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Problems and Questions

Solve:

min
w∈Rd

{
F (w) = E[f (w; ξ)]

}
Here, ξ is a random variable obeying some distribution. Existing minimal solution
w∗ ∈ Rd : ∀w∈RdF (w∗) ≤ F (w).
SGD :

1: Input: {ηt}∞t=0 such that
∑
t ηt =∞ and

∑
t η

2
t <∞

2: choose w0 ∈ Rd
3: for t = 0, 1, . . . do
4: sample ξt
5: compute ∇f (wt; ξt)
6: update wt+1 = wt − ηt∇f (wt; ξt)
7: end for
Assumptions:

1. f (w; ξ) is convex for every realization of ξ, i.e, ∀w,w′ ∈ Rd:

f (w; ξ)− f (w′; ξ) ≥ 〈∇f (w′; ξ), (w − w′)〉

2. F is convex Lipschitz:

‖F (w)− F (w′)‖ ≤ K‖w − w′‖

3. F is strongly convex:

F (w)− F (w′) ≥ 〈∇F (w′), (w − w′)〉 +
µ

2
‖w − w′‖2

4. F (w) is L-smooth: ∀w,w′ ∈ Rd:

‖∇F (w)−∇F (w′)‖ ≤ L‖w − w′‖

5. F is expected smooth [informal]:

Ev←D‖∇Fv(w)−∇Fv(w∗)‖ ≤ 2L‖w − w∗‖

6. Finite variance at minimizing solutions:

N = supw∗∈W∗Eξ[||∇f (w∗; ξ)||2] <∞

7. Bounded gradient:
Eξ[||∇f (w; ξ)||2] < σ2

Questions:

• Q.1: Can we derive the lower bounds of Yt = E[‖wt − w∗‖2] for SGD with
diminishing step in strongly convex case?

• Q.2: How faster first stochastic algorithms ADAM, AdaGrad, SGD M, RM-
Sprop can be over SGD in strongly convex case?

Notations

• Fstr - {F : F satisfies Assumption 3}, Fsm - {F : F satisfies Assumptions 1,
3, 4, 6}, Fesm - {F : F satisfies Assumptions 3, 5, 6}, Flip - {F : F satisfies
Assumptions 2, 3, 6, 7}

• AX - Classes of X algorithm.

• Astoch - Class of stochastic first order algorithms using

K,L, µ, σ,∇f (w0; ξ0), · · · ,∇f (wt; ξt), f (w0; ξ0), · · · , f (wt; ξt)

at the t-th iteration.

• Astoch,U - Class of stochastic first order algorithms using oracle U accessing to
some extra information.

• AExtSGD - Class of SGD algorithms with oracle U accessing

∇F (wt), E[‖wt − w∗‖2], and N

at the t-th iteration.

Expected Convergence of a Class of Objective
Functions and a Class of Algorithms

For given a class of objective functionsF = {F} and a class of optimization algorithmsA = {A},
we consider the worst objective functions and the best algorithm wrt the expected convergence
rate because we always care how efficiently the fastest algorithm works in the worst case – worst
objective function.

Fig. 1: γt(F ,A).

Expected Convergence Comparison

Given F ⊂ F ′ and A ⊂ A′, we have the following inequality.

Fig. 2: Exepcted Convergence Comparison.

Lower Bounds and Upper Bounds

The lower bounds and upper bounds of SGD, SGD M, ADAM, AdaGrad, RMSprop in strongly
convex case. The old bounds are presented in [1].

Fig. 3: Old and New Bounds.

Extended SGD

In order to prove a lower bound we propose a specific subclass of strongly convex
and smooth objective functions F and we show in the extended SGD setting how,
based on recurrence Yt+1 ≤ (1 − µηt)Yt + η2

tN , to compute the optimal step size
ηt as a function of µ and L and an oracle U with access to N , ∇F (wt), and Yt, i.e.,
this step size achieves the smallest Yt+1 at the t-th iteration.
We consider the following class of objective functions F : We consider a multivariate
normal distribution of a d-dimensional random vector ξ, i.e., ξ ∼ N (m,Σ), where
m = E[ξ] and Σ = E[(ξ − m)(ξ − m)T] is the (symmetric positive semi-definite)
covariance matrix. The density function of ξ is chosen as

g(ξ) =
exp(

−(ξ−m)TΣ−1(ξ−m)
2 )√

(2π)d|Σ|
.

We select component functions f (w; ξ) = s(ξ)
‖w−ξ‖2

2 , where function s(ξ) is con-
structed a-priori according to the following random process:

• With probability 1 − µ/L, we draw s(ξ) from the uniform distribution over
interval [0, µ/(1− µ/L)].

• With probability µ/L, we draw s(ξ) from the uniform distribution over interval
[0, L].

Properties of F

• f (w; ξ) is s(ξ)-smooth and s(ξ) ≤ L or f (w; ξ) is L-smooth

• F (w) = Eξ[f (w; ξ)] = µ
‖w−m‖2

2 + µ
Tr(Σ)

2 and is µ strongly convex

• N = µL2

6(L−µ)
Tr(Σ), w0 = ξ and Y0 = Tr(Σ), w∗ = m

Theorem. We assume that component functions f (w; ξ) are constructed
according to the recipe described above with µ < L/18. Then, the correspond-
ing objective function is µ-strongly convex and the component functions are
L-smooth and convex. If we run SGD and assume that access to an oracle U
with access to N , ∇F (wt), and Yt is given at the t-th iteration (our extended
SGD problem setting), then an exact expression for the optimal sequence of
stepsizes ηt based on µ, L,N, Y0, . . . , Yt can be given, i.e., this sequence of step-
sizes achieves the smallest possible Yt+1 at the t-th iteration for all t. For this
sequence of stepsizes,

Yt ≥
N

2µ

1

µt + 2µ ln(t + 1) + W
,where W =

L2

12(L− µ)
.

Contributions, References and
Acknowledgment
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most a factor 32.775.d where d is the dimension of w.
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