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Introduction

•First order momentum methods such as Polyak’s
heavy ball (HB) method and Nesterov’s accelerated
gradient (AG) as well as accelerated projected gradi-
ent (APG) methods are commonly used in machine
learning practice.

•They are very sensitive to persisent stochastic noise
in the gradients, can often be even divergent.

Figure 1: Gradient descent (GD) vs AG

• Questions: When can they preserve their fast
(linear or sublinear) rates from the deterministic
setting? What are the right notions of convergence?

Problem and Methods

•We consider
min
x∈Rd

f (x) (1)

where f is µ-strongly convex with L-Lipschitz gradients.
•κ := L/µ is called the condition number.
•Given random estimates ∇̃f (x) of the gradient ∇f (x).
• Stochastic Accelerated GD (S-AGD):

xk+1 = yk − α∇̃f (yk) (2)
yk = (1 + β)xk − βxk−1. (3)

• Stochastic Heavy Ball (S-HB):
xk+1 = (1 + β)xk − βxk−1 − α∇̃f (xk). (4)

• Applications: Empirical risk minimization, privacy-
preserving algorithms, data analysis.

Convergence in Wasserstein distances

• Introduce the extended state ξk := (xTk , xTk−1)T ∈ R2d

for both S-AGD and S-HB.
•Let νk,α,β be the distribution of ξk.
•We consider the standard p-Wasserstein metric on R2d:

Wp,S(ν1, ν2) :=
(

inf
Z1∼ν1,Z2∼ν2

E [‖Z1 − Z2‖pS]
)1/p

,

based on the weighted (L2) norm

‖z1 − z2‖S:=
(
(z1 − z2)TS(z1 − z2)

)1/2

with the convention Wp :=Wp,I.

•We say νk → ν∗ with linear rate ρ in the
p-Wasserstein metric with respect to ‖·‖S if

Wp,S(νk, ν∗) ≤ Ckρ
kWp,S(ν0, ν∗)

for deterministic Ck with sub-exponential growth.

Noise model

The gradient noise εk := ∇̃f (xk)−∇f (xk) is stationary.
The noise is unbiased with a finite p-th moment, i.e.

(Ap) E[ξk+1|Fk] = 0, E[‖εk+1‖pp|Fk] ≤ σ2 ∀k,
for some p ≥ 1 where Fk is the standard filtration.

Special Case: Quadratics

•Assume
f (x) = 1

2
xTQx + aTx + b (5)

where µ I � Q � L I , and x, a, b ∈ Rd. κ = L/µ.
•Define the symmetric matrix,

Sα,β := Pα,β +
1

2Q 0d
0d 0d

 (6)

where Pα,β = P̃α,β(ρ)⊗ Id with P̃ (2, 2) 6= 0 and solves
a 3× 3 matrix inequality for certifying a deterministic
rate ρ for AG from (Hu Lessard, 2017).
Accelerated (optimal) rate for S-HB: Under
assumption (A2), the S-HB iterates {xk}k defined by
(4) with parameters (given in Table 1) satisfies,

E[f (xk)]− f (x∗) ≤ C0 + C2
k · ρ2k

HB, (7)
for ρHB := 1− 2√

κ+1 and explicit constants C0 and Ck
(that depends on σ, µ, L).
Accelerated (optimal) rate for S-AGD: Un-
der assumption (A2), S-AGD iterates {xk} with a
particular choice of (α, β) satisfy

E[f (xk)]− f (x∗) ≤ B0 +Bkρ
2k
AG (8)

where ρAG = 1− 2√
3κ+1 with explicit B0 and Bk (that

depends on σ, µ, L).

Method Noise
Model

Linear
Rate Stepsize Momentum Metric Limit

Unique?

S-HB (Ap) 1− 2√
κ+1

4
(√µ+

√
L)2

(√
κ−1√
κ+1

)2
Wp X

S-AGD (A2) 1− 1√
κ

1
L

√
κ−1√
κ+1 W2,Sα,β X

S-AGD (A2) 1− 2√
3κ+1

4
3L+µ

√
3κ+1−2√
3κ+1+2 W2,Sα,β X

S-AGD (A2) ρ(α, β) α β W2,Sα,β X

Table 1: Wasserstein rate for the convergence of the distribution of iterates to equilibrium for strongly convex quadratic f .

Strongly Convex Functions

•Assume (A2) and that P(xk+1 ∈ dx|ξk = ξ) =
p(ξ, x)dx where p(ξ, x) > 0 is continuous in both ξ
and x.

Wasserstein Rates for S-AGD: Let M > 0 such
that ∫‖x−x∗‖≤M p(ξ∗, x)dx ≥ κ−1/4 and R be a positive
real number so that,

inf
ξ∈R2d,x∈Rd:VPα,β(ξ)≤R,‖x−x∗‖≤M

p(ξ, x)
p(ξ∗, x)

≥ κ−1/4

then we choose (α, β) = ( 1
L,
√
κ−1√
κ+1) and we assume the

variance of the noise is small, i.e. σ2 ≤ RL/4
√
κ. Then

∃πα,β such that

W1(νk,α,β, πα,β) ≤ (1− 1
8
√
κ

)kc0

where c0 is an explicit constant that depends on initial-
ization x0. This also implies the following bound

E[f (xk)]− f (x∗) ≤ a0(1−
1√
κ

)k +
√
κσ2

L
(9)

for a constant a0 that we can characterize.

Numerical Experiments

Figure 2: Distribution of f(xk) = 1
2x

T
kQxk where Q is a diagonal

matrix with elements Qii = 1/i and xk ∈ R10 is sampled 104 paths.

Weakly Convex and Constraints: Accelerated re-
sults for weakly convex functions and constrained opti-
mization problems are also given in the paper.


