance Levels 1 and 2, the data reveal that a 

disproportionately higher percentage of FCAT Level 2 students 

met FCAT growth expectations. Seventy-four percent of  

Do The Math fourth graders who performed at FCAT Level 2  

met FCAT growth expectations. By comparison, only 35  

percent of their non-Do The Math counterparts met FCAT  

growth expectations (Figure 2). Additionally, 28 percent of all  

Do The Math students’ 2012 FCAT math results were one or  

more performance levels higher than their 2011 FCAT results.
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NEW YORK CITY 
PUBLIC SCHOOLS, NY
New York City Public Schools serve over 1.1 million students in more than 1,800 separate schools. Forty percent of students 

identify as Hispanic, 27 percent identify as African American or black, 15 percent identify as Asian, and 15 percent identify as white 

or Caucasian. Students with disabilities account for 19 percent of students enrolled in the district, and 13 percent of students are 

English learners. Seventy-seven percent of students in the district are identifi ed as having a poverty status. 
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FIGURE 1: 
MULTIPLICATION A AND MULTIPLICATION B PRE- AND POST-TEST PERFORMANCE
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GENERAL EDUCATION AND SPECIAL EDUCATION STUDENTS 
GAIN MATHEMATICS KNOWLEDGE AND CONFIDENCE AFTER 
USING DO THE MATH

Evaluation Period: Spring 2008
Grades Included in Evaluation: 3–8
Assessment: Pre- and post-module assessment, student surveys,  
site visits, teacher interviews
Participants: N=98

OVERVIEW 
Researchers worked with the NYC DOE to identify schools 

where there would be a significant number of students with 

special needs, students who are developing English skills, 

and/or students who have been identified as low performing. 

They selected six schools: three general education elementary 

schools and three schools from within District 75, a district 

that serves students with special needs. District 75 serves 

Kindergarten through Grade 8 students and has a population 

of students who are designated as “ungraded.” Fourteen 

teachers across these six schools implemented Do The Math 

in small-group or whole-class implementations. Multiplication 

A and Multiplication B were taught in extended-school-day, 

pull-out, and self-contained special education classes. Students 

completed pre- and post-surveys, aimed at analyzing students’ 

attitudes toward learning math, confidence in their own math 

abilities, and their perceptions of themselves as math learners. 

Teachers received two days of training from Math Solutions. 

 

 

 

 

 

 

 

 

 

RESULTS 
Students at all six schools showed statistically significant gains 

from their beginning of module assessment to their end of 

module assessment (Figure 1). This significant growth was also 

observed for schools designated as special education as well 

as general education (Figure 2). Many of the students in the 

District 75 classes were initially unable to complete independent 

work. Teachers relayed that with Do The Math several of these 

students were able to work independently, some for the first 

time. Teachers also reported that students who had previously 

disliked math were beginning to enjoy mathematics after using 

Do The Math.

The analysis of the responses from students’ pre- and post-

surveys revealed that students’ confidence improved from 

the time they began to participate in the program until they 

completed it. Teachers also reported that students were using 

strategies they had learned from Do The Math to teach their 

classmates who were not using the program. Additionally, 

students began using mathematics vocabulary consistently and 

correctly because of the program’s explicit emphasis on the 

teaching and use of mathematics vocabulary. During interviews, 

teachers reported that using the program improved their own 

multiplication knowledge while also providing them with new, 

successful strategies for teaching struggling students. Teachers 

gained a deeper understanding of the common misconceptions 

that their students experience. In addition, teachers reported 

finding the lessons easy to teach and the program easy to use. 

They felt that the content was structured in a manageable and 

comprehensible way, ensuring that they could grasp the math 

concepts before teaching them.
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Research Foundations papers, which 
include the Evidence and 
Effi cacy papers, provide an 
in-depth account of the theoretical 
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programs. Research Foundations map 
known research and design principles 
to practical applications of the 
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Research on Assessments

Research on Assessments 
such as the Technical Guides, 
accompany the release of a 
stand-alone assessment to 
demonstrate its reliability and 
validity. Technical Guides 
and supporting papers are 
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additional reliability and validity 
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of an assessment’s use and 
functionality. 
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Research Results papers document 
the effi cacy of a program in terms of 
Gold level studies (strong evidence), 
Silver level studies (moderate 
evidence), and Bronze level studies 
(promising evidence). At HMH®, 
program effi cacy is monitored closely 
and continuously in a variety 
of settings, including varying 
geographical locations, 
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and student populations.

Research Professional Papers
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typically authored by an expert in 
the fi eld and highlight an important 
theoretical construct, practical 
application, program component, or 
other topic related to learning in the 
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