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1.INTRODUCTION

• Deep networks in practice are much more efficient than shallow
networks, but complete theory does not exist yet.

• Previous results show exponential expressivity of RNNs with mul-
tiplicative connections over shallow networks.

• We extend this analysis to RNNs with more practival nonlineari-
ties, such as ReLU.

2.METHODOLOGY
We employ the apparatus of generalized tensor decompositions
and use the ideas from tensor analysis.

Main contributions.

• We show the connection between RNNs with ReLU nonlinearity
and generalized Tensor Train decomposition.

• We formulate and prove the universality and expressivity theo-
rems for such networks.

• We numerically verify their expressivity.3.BACKGROUND
Consider a classification problem where each object X is repre-
sented as a sequence of vectors X = (x1,x2, · · · ,xT )

Feature tensor

• We introduce a parametric feature map fθ : RN → RM ;

• In the case of images fθ(x) = σ(Ax + b) which resembles tradi-
tional convolutional maps;

• Feature tensor Φ(x) is defined as [3]

Φ(X) = fθ(x
(1))⊗ fθ(x(2)) · · · ⊗ fθ(x(T ))

Score functions

We seek the score functions (logits) in the form

`(X) = 〈W ,Φ(X)〉

• W is a trainable weight tensor

• Different tensor decompositions of W correspond to different
network architectures with multiplicative connections:

Canonical decomposition resembles feed-forward network

W =
R∑
r=1

λrv
(1)
r ⊗ v(2)

r ⊗ · · · ⊗ v(T )
r

Tensor Train decomposition resembles RNN

W =

R1∑
r1=1

· · ·
RT−1∑
rT−1=1

g(1)
r0r1 ⊗ g(2)

r1r2 ⊗ · · · ⊗ g(T )
rT−1rT ,

4.GENERALIZED TENSOR MODELS
TT-decomposition induces the score function of the form

`(X) = h(T ), h
(t)
k =

∑
i,j

G(t)
ijk

[
fθ(x

(t))⊗ h(t−1)
]
ij
, t = 1, . . . , T

which can be rewritten in a vector form as RNN with multiplicative
connections and hidden states defined as

h(t) = g(h(t−1),x(t); Θ
(t)
G ), h(t) ∈ RRt .

Figure 1: Neural network architecture which corresponds to recur-
rent TT–Network.

Generalized outer product

For a tensor A of order N and a tensor B of order M we define
their generalized outer product C = A⊗ξ B as an (N +M) order
tensor with entries given by:

Ci1...iN j1...jM = ξ (Ai1...iN ,Bj1...jM ) ,

ξ : R× R→ R is an associative and commutative binary operator,
e.g. ξ(x, y) = max(x, y, 0) (ReLU) or ξ(x, y) = ln(ex + ey) (softplus).

5. ARCHITECTURES
Generalized shallow network with ξ–nonlinearity

• Score function:

`(X) =
R∑
r=1

λr

[
〈fθ(x(1)),v(1)

r 〉 ⊗ξ · · · ⊗ξ 〈fθ(x(T )),v(T )
r 〉

]
=

R∑
r=1

λrξ
(
〈fθ(x(1)),v(1)

r 〉, . . . , 〈fθ(x(T )),v(T )
r 〉

)
• Parameters of the network:

Θ =
(
{λr}Rr=1 ∈ R, {v(t)

r }
R,T
r=1,t=1 ∈ RM

)
Generalized RNN with ξ–nonlinearity

• Score function:

`(X) = h(T ), h
(t)
k =

∑
i,j

G(t)
ijk

[
C(t)fθ(x

(t))⊗ξ h(t−1)
]
ij

=
∑
i,j

G(t)
ijk ξ

(
[C(t)fθ(x

(t))]i,h
(t−1)
j

)

• Parameters of the network:

Θ =
(
{C(t)}Tt=1 ∈ RL×M , {G(t)}Tt=1 ∈ RL×Rt−1×Rt

)

6. GRID TENSORS

Given a set of fixed vectors X =
{
x(1), . . . ,x(M)

}
referred to as

templates, the grid tensor of X is defined to be the tensor of order T
and dimension M in each mode, with entries given by [3]:

Γ`(X)i1i2...iT = ` (X) , X =
(
x(i1),x(i2), . . . ,x(iT )

)
• Grid tensors contain the values of score function estimated on a

grid of templates.

• Grid tensors restrict the set of all possible input sequences X =(
x(1), . . . ,x(T )

)
, x(t) ∈ RN to exponentially large but finite grid

of sequences consisting of template vectors only.

7.MAIN RESULTS

Theorem (Universality) Let H ∈ RM×M×···×M be an arbi-
trary tensor of order T . Then there exist a generalized shal-
low network and a generalized RNN with rectifier nonlinearity
ξ(x, y) = max(x, y, 0) such that grid tensor of each of the networks
coincides with H.

Theorem (Expressivity) For every value of R there exists a gen-
eralized RNN with ranks ≤ R and rectifier nonlinearity which is
exponentially more efficient than shallow networks, i.e., the corre-
sponding grid tensor may be realized only by a shallow network with
rectifier nonlinearity of width at least 2

MT min(M,R)
T
2 .

8.EXPERIMENTS
• Experiments on IMDB dataset (left) support the argument that

generalized RNN are exponentially more expressive than gener-
alized shallow networks, as they need much less parameters to
represent the required score function (logits of the classifier).

• Distribution of lower bounds (right) on the rank of generalized
shallow networks equivalent to randomly generated generalized
RNNs of different ranks suggests that with the increase of rank
of generalized RNN, more and more corresponding shallow net-
works will necessarily have exponentially higher rank.
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