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Ranked data appear in many problems of social choice, user recommendation and
information retrieval. Examples include:
• ranking candidates by a large number of voters in political elections (e.g. instant-

runoff voting);
• the preference list of competing items collected from consumers in market re-

search;
• document retrieval problem where one aims to design a meta-search engine ac-

cording to a ranked list of webpages output by various search algorithms.

Motivating Examples

Mallows model:

Pθ,π0,d(π) =
1

Ψ(θ, d)
e−θd(π,π0) for π ∈ Sn,

where
• θ > 0 is the dispersion parameter,
• π0 is the central ranking,
• d(·, ·) : Sn×Sn→ R+ is a discrepancy function which is right invariant: d(π, σ) =
d(π ◦ σ−1, id) for π, σ ∈ Sn.

Mallows φ model:

Pθ,π0
(π) =

1

Ψ(θ)
e−θ inv(π◦π−1

0 ) for π ∈ Sn,

where inv(π) := #{(i, j) ∈ [n]2 : i < j and π(i) > π(j)} is the number of inversions
of π.

Generalized Mallows model:

P~θ,π0
(π) =

1

Ψ(~θ)
exp

− n−1∑
j=1

θjsj(π ◦ π−1
0 )

 for π ∈ Sn,

where (s1(π), s2(π), . . .) is the inversion table of π defined by

sj(π) := π−1(j)− 1−
∑
j′<j

1{π−1(j′)<π−1(j)},

Single parameter IGM model:

Pθ,π0
(π) =

1

Ψ(θ)
exp

−θ t∑
j=1

sj(π ◦ π−1
0 )

 ,

where t is the model size.

IGM model:

P~θ,π0
(π) =

1

Ψ(~θ)
exp

 t∑
j=1

θjsj(π ◦ π−1
0 )

 .

Mallows models

Theorem 1 (Bias of θ̂). Let Pθ,π0
be the distribution of Mallows’ φmodel, and θ̂ be the MLE

of θ with N samples. Then for each N ≥ 1,

Eθ,π0
θ̂ > θ.

Theorem 2 (Convergence rate of π̂0). Let Pθ,π0
be the distribution of Mallows’ φ model,

and π̂0 be the MLE of π0 with N samples. Then for N large enough,

Pθ,π0
(π̂0 6= π0) ≥ 1

1− e−θ

√
2

πN

(
cosh

θ

2

)−N
,

and

Pθ,π0
(π̂0 6= π0) ≤ (n−Hn)n!

(
cosh

θ

2

)−N
,

where Hn :=
∑n
i=1

1
i is the harmonic sum.

Theorem 3 (Bias of θ̂). Let Pθ,π0
be the distribution of the single parameter IGM model,

and θ̂ be the MLE of θ with N samples. Then for each N ≥ 1,

Eθ,π0
θ̂ > θ.

Open problems:
• The rate of convergence of π̂0 for Generalized Mallows model.
• The rate of convergence of π̂0 for IGM model.

Theoretical results

Key idea: The single parameter IGM model has a regenerative property: it is a
concatenation of i.i.d. indecomposable permutations (Pitman and Tang, ’19, AoP).

To illustrate, ( 2, 3, 4, 1︸ ︷︷ ︸
L1=4

, 6, 8, 7, 10, 5, 9︸ ︷︷ ︸
L2=6

, 12, 13, 11︸ ︷︷ ︸
L3=3

, . . .)

For single parameter IGM model,

EL =
1

(e−θ; e−θ)∞
,

where (a; q)∞ :=
∏∞
k=0(1− aqk) is the Q-Pochhammer function.

With ‘t’ selected by the above algorithm, we can fit IGM model with model size ‘t’.

‘t’ selection algorithm

Synthetic data:
– We generate 50 sets of N = 1000 rankings from the IGM model (??) with ~θ =
(1, 0.9, 0.8, 0.7, 0.6, 0.5, 0, . . .) and π0 = id. We restrict all observed rankings to the first
tmax = 6 components.

We fit the IGM model by MLE with the preselected model size t. The estimate θ̂1

lies in the range [0.94, 1.08] with mean 1.0 and standard deviation 0.03, and θ̂2 in the
range [0.84, 0.95] with mean 0.9 and standard deviation 0.02. Moreover, the estimated
central rankings restricted to the top 6 ranks are always (1|2|3|4|5|6).

– We generate 50 sets of N = 1000 rankings from the IGM model restricted to the
first tmax = 10, 20 and 40 components. Table 2 below shows the accuracy of estimated
ranking and average training time by the IGM model of model size t = 1, t = 10 and
‘t’ selection algorithm.
• For rankings of small length, the IGM model of small size gives good accuracy

and uses less training time.
• ‘t’ selection algorithm is more appealing for rankings of large length. It has better

accuracy than the IGM model of small size, and is less time-consuming than the
IGM model of large size.

Real data:

•APA data (small tmax, large N ),
•University homepage data (large tmax, small N ).

‘t’ selection algorithm shows good performance on both data sets.

Experiments


