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To the memory of G.-C. Rota

In his recent remarkable book, “Indiscrete Thoughts”, G.-C. Rota pas-
sionately discusses the famous treatise “Linear Operators” by N. Dunford
and J. T. Schwartz. In particular, Rota writes (see Section “Linear Opera-
tors: The Past”, p. 33):

“Section twelve of Chapter Five, presenting a proof of the Brouwer fixed
point Theorem, is remarkable. The proof was submitted for publication in a
journal in 1954, but was rejected by an irate referee, a topologist who was
miffed by the fact that proof uses no homology theory whatsoever. Instead,
the proof depends on some determinantal identities, the kind that are again
becoming fashionable.”

Being just another topologist, I only had heard about this proof before,
but these remarks prompted me to study and analyze it. It turned out
that this proof is essentially the standard topological proof in a disguise.
The differences are the following: instead of the usual simplicial homology
theory the de Rham cohomology theory is used, and in fact only implicitly
— as it is clear to every topologist, it is sufficient to deal with cochains
(exterior differential forms in this case), and there is no need to mention the
cohomology groups explicitly.

de Rham cohomology and even differential forms in 1954 were not such
a common knowledge as they are now. So, it is quite remarkable that the
Dunford-Schwartz approach to the Brouwer fixed point theorem, apparently
having totally different motivation from the usual one, turned out to be the
de Rham cohomology version of it. To some extent, Dunford and Schwartz
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were in 1954 ahead of his time, working with de Rham cohomology without
realizing this.

The goal of this note is to uncover the topology hidden behind the
Dunford-Schwartz proof. The calculus of exterior differential forms will be
our main tool. In particular, it makes quite transparent the otherwise myste-
rious determinantal identities, alluded to in the above quotation. After these
identities are understood, the rest becomes transparent (to a topologist) also.
So, the exterior forms, praised in another section of Rota’s book (“Herman
Grassmann and Exterior Algebra”), turn out to be the key to this proof.

Now, let us state the Brouwer fixed point theorem. In the following we
sometimes use notations which are standard by now, but slightly different
from the Dunford-Schwartz ones, like Rn instead of En.

Theorem. Let f be a continuos mapping of the unit disc Dn in Rn to it-
self. Then f has a fixed point, i.e. there exists an x ∈ Dn such that f(x) = x.

The Dunford-Schwartz proof consists of four parts. The first part is the
following Lemma, presenting the above determinantal identities.

Lemma. Let f be an infinitely differentiable function of n + 1 variables
(x0, . . . , xn) with values in Rn. Let Di denote the determinant whose columns
are the n partial derivatives fx0 , . . . , fxi−1

, fxi+1
, . . . , fxn. Then

n∑
i=0

(−1)i
∂

∂xi
Di = 0.

The second part uses the Weierstrass approximation theorem to reduce
the problem to the case of infinitely differentiable maps. Any proof based
on differential topology uses the same argument; proofs based on algebraic
topology use the simplicial approximation (which is more elementary, but
not so wide known) instead.

The third part is a completely standard argument reducing the Brouwer
fixed point theorem to the nonexistence of a smooth retraction Dn → Sn−1

(where Dn is the unit n-disc in Rn as in the Theorem and Sn−1 is the unit
sphere) smoothly homotopic to the identity map.

The last part, like the first one, looks at the first sight mysterious. Let
f : [0, 1] × Dn → Dn be a smooth homotopy fixed on Sn−1 connecting the
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identity map with a retraction Dn → Sn−1. Denote the determinant whose
columns are the vectors fx1(t, x) . . . , fxn(t, x) by D0(t, x) (where t ∈ [0, 1]
and x = (x1, . . . , xn) ∈ Dn) and consider the integral

I(t) =
∫
Dn
D0(t, x) dx1 . . . dxn.

It is clear that I(0) is the volume of Dn and hence I(0) 6= 0. On the other
hand, D(1, x) is identically zero (because f(1, x) ∈ Sn for all x) and hence
I(1) = 0. To reach a contradiction, it remains to prove that I ′(t) = 0. To
this end, differentiate under the integral sign and use the above Lemma (with
x0 renamed as t) in order to conclude that

I ′(t) =
n∑

i=1

(−1)i−1
∫
Dn

∂

∂xi
Di(t, x) dx1 . . . dxn.

Finally, one applies the fundamental theorem of calculus to the individual
integrals in the last formula; the resulting expressions are all zero because
Di(t, x) = 0 for x ∈ Sn−1 (since f(t, x) = 0 for x ∈ Sn and all t, and hence
ft(t, x) = 0 for x ∈ Sn and all t). Therefore, I ′(t) = 0 and the contradiction
completes the proof of the Brouwer fixed point theorem.

Without doubts, Lemma is the most mysterious part of this proof. But,
as we will see in a moment, once it is translated into the language of (exterior)
differential forms, it becomes both transparent and trivial. After this it is
not hard to recognize the (proof of the) Stokes theorem in the last part of the
proof, and this opens the way to the topological underpinnings of the proof.

Here is our proof of Lemma. (The Dunford-Schwartz proof may be viewed
as a down-to-earth version of it: no differential forms are mentioned.) Con-
sider f as a collection (f 1, . . . , fn) of n real valued functions. Consider the
volume form ω = dx1 ∧ . . . ∧ dxn on Rn and the form

Ω =
n∑

i=0

Di dx0 ∧ . . . ∧ d̂xi ∧ . . . ∧ dxn

on the domain of definition of f (the roof ̂ indicates the omitted term).
Clearly,

f ∗ω = df 1 ∧ . . . ∧ dfn =

= (f 1
x0
dx0 + . . .+ f 1

xn
dxn) ∧ . . . ∧ (fn

x0
dx0 + . . .+ fn

xn
dxn) =

=
n∑

i=0

(f 1
x0
dx0 + . . .+ ̂f 1

xi
dxi + . . .) ∧ . . . ∧ (fn

x0
dx0 + . . .+ ̂fn

xi
dxi + . . .) =
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=
n∑

i=0

Di dx0 ∧ . . . ∧ d̂xi ∧ . . . ∧ dxn = Ω.

Now, dω = 0 simply because dω is a (n + 1)-form on a n-dimensional
space. Hence, dΩ = df ∗ω = f ∗dω = 0. But

dΩ =
n∑

i=0

(−1)i
∂

∂xi
Di dx0 ∧ . . . ∧ dxn.

The Lemma follows.
Thus, from the point of view of the theory of differential forms, Lemma

is simply the statement that df ∗ω = 0, trivially following from dω = 0.
Turning to the last part of the proof, we clearly have

I(t) =
∫
t×Dn

f ∗ω,

and

I ′(t) =
d

dt

∫
t×Dn

f ∗ω =
∫
t×Dn

LTf
∗ω,

where T is the vector field ∂/∂t and LT is the Lie derivative along T . Now,
let us use the Cartan homotopy formula

LT = diT + iTd,

where iT is the interior multiplication by T (it is valid for any vector field in
the role of T ). It follows that

LTf
∗ω = diTf

∗ω − iTdf ∗ω = diTf
∗ω,

because df ∗ω = 0. Note now that

diTf
∗ω = diTΩ =

= diT (
n∑

i=0

Di dx0 ∧ . . . ∧ d̂xi . . . ∧ dxn) =

= d(
n∑

i=1

Di dx1 ∧ . . . ∧ d̂xi ∧ . . . ∧ dxn) =

=
n∑

i=1

(−1)i−1
∂

∂xi
Di dx1 ∧ . . . ∧ dxn
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(remember that x0 = t now), and hence

I ′(t) =
∫
t×Dn

n∑
i=1

(−1)i−1
∂

∂xi
Di dx1 ∧ . . . ∧ dxn.

This is exactly the Dunford-Schwartz formula for I ′(t). In fact, it follows im-
mediately from the Lemma, but our approach reveals the homotopy formula
LT = diT + iTd behind it.

Now, the proof can be completed by appealing to the fundamental theo-
rem of calculus and the fact that f i

t (t, x) = 0 for all i and x ∈ [0, 1] × Sn−1.
From our point of view, it is more convenient to use the multivariable ver-
sion of the fundamental theorem of calculus, namely, the Stokes’ theorem,
and bypass the last formula for I ′(t). In fact,

I ′(t) =
∫
t×Dn

LTf
∗ω =

∫
t×Dn

diTf
∗ω =

∫
t×Sn−1

iTf
∗ω =

∫
t×Sn−1

0 = 0,

by the Stokes’ theorem and the fact that f does not depend on t on [0, 1]×
Sn−1 (which immediately implies iTf

∗ω = 0). The argument given by
Dunford-Schwartz for I ′(t) = 0 is, essentially, a specialization of the standard
proof of the Stokes’ theorem for our case.

Now, when the mechanics of the proof is clear, it is only natural to replace
the (infinitesimal) Cartan homotopy formula and the n-dimensional Stokes’
theorem by the direct use of the homotopy f and the (n + 1)-dimensional
Stokes’ theorem. Namely, since df ∗ω = 0, we have

0 =
∫
[0,1]×Dn

df ∗ω =
∫
∂([0,1]×Dn)

f ∗ω =
∫
0×Dn

f ∗ω −
∫
1×Dn

f ∗ω =

= I(0)− I(1),

because ∫
[0,1]×Sn−1

f ∗ω = 0

(since f(t, x) does not depend on t for x ∈ Sn−1), and 0×Dn, 1×Dn asquire
opposite orientations as parts of the boundary ∂([0, 1]×Dn). Hence, I(0) =
I(1) in a contradiction with I(0) to be equal to the volume of Dn, and I(1)
to 0.

In order to complete our journey from the Dunford-Schwartz proof to its
topological underpinnings, let us replace the volume form ω by ω′ = ρω,where

5



ρ is a smooth function with support in the interior of D. With ω′, we reach
a contradiction in the same way as with ω:

0 <
∫
0×Dn

ω′ =
∫
0×Dn

f ∗ω′ =
∫
1×Dn

f ∗ω′ = 0.

Now, ω′ defines a cohomology class in the relative de Rham cohomology group
Hn

dR(Rn,Rn\Dn). The integration over Dn is nothing else as the evaluation
on the fundamental class in Hn(Rn,Rn\Dn). The relation with the standard
topological approach to the Brouwer fixed point theorem should be clear now.
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