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Why does deep learning work well?
• What makes difference between deep and shallow?
• Approximation and estimation error analysis of DL.
• Analysis for complicated target function class (Besov

and mixed-smooth Besov space.).

𝑥𝑥 𝑊𝑊1 ℎ1 𝑊𝑊2 ℎ2 𝑊𝑊3 ℎ3

In machine learning, there appears various types of functions:
What we have shown: High adaptivity of deep ReLU-network

• If we overly adapt to bump, the model becomes unnecessarily large. 
→ overfitting.

• If we adapt to smooth part, bump can not be estimated. 
→ underfitting.

“Adaptivity” is important

Linear estimator

≫

“Shallow methods” such as kernel method is suboptimal
because they have low adaptivity.

(𝑛𝑛: sample size, 𝑝𝑝:uniformity of smoothness，𝑠𝑠：smoothness)

Theoretically show high feature extraction ability of deep learning:

Theorem (informal)

(Kernel ridge estimator)

𝒔𝒔: Smoothness

0

𝒑𝒑: Spatial homogeneity of smoothness 
Sparse coefficients (small p)
→ spatial inhomogeneity of smoothness

(small 𝑝𝑝 implies 
non-convexity)
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• Activation function is ReLU

• Depth：L
• Width：W
• Sparsity：S
• Norm bound：B

L

W Set of deep NN models

For an integer N, let depth L, width W, sparsity S, norm bound B      be
Theorem (Approximation error: adaptive rate)

Then, deep NN can approximate elements in Besov space as

(𝐿𝐿𝑟𝑟-integrable)
• Assume 0 < 𝑝𝑝, 𝑞𝑞, 𝑟𝑟 ≤ ∞, 0 < 𝑠𝑠 < ∞, and following condition:

• m is an integer s.t. 𝑠𝑠 < min{𝑚𝑚,𝑚𝑚 − 1 + 1/𝑝𝑝} ．

Petrushev (1998): 𝑝𝑝 = 𝑟𝑟 = 2, ReLU is excluded (𝑠𝑠 ≤ 𝑘𝑘 + 1 + (𝑑𝑑 − 1)/2)．
Pinkus (1999), Mhaskar (1996): 𝑝𝑝 = 𝑟𝑟 and 1 ≤ 𝑝𝑝, ReLU activation is excluded．

Linear approx. (Linear width)： Non-adaptive approx.（N-term approx., Kolmogorov width）：

- Adaptivity of deep NN
- Good feature extractor

⇒
depth width sparsity norm bound

• Least squares estimator

where (clipping).

and .
Then, by setting                    , we have

Theorem (estimation error)

• This is known as minimax optimal rate.
• For 𝑝𝑝 = 𝑞𝑞 = ∞，this result is reduced to Schmidt-Hieber (2017).

,Suppose

• Linear estimators

When p is small (p <2), deep learning is better
→ Spatial inhomogeneity of smoothness
Deep learning has adaptivity to produce appropriate bases

(More strictly, it can be extended to “Q-hull.”)

and , 
then for

Theorem (estimation error in m-Besov)

Effect of d is milder than Ease the curse of 
dimensionality

Suppose 

→

Non-parametric regression

where 𝜉𝜉𝑖𝑖 ∼ 𝑁𝑁(0,𝜎𝜎2) and 𝑥𝑥𝑖𝑖 ∼ 𝑃𝑃𝑋𝑋(𝑋𝑋) (i.i.d.).

• Neural Network model

Introduction

Overview

Bump Discontinuous

Difficult Easy

Uniformly smooth

Deep learning can achieve the minimax optimal rate
to estimate functions in the Besov space (𝐵𝐵𝑝𝑝,𝑞𝑞

𝑠𝑠 ).
(DL can adaptively estimate various types of functions.)

Deep Learning

Est.
error

vs
E.g.：Kernel ridge regression, Sieve method, Nadaraya-Watson estimator, ...

(shallow method)

Large error Small error

fine coarsecoarseUniform granularity

Linear method
(e.g., kernel method)

Deep learning

Nonconvexity
Sparsity

 Adaptivity to the variation of the shape of the target function.
 Adaptivity to the input dimensionality to avoid curse of dimensionality.

Besov space and regression problem

Ω = 0,1 𝑑𝑑

Besov space contains various important functions.

Multi-resolution expansion

• Discontinuity: ⁄𝒅𝒅 𝒑𝒑 > 𝒔𝒔

• Spatial inhomogeneity of smoothness: 
small 𝑝𝑝

Model

Approximation error analysis

This rate cannot be achieved by linear or non-adaptive approximation method.
 Non-adaptive method: 𝑁𝑁-bases are fixed independent of the target.

Estimation error analysis

[Proof outline]

(# of non-zero parameters)

Balancing bias and variance gives the optimal upper bound.

(Bias-variance decomposition)
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(e.g., Kernel ridge estimator，Sieve estimator，Nadaraya-Watson, ...)

An estimator which depends on 𝑌𝑌 = 𝑦𝑦1, … ,𝑦𝑦𝑛𝑛 ∈ ℝ𝑛𝑛 linearly:

𝑓𝑓 𝑥𝑥 = �
𝑖𝑖=1

𝑛𝑛

𝜑𝜑𝑖𝑖(𝑥𝑥, 𝑥𝑥1, … , 𝑥𝑥𝑛𝑛)𝑦𝑦𝑖𝑖

Kernel ridge:

Proposition (minimax rate of linear estimator) [Donoho & Johnstone, 1994]

≫(Linear) (Deep)

Non-convexity of the model 
produces difference.

when 𝑠𝑠 > ⁄1 𝑝𝑝 , 1 ≤ 𝑝𝑝, 𝑞𝑞 ≤ ∞ or 𝑠𝑠 = 𝑝𝑝 = 𝑞𝑞 = 1.

Avoiding curse of dimensionality
Can the curse of dimensionality be avoided?
⇒ If the true function is in the mixed smooth   
Besov space, then deep learning can avoid it.

■ Mixed smooth Besov space (m-Besov space):
When 𝑝𝑝 = 𝑞𝑞, it is a tensor product space:

Tensor product 
space norm:

■ Example:

where 𝑔𝑔𝑘𝑘 ∈ 𝐵𝐵𝑝𝑝,𝑞𝑞
𝑠𝑠 0,1 and 𝑓𝑓 is sufficiently smooth.

• Additive model

• Tensor model

Smoothness of a function is guaranteed in coordinate-wise 
manner. (See the paper for the precise definition for general 
p,q,s.)

• This is also minimax optimal when 𝑠𝑠 > ⁄1 𝑝𝑝 − ⁄1 2 +.
• Sparse grid technique + Nonlinear adaptive approximation.

Conclusion

Nonlinear adaptive approximation

We investigated the learning ability of deep ReLU
neural network when the target function is in a Besov
space or a mixed smooth Besov space.
• Deep learning achieves the minimax optimal rate.
• Deep learning can outperform any linear estimator.

• Non-convexity of the model induces the difference.

(optimal)

We showed DL has high “adaptivity” and 
achieve the optimal rate to estimate Besov
functions while a shallow method does not.

smooth

Ex. Reduced rank regression

 DL has adaptivity to the spatial 
inhomogeneity of smoothness.

 DL can avoid curse of dimensionality.
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