
Given an N-dimensional signal x* sampled uniformly on the sphere. We 
observe a matrix Y, and an order-p tensor T,

with ξ being Gaussian noise with variances ∆2 and ∆p. The observer aims to 
reconstruct the signal by minimizing the negative log-likelihood
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Given an optimization task of a given non-convex loss function.
• What are the limits of performance of gradient flow? 
• How is this performance related to the geometry of the functional?

In this work we analyse a prototypical non-convex high-dimensional 
model of inference  - the spiked matrix-tensor model. We manage to:

‣ describe the loss landscape in terms of counting spurious minima;
‣ analyse in a closed form the performance of Gradient Flow (GF);
‣ analyse in a closed form Maximum Likelihood Approximate Message 

Passing (ML-AMP).
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Kac-Rice formula

Kac-Rice formula [3]  allows to count the annealed complexity Σ, i.e. the 
logarithm of the expected value of the of the number of minima, as a 
function of the loss, ε=εp+ε2 and the overlap with the signal, m

with                              and                                             and the two functions

This allows to identify two regions:

1.  trivial region: when no spurious minima are present;
2.  complex region: when spurious minima are present.

Consider the GF dynamics                                                

Crisanti-Horner-Sommers-Cugliandolo-Kurchan equations from 
statistical physics theory of spin glasses [2], describe the evolution of GF 
in terms of few observables: overlap with the signal m, self-overlap C, 
response to a perturbation in the loss R.

with                                            and μ such that by the spherical constrain 
C(t, t)=1 holds.
These equation can be evaluated numerically and the reconstruction 
limits are obtained by extrapolation of the convergence time (e.g. for p=3, 
∆p=4.0  in the figures).

Gradient FlowMain result: both the GF and ML-AMP algorithms perform well even in part 
of the region of parameters where spurious local minima are present.
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ML Approximate Message Passing

ML-AMP is a method derived as a relaxation of belief propagation aiming 
to maximize the likelihood. The algorithm iteratively updates the estimate, 
- , and computes its variance, σ, 

The overlap with the signal, m, is tracked at all times in the large size limit 
via state evolution:

This allows to compute a phase diagram in the noise variances (Δp, 1/Δ2), 
identifying the region where with high probability the overlap starting 
from a random initialization will remain zero, and where it will become 
non zero. 

In the region where GF recovers 
the signal in presence of spurious 
m i n i m a ,  t h e  l a n d s c a p e  i s 
dominated by saddles with one 
negative direction toward the 
signal. Arguments from theory of 
glasses imply that GF approaches 
these saddles before pointing 
toward the global minimum.

*Result from a joint work with 
 G. Biroli and C. Cammarota. 
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