
June 4, 2013

Treatment of Structural quantum gravity with

category theory
Patrick Linker

Contact information:
Rheinstrasse 13
61206 Wöllstadt
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Abstract
Structural quantum gravity is another approach to quantum gravity which intro-
duces an additional curvature of Feynman diagrams for pointlike particles so that
the gravity field depends on the structure of scattering processes. This research
paper explains how the additional curvature of Feynman diagrams can be defined
by using category theory.

Introduction
In some quantum gravity theories the dependence of the gravitational field on Feyn-
man diagram structure are proposed. For example, Structural quantum gravity as-
sumes that the spacetime geometry is discretized so that vertices on this discrete
spacetime cannot be set on an arbitrary point in spacetime [1]. This displacement
of vertices due to discrete structure can be induces an additional curvature. In
string theory, where particles are assumed as objects with length measure, there
is introduced a curvature of the string worldsheet so that there is also a Feynman
diagram dependence [2]. The Feynman diagram dependence is contained in the
dilaton contribution of the bosonic string action which reads (if the dilaton field is
constant)

Sdil = φχ (1)

where φ is the dilaton field and χ is the Euler characteristic. In Structural quantum
gravity the action for the gravitational field has the form:

Ssqg =

∫
d4x
√
−g(κR+ λRs) (2)

. Here, R is the Ricci scalar curvature that would be obtained in continuous curved
spacetime with metric gµν , κ and Λ are constants and Rs is the additional scalar
curvature due to the Feynman diagram structure. The field gµν (graviton field)
must be a continuous function. Therefore the graviton field has not any jumps if
the spacetime is discrete.
A discrete spacetime with discretization cells CI and an infinite index set I tends to
a continuous spacetime Ω which has the scalar curvature measure R. Discretization
cells can be assumed as a directed set with Ci ⊂ Ci+1 and a relation:

Ω = lim−→Ci (3)

The discretization cells are objects in the category of geometric structures Γ. Mor-
phisms are the direct limit operation and the dualization map

d : Ci → C∗i . (4)

This dualization map maps the corners of the cell Ci to a new cell and the entire of
the cell Ci is mapped to a corner that is included in all new cells. Another category
is the category of feynman diagram elements ∆ where objects are the vertices P ,
lines between vertices M and areas enclosed by Feynman diagram elements A. Since
P,M,A are isomorphic to a singular complex, the morphisms in ∆ are the boundary
maps ∂ that induce an exact sequence

0
∂ // A

∂ // M
∂ // P

∂ // 0 (5)
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. In this research paper a functor between categories Γ and ∆ is introduced for
comparing Feynman diagram elements and spacetime discretizations. This functor
can be used for transferring curvature measures that are well-known for geometric
structures to graph-like structures like Feynman diagrams.

Theory
May be Ci the i-th cell in the directed index set I. The boundaries of Ci are com-
posed by lines Li and corners Qi. Then, the dualized cell dCi includes the cell Ci,
because the space which is contained in Qi is enlarged to new cells dQi. Hence,
the directed set can be defined also as:

Ci ⊂ dCi = Ci+1. (6)

The direct limit of (6) would be the continuous spacetime Ω. Direct limits are not
existing in the category ∆. Therefore a functor

B : Γ→ ∆ (7)

is a forgetful functor since the direct limit operation has no relevance in ∆. Finite
unions are used in category ∆ instead of direct limits and hence the functor B
changes the direct limit operation to the finite union operation. It is considered
that the functor B maps objects in Γ to objects in ∆ as follows:

B :
⋃
i

Qi → P,

B :
⋃
i

Li →M,

B :
⋃
i

Ci → A

(8)

.
According to the condition (5) (i.e. the condition that A, M and P are interlinked
with an exact sequence) it must hold the condition that it exists an exact sequence

0
∂ // ⋃

i Ci
∂ // ⋃

i Li
∂ // ⋃

iQi
∂ // 0 (9)

. However, the category Γ contains only the dualization map that describes the
procedure of discretization. If there are N unions of cells Ci, the cell CN includes
the set ∪Ni=1Ci. Since the dualiztation of the set CN−1 enlarges this set to CN by
new boundaries ∂CN it is possible to interlink ∂ with d. Boundaries of an arbritary
topological space X can be expressed as

∂X = (dX −X)/W [dX −X] (10)

with an equivalence relation W [Y ] that assumes two topological spaces Y and Y ′

as equivalent if they are homotopic to each other. In the case of infinite unions,
the operator ∂ = (d− id)/W behaves like a differential operator (in that case, the
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dualization can be assumed as an infinitesimal displacement) in category ∆. The
condition for exactness is

∂2X = ∂(dX−X)/W [dX−X] = 0⇔ (d− id)(dX−X)/W [dX−X] = 0. (11)

It holds (d − id)(d − id)X 6= 0 in the general case since in this mathematical
expression is not an equivalence relation like in (11) which truncates geometric
objects that exist only due to homotopy. It can be derived a set of curvature
contributions from a topological space X in the category of Feynman diagram
elements. The topological space of curvature contributions R(X) is defined as:

R(X) = (d− id)(d− id)X/W [(d− id)(d− id)X]. (12)

In the case of infinite cells, it holds dX−X = (dX−X)/W [dX−X] and it follows
R(X) = 0 due to the exactness condition for the mapping ∂ that is in the category
of Feynman diagram elements. The vanishing of R(X) implies that the additional
scalar curvature Rs vanishes (the category ∆ has a vanishing curvature measure)
and the action of Structural quantum gravity tends to the action of General relativity.
Hence, it holds (d− id)(d− id)X 6= 0 only if the set W [dX −X] is nonvanishing,
i.e. there are existing alternative discretizations in ∆ so that it is homotopic to the
Feynman diagram. The topological space dX −X can be decomposed as follows:

dX −X = ker∂ ⊕ Eq(dX −X, J). (13)

Here, Eq denotes the equaliser and J is the (topological space of the) Feynman
diagram. Since ker∂ = ker(d− id) it follows:

(d− id)(dX −X) ∼= Eq(dX −X, J). (14)

The scalar curvature can be considered as a natural number

Rs = #R(X) (15)

where X is the discrete spacetime. For a Feynman diagram at tree-level, the ex-
pression dX −X is homotopic to boundary lines and therefore it coincides with the
tree-level Feynman diagram J (i.e. Eq(dX−X, J) = 0). However, if the Feynman
diagram has loop contributions, the set Eq(dX −X,J) is nontrivial. In the case of
loop contributions in Feynman diagrams, there are more elements in Eq(dX−X, J)
depending on the size of the area Ac that is enclosed by the loop. For Ac = 0 it is
Rs = 0 and Rs is increasing with Ac because there are more possible homotopies
between dX −X and J . It can be assumed that

Rs =

∞∑
i=0

1

i!

∂iRs
∂Aic

(Ac = 0)Aic = 0 +
∂Rs
∂Ac

(Ac = 0)Ac + ... (16)

with the constant c0 := ∂Rs

∂Ac
(Ac = 0) > 0 for a simple approximation. Combining

(16) and (2), the Feynman path integral for the graviton has the form:

Z =

∫
d[gµν ]exp(i

∫
d4x
√
−g(κR+ λc0Ac(xµ))). (17)
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With the Holographic principle and (17) an approximate relation for the black hole
entropy can be derived. Considering that the black hole has fluctuations that can
be described by a Feynman diagram with l loops. If every loop has approximately
the same structure, the path integral can be written as:

Z = (

∫
d[gµν ]exp(i

∫
V

d4x
√
−g(κR+ λc0Ac)))

l. (18)

The topological space V ⊂ J is a part of the Feynman diagram containing exactly
one loop. The entropy is defined as

S = − ∂

∂T
(−kBT lnZ) = lkBln(

∫
d[gµν ]exp(i

∫
V

d4x
√
−g(κR+ λc0Ac))) (19)

with absolute temperature T and Boltzmann constant kB . By assuming that Ac is
not varying on V and by setting the graviton field as fixed, it follows from (19)

S ∝ lAc ≈ Abh (20)

where Abh is the surface of the black hole. The entropy of a black hole is approxi-
mately proportional to the surface of the black hole in Structural quantum gravity.

Conclusions
The concept of Structural quantum gravity can be explained by using the theory of
categories. Furthermore, additional curvature terms can be derived by the transfer
of geometric concepts to concepts in quantum field theory. In Structural quantum
gravity the entropy calculations of a black hole are different from other approaches
to quantum gravity like Loop quantum gravity [3]. If the enclosed area of one loop
is small, the entropy of a black hole is approximately proportional to the surface of
the black hole as predicted in other approaches to quantum gravity.
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