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Motivation

Data: Multivariate time series {X1, · · · , Xn} ⊂ Ω

Idea: A diffusion process view + spectral decomposition
Assumption: The unknown transition kernel p has rank
r in kernel space.
Goals:
1 Estimate the transition kernel p(·|·) via Kernel Mean
Embedding Reshaping.

2 Find state embedding map Ψ : Ω→ R
r to preserve

transition dynamics.

3 Find metastable state clusters.

Unsupervised State Embedding Algorithm

Input: Time series trajectory {X1, · · · , Xn}; kernel
function K.
1 Open up kernel and approximate with random
features: K(x, y) ≈ Φ(x)TΦ(y), where Φ(x) is a
randomized feature map of dimension N .

2 Estimate a embedding matrix Q of the transition
kernel p: Q̂ = 1

n

∑n
i=1 Φ(Xi)Φ(Xi+1)T = Û Σ̂V̂ T .

3 Low-rank approximation of Q̂ via SVD:
Q̂r = ÛrΣ̂rV̂

T
r .

Output:
•KME reshaping estimator
µ̂p : (x, y) 7→ Φ(x)TQ̂rΦ̃(y).
•State embedding map Ψ̂ : x 7→ Φ(x)T Ûr

KME Reshaping Yields Shaper Estimate

State embedding via low-rank compression reshapes the
original kernel and yields a substantially more accurate
KME estimator.

Theorem: With probability at least 1− o(n−1):

‖µ̂p − µp‖H×H̃ = Õ(

√√√√rtmixλ̄
n

)

Without KME reshaping, naive estimator has error
Õ(
√
Ntmixλ̄
n where N can be arbitrarily large.

Embedding Transition Distributions to
Euclidean Space

State embedding largely preserves the transition dynamics
through an isometry.
Diffusion Distance: Discrepancy between transition
distributions from two states x, y by:

dist(x, y) := ‖p(·|x)− p(·|y)‖H

State Embedding Isometry: With probability at
least 1− o(n−1):∣∣∣∣∣∣dist(x, y)− ‖Ψ̂(x)− Ψ̂(y)‖

∣∣∣∣∣∣ ≤ Õ(
√
rκtmix
n

)

Interpretations:
•Ψ(·) embeds the full transition distributions
• Similar state embeddings → states share similar future
paths
•Ψ1(·), . . . ,Ψr(·) are natural basis functions for value
function approximation

Learning Metastable State Clusters

Motivated from molecular dynamics, the objective is to
find a partition with maximal metastability.

max
Ω1,··· ,Ωm

m∑
j=1

p(Ωj|Ωj)

For reversible process, it is equivalent to partition accord-
ing to diffusion distances.
Solution: Apply k-means to the state embeddings and
solve

min
Ω1,··· ,Ωm

min
s1,··· ,sm∈Rd

m∑
i=1

n∑
j=1
‖Ψ̂(xj)− si‖

Figure 1:Learning metastable clusters from transition data - equiva-
lent to network partition from random walks.

Clustering error bound: With probability at least
1−o(n−1), misclassification rate from estimation error
is bounded by Õ(

√
κ2rtmix
n ).

Experiment: Finding Metastable Structure from Stochastic Diffusion Process

We test the method using a simulated diffusion process dXt = −∇V (Xt)dt+
√

2dBt where V (·) is a potential function
with 4 energy wells. Our method successfully identified 4 metastable sets of states.

Figure 2:Metastable state clusters learned from a stochastic diffusion process. (a) Potential function V (x) of the diffusion process.
(b) Invariant measure π(x). (c) State clusters based on a state embedding Ψ̂ : x 7→ R4. (d) Diffusion distance to the nearest cluster centroid
(red dot) illustrated as contour plots, where τ is the time lag.

Experiment: State Embedding for the Demon Attack Game

(a) Workflow of Demon Attack experiment. (b) Before Embedding (c) After Embedding

Figure 3:State embedding improves granularity of clusters and reveals more structures of game trajectories. We picked K to be
the composition between DQN and Gaussian kernel. Game states are colored by the “value" of the state as predicted by the DQN. The markers
◦, 4, � identify the same pair of game states before and after embedding.

◦: V = 6.27 ◦: V = 6.14 4: V = 6.17 4: V = 6.16 �: V = 4.44 �: V = 4.35

Figure 4:Pairs of game states that are far apart before embedding and close after embedding (◦, 4, � in Figure 3). ◦: Both
streaming lasers (purple) are about to destroy a demon and generate a reward. 4: Two new demons are emerging on top of the cannon to join
the battle and there is an even closer enemy, leading to future dangers and potential rewards �: Both cannons are waiting for more targets to
appear.


