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PROBLEM STATEMENT
Estimate mode dropping / invention from empirical 
distributions 

- real sample distribution:     P 
- fake sample distribution:     Q
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DEFINITION [1]

THEOREM (PARETO FRONT)
                   

with  

CIFAR MODES
[1] Ours

THEOREM 2 (PARETO FRONT RELOADED)

And define a likelihood ratio classifier 

Then, 

THEOREM 3 (LEARNT CLASSIFIER)
Let U’(Z) be any classifier. And define  

Then, 
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Figure 4. PR curves when P is composed of faces from CelebA
(60% females) and Q is composed of females only.

generators and a perfect classifier could ”cheat” by only
using seeing such artifacts. Fig. 5, shows the computed PR
curves for the three generators. Intuitively, networks with
high precision should generate realistic images consistently.
Progressive GANs achieve a maximum precision of 1.0,
and overall high precision, which is visually consistent. DC-
GAN is producing unrealistic images which is reflected by
it’s overall low precision. In some sense, recall reflects the
diversity of the generated images with respect to the dataset
and it is interesting to note all networks achieved higher
recall than precision. Finally, for the sake of comparison
with the FID (Heusel et al., 2017), the networks in Fig. 5
achieved FIDs of 25.23, 27.61 and 67.84 respectively from
left to right (lower is better).

Next, we analyze BigGAN (Brock et al., 2019) on Ima-
geNet for our classification approach and the clustering ap-
proach presented in (Sajjadi et al., 2018). Both approaches
use inception features as before. We take 80 images from
the first 40 classes of ImageNet, and then 20 images from
the first 40 classes for test images. We use 20 clusters for the
K-means approach and a single linear layer for the classifica-
tion approach. Fig. 6 highlights a large difference between
the approaches; the clustering approach overestimates the
similarities between the distributions and the classification
approach easily separates the two distributions. As was
demonstrated in Fig. 3, there are more classes than clusters,
which could explain why images from both distributions
may fall into the same clusters, in which (Sajjadi et al.,
2018) will fail to discern the two distributions. It is inter-
esting to note that the classifier easily separates the distribu-
tions despite the inception features being sparse for image
samples. One can observe a lack of intra-class diversity
in the BigGAN samples, which may be how the classifier
discerns the samples. We leave further investigation of this
discrepancy for future work.

Figure 5. Precision-recall curves and generated images for various
popular GANs on CelebA-HQ dataset (Karras et al., 2018). From
left to right: PGGAN (Karras et al., 2018), ResNet (Mescheder
et al., 2018), and DCGAN (Radford et al., 2015).

7. Discussion and future work
In this paper, we have revisited a recent definition of
precision-recall curve for comparing two distributions. Be-
sides extending precision and recall to arbitrary distributions,
we have exhibited a dual perspective on such notions. In
this new view, precision-recall curves are seen through the
prism of binary classification. Our central result states that
the Pareto optimal precision-recall pairs can be obtained as
linear combinations of type I and type II errors of likelihood
ratio classifiers. Last, we have provided a novel algorithm
to evaluate the precision-recall curves from random samples
drawn within the two involved distributions.

Discussion One achievement of our formulation is that
one can directly define the precision-recall curves of distri-
butions defined on continuous manifolds. In particular, our
definition could be applied directly in the image domain,
instead of first embedding the distribution in a feature space.
From the strict computation perspective, there should not
be any daunting obstacle in the way, as soon as we can
have access to enough data to train a good classifier. This is
usually the case for generative models, since the standard
datasets are quite massive.

However, it is not obvious whether classifiers trained on
raw-data provide useful notions of PR-curves. Indeed, given
the current state of affairs of generative modeling, we think
that the raw image curves may be less useful. Indeed, un-
til now, even the best generative models produce artifacts
(blurriness, structured noise, etc.). As such, the theoretical
distributions (real and generated) are mutually singular. So,
their theoretical precision-recall curve should be always triv-
ial (i.e. reduced to the origin). It is hence a necessary evil
to embed the distributions into a feature space as it allows a
classifier to focus its attention on statistical disparities that
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PROBLEM RE-STATEMENT
How to estimate        from real / fake samples  
- real samples:     
- fake samples:  
[1] uses clustering + histograms
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Inputs: Dataset of target/source sample pairs: D =
{(Xi, Yi) ⇠ P ⇥Q i.i.d/i 2 {1, . . . , N}},
Parameterization of the PR curve:
⇤ = {�1, . . . ,�L}

Output: @PRD⇤ ' {(↵�,��)/� 2 ⇤}
Algorithm estimatePRCurve(D, ⇤)

1 Dtrain,Dtest =createTrainTest(D)
2 f =learnClassifier(Dtrain)
3 @PRD⇤ =estimatePRD(f , Dtest, ⇤)
4 return @PRD⇤

Procedure createTrainTest(D)
1 Dtrain = ?, Dtest = ?
2 for i 2 {1, . . . , N} do
3 Ui ⇠ B 1

2

4 Ztrain
i = UiXi + (1� Ui)Yi

5 Ztest
i = (1� Ui)Xi + UiYi

6 Dtrain  Dtrain [ {(Ztrain
i , Ui)}

7 Dtest  Dtest [ {(Ztest
i , 1� Ui)}

end
8 return Dtrain,Dtest

Procedure estimatePRD(f , Dtest, ⇤)
1 fV als = {f(z)/(z, u) 2 Dtest}
2 errRates = ?
3 Nj = |{(z, u) 2 Dtest/u = j}|, for j 2 {0, 1}
4 for t 2 fV als do
5 fpr = 1

N1

��{(z, u) 2 Dtest/f(z) < t, u = 1}
��

6 fnr = 1
N0

��{(z, u) 2 Dtest/f(z) � t, u = 0}
��

7 errRates errRates [ {(fpr, fnr)}
end

8 @PRD⇤ = ?
9 for � 2 ⇤ do

10 ↵� = min({�fpr + fnr/(fpr, fnr) 2
errRates})

11 @PRD⇤  @PRD⇤ [ {(↵�,
↵�
� )}

end
12 return @PRD⇤

Algorithm 1: Classification-based estimation of the
Precision-Recall curve.

(for which u = 1) that are misclassified as generated
samples (i.e. when f(z) < t);

• conversely, fnr is the empirical type II error rate, that
is the proportion of generated samples z = Yi (for
which u = 0) that are misclassified as real samples (i.e.
f(z) � t);

Now, this raises the question of setting the threshold t that
defines the binary classifier U 0(z) = 1f(z)>t. Since Theo-
rem 5 states that the computed precision and recall values

(↵�,��) are actually upper-bound estimates, we use the
minimum of these estimates when spanning the threshold
value in the range of f . Note that it is sufficient to consider
the finite set fV als of classification scores over Dtest.

Comparison with ROC curves Using a ROC curve (for
Receiver Operating Characteristic) to evaluate a binary clas-
sifier is very common in machine learning. Let us recall
that it is the curve of the true positive rate (1� fnr) against
the false positive rate (fpr) obtained for different classifi-
cation thresholds. Considering again the likelihood ratio
test classifiers for all possible ratios would then provide the
Pareto optimal ROC curve and could be used to assess if P
and Q are similar or not. It turns out that the the frontier of
the Mode Collapse Region proposed by (Lin et al., 2018)
provides exactly this optimal ROC curve. For the recall, this
notion is originally defined as follows:

MCR(P,Q) = {(✏, �)/0  ✏ < �  1,

9A 2 A, P (A) � �, Q(A)  ✏}

From this definition, one can see that the MCR exhibits
mode dropping by analyzing if part of the mass of P is
absent from Q. The notion differs from PRD at least in two
ways. First MCR is not symmetric in P and Q. Then it uses
the mass of a subset A instead of an auxiliary measure µ to
characterize the shared / unshared mass between P and Q.
Despite those differences, the two notions serve a similar
purpose. Given their respective interpretation as optimal
type I vs type II errors, they mostly differ in terms of visual
characterization of mode dropping.

6. Experiments
In this section we demonstrate that Algorithm 1 is consis-
tent with the expected notion of precision and recall on
controlled datasets such as CIFAR-10 and Imagenet. The
results even compare favorably to (Sajjadi et al., 2018) for
such datasets. The situation is more complex when one dis-
tribution is made of generated samples, because the expected
gold-standard precision-recall curve cannot be predicted in
a trivial way.

In all our experiments, we compute the precision-recall
curve between the distribution of features of the Inception
Network (Szegedy et al., 2016) (or some other network
when specified) instead of using raw images (this choice
will be discussed later on). In simple words, it means that
we first extract inception features before training / evaluat-
ing the classifier. The classifier itself is an ensemble of 10
linear classifiers. The consensus between the linear classi-
fiers is computed by evaluating the median of their predic-
tions. Besides, each linear classifier is trained independently
with the ADAM algorithm. We progressively decrease the
learning rate starting from 10�3 for 50 epochs and use a

(↵�,��)

Xi ⇠ P
Yi ⇠ Q

(
↵ � 0,� � 0

9µ 2 Mp(⌦), P � �µ,Q � ↵µ

(
↵� := (�P ^Q)(⌦)

�� := (P ^ Q
� )(⌦)

Û�(Z) := dQ
dP (Z)�

(
↵� = �Pr(Û� = 0|U = 1) + Pr(Û� = 1|U = 0)

�� = Pr(Û� = 0|U = 1) + 1
� Pr(Û� = 1|U = 0)

(
↵0
� := �Pr(U 0 = 0|U = 1) + Pr(U 0 = 1|U = 0)

�0
� := Pr(U 0 = 0|U = 1) + 1

� Pr(U 0 = 1|U = 0)

(
↵0
� � ↵�

�0
� � ��

(�, �) � PRD(P, Q)

(�, �) � PRD(P, Q) �� � R+, � � ��, � � ��

Z = UX + (1 � U)Y (X, Y, U) � P � Q � B 1
2
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