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Motivation: Mixture of sparse linear regression

Linear Regression: A very well studied problem!

Natural generalization: Mixture of linear regression with L unknown
& distinct linear functions.

Scalar responses generated by randomly picking a function and
evaluating it.

We focus on query based scenario and the sparse setting!

Generalization of well known compressed sensing problem.

Applications: Modelling heterogeneous data in medical
applications, behavioral health, and music perception

Goal: Recover the L unknown linear functions with minimum queries
and minimum strength of each query.

Formal Problem Statement

Consider unknown
k-sparse vectors
β1, β2, . . . , βL ∈ Rn.

Oracle: For a given
query x, returns
〈x, β〉 + η where
β ∼U {β1, β2, . . . , βL}
and η is noise.

For L = 1, the problem
is equivalent to
compressed sensing.

Noise is additive: strength of queries can be increased arbitrarily!

Define SNR as

SNR , max
x∈queries

min
`

E|〈x, β〉|2

Eη2

SNR must be bounded and query scheme must work even when
unknown vectors are not exactly k-sparse.

For each unknown vector β, return estimate β̂ such that
||β − β̂|| ≤ c||β − βk||.

Comparison with previous work (Yin et. al.)

Critical Assumption: For any two unknown vectors βp and βq, for
any index j ∈ supp(βp) ∩ supp(βq), βp

j 6= βq
j . (Absent in our paper).

Noiseless:
Upper bound: Θ(Lk log k) queries (same in our paper)

Lower Bound: Θ(k) queries (Improved to Θ(Lk) queries).

Noisy: η is Gaussian noise with variance σ2.

Extra Assumption: All elements of the unknown vectors lie on an
ε-grid (Present in our paper).

Requires Θ(k log kpolylog(n) exp(σ/ε)) queries and works only for
exactly k-sparse vectors and only for L = 2.
Our Paper requires Θ(k log3 n exp(σ/ε)2/3) queries and works even
for dense vectors and for any constant L.

Uses queries having complex elements (Our paper does not).

Recovery in Noiseless setting:

Vandermonde Matrix of dimension m × n:
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Rank of any m ×m square submatrix is m if α1, . . . , αm > 0.

We use the rows of the Vandermonde matrix each repeated L log(Lk2)
times. Refer to these as batch.

For each batch, we sort the responses in ascending order and keep the
unique values (L of them).

For each query, the element in the same position in the order
corresponds to the same unknown vector. Recover all unknown vectors.

Theorem:

2kL log Lk2 oracle queries with noiseless responses suffice to recover all L
unknown vectors with probability at least 1− (3/k).

Theorem:

At least 2Lk oracle queries are necessary to recover an arbitrary set of L
vectors that are k-sparse.

Parameter recovery in Gaussian mixtures

Theorem:

LetM = 1
L

∑L
i=1N (µi, σ

2) be a uniform mixture of L univariate Gaussians,
with means µi ∈ εZ. Then, L2polylog(n) exp((σ/ε)2/3) samples suffice to
exactly identify the parameters w.h.p.

We use complex analytic techniques to lower bound total variation
distance between any two distinct Gaussian mixtures.

Further, using techniques from learning theory, we can show that we will
exactly identify the correct mixture from its samples.

Recovery in Noisy setting for L = 2 (SNR = O(1/σ2))

Querying Scheme:

Sample a vector v ∈R {+1,−1}n as query and recover
〈v, β1〉, 〈v, β2〉.
Call a query vector v good if 〈v, β1〉 6= 〈v, β2〉.
Fix a good query vector v and for every other query vector v′, query
v+v′

2 and v−v′
2 . Align 〈v, β1〉, 〈v, β2〉 and 〈v′, β1〉, 〈v′, β2〉.

From CS literature, csk log(n/k) such random vectors suffice.

Theorem:

Algorithm 2 uses O(k log3 n exp((σ/ε)2/3)) queries to recover both the
vectors β1 and β2 with an `1/`1 guarantee with probability at least 1− 2/n.

Recovery in Noisy setting for any general L (SNR = O(1/σ2))

Querying Scheme:

Sample v ∈R {+1,−1}n, r ∈R T n
1 , q ∈ T2 where T1, T2 are

appropriate sets with integral elements. Repeat this step for ck log n
times for some constant c > 0.

Call a triplet (v + r, (q − 1)r, v + qr) to be good if no element in
{〈v + qr, β i〉}Li=1 can be written in two possible ways as sum of two
elements from {〈v, β i〉}Li=1 and {〈v + (q − 1)r, β i〉}Li=1.

Call a triplet (v′ + r′, (q′− 1)r′, v′ + q′r′) to be matching good w.r.t a
good triplet (v? + r?, (q? − 1)r?, v? + q?r?) if
(v′ + r′, (q′ − 1)r′, v′ + q′r′) and (r′, r?, r′ + r?) are good.

We show that among first c log n triplets, one of them is good w.h.p.
Let the good triplet be (v? + r?, (q? − 1)r?, v? + q?r?). We can also
show that a large fraction of the rest of the triplets are matching good
w.r.t (v? + r?, (q? − 1)r?, v? + q?r?).

We can recover and align {〈v, β i〉}Li=1 for all matching good vectors v.
These vectors also satisfy δ − RIP property w.h.p. We recover all
unknown vectors with same performance guarantees as for L = 2.
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