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Background
Eigendecomposition (ED) methods in deep networks:

Ø Standard ED with SVD (for symmetric positive semidefinite matrices) or QR
decomposition

Ø Approximating it with the Power Iteration method
Both of them are numerically unstable, particularly when dealing with large matrices. While
this can be mitigated by partitioning the data in small arbitrary groups, doing so has no
theoretical basis and makes it impossible to exploit the power of ED to the full.

Our Solution
Hybrid Strategy: 
Ø Forward Pass: Use SVD. By relying on a divide-and-conquer strategy, SVD tends to be

numerically more stable than QR decomposition.
Ø Backpropagation: Compute the gradients for backpropagation from the PI derivations,

but using the SVD-computed vectors for initialization purposes.
Advantages:
ü The resulting PI gradients converge to the analytical ED ones;
ü Gradients are bounded by a factor depending on the number of PI iterations, thus 

preventing their explosion problem in practice.

SVD Gradients vs PI Gradients

ZCA Whitening: 𝑍 = 𝑊𝑋 = 𝑈Λ'(/*𝑈+𝑋; 	
𝑈, Λ are the eigenvectors and eigenvalues of 𝑀, 𝑀 is the covariance matrix of 𝑋.
ZCA is a transformation which makes the covariance matrix Σ to be the identity matrix. 
Hence it decorrelates features.
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Analysis
Standard ED:

Ø Forward Pass: Perform ED using SVD or QR decomposition.
Ø Backpropagation: Use analytical gradients. Let 𝜆0 denotes the 𝑖-th largest eigenvalue

of 𝑀. The partial derivative of standard ED involves:

𝐾30,4 = 5
1

𝜆0 − 𝜆48 			𝑖𝑓	𝑖	 ≠ 𝑗		

0																						𝑖𝑓	𝑖	 = 	𝑗

Problem:
ü when two eigenvalues are close: 𝜆0 − 𝜆4 → 0, the partial derivatives become very large,

causing arithmetic overflow.

PI method:
Ø Forward Pass: Given random initial guesses for the eigenvectors, run a PI deflation

procedure during the forward pass.
• Given matrix 𝑀 = 𝑉Σ𝑉+, PI computes leading eigenvector 𝑣 iteratively à

Ø Backpropagation: Compute analytical gradients using the approximated eigenvectors
and their intermediate values in the iteration process.

Problem:
ü Inaccuracy: Its accuracy depends on the initial vectors and on the number of iterations

in each step of the deflation procedure.
ü Training Divergence: PI convergence rate depends geometrically on the ratio |λ2/λ1| of

the two largest eigenvalues. When the ratio is close to 1, the eigenvector may be
inaccurate given the limited number of iterations.

ü Round-off Error: The deflation procedure gradually removes the dominant
eigenvectors and this will results in accumulated round-off error. The eigenvectors
correspond to the small eigenvalues will be inaccurate.

PI Gradients = geometric expansion of SVD gradients & PI gradients are bounded.

Let 𝑛 denote matrix dimension, 𝐾 denote the power iteration number.
Choosing a value of 𝐾 = Choosing an upper bound for the gradient magnitudes.

SVD Gradients
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PI Gradients
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Reminder: Eq.(1) – Eq.(2)

(3)
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Ratio between Reminder (3) and Original value (1) is controlled by

Figure: (a) shows how value of (λk/λ1)k changes w.r.t. the eigenvalue ratio λk/λ1 and iteration number k. 
(b) shows the contour of curved surface in (a). 
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(a) Group = 8 (b) Group =4

GroupZCA-PI
GroupZCA-Ours

GroupZCA-PI
GroupZCA-Ours

Table 1. Errors and success rates using ResNet 18 with SVD, PI, and our method on CIFAR10. d is the size of feature groups.

Figure 1. Training loss vs number of epochs for d=8 on the left & d=4 on the right. In both cases, PI is unstable while ours is stable. 

PCA Denoising: 𝑍 = 𝑊3 𝑋 = 𝑈BC𝑈BC
+𝑋; 	

𝑈BC is the top k eigenvectors of the covariance matrix of 𝑋. 
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Figure 3. Performance of PCA denoising layer vs Preserved information, Eigenvector No, and PI Number.

Figure 2. Training loss vs number of epochs. Table 2. Final error rate.

Ø In Fig.2, the loss for our method and BN
decrease smoothly, meaning the training
process is very stable. By contrast, the PI
training curve denotes far more instability and
lower performance.

Ø In Table. 2, the NaN values associated to SVD
denotes the fact that using the analytical SVD
derivatives failed all five times we tried.

Conclusion
We have introduced a numerically stable differentiable ED method that relies on the SVD
during the forward pass and on PI to compute the gradients during the backward pass.
Both the theory and the experimental results confirm the increased stability that our method
brings compared with standard SVD or PI alone.


