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Introduction

Despite its empirical success and recent theoretical progress, there generally lacks a
quantitative analysis of the effect of batch normalization (BN) on the convergence
and stability of gradient descent. In this paper, we provide such an analysis on
the simple problem of ordinary least squares (OLS), where the precise dynamical
properties of gradient descent (GD) is completely known, thus allowing us to isolate
and compare the additional effects of BN.

OLS

Linear regression model: x ∈ Rd is a random input vector and y ∈ R is the
corresponding output variable. Assume y = xTw + noise, where w ∈ Rd is the
vector of trainable parameters, E[x] = 0, and H := E[xxT ] is positive definite with
maximal and minimal eigenvalues λmax, λmin. Denote g := E[xy], u := H−1g.
•Ordinary least squares(OLS): minimize J0(w) = Ex,y[1

2(y − xTw)2] over w.

•OLS+GD: gradient descent(GD) with step size ε:

wk+1 = wk − ε∇wJ0(wk) = wk + ε(g −Hwk), (1)

converges if 0 < ε < 2
λmax

=: εmax, and the convergence rate is determined by the
spectral radius ρε := ρ(I − εH) = maxi{|1− ελi(H)|} with

‖u− wk+1‖ ≤ ρ(I − εH)‖u− wk‖. (2)

The optimal learning rate is εopt = 2
λmax+λmin

.
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•OLS+BNGD: minimize J(a, w) = Ex,y
[

1
2

(
y − a N(xTw)

)2]
over (a, w), a ∈ R,

using GD with separate step sizes εa, ε:
ak+1 = ak − εa∇aJ(ak, wk) = ak + εa

(
wT
k g√

wT
kHwk

− ak
)
,

wk+1 = wk − ε∇wJ(ak, wk) = wk + εak√
wT
kHwk

(
g − wT

k g

wT
kHwk

Hwk

)
.

(3)

Instead of considering the residual u− wk as in the GD analysis, we have

u− wT
k g
σ2k
wk+1 = (I − ε̂kH)

(
u− wT

k g
σ2k
wk

)
, ε̂k := εakσk

wT
k g
σ2k
, (4)

where we call ε̂k the effective learning rate. Observe that the mapping u 7→
(wTg/σ2)w = (wTHu/wTHw)w is an orthogonal projection under the inner prod-
uct induced by H , hence if we define the modified residual ek := u− (wT

k g/σ
2
k)wk,

which equals 0 if and only if wk is a global minimizer, then we immediately have

‖ek+1‖H ≤
∥∥u− wT

k g
σ2k
wk+1

∥∥
H
≤ ρ(I − ε̂kH)‖ek‖H. (5)

Results

There are three basic and important properties of BN: (i) scaling property such
as the configurations {a0, w0, εa, ε} and {a0, rw0, εa, r

2ε} are equivalent, which
indicates that separating learning rate for weights (w) and rescaling parameters (a)
is equivalent to changing the norm of initial weights.; (ii) orthogonal property w ⊥
∇wJ which implies {‖wk‖} is monotone increasing; (iii) the over-parameterization
due to BN only introduces strict saddle points. Those properties can be used to
prove the first advantage of BNGD: it converges for any ε.

Theorem 1 (Convergence of BNGD).The iteration sequence (ak, wk) in Eq. (3)
converges to a stationary point for any initial value (a0, w0) and any ε > 0, as
long as εa ∈ (0, 1]. Particularly, if εa = 1 and ε > 0, then (ak, wk) converges
to global minimizers for almost all initial values (a0, w0).

The second advantage of BNGD is the linear convergence rate under mild conditions
and acceleration due to over-parameterization related to the semi-definite matrix
H∗ := H−HuuTH

uTHu whose maximal and minimal nonzero eigenvalues are λ∗max, λ
∗
min.

Theorem 2 (Convergence rate). If (ak, wk) converges to a minimizer with ε̂ :=
lim
k→∞

ε̂k < ε∗max := 2/λ∗max, then the convergence is linear. Furthermore, when

(ak, wk) is close to a minimizer, such that λmaxε|ak|
‖wk‖2H

‖ek‖H ≤ δ < 1 (this must

happen for large enough k, since we assumed convergence to a minimizer),
then we have

‖ek+1‖H ≤ ρ∗(I−ε̂kH∗)+δ
1−δ ‖ek‖H, (6)

where ρ∗(I − ε̂kH∗) := max{|1− ε̂kλ∗min|, |1− ε̂kλ∗max|} ≤ ρ(I − ε̂kH).

Since H∗ has better conditioning than H , (λmin ≤ λ∗min ≤ λ∗max ≤ λmax), close
to the optima the linear rate of convergence can be shown to be faster than the
best-case linear convergence rate of GD. This offers a concrete result that shows
that BNGD could out-perform GD, even if the latter is perfectly-tuned.
The third advantage of BNGD is the robustness and acceleration due to learning
rate insensitivity. The scaling property of BNGD inspire the asymptotic order of
the effective step size: ε̂k = O(ε) when ε� 1, ε̂k = O(ε−1) when ε� 1.

Definition 3. The average magnitude of the insensitivity interval of BNGD

with εa = 1, a0 = wT
0 g
σ0

(or a0 = 0) is defined as ΩH = 1/(β̄Hε
2
max), where β̄H is

the geometric average of β0 over w0 and u, which we take to be independent
and uniformly distributed on the unit sphere Sd−1,

β̄H := exp
(
Ew0,u ln

[( wT
0Hu

wT
0Hw0

)2∥∥e0

∥∥2

H2

])
. (7)

Proposition 4. For positive definite matrix H with minimal and maximal
eigenvalues λmin and λmax respectively, the ΩH defined in Definition 3 satisfies
ΩH ≥ d

C , where

C := 4Tr[H
2]

dλ2min

Tr[H ]
dλmax

exp
(

2 lnκ
κ−1 (1− Tr[H ]

dλmin
)
)
, (8)

κ = λmax
λmin

is the condition number of H.

If the eigenvalues of H are sampled from a given continuous distribution on
[λmin, λmax], such as the uniform distribution, then by law of large numbers,
ΩH = O(d) for large d. This result suggests that the magnitude of the inter-
val on which the performance of BNGD is insensitive to the choice of the learning
rate increases linearly in dimension, implying that this robustness effect of BNGD
is especially useful for high dimensional problems.

GD v.s. BNGD

We show that unlike GD, gradient descent with BN (BNGD) converges for
arbitrary learning rates for the weights, and the convergence remains linear under
mild conditions. Moreover, we quantify two different sources of acceleration of
BNGD over GD – one due to over-parameterization which improves the effective
condition number and another due having a large range of learning rates giving
rise to fast descent. These phenomena set BNGD apart from GD and could
account for much of its robustness properties.

Property GD BNGD

Convergence only for small ε arbitrary ε provided εa ≤ 1
Convergence Rate linear linear (can be faster)
Robustness to Learning Rates small range of ε wide range of ε
Robustness to Dimensions no effect the higher the better

Experiments

Although we only derived this result for the OLS problem, this linear scaling of
insensitivity interval is also observed in neural networks experiments, where we
varied the dimension by adjusting the width of the hidden layers.

Effect of dimension. (Top line) Tests of BNGD on OLS model with step size
εa = 1, a0 = 0. Parameters: H=diag(linspace(1,10000,d)), u and w0 is

randomly chosen, uniformly from the unit sphere in Rd. The BNGD iterations
are executed for k = 5000 steps. The values are averaged over 500 independent

runs. (Bottom line) Tests of stochastic BNGD on MNIST dataset, fully
connected neural network with one hidden layer and softmax mean-square loss.
The separated learning rate for BN Parameters is lr a=10, The performance is
characterized by the accuracy at the first epoch (averaged over 10 independent

runs). The magnitude Ω is approximately measured for reference.
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