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OBJECTIVES
Our paper strive to:

1. Unify existing models for preference data in
one framweork;

2. Develop a fast algorithm of inference on pref-
erence data;

3. Investigate factors that gain our algorithm
computational efficiency over existing ones.

FRAMEWORK
Consider d basic cells c1, . . . , cd, with cell probabil-
ity p1, . . . , pd (

∑d
i=1 pi = 1). Suppose the counts

of d basic cells are a1, . . . , ad respectively, then the
log-likelihood function is

`(p) =

d∑
i=1

ai log pi, (1)

where p = (p1, . . . , pd)T . Model (1) is known as
the complete multinomial model, whose complete-
ness originates from two conditions:

1. Union of candidate sets for each multinomial
choice is fixed as C = {c1, . . . , cd}.

2. Candidate sets for each multinomial choice
all consist of only one basic cell.

Relaxing either conditions leads to an incomplete
multinomial model [8]. Suppose for the j-th obser-
vation (j = 1, . . . , n), the union of candidate sets is
Cj ⊂ C and the selected candidate set is Aj ⊂ C ,
the log-likelihood function under a generalized
multinomial model is

`(p) =
n∑

j=1

{
log(

∑
ci∈Aj

pi)− log(
∑
ci∈Cj

pi)
}
. (2)

Any model with a log-likelihood function similar
to (2) can be classified as a generalized multino-
mial model, including the Plackett–Luce model for
ranking data [1, 2], the Bradley–Terry model for
paired comparison data[3, 4] and certain contin-
gency table models for counting data [5]. Existing
methods to optimize (2), such as the MM [6, 7] and
weaver algorithm [8], work but converge slowly.

MARKOV CHAIN BASED ALGORITHM

Motivated by [9], we develop a Markov chain
based algorithm to optimize log-likelihood func-
tion (2). Denote Wi = {j : ci ∈ Aj}, Li = {j : ci ∈
(Cj\Aj)}, q+j =

∑
ci∈Aj pi and q∗j =

∑
ci∈Cj pi, we

have

`(p) =
n∑

j=1

{
log(q+j )− log(q∗j )

}
.

Letting ∂`(p)/∂pi = 0 (i = 1, . . . , d), we have

∑
i′ 6=i

pi′

[ ∑
j∈Wi∩Li′

pi

q+j q
∗
j

]
=
∑
i′ 6=i

pi

[ ∑
j∈Li∩Wi′

pi′

q+j q
∗
j

]
.

(3)
Set σii′(p) ∝

[∑
j∈Li∩Wi′

pi′

q+j q∗j

]
(i 6= i′) as transi-

tion rate from state i to i′ in a discrete state Markov
chain, Eq. (3) means that the MLE p̂ corresponds
to the probability vector of stationary distribution
under the Markov chain with transition matrix

Σ(p̂) = [σii′(p̂)]n×n. This fact suggests Algorithm
1.

EXPERIMENTS

We conduct a series of experiments on synthetic
and real data to

1. Examine whether our algorithm converges
to the MLE;

2. Compare the convergence rate of our algo-
rithm with existing ones;

3. Investigate the factors that contribute to fast
convergence of our algorithm.

Convergence to the MLE
The estimator obtained by Algorithm 1 possesses
the properties that only possessed by the MLE, in-
dicating our algorithm’s convergence to the MLE.

Convergence rate
Convergence rate of our algorithm is linear and
faster than existing methods, resulting in less itera-
tions to converge.

Computational efficiency
The advantage of our algorithm is magnificent with
small-sized union of candidate sets (left) rather
than large-sized candidate sets (right).

DISCUSSIONS
Our algorithm obtain the MLE efficiently than ex-
isting methods, especially when the union of can-
didate sets are small. Further improvement on the
algorithm is still needed, especially for situations
where the size of candidate sets are large.
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