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Summary

• Goal: Combine VI and MCMC to leverage their
advantages
É VI is scalable and amenable to amortization
É MCMC is asymptotically exact

• Contributions:
É A method to improve a variational distribution

using MCMC

É A new divergence (variational contrastive divergence
or VCD) that makes inference tractable

É An algorithm to obtain unbiased estimates of the
gradient of the VCD objective

• Key ideas:
É Refine a variational distribution with MCMC

É Replace the standard KL objective of VI with the VCD

É Take unbiased estimates of the gradient of the VCD

• Results:
É Optimizing the VCD leads to variational

distributions with higher variance
É Optimizing the VCD leads to better predictive

performance on latent variable models

Introduction

Background: Variational inference

• VI approximates the posterior distribution p(z |x) of a
model p(x, z)

• Use a parameterized family of distributions qθ(z)
• Minimize KL(qθ(z) || p(z |x))
• Equivalently, maximize the ELBO,

Lstandard = Eqθ(z) [fθ(z)] ,

where fθ(z) is the instantaneous ELBO:

fθ(z) = log p(x, z)− log qθ(z)
• Advantages:

+ Scalable
+ Amenable to amortization, qθ(z |x)

• Disadvantages:
– Quality of approximation limited by choice of qθ(z)

Background: MCMC

• MCMC approximates the posterior p(z |x) with
samples

• Kernel Q(zt | zt−1) with stationary distribution p(z |x)
• Advantages:

+ Asymptotically exact (when t→∞)
• Disadvantages:

– Difficult to scale
– Hard to assess convergence

Our approach to combine VI and MCMC

• Start with a parametric variational distribution qθ(z)
• Refine qθ(z) with a t-step MCMC sampler, obtaining

the improved distribution q(t)θ (z)
• To make inference tractable, define the variational

contrastive divergence (VCD)
• Optimize the VCD to fit the variational parameters θ

Refining the Variational Approximation

The MCMC-improved distribution

• Improve an initial explicit variational distribution
qθ(z) by running t MCMC steps

• The number of steps t ∈ N is a fixed parameter
• The improved distribution is

q(t)θ (z) =
∫

Q(t)(z | z0) qθ(z0) dz0

(Q(t)(z | z0) denotes the t-step transition kernel)

Properties of the improved distribution

• The distribution q(t)θ (z) is closer to the posterior,

KL(qθ(z) || p(z |x))≥ KL(q(t)θ (z) || p(z |x))

• If qθ(z) 6= p(z |x), then q(t)θ (z) is strictly closer
• If qθ(z) = p(z |x), then the KL divergence is 0
• Define a triangle inequality,

KL(qθ(z) || p(z |x)) + KL(q(t)θ (z) || qθ(z))
≥ KL(q(t)θ (z) || p(z |x))

Challenges when fitting an improved distribution

• We cannot directly optimize the ELBO under q(t)θ (z),

Limproved(θ ) = Eq(t)θ (z)

[
log p(x, z)− log q(t)θ (z)

]

• Challenge #1: The log-density log q(t)θ (z) cannot be
evaluated (it is implicit)

• Challenge #2: The objective Limproved(θ ) depends
weakly on θ , specially for large values of t

The Variational Contrastive Divergence

A first idea

• Goal: Find an alternative divergence that can be
optimized w.r.t. θ

• Desired properties: (i) non-negative for any θ ; (ii)
zero only if qθ(z) = p(z |x)

• The discrepancy between qθ(z) and its improvement
q(t)θ (z) satisfies both criteria,

Ldiff(θ ) = KL(qθ(z) || p(z |x))− KL(q(t)θ (z) || p(z |x))
• Problem: Does not address Challenge #1

The VCD

• Use the triangle inequality and add regularization,

LVCD(θ )¬Ldiff(θ ) + KL(q(t)θ (z) || qθ(z))
• It is a proper divergence, since it satisfies both

criteria (i) and (ii)
• It is tractable because the implicit log-density

log q(t)θ (z) cancels out,

LVCD(θ ) = −Eqθ(z) [fθ(z)] +Eq(t)θ (z)
[fθ(z)]

• The VCD (and its gradients) can be unbiasedly
estimated via Monte Carlo

Properties of the VCD and Algorithm Details

Asymptotic properties of the VCD

• For a large number of MCMC steps, the VCD

converges to the symmetrized KL divergence,

LVCD(θ )
t→∞−−−→ KL(qθ(z) || p(z |x))+KL(p(z |x) || qθ(z))

• This addresses Challenge #2
• This also favors distributions with larger variance

Taking gradients of the VCD

• The VCD has two terms
• For the first term (negative standard ELBO), use

reparameterization gradients,

∇θEqθ(z) [fθ(z)] = Eq(ε)

[
∇zfθ(z)

∣∣∣
z=hθ(ε)

×∇θhθ(ε)
]

• For the second term (expectation w.r.t. q(t)θ (z)),

∇θEq(t)θ (z)
[fθ(z)] = −Eq(t)θ (z)

[∇θ log qθ(z)]

+Eqθ(z0)

[
EQ(t)(z | z0)[fθ(z)]∇θ log qθ(z0)

]

Optimization challenges

• Use control variates to reduce the variance
• In particular, defining wθ(z0)¬ EQ(t)(z | z0) [fθ(z)],

Eqθ(z0) [wθ(z0)×∇θ log qθ(z0)]
= Eqθ(z0) [(wθ(z0)− C)×∇θ log qθ(z0)]

Full algorithm

• One-sample estimator of the gradient of the VCD

• Parameters: γ controls the updates of the control
variate; the stepsize ρ is set with RMSPropA Contrastive Divergence for Combining Variational Inference and MCMC

Algorithm 1 Minimization of the VCD

Input: data x, variational family q✓(z), number of
MCMC iterations t
Output: variational parameters ✓
Initialize ✓ randomly, initialize C = 0
while not converged do
# Sample from q:
Sample z0 ⇠ q✓(z0)
Sample z ⇠ Q(t)(z | z0) (run t MCMC steps)
# Estimate the gradient:
Estimate br✓Eq✓(z0) [f✓(z0)] (Eq. 11)
Estimate br✓Eq

(t)
✓ (z)

[f✓(z)] (Eq. 12 with control var.)

Obtain br✓LVCD = br✓Eq
(t)
✓ (z)

[f✓(z)]� br✓Eq✓(z)[f✓(z)]

# Update the control variate:
Set C  �C + (1� �)f✓(z)
# Take gradient step:
Set ✓  ✓ � ⇢ · br✓LVCD

end while

divergence of VI, the MCMC procedure does not provide
feedback when learning the variational parameters ✓.

The amortized MCMC technique of Li et al. (2017) incorpo-
rates feedback from MCMC back to the parameters of the
explicit distribution. Their method aims at learning ✓ by
minimizing the KL divergence between the improved distri-
bution and its initialization, i.e., KL(q

(t)
✓ (z) || q✓(z)). This

divergence is intractable, and Li et al. (2017) approximate its
gradient r✓KL(q

(t)
✓ (z) || q✓(z)) ⇡ E

q
(t)
✓ (z)

[r✓ log q✓(z)],

which ignores the dependence of q
(t)
✓ (z) on ✓. Subsequently,

this can lead to unstable optimization over ✓, especially for
small values of t, when q

(t)
✓ (z) strongly depends on ✓. The

procedure becomes stable for large t, when the MCMC

chain converges and q
(t)
✓ (z) = p(z | x). Notice that the

expectation E
q
(t)
✓ (z)

[r✓ log q✓(z)] appears also in our ap-
proach (see Eq. 12), but it is just one part of the overall
gradient for optimizing LVCD(✓), a divergence that leads to
stable optimization.

Zhang et al. (2018) described a method to com-
bine MCMC with VI that tries to directly minimize
KL(q

(t)
✓ (z) || p(z | x)), which as discussed in Section 2.2 is

intractable. Zhang et al. (2018) drop the intractable entropy
term from the evidence lower bound (ELBO); again this can
result in unstable and inaccurate optimization for a small
number of MCMC steps t.

Finally, Titsias (2017) proposed to firstly apply a model
reparameterization so that the exact marginal likelihood
is preserved, i.e.,

R
p(x, z)dz =

R
p(x, g(✏ ; ✓))J(✏ ; ✓)d✏,

where g(✏ ; ✓) is a parametrized invertible transformation
and J(✏ ; ✓) the determinant of its Jacobian. The method

then learns the variational parameters ✓ by maximizing an
ELBO under an MCMC distribution using an EM-like proce-
dure. While such an approach can more accurately minimize
a divergence of the form KL(q

(t)
✓ (z) || p(z | x)), it can suf-

fer from the weak gradient problem (see Section 2.2), and it
is only applicable to differentiable models.

The variational contrastive divergence (VCD) developed in
this paper shares also similarities with contrastive diver-
gence procedures for performing ML estimation of model
parameters in undirected graphical models such as restricted
Boltzmann machines (Hinton, 2002). There, the loss func-
tion takes a similar discrepancy form between KL diver-
gences that involve the actual data distribution pdata(x) and
an MCMC-improved distribution p(t)(x) that converges to
the model distribution pmodel(x). The fundamental differ-
ence with our method is that these approaches are designed
for model parameter estimation while ours is suitable for
approximate Bayesian inference.

4. Experiments
Here we demonstrate the algorithm described in Section 2.5,
which minimizes the variational contrastive divergence
(VCD) with respect to the variational parameters ✓.

In Section 4.1, we showcase the procedure on a set of toy
experiments involving a two-dimensional target distribution.
We show that the variational distribution q✓(z) fitted by
minimizing the divergence LVCD(✓) has higher variance
than the variational distribution fitted by minimizing the
standard Kullback-Leibler (KL) divergence. In Section 4.2,
we run experiments on two latent variable models, namely,
a matrix factorization model and a variational autoencoder
(VAE), using amortized variational distributions. We show
that the resulting models fitted with the VCD achieve better
predictive performance on held-out data.

4.1. Toy experiments

To showcase the VCD, we approximate a set of synthetic
distributions defined on a two-dimensional space: a Gaus-
sian, a mixture of two Gaussians, and a banana distribution.
Their densities are given in Table 1.

Our goal is to experimentally check that the VCD favors
higher variance distributions q✓(z) compared to the standard
KL divergence used in variational inference (VI). This is
because the divergence LVCD(✓) converges asymptotically
to the symmetrized KL divergence between q✓(z) and the
target distribution (see Section 2.3).

We use two different variational families q✓(z): a Gaussian
distribution and a mixture of two Gaussians. In both cases,
the Gaussian components have diagonal covariances. (See
Appendix 3 for the mathematical details on minimizing the

Experiments and Results

Toy experiments

The distributions qθ(z) fitted by maximizing the VCD have larger variance than in standard VI
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Latent variable models

• Model with local latent variables,
pφ(x, z) =

∏
n p(zn)pφ(xn | zn)

• Learn model parameters φ via ML

• Use amortization, qθ(zn |xn)
• Test log-likelihood:

average test log-likelihood
method MNIST Fashion-MNIST

Standard KL −111.20 −127.43
Hoffman (2017) −103.61 −121.86
VCD (this paper) −101.26 −121.11

(a) Logistic matrix factorization

average test log-likelihood
method MNIST Fashion-MNIST

Standard KL −98.46 −124.63
Hoffman (2017) −96.23 −117.74
VCD (this paper) −95.86 −117.65

(b) Variational autoencoder

Increasing the number of MCMC steps t improves
the test log-likelihood
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Increasing the number of MCMC steps t increases
the computational complexity
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