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Background
Optimization plays a very important role in learning
Most machine learning problems are, in the end, optimization problems,

Question: Conversely, can optimization benefit from learning ?

Learning-based Optimization
Traditional optimization: An ultra-deep network with fixed parameters.
• ALISTA: Analytic weights are as good as learned weights in LISTA, ICLR 2019.
• OptNet: Optimization method as a layer in neural network, ICML 2017.

Learning-based optimization: Introduce learnable parameters and “reduce”
the network depth, so as to improve computational efficiency.

Contributions: We propose a learning-based optimization method called
D-LADMM for solving the constrained problem, that:
• obtains the same good solution within one or even two order-of-

magnitude fewer iterations (layers for D-LADMM) than LADMM.
• achieves a provably faster convergence rate (even linear) than LADMM.

From LADMM to D-LADMM
Problem: linearly constrained optimization problem:

min
Z,E

f(Z) + g(E), s.t. X = AZ + BE, (1)

where A ∈ Rm×d1 ,B ∈ Rm×d2 , X ∈ Rm×n, and f(·) and g(·) are two real-
valued convex functions.
Linearlized ADMM (LADMM): the iterative scheme of LADMM for solving
(1) reads as:





Zk+1 = prox f
L1

{
Zk −

1

L1
A> (λk + β (AZk + BEk −X))

}
,

Ek+1 = prox g
L2

{
Ek −

1

L2
B> (λk + β (AZk+1 + BEk −X))

}
,

λk+1 = λk + β(AZk+1 + BEk+1 −X),

(2)

where λ is Lagrange multiplier, L1 > 0 and L2 > 0 are Lipsitz constants, and
β > 0 is penalty parameter.

Proximal operator shares the same role as activation function
D-LADMM: We replace the given matrix A and B with some learnable
weights and, meanwhile, expand the dimension of the penalty parameter:





Zk+1 = η(θ1)k

(
Zk − (W1)>k (λk + βk ◦ (AZk + BEk −X))

)
,

Ek+1 = ζ(θ2)k

(
Ek − (W2)>k (λk + βk ◦ (AZk+1 + BEk −X))

)
,

λk+1 = λk + βk ◦ (AZk+1 + BEk+1 −X),

(3)

where Θ = {(W1)k, (W2)k, (θ1)k, (θ2)k,βk}Kk=0 are learnable matrices, and ◦ is
the element-wise product. In addition, η(·) and ζ(·) are some non-linear func-
tions parameterized by θ1 and θ2, respectively.
Questions:
Q1 : Can D-LADMM guarantee to solve correctly the optimization problem?
Q2 : What are the benefits of D-LADMM?
Q3 : How to train the model of D-LADMM?

Settings and Assumption
Settings: We shall also focus on the cases where both η(·) and ζ(·) are the learn-
able proximal operators:




Zk+1 = proxf(θ1)k

(
Zk − (W1)>k (λk + βk ◦ (AZk + BEk −X))

)
,

Ek+1 = proxg(θ2)k

(
Ek − (W2)>k (λk + βk ◦ (AZk+1 + BEk −X))

)
,

λk+1 = λk + βk ◦ (AZk+1 + BEk+1 −X),

(4)

where proxfθ (R) = argminZ{f(Z) + θ
2 ◦ ‖Z−R‖2F } is learnable.

Assumption: We generalize the strict convergence condition of LADMM.

A similar assumption is also made on the given matrix B.

Convergence Analysis
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One block of D-LADMM
Define ωk = (Zk,Ek,−λk) as D-LADMM’s k-th layer output, denote by Ω∗ the
solution set of the problem (1) and let dist(ωk,Ω

∗) be the distance between ωk

and solution set Ω∗.

Convergence and Monotonicity:
Theorem 1 (Convergence of D-LADMM) Let the sequence {ωk} be generated by
(4). There exists proper {(W1)k, (W2)k, (θ1)k, (θ2)k,βk} ∈ S(σ,A,B) such that
{ωk} converges to a solution ω∗ ∈ Ω∗.
Theorem 2 (Monotonicity of D-LADMM) Let the sequence {ωk} be generated by
(4). There exists proper Θ such that:

dist(ωk,Ω
∗) > dist(ωk+1,Ω

∗), when ωk 6∈ Ω∗.

Theorems 1 and 2 show that there exist proper parameters such that the out-
puts of our D-LADMM converge to the optimal solution of problem (1) and the
deviation between ωk and the true solution set Ω∗ decreases monotonously.

Natural Image Denoising on 12 Images with Noise Rate 10% (Unsupervised Training)
Validation of benefits of D-LADMM: LADMM is comparable to D-LADMM only when it undergoes a large number of iterations.

PSNR
Images

Barb Boat France Frog Goldhill Lena Library Mandrill Mountain Peppers Washsat Zelda
Baseline 15.4 15.3 14.5 15.6 15.4 15.4 14.2 15.6 14.4 15.1 15.1 15.2

LADMM (iter=150) 27.9 29.8 21.6 26.5 30.4 31.3 17.8 24.3 20.5 30.0 34.5 35.7
LADMM (iter=1500) 29.9 31.1 22.2 26.9 31.8 33.2 18.0 25.1 20.7 32.8 36.2 37.8
D-LADMM (K=15) 29.5 31.3 21.9 25.9 32.5 35.1 18.8 24.5 19.3 34.3 35.6 38.9

Benefits of D-LADMM (faster convergence)
Denote by TΘk

(ωk) = ωk+1 one block of D-LADMM and let T (ωk) = ωk+1 be
one iteration of LADMM.
Linear convergence:
Theorem 3 (Convergence Rate of D-LADMM) Let the sequence {ωk} be gener-
ated by (4). Suppose that there exist Θ∞ = {A,B, (θ1)∗, (θ2)∗,β∗} and K0 > 0
such that for any k ≥ K0 (i.e., k is large enough) the following holds:

(EBC): dist2(ω̃,Ω∗) ≤ κ

16
‖ω̃ − ω2, (5)

where ω̃ = TΘ∞(ωk). Then there exists proper Θ such that:
dist2(ωk+1,Ω

∗) < γ dist2(ωk,Ω
∗), (6)

where γ is some positive constant smaller than 1.
General case (no EBC):
Lemma 1 Consider the case where the prox operator of the function f(·) and g(·) in
(4) are bijective. For any ω 6∈ Ω∗, there always exists proper Θk such that:

dist(TΘk
(ω),Ω∗) < dist(T (ω),Ω∗)

Lemma 1 implies that, at each iteration, we can find appropriate parameter to
construct a solution that is closer to Ω∗ than LADMM.

Training Approaches and Numerical Validation
Unsupervised training: minimizing duality gap

min
Θ

f(ZK) + g(EK)− d∗(λK), (7)
where d∗(λK) = infZ,E f(Z)+g(E)+ 〈λK ,AZ + BE−X〉 is the dual function.

Supervised training: minimizing square loss

min
Θ
‖ZK − Z∗‖2F + ‖EK −E∗‖2F , (8)

where ground-truth Z∗ and E∗ are provided along with the training samples.
Numerical validation: we mainly consider the following `1-norm constrained
problem: min

Z,E
λ‖Z‖1 + ‖E‖1, s.t. X = AZ + E, (9)

D-LADMM can learn the balance parameter λ adaptively by the supervised
training way.
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Figure 2. NMSE comparison among D-LADMM and LADMM
with different λ on the simulation dataset.

of LADMM can be deduced from our results, but not vice
versa. The analysis techniques designed for traditional op-
timization cannot be directly applied to our case, and it is
considerably more challenging to establish the convergence
properties of D-LADMM.

Second, our EBC is indeed weaker than the conditions as-
sumed by the previous studies (e.g., (Han & Yuan, 2013;
Han et al., 2015; Yang & Han, 2016)), which prove linear
convergence rate for ADMM or LADMM. More precisely,
as pointed out by Liu et al. (2018b), all the EBCs in (Han
& Yuan, 2013; Han et al., 2015; Yang & Han, 2016) can be
equivalently expressed as

dist(ω,Ω∗) ≤ κ·‖φ(ω)‖F , ∀ω, dist(ω,Ω∗) ≤ ε, (20)

where φ(·) is a mapping given in Table 1. Notably, the
following lemma confirms the generality of our EBC.
Lemma 4.5. The EBC in (20) suffices to ensure the validity
of our EBC given in (18).
One may have noticed that our EBC is somewhat similar to
the condition by Liu et al. (2018b). Yet the work of (Liu
et al., 2018b) did not reveal the merit of learning-based
optimization; that is, as shown in Lemma 4.2, all the param-
eters are learnt automatically from data with the purpose of
accelerating the convergence speed.

5. Experiments
Different from LADMM which contains no learnable pa-
rameter, the proposed D-LADMM is treated as a structured
neural network and trained using stochastic gradient descent
(SGD) over the observation X. All the parameters, denoted
as Θ, are subject to learning. For convenience, we mainly
consider the following `1-norm constrained problem for
empirical validations:

min
Z,E

λ‖Z‖1 + ‖E‖1, s.t. X = AZ + E, (21)

where λ is a parameter to balance the contribution of each
term. We use both LADMM and the proposed D-LADMM
to solve the above problem, and compare their results
on both synthetic datasets and natural images1. Our D-
LADMM is implemented on the PyTorch platform.

1Code: https://github.com/zzs1994/D-LADMM

5.1. Simulation Experiments

We first experiment with synthetic data, using similar ex-
perimental settings as (Chen et al., 2018). Specifically, we
set m = 500 and d = 250. The numbers of training and
testing samples are set to 10, 000 and 1, 000, respectively.
Elements of the dictionary matrix A are sampled from i.i.d.
Gaussian, namely Ai,j ∼ N(0, 1/d). The columns of A
are normalized have a unit `2 norm. To make a fair com-
parison, A is fixed and shared by all considered methods.
The sparse coefficient matrix Z is generated by using a
Bernoulli sampling operator (with probability 0.1) to ran-
domly select values from the standard Gaussian distribution,
i.e., Z = Ber(0.1) ◦N(0, 1). The sparse matrix E is gener-
ated in the same way as Z, and the data samples for training
and testing are constructed as X = AZ + E.

For the proposed D-LADMM, the number of layers is set
to K = 15. SGD is adopted to update the parameters with
learning rate lr = 0.01. Regarding the activation function,
we use the softshrink operator by Beck & Teboulle (2009).
In these experiments, the ground-truth Z∗ and E∗ of training
samples are known, thereby the second strategy in (9) is
adopted to train our D-LADMM network. The results are
evaluated by a measure of NMSE (normalized mean square
error in dB), defined in terms of both Z and E:

NMSE=10 log10

(‖ZK−Z∗‖2F
‖Z∗‖2F

+
‖EK−E∗‖2F
‖E∗‖2F

)
. (22)

In Figure 2, we compare the proposed D-LADMM with
LADMM. As one can see, the NMSE achieved by D-
LADMM decreases linearly as the layer number k grows
and is much smaller than that by LADMM. These results
confirm our main results stated in Theorems 1, 2 and 3. Note
here that, unlike D-LADMM, LADMM needs a proper λ
to produce correct solutions, thereby we test several differ-
ent λ’s for LADMM. One can see that the choice of λ has
dramatic influences on the performance of LADMM, and
smaller λ may lead to better results.

5.2. Natural Image Denoising

We also evaluate the considered methods on the task of nat-
ural image denoising, which is to remove the noise term E
from the noisy observation X, or recover the noise-free
image AZ from X as equal. The experimental data is
a classic dataset consisting of 12 natural images, called
Waterloo BragZone Greyscale set2, in which a fraction of
r% Salt-and-pepper noise is added to each image. Fur-
thermore, the rectangle of each image is divided into non-
overlapping patches of size 16 × 16. We use the patch-
dictionary method (Xu & Yin, 2014) to learn a 256× 512
dictionary A and use it to initialize our D-LADMM. The
network and parameter settings are the same as in the simu-
lation experiments. Since the ground truth is unknown, we


