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Abstract
• Hyperbolic space, as a continuous analogue of discrete trees,
is particularly suitable for modelling hierarchical data.
• Knowledge graphs often exhibitmultiple simultaneous hierar-
chies, which current hyperbolic models do not capture.
• We proposeMuRP, a theoretically inspired method to embed
hierarchical multi-relational data in the Poincaré ball.
• MuRP learns relation-specific parameters to transform en-
tity embeddings by Möbius matrix-vector multiplication and
Möbius addition.
• Experiments show that MuRP outperforms its Euclidean coun-
terpart MuRE and existing embedding methods on the link pre-
diction task, particularly at lower dimensionality.

Link Prediction on Knowledge Graphs
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Entities ℰ = {A,B,C,D}
Relationsℛ = {married to, father of, uncle of, ...}
Knowledge Graph 𝒢 = {(A, father of,B), (C, sibling,D), ...}

Euclidean vs. Hyperbolic Space

Euclidean space Poincaré disk

Moving outwards from the root of a tree, there is more “room”
to separate leaf nodes in hyperbolic space than in Euclidean.

Score Function
Goal: learn a score function ϕ : ℰ×ℛ×ℰ → R to assign a score
s = ϕ(es, r, eo) to each triple.

Two main types:
• bilinear - ϕ(es, r, eo)=e>s Mreo= 〈e(r)s , eo〉; based on Euclidean
inner product; no clear correspondence to Euclidean inner prod-
uct in hyperbolic space; and

• translational - ϕ(es, r, eo) = -‖e>s Mr1+ r− e>o Mr2‖ = -‖e(r)s +
r−e(r)o ‖; based on Euclidean distance; poor performance com-
pared to bilinear models.

Separately, theoretical results of Allen and Hospedales (2019)
suggest a translational approach to modelling relations.

From Euclidean space to Poincaré Ball

How to design a translational model in hyperbolic space that
outperforms the Euclidean bilinear models?

Step 1: Rewrite the inner product as a function of Euclidean
distances and norms, i.e. 〈x, y〉 = 1

2(−dE(x, y)
2 + ‖x‖2 + ‖y‖2),

dE(x, y) = ‖x− y‖ and absorb the norms into biases bx, by:

ϕ(es, r, eo) = −d(e(r)s , e(r)o )
2 + bs + bo

= −d(Res, eo + r)2 + bs + bo.

Step 2: Replace Euclidean with Poincaré distance to obtain the
score function for ourMulti-Relational Poincaré (MuRP)model:
ϕMuRP(es, r, eo) = −dB(h(r)s ,h(r)o )

2 + bs + bo
= −dB(expc0(Rlog

c
0(hs)),ho ⊕c rh)2 + bs + bo.

Geometric Intuition: Spheres of Influence

ϕ(es, r, eo) = −d(Res, eo + r)2 + bs + bo
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Geometric Intuition: Geodesics

dB(h(r)s ,h(r)o ) = 2/
p
ctanh−1(

p
c‖ − h(r)s ⊕c h(r)o ‖)
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Experiments: Link Prediction

WN18RR FB15k-237
Hits Hits

MRR @10 @3 @1 MRR @10 @3 @1
TransE .226 .501 − − .294 .465 − −
DistMult .430 .490 .440 .390 .241 .419 .263 .155
ComplEx .440 .510 .460 .410 .247 .428 .275 .158
Neural LP − − − − .250 .408 − −
MINERVA − − − − − .456 − −
ConvE .430 .520 .440 .400 .325 .501 .356 .237
M-Walk .437 − .445 .414 − − − −
TuckER .470 .526 .482 .443 .358 .544 .394 .266
RotatE − − − − .297 .480 .328 .205
MuRE d=40 .459 .528 .474 .429 .315 .493 .346 .227
MuRE d=200 .475 .554 .487 .436 .336 .521 .370 .245
MuRP d=40 .477 .555 .489 .438 .324 .506 .356 .235
MuRP d=200 .481 .566 .495 .440 .335 .518 .367 .243

Experiments: Performance per Relation
Krackhardt hierarchy score (Khs) (Krackhardt, 1994) - fraction of
node pairs (x, y) where there exists a path x→y, but not y→x.

Relation Name MuRE MuRP Δ Khs Max/Avg Path
also_see .634 .705 .071 0.24 44 15.2
hypernym .161 .228 .067 0.99 18 4.5
has_part .215 .282 .067 1 13 2.2
member_meronym .272 .346 .074 1 10 3.9
synset_domain_topic_of .316 .430 .114 0.99 3 1.1
instance_hypernym .488 .471 −.017 1 3 1.0
member_of_domain_region .308 .347 .039 1 2 1.0
member_of_domain_usage .396 .417 .021 1 2 1.0
derivationally_related_form .954 .967 .013 0.04 − −
similar_to 1 1 0 0 − −
verb_group .974 .974 0 0 − −

Visualizing Embeddings
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