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Motivation

Probabilistic PCA and the non-identifiability issue

Theory

Results

Classical PCA is formulated as a projection from data-space into a lower 

dimensional latent space. PPCA can be viewed as a generative model that maps 

a point of the latent space Xn via a linear mapping W to the data space Y. 

Assuming a zero mean Gaussian prior on the noise with variance σ2 and a 

standard Gaussian prior on the latent space X, we get the following rotation 

invariant likelihood:

The full generative model

For that reason numerical optimization with 

different initial conditions will converge to 

different results for W (Figure 1).  

For Bayesian PPCA if the prior on W is rotation

invariant (e.g. an isotropic Gaussian) the

posterior will have the same rotation symmetry

Figure 2 shows samples from the posterior.

Different colors show different rows of W

and we clearly see the rotation symmetry.

Solution outline
We decompose W by the singular 

value decomposition in UΣVT and 

fix the coordinate system by setting 

V to identity. After that we need to 

infer the right prior density on U

and Σ and sample the posterior.

If the distribution of W is a standard normal WWT is wishart distributed. How 

should U and Σ be distributed, such the UΣΣTUT is also wishart distributed?

U is uniformly distributed on the Stiefel Manifold

Since UΣ is the SVD of W, U is a 

eigenvector matrix of WWT.

The Eigenvectors of a wishart 

matrix are distributed uniformly in 

the space of orthogonal matrices.

Code on the right hand side shows

how to uniformly sample U on the

Stiefel manifold.

Σ is independent of the rotation U and its ordered and squared diagonal is 

distributed according to the following probability density.

with the Jacobian correction we get the distribution of diag(Σ)

Can we find a different parameterization, 
such that the probabilistic model is not 
changed?

Synthetic Dataset
As described on the right hand side, we 

generate data with fixed values for Σ and 

reconstruct the parameter values. The 

figures below show, how we break the 

rotation symmetry and compare the 

results with classical PCA.

Figure 3 shows the principle standard deviations inferred from the data. Figure 

4 visualize the inferred rows of the loading matrix in different colors. We are 

able to break the rotation symmetry and show in Figure 5 that our method 

enriches the classical PCA result (shown in white dots) with uncertainties.

Breast Cancer Wisconsin Dataset

Extension to non-linear models

Conclusion

The kernel extension of the dual-PPCA, 

where the outter product in the likelihood

is replaced with a non-linear kernel-function

has the same rotation symmetry. Even 

in this case we are able to remove the 

symmetry. Different chains, however,

converge to different solutions, due to the 

increased complexity of the model (Fig. 7).

The dataset consist of 569 data points 

with 30 different features. We did 

the same analysis as described above 

and the results are shown in Figure 6.

Also, here we are successfully able

to break the rotation symmetry.
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We consider probabilistic PCA and related factor models from a Bayesian 

perspective. These models are in general not identifiable as the likelihood has a 

rotational symmetry. This gives riseto complicated posterior distributions with 

continuous subspaces of equal density and thus hinders efficiency of inference 

as well as interpretation of obtained parameters. In particular, posterior 

averages over factor loadings become meaningless and only  model predictions 

are unambiguous. Here, we propose a parameterization  based on Householder 

transformations, which remove the rotational symmetry of the posterior. 

Furthermore, by relying on results from random matrix theory, we establish the 

parameter distribution which leaves the model unchanged compared to the 

original rotationally symmetric formulation. In particular, we avoid the need to 

compute the Jacobian determinant of the parameter transformation. This allows 

us to efficiently implement probabilistic PCA in a rotation invariant fashion in 

any state of the art toolbox. Here, we implemented our model in the 

probabilistic programming language Stan and illustrate it  on several examples.

We suggested a new parameterization of the mapping W in PPCA to uniquely 

identify the principal components and show how to set the prior, such that  

the model is not changed compared to a standard Gaussian prior on W. 

Furthermore, we provided an efficient implementation via Householder 

transformations. We tested the model on a synthetic and the Breast Cancer 

Wisconsin Dataset and uniquely construct the true parameters. Our model 

provided similar results as the classical PCA, additionally containing the 

uncertainty of the estimates. Also in the non-linear case, we successfully 

break the rotation symmetry.  
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