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• In Bayesian optimization, users need to specify a bounded 
space to search for the function extrema

• For new problems, there is no prior knowledge  no 
guarantee an arbitrarily defined search space contains the 
global optimum

• Our contributions:
• Formalize the analysis of Bayesian optimization with 

unknown search space
• Provide analytic expressions for how far to expand the 

search space and when to expand to achieve global 𝜖𝜖-
accuracy

• Derive theoretical global 𝜖𝜖-accuracy convergence

Overview

• Bayesian optimization is a powerful optimization method 
to find the global optimum of an expensive blackbox 𝑓𝑓(𝑥𝑥)
by sequential queries. 

• Gaussian Process is the most common surrogate model. 
When 𝑓𝑓 follows a GP with mean 𝑚𝑚0(𝑥𝑥) and covariance 
function 𝑘𝑘(𝑥𝑥, 𝑥𝑥′), the posterior of 𝑓𝑓 given data 𝒟𝒟𝑡𝑡−1 is,

𝜇𝜇𝑡𝑡−1 𝑥𝑥 = 𝑚𝑚0 𝑥𝑥 + 𝑘𝑘 𝑥𝑥 𝑇𝑇 𝐾𝐾 + 𝜎𝜎2𝐼𝐼 −1𝑦𝑦
𝜎𝜎𝑡𝑡−12 𝑥𝑥 = 𝑘𝑘 𝑥𝑥, 𝑥𝑥 − 𝑘𝑘 𝑥𝑥 𝑇𝑇 𝐾𝐾 + 𝜎𝜎2𝐼𝐼 −1𝑘𝑘(𝑥𝑥)

• We focus on the GP-UCB acquisition function,

𝛼𝛼𝑈𝑈𝑈𝑈𝑈𝑈 𝑥𝑥;𝒟𝒟𝑡𝑡−1 = 𝜇𝜇𝑡𝑡−1 𝑥𝑥 + 𝛽𝛽𝑡𝑡𝜎𝜎𝑡𝑡−1 𝑥𝑥

Background

Observed data
𝒟𝒟𝑡𝑡−1 = 𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖 𝑖𝑖=1

𝑛𝑛

Interesting 
point 𝑥𝑥𝑖𝑖𝑡𝑡𝑖𝑖

A surrogate model 
to approximate 𝑓𝑓(𝑥𝑥)

An acquisition 
function 𝛼𝛼(𝑥𝑥)

max 𝑓𝑓(𝑥𝑥) ≈ max
𝑖𝑖=1,..,𝑛𝑛

𝑦𝑦𝑖𝑖

For a small positive 𝜖𝜖, we find a solution 𝑥𝑥𝜖𝜖 satisfies,
max
𝑥𝑥∈ℝ𝑑𝑑

𝑓𝑓(𝑥𝑥) − 𝑓𝑓 𝑥𝑥𝜖𝜖 ≤ 𝜖𝜖,

where argmax
𝑥𝑥∈ℝ𝑑𝑑

𝑓𝑓(𝑥𝑥) is at finite location and no knowledge on 

its location.

Problem Setup

• Follow the volume expansion idea: the search space is expanded during the optimization
• Our expansion strategy is based on two guiding principles:

1. The algorithm should aim to reach 𝑥𝑥𝜖𝜖 in one expansion
2. The search space should be minimally expanded to avoid unnecessary evaluations

Solution
a) Expansion search space: Using GP-UCB as a surrogate, the expansion space contains at least 

one point whose acquisition function value is within 𝜖𝜖 of the acquisition function maximum. 
Theorem 1 provides an analytic expression for the expanded search space.

Theorem 1: Consider the GP-UCB acquisition function 𝛼𝛼𝑈𝑈𝑈𝑈𝑈𝑈(𝑥𝑥;𝒟𝒟𝑡𝑡−1). Let us define the region 
𝑺𝑺 = ⋃𝑖𝑖=1

|𝒟𝒟𝑡𝑡−1| 𝑆𝑆𝑖𝑖,  𝑆𝑆𝑖𝑖 = 𝑥𝑥: 𝑥𝑥 − 𝑥𝑥𝑖𝑖 2 ≤ 𝑑𝑑𝜖𝜖 , 𝑥𝑥𝑖𝑖 ∈ 𝒟𝒟𝑡𝑡−1, |𝒟𝒟𝑡𝑡−1| is the cardinality of 𝒟𝒟𝑡𝑡−1, and 𝑑𝑑𝜖𝜖 =

𝑔𝑔𝑘𝑘 𝑚𝑚𝑚𝑚𝑚𝑚 ��⁄𝛽𝛽𝑡𝑡𝜃𝜃𝜖𝜖 2 − ⁄𝜖𝜖2 16 𝒟𝒟𝑡𝑡−1 𝜆𝜆𝑚𝑚𝑚𝑚𝑥𝑥 𝛽𝛽𝑡𝑡 , �0.25𝜖𝜖 𝑚𝑚𝑚𝑚𝑥𝑥 ∑𝑧𝑧𝑗𝑗≤0−𝑧𝑧𝑗𝑗 ,∑𝑧𝑧𝑗𝑗≤0 𝑧𝑧𝑗𝑗

with 𝑔𝑔𝑘𝑘() computed from kernel 𝑘𝑘(𝑥𝑥, 𝑥𝑥′), 𝜆𝜆𝑚𝑚𝑚𝑚𝑥𝑥 be the largest singular value of 𝐾𝐾 + 𝜎𝜎2𝐼𝐼 −1, 

and 𝑧𝑧𝑗𝑗 be the 𝑗𝑗𝑡𝑡𝑡 element of 𝐾𝐾 + 𝜎𝜎2𝐼𝐼 −1𝑦𝑦. Given 𝜖𝜖 < 𝛽𝛽𝑡𝑡𝜃𝜃 − 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈ℝ𝑑𝑑

𝛼𝛼𝑈𝑈𝑈𝑈𝑈𝑈 𝑥𝑥;𝒟𝒟𝑡𝑡−1 , then 

there exists 𝑥𝑥𝑢𝑢 ∈ 𝑺𝑺: 𝛼𝛼𝑈𝑈𝑈𝑈𝑈𝑈 𝑥𝑥;𝒟𝒟𝑡𝑡−1 − 𝑚𝑚𝑚𝑚𝑥𝑥
𝑥𝑥∈ℝ𝑑𝑑

𝛼𝛼𝑈𝑈𝑈𝑈𝑈𝑈 𝑥𝑥;𝒟𝒟𝑡𝑡−1 ≤ 𝜖𝜖.

b) Expansion triggering condition: The next expansion is triggered when max
𝑥𝑥∈𝑆𝑆𝑘𝑘

𝛼𝛼𝑈𝑈𝑈𝑈𝑈𝑈(𝑥𝑥;𝒟𝒟𝑡𝑡−1) +

⁄1 𝑡𝑡2 − max
𝑥𝑥∈𝒟𝒟𝑡𝑡

𝛼𝛼𝐿𝐿𝑈𝑈𝑈𝑈(𝑥𝑥;𝒟𝒟𝑡𝑡−1) reaches 𝜖𝜖  to satisfy local 𝜖𝜖-accuracy in each search space 𝑆𝑆𝑘𝑘

Proposed Approach

Our proposed algorithm guarantees the global 𝜖𝜖-accuracy condition as proven in Theorem 2.

Theorem 2: Denote {𝑆𝑆𝑘𝑘} as the series of the expansion space. In each 𝑆𝑆𝑘𝑘, let 𝑇𝑇𝑘𝑘 be the smallest 
iterations satisfied our expansion triggered condition. Suppose kernel 𝑘𝑘(𝑥𝑥, 𝑥𝑥′) belongs to the kernel 
classes listed in the paper and satisfies the following condition on the derivatives of GP sample 
paths 𝑓𝑓: ∃𝑚𝑚𝑘𝑘, 𝑏𝑏𝑘𝑘 > 0,𝑃𝑃𝑃𝑃 𝑠𝑠𝑠𝑠𝑠𝑠

𝑥𝑥∈𝑆𝑆𝑘𝑘
⁄𝜕𝜕𝑓𝑓 𝜕𝜕𝑥𝑥𝑗𝑗 > 𝐿𝐿 < 𝑚𝑚𝑘𝑘 𝑒𝑒𝑥𝑥𝑠𝑠 − ⁄𝐿𝐿 𝑏𝑏𝑘𝑘 2 , 𝑗𝑗 = 1,𝑑𝑑. Pick 𝛿𝛿 ∈ (0,1), define 

𝛽𝛽𝑡𝑡 = 2 𝑙𝑙𝑙𝑙𝑔𝑔 �𝑡𝑡 − ∑𝑗𝑗≤𝑘𝑘−1 𝑇𝑇𝑗𝑗
22𝜋𝜋2 3𝛿𝛿 + 2𝑑𝑑 𝑙𝑙𝑙𝑙𝑔𝑔 𝑡𝑡 − ∑𝑗𝑗≤𝑘𝑘−1 𝑇𝑇𝑗𝑗

2𝑑𝑑𝑏𝑏𝑘𝑘𝑃𝑃𝑘𝑘 𝑙𝑙𝑙𝑙𝑔𝑔 ⁄4𝑑𝑑𝑚𝑚𝑘𝑘 𝛿𝛿 ,
where ∑𝑗𝑗≤𝑘𝑘−1 𝑇𝑇𝑗𝑗 + 1 ≤ 𝑡𝑡 ≤ ∑𝑗𝑗≤𝑘𝑘 𝑇𝑇𝑗𝑗, 𝑘𝑘 = 1,2, … Then running the proposed algorithm with the 
above choice of 𝛽𝛽𝑡𝑡 for a sample 𝑓𝑓 of a GP with mean function zero and kernel 𝑘𝑘(𝑥𝑥, 𝑥𝑥′), after a finite 
number of iterations, we achieve global 𝜖𝜖-accuracy with at least 1 − 𝛿𝛿 probability, i.e.,

𝑃𝑃𝑃𝑃 𝑓𝑓 𝑥𝑥𝑚𝑚𝑚𝑚𝑥𝑥 − 𝑓𝑓 𝑥𝑥𝑠𝑠𝑠𝑠𝑡𝑡 ≥ 1 − 𝛿𝛿,
where 𝑥𝑥𝑠𝑠𝑠𝑠𝑡𝑡 is the algorithm recommendation and 𝑥𝑥𝑚𝑚𝑚𝑚𝑥𝑥 is the objective function global argmax.

Theoretical Guarantees

Experiment Setup
• Optimization budget is 10𝑑𝑑 (excluding initial 3𝑑𝑑 points)
• Squared Exponential kernel is used
• GP is fitted using the Maximum Likelihood method
• Output observations {𝑦𝑦𝑖𝑖} are normalized 𝑦𝑦𝑖𝑖~𝒩𝒩(0, 1).
• 𝜖𝜖 is set at 0.05 for synthetic benchmarks and 0.02 for machine 

learning hyper-parameter tuning tasks.

Visualization

Expansion search spaces using Theorem 1 for Beale function 
when the global 𝜖𝜖-accuracy is achieved within one or two 
expansions. The black rectangle is the user-defined search space 
and the yellow rectangles are the expansion search spaces. The 
global optimum is at the magenta star.

Synthetic Benchmarks

Hyper-parameter Tuning for Machine Learning 
Models

Experimental Results
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