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Context and conributions

Hyperbolic space is superior in representing hierarchies
Euclidean norm is used as a proxy for the level in the hierarchy
Study of the Lorentzian distance for hyperbolic representations
• Can be used for any negative constant curvature −1/β.

• Closed-form expression for the center of mass.

• Euclidean norm of the center of mass decreases as the curvature decreases

Hyperbolic representation and distances

• Hyperboloid model:

Hd ,β := {a = (a0, · · · , ad) ∈ Rd+1 : ‖a‖2
L = −β, a0 > 0} (1)

where β > 0 and ‖a‖2
L = 〈a, a〉L is the squared Lorentzian norm of a.

Hd ,β has constant negative curvature −1/β.

• Lorentzian inner product:
for all a = (a0, · · · , ad) ∈ Hd ,β,b = (b0, · · · , bd) ∈ Hd ,β,

〈a,b〉L := −a0b0 +
d∑
i=1

aibi ≤ −β (2)

• Poincaré distance: When β = 1, for any pair a ∈ Hd ,1,b ∈ Hd ,1:

dP (a,b) = cosh−1 (−〈a,b〉L) (3)

• Squared Lorentzian distance: for all a ∈ Hd ,β,b ∈ Hd ,β,

d2
L(a,b) = ‖a− b‖2

L = −2β − 2〈a,b〉L (4)

It satisfies all the axioms of a distance metric except the triangle inequality. It is
smooth on Rd+1 × Rd+1 and can then be optimized with standard SGD.

Easy to optimize with standard SGD
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Figure: Training loss and mean rank obtained by different solvers for the ACM dataset.

• Standard SGD with momentum provides a good tradeoff in terms of running
time and performance.

• It is memory-wise efficient since it does not require storing gradient matrices as
natural gradient-based methods.

• Momentum methods are known to account for the curvature directions in the
parameter space.

Important properties

Theorem (Closed-form Centroid of the squared Lorentzian distance)

The point µ ∈ Hd ,β that minimizes the problem

min
µ∈Hd ,β

n∑
i=1

νid
2
L(xi ,µ) (5 )

where ∀i , xi ∈ Hd ,β, νi ≥ 0,
∑

i νi > 0 is

µ =
√
β

∑n
i=1 νixi

|‖
∑n

i=1 νixi‖L|
(6 )

where |‖a‖L| =
√
|‖a‖2

L| is the modulus of the imaginary Lorentzian norm of the
positive time-like vector a.

Theorem (Euclidean norm of the center of mass)

The Euclidean norm of the centroid of different points in the Poincaré ball
Pd = {x ∈ Rd : ‖x‖ < 1} decreases as β > 0 decreases.

β = 1 β = 10−1

β = 10−2 β = 10−4

10 examples are represented in green in a Poincaré ball. Their centroid w.r.t. the
chosen distance function is in magenta and the level sets represent the sum of the
distances between the current point and the 10 examples.

The center of mass can be used to represent the least common ancestor.

Representation learning of hierarchies

Representation learning of tree nodes based on subsumption relationships.

Method dP in Pd dP in Hd Ours Ours Ours
β = 0.01 β = 0.1 β = 1

WordNet Nouns MR 4.02 2.95 1.46 1.59 1.72
MAP 86.5 92.8 94.0 93.5 91.5

WordNet Verbs MR 1.35 1.23 1.11 1.14 1.23
MAP 91.2 93.5 94.6 93.7 91.9

EuroVoc MR 1.23 1.17 1.06 1.06 1.09
MAP 94.4 96.5 96.5 96.0 95.0

ACM MR 1.71 1.63 1.03 1.06 1.16
MAP 94.8 97.0 98.8 96.9 94.1

MeSH MR 12.8 12.4 1.31 1.30 1.40
MAP 79.4 79.9 90.1 90.5 85.5

Decreasing the curvature improves retrieval results.

Binary classification of subtrees

Test F1 scores of the Wordnet Nouns subtree:

Dataset animal.n.01 group.n.01 worker.n.01 mammal.n.01

(Ganea et al., 2018) 99.26± 0.59% 91.91± 3.07% 66.83± 11.83% 91.37± 6.09%
Euclidean dist 99.36± 0.18% 91.38± 1.19% 47.29± 3.93% 77.76± 5.08%
log0 + Eucl 98.27± 0.70% 91.41± 0.18% 36.66± 2.74% 56.11± 2.21%

Ours (β = 0.01) 99.77± 0.17% 99.86± 0.03% 96.32± 1.05% 97.73± 0.86%

CIFAR 100 automatic taxonomy extraction

Classes and superclasses can easily be represented by their center of mass.

Convolutional neural networks can be efficiently learned with standard SGD

Lorentzian distance Euclidean distance

Conclusion

• We propose Lorentzian distance Learning approach to represent
hierarchically-structured datasets.

• The learned model can be improved by decreasing the curvature of the chosen
hyperboloid model.


