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Introduction
Recurrent neural networks (RNNs) have found widespread 
use across a variety of domains. Modeling complex 
temporal dependencies in sequential data using RNNs, 
especially the long-term dependencies, remains an open 
challenge. The error signal back-propagated through time 
(BPTT) suffers from exponential growth or decay, a 
dilemma commonly referred to as exploding or vanishing 
gradient.
The main contributions of the work are:
● We draw connections between RNNs and the ordinary 

differential equation (ODE) theory.
● We design a special form of RNNs, which we name 

AntisymmetricRNN, which can capture long-term 
dependencies in the inputs.

● We conduct extensive simulations and experiments to 
demonstrate the benefits of AntisymmetricRNN.

Ordinary differential equations
Consider the first-order ordinary differential equation (ODE) 

  (1)
for time t≥0. Together with a given initial condition h(0), the 
problem of solving for the function h(t) is called the initial 
value problem. The forward Euler method is arguably the 
best known and simplest numerical method for 
approximation. It approximates the derivative on the 
left-hand side of Equation (1) by a finite difference.

For example, consider

The forward Euler approximation is

which can be regarded as a recurrent network without 
input data.

Stability of ODEs and test equation
An ODE solution is stable if the long-term behavior of the 
system does not depend significantly on the initial conditions. 
Consider the simple scalar ODE, often referred to as the test 
equation: 

The solution to this initial value problem is

Consider two solutions of the test equation, their difference at 
any time t is

If Re(λ)>0, then a small perturbation of the initial states would 
cause an exponentially exploding difference. If Re(λ)<0, the 
system is stable, but the perturbation decays exponentially. 
The perturbation is preserved in the system only if Re(λ)=0.

Critical criterion
For the ODE in Equation (1), we define the critical criterion:

where J is the Jacobian matrix of f and λi denotes the i-th 
eigenvalue.
It can be shown that when the critical criterion is met, there is 
no exploding or vanishing gradient problems.

AntisymmetricRNN
We next design ODEs that satisfy the critical criterion. An 
antisymmetric matrix is a square matrix whose transpose 
equals its negative; i.e., MT=-M. An interesting property of an 
antisymmetric matrix is that the eigenvalues are all imaginary.

This makes antisymmetric matrices a suitable building block 
of a stable recurrent architecture.
Consider the following ODE

which satisfies the critical criterion. A forward Euler 
discretization leads to the following recurrent network we refer 
to as the AntisymmetricRNN.

Simulation
We study the behavior of two-dimensional vanilla RNNs and 
RNNs with feedback in the absence of input data and bias:

We arbitrarily choose three initial states and apply the 
corresponding RNN recurrence. For RNNs with feedback, the 
following weight matrices are used.

Experiments
The performance of the proposed antisymmetric networks is 
evaluated on four image classification tasks with long-range 
dependencies.


