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Introduction

Optimal transport (OT) is concerned with finding cost efficient
ways of deforming a given source probability distribution into a tar-
get distribution. OT provides us with tools of considering datasets
in the form of probability measures on an ambient metric space.
We introduce the so called Wasserstein transform (WT) which
takes this kind of input dataset and alters its interpoint distance
information in order to both enhance features, such as clusters,
present in the data, and to denoise the data. As a theoretical
contribution, we prove the stability of our construction to pertur-
bations in the input data (i.e. changes in the input probability
measure). Our experiments show that the Wasserstein transform
is effective in both denoising and resolving the well known chain-
ing effect that affects linkage based clustering methods.

A
B

C

D

E

F

G

The Wasserstein Transform

Let (X, dX) be a metric space – referred to as the ambient metric
space. We represent datasets as probability measures on an ambi-
ent metric space. Fix a scale parameter ε > 0. Given a dataset α,
i.e., a probability measure on X with full support, for each point
x ∈ X , let

m(ε)
α (x) :=

α|Bε(x)

α(Bε(x))
.

The Wasserstein transform Wε applied to α gives the distance
function d(ε)

α on X defined by
d(ε)
α (x, x′) := dW,1 (m(ε)

α (x),m(ε)
α (x′)) ,∀x, x′ ∈ X.

Note:
• as ε→ 0 one has d(ε)

α (x, x′)→ dX(x, x′) and
• as ε→∞ one has d(ε)

α (x, x′)→ 0

Stability of d(ε)
α

Theorem: The Wasserstein transform Wε is stable when re-
stricted to certain subsets of Pf(X):

sup
x,x′∈X

‖d(ε)
α (x, x′)− d(ε)

β (x, x′)‖ ≤ 2(1 + 2ε)ΦΛ,D,ε
(√
dW,1(α, β)

)
,

where ΦΛ,D,ε is an increasing function and ΦΛ,D,ε(0) = 0.

(X, dX) m(ε)
α dW,1 Wε(α) = (X, d(ε)
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Figure: Iterating the Wasserstein transform: iteratively change the metric based
on density of points as indicated by α.

Experiments

Figure: WT ameliorates chaining effect. A dumbbell shape consisting of
two disk shaped blobs each with 100 points and separated by a thin chain of 30
points in the plane with Euclidean distance. The diameter of the initial shape
was approximately 4. From left to right: 0,1, 2, 3, and 4, iterations of Wε for
ε = 0.3.

Figure: Chaining effect: ε v.s. iteration numbers.
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Figure: Denoising of a circle: several iterations of mean shift vs. Wε.
In each case ε was chosen to be 0.3 relative to the diameter at each iteration.

Table: (Classification results over the MNIST database.) Entries show
the number of incorrectly classified images over 5K test images (with 5K
training images). The best performance of dT (tangent distance) is for k=1 and
k=3. In both cases WT provides a better performance than dT. There is no
major difference between the performance of the exact calculation of WT and
the one via Sinkhorn, however these take place for different values of knn.
Notice that in this dataset the best performances of MS and WT are similar
(although they happen for different values of knn).

knn 1 2 3 4 5 10 20 50 100 500
WT-Exact-1 121 144 121 122 116 135 181 258 345 1231

WT-Sinkhorn-1 125 145 118 121 114 142 183 259 342 1182
MS-1 117 131 128 133 133 157 199 285 371 1223
dT 133 166 130 141 145 176 219 324 435 1198

Table: (Classification results over the Grassmann manifold dataset:
error rates.)

N = 1.0 dist trunc1 trunc2 trunc3 gauss1 gauss2 gauss3 wass1 wass2 wass3
ε = 0.8 1.7903 13.1189 22.7249 27.1865 1.8148 8.3543 31.5804 1.4912 1.1150 1.0039
ε = 0.9 1.7903 15.7174 28.9120 51.0221 1.9155 13.2684 44.0966 1.2031 1.3344 0.9753
ε = 1.0 1.7903 19.3057 43.2942 58.2056 2.1883 15.7550 54.4154 1.2328 2.1466 8.7605
ε = 1.1 1.7903 25.8416 58.0784 75.3460 2.3203 23.3293 65.4943 1.7193 7.3658 75.2454
ε = 1.2 1.7903 28.2444 68.2164 71.4105 2.4537 33.3808 74.4915 2.5633 65.2158 75.2193
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Figure: (Grassmann manifold experiment: distance matrices.) This
figure shows the distance matrices (for one realization of the 400 random points
in G10,6) corresponding to the rows and columns from the table above. From
this figure, it is evident that WT can help accentuate clustering by moving apart
points in different clusters and by concentrating similar points. It is apparent
that when the parameter ε is large, all three methods perform poorly,
furthermore, their performance degrades with further iterations (columns 4, 7,
and 10).
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