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Introduction and Motivation

. Analysis of stochastic gradient methods in non-convex optimization can be complex.

.Recent popular alternative is to view such algorithms as continuous-time processes.
=⇒ one can take advantage of tools from differential equations and stochastic calculus.

This perspective

. provides new view on Nesterov’s acceleration [7]

. allows compact proofs of convergence [9, 8, 6]

. leads to new discrete accelerated algorithms [13, 1, 11, 12]

. leads to insights on generalization for SGD in non-convex optimization [4]

. can be used for neural network architecture design [3, 2]

But, what is the reason behind the effectiveness of continuous-time models? Do we loose
important details in this approximation?

Question received less attention in stochastic non-convex opt [10, 1, 9] ; also no discussion on
variance reduction [5].

. new unified stochastic differential equation for SVRG and mini-batch SGD — with
decaying learning rates and increasing batch-sizes.

. novel non-asymptotic convergence rates for our SDE, using stochastic calculus.

.matching results for the corresp. algorithm, using the same Lyapunov fun.

. algebraic equivalence between continuous and discrete time.

Model also provides insights into dynamics of learning:

. Time warping on distribution of SGD (Øksendal’s formula), used to design Lyapunov fun.

. dual interpretation of last phenomenon as landscape stretching.

Takeaway: SDE models can guide the analysis of stochastic gradient methods and provide
new thought-provoking perspectives on their dynamics.

Construction of the continuous-time SDE model (sketched)

General form SGD/SVRG:

xk+1 = xk − ηkG
(
{xi}0≤i≤k, k

)
,

. G(·) is an estimator of ∇f (·) and ηk is a seq. of non-increasing learning rates

. adjustment factor [7] ψk = ηk/h, with h := η0, and decouple signal from noise, we get

xk+1 = xk − ψk∇f (xk)︸ ︷︷ ︸
adjusted gradient drift

h + ψk
√
h/bk σ(k)︸ ︷︷ ︸

adjusted volatility

√
hZk.

Limit as h→ 0 and t = hk

dX(t) = −ψ(t)∇f (X(t)) dt + ψ(t)
√
h/b(t) σ(t) dB(t),

B(t) a Brownian Motion; σ(·) depends on the gradient estimator.
Existence and uniqueness of the solution is guaranteed under
(H) Each fi(·) is C3, with bounded third derivative and L-smooth.

Matching convergence rates for continuous- and discrete-time

WQCC

SC

RSI
PL (HWQC) ∃x?s.t.∀x, 〈∇f (x), x− x?〉 ≥ τ (f (x)− f (x?)).

(HPŁ) ∃f?s.t.∀x, ‖∇f (x)‖2 ≥ 2µ(f (x)− f?).
(HRSI) ∃x?s.t.∀x, 〈∇f (x), x− x∗〉 ≥ µ

2‖x− x∗‖2.
Under some assumptions,

. linear LSTMs (linear dynamical systems)→WQC;

.matrix completion→ PŁ;

. dictionary learning and phase retrieval→ RSI.

Define the key quantities ϕ(t) :=
∫ t
0 ψ(s) and ϕk+1 =

∑k
i=0ψi and assume

(Hσ) Variance of the gradient estimator in each direction is bounded by σ2∗.

Appendix
A Summary of the rates derived in this paper

"A major task of mathematics today is to harmonize the continuous and the discrete, to
include them in one comprehensive mathematics, and to eliminate obscurity from both."

– E.T. Bell, Men of Mathematics, 1937

Cond. Rate (Continuous-time) Thm.
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Cond. Rate (Discrete-time, no Gaussian assumption) Thm.
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Table 3: Summary of the main convergence results for MB-PGF and VR-PGF compared to SGD
with mini-batch or variance reduced gradient estimators. (⇠) indicates a randomized output. For the
definition of the quantities in the rates, check App. D and App. E.

A.1 Correspondences between continuous and discrete-time
We note the following simple correspondences:
1. h corresponds to dt. The rates are not simplified to highlight the equivalence.

2. h'k+1 corresponds to '(t). Indeed, '(t) =
R t

0
 (s)ds 'Pk

i=0  kh = 'k+1h.

3. The same argument holds for the exponential and the power, since eat ' (1 + ah)k.
4. The rates for variance reduction match since by definition T = m h.
5. The difference only comes into a few constants which do not depend on the parameters of the

problem nor on the algorithm. Those differences are due to higher order terms in the algorithm.
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. h corresponds to dt. The rates are not simplified to highlight the equivalence.

. hϕk+1 corresponds to ϕ(t). Indeed, ϕ(t) =
∫ t
0 ψ(s)ds '

∑k
i=0ψkh = ϕk+1h.

. same argument holds for the exponential and the power, since eat ' (1 + ah)k.

. rates for variance reduction match since by definition T = m h.

Algebraic equivalence continuous/discrete

Let x ∈ Rd×∞ be a sequence of vectors. Define Dh(x) ∈ Rd×∞ pointwise: for all k ∈ N,

[Dh(x)]k =: Dh(x, k) =
xk+1 − xk

h
.

GD can be written as Dh(x, k) = −∇f (xk), resembles d
dtX(t) = −∇f (X(t)).

Result: d
dt and Dh have the same properties under smoothness!

. Linearity : Dh(x + y, k) = Dh(x, k) +Dh(y, k), a ∈ R and Dh(ax, k) = aDh(x, k)

. Product rule: Dh(xy, k) = Dh(x, k)yk + xk+1Dh(y, k)

.Chain rule: Dh(g(x), k) ≤ 〈∇g(xk), Dh(x, k)〉 + Lh
2 ‖Dh(x, k)‖2

Same discussion for the stochastic setting, using diffusion operators.

Time stretching

. Time variable t is always filtered through the map ϕ(·). Hence, ϕ(·) seems to act as a new
time variable. We show this rigorously using Øksendal’s formula.

Theorem. {X(t)}t≥0 satisfy PGF and define τ (·) = ϕ−1(·), where ϕ(t) =
∫ t
0 ψ(s)ds. For all

t ≥ 0, X (τ (t)) = Y (t) in distribution, where {Y (t)}t≥0 has the stochastic differential

dY (t) = −∇f (Y (t))dt +
√
h ψ(τ (t))/b(τ (t))σ(τ (t)) dB(t).

Example.

dX(t) = − 1

t + 1
∇f (X(t))dt +

√
hσ

t + 1
dB(t)

yY (t) = X(et − 1),

dY (t) = −∇f (X(t))dt +
√
hσe−tdB(t).

More flexibility : could work with either X or with Y .

Landscape stretching

SGD, around stationary point behaves as for a quadratic (see Hartman–Grobman thm)

f (x) = 〈x− x?, H(x− x?)〉.
WLOG, x? = 0 and that H is diagonal. We consider b(t) = 1, σ(s) = σd and ψ(t) = 1/(t + 1),

dX(t) = − 1

t + 1
HX(t)dt +

hσ

t + 1
dB(t) =⇒ dE[X(t)] = − 1

t + 1
HE[X(t)]dt.

Denote ui(t) the i-th coordinate of E[X(t)], we have
d

dt
ui(t) = − λi

t + 1
ui(t) =⇒ ui(t) = (t + 1)−λiui0 =⇒ t =

(
ui0/u

i(t)
)1/λi − 1.

Feeding back this equation into the original differential — the system becomes autonomous:
d

dt
ui(t) = −λi(ui0)

− 1
λiui(t)

1+ 1
λi .

. This is a gradient system! =⇒ on quadratic
1
2‖x‖2, SGD with learning rate decreasing as 1/t
behaves in expectation like SGD with constant
learning rate on a cubic.

. Polynomial convergence and divergence as op-
posed to exponential (ψ(t) = 1) =⇒ decreasing
the learning rate slow down the dynamics of SGD
around saddles.
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