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Summary

Goal: Identify multiway block structure from a large noisy tensor.
Our contribution: We propose a tensor block model, develop a unified least-square esti-
mation, and obtain the theoretical accuracy guarantees for multiway clustering. A sparse
regularization is further developed for identifying important blocks with elevated means.
The proposal handles a broad range of data types, including binary, continuous, and hybrid
observations.

Motivation

Higher-order tensors have recently attracted increased attention in data-intensive fields such
as neuroscienc, social networks, computer vision, and genomics. In many applications, the
data tensors are often expected to have underlying block structure.
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Fig.1: One application in genomics: Gene expression data [2].

Tensor Block Model (TBM): Model Setup

Suppose that the k-th mode of the tensor consists of Rk clusters, where k 2 [K].
Notations:

•Y = Jyi1,...,iKK 2 Rd1⇥···⇥dK: an order-K, (d1, . . . , dK)-dimensional data tensor.
• C = Jcr1,...,rKK 2 RR1⇥···⇥RK: an order-K, (R1, . . . , RK)-dimensional core tensor consisting of

block means.
•Mk 2 {0, 1}dk⇥Rk: a membership matrix indicating the block allocations along mode k for
k 2 [K].

• E = J"i1,...,iKK: the noise tensor consisting of i.i.d mean-zero �-subgaussian entries, where
� > 0 is the subgaussianity parameter.

Tensor form:

Y = C ⇥1 M1 ⇥2 · · ·⇥K MK| {z }
defined as ⇥

+E

Entry-wise form:

yi1,...,iK = cr1,...,rK + "i1,...,iK, for (i1, . . . , iK) 2 [d1]⇥ · · ·⇥ [dK],

Assumption:

The core tensor C is called irreducible if it cannot be written as a block tensor with the number
of mode-k clusters smaller than Rk, for any k 2 [K].
Identifiability:

Under the assumption, the factor matrices Mk’s are identifiable up to permutations of cluster
labels.
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Fig.2: Two immediate examples of tensor block model method.

Tensor Block Model (TBM): Method

Parameter space:

PR1,...,RK =
�
⇥ 2 Rd1⇥···⇥dK : ⇥ = C ⇥1 M1 ⇥2 · · ·⇥K MK,with some
membership matrices Mk’s and a core tensor C 2 RR1⇥···⇥RK

 
.

Assume the clustering size R = (R1, ..., RK) is known. The least-square estimator for the
tensor block model is

⇥̂ = argmin
⇥2P

�
�2hY ,⇥i + k⇥k2F

 
.

Mean square error (MSE) achieves optimality in recovery:

There exist two constants C1, C2 > 0 such that,
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holds with high probability.

Define the mode-k misclassification rate (MCR) as

MCR(Mk,M̂k) = max
r2[Rk],a 6=a02[Rk]
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o
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where D(k) = JD(k)
r,r0K is the mode-k confusion matrix.

Misclassification rate (MCR) achieves consistency in partition:

• ⌧ > 0: the lower bound of cluster proportions.
• �min = minkminrk 6=r0k maxr1,...,rk�1,rk+1,...,rK(cr1,...,rk,...,rK � cr1,...,r0k,...,rK)

2: minimal gap between the
block means.

• kCkmax = max
r1,...,rK

|cr1,...,rK|.

For any " 2 [0, 1],
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where C > 0 is a positive constant.

Comparison of various tensor decomposition methods: Our approach obtains lower
recovery error, further explored the clustering error. Moreover, the power is boosted by block
detection ability.

Method Recovery error (MSE) Clustering error (MCR) Block detection
Tucker [3] dR - No
CoCo [1] dK�1 - No

TBM (this paper) d logR �⌧�(3K�2)/2
p
log d

�minkCkmax
d�(K�1)/2 Yes

Fig.3: Convergence rate of various tensor decomposition methods when d1 = · · · = dK = d, R1 = · · · = RK = R.

Remark: The selection of unknown clustering size R is addressed by bayesian information
criterion (BIC).

Extension to Sparse Estimation

We propose the following regularized least-square estimation:

⇥̂sparse = argmin
⇥2P

�
kY � ⇥k2F + �kCk⇢

 
,

• ⇢: an index for the tensor norm.
• kCk⇢: the penalty function. Some widely used penalties include Lasso penalty (⇢ = 1),

sparse subset penalty (⇢ = 0), ridge penalty (⇢ = Frobenius norm).
•�: the penalty tuning parameter.

Remark: We select the tuning parameter � via bayesian information criterion (BIC).

Finite Sample Performance

Let d1logR1 = d2logR2 = d3logR3 in order-3 case and d1logR1 = d2logR2 = d3logR3 =
d4logR4 in order-4 case.
Root mean square error (RMSE) vs. Dimension: We find that the RMSE decreases
roughly at the rate of 1/

p
d2d3/ logR1 and 1/

p
d2d3d4/ logR1 in the case of order-3 tensors

and order-4 tensors, respectively. This is consistent with our theoretical result.
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Fig.4: Estimation error for block tensors with Gaussian noise. Each curve corresponds to a fixed clustering size R. (a) Average
RMSE against rescaled sample size N1 =

p
d2d3/ logR1 for order-3 tensors. (b) Average RMSE against rescaled sample size

N2 =
p

d2d3d4/ logR1 for order-4 tensors.

Comparison with Alternative Methods

Dense case: TBM achieves the lowest estimation error among the three methods. The
gain in accuracy is more pronounced as the noise grows. The clustering error increases
with noise but decreases with dimension.

TBM

Fig.5: (a) Estimation error against noise for tensors of dimension (40, 40, 40). (b) Clustering error against noise for tensors of
dimension (40, 40, 40). (c) Clustering error against noise for tensors of dimension (40, 50, 60).

Performance of Tensor Block Model (TBM) Method

The proposed � is able to guide the algorithm to correctly identify zero’s, while maintaining
good accuracy in identifying non-zero’s. The resulting sparsity level is close to the ground
truth.

Sparsity (p) Noise (�) BIC-selected � Estimated Sparsity Rate Correct Zero Rate Sparsity Error Rate
0.5 4 136.0(37.5) 0.55(0.04) 1.00(0.02) 0.06(0.03)

0.5 8 439.2(80.2) 0.58(0.06) 0.94(0.08) 0.15(0.07)
0.8 8 458.0(63.3) 0.81(0.15) 0.87(0.16) 0.21(0.13)

Fig.6: Sparse tensor block model for estimating tensors of dimension d = (40,40,40). Number in bold indicates the ground truth is
within 2 standard deviations of the sample average.
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