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Specific Objectives  

Students will understand that  

• quantitative reasoning is the ability to understand and use quantitative information. It is a 

powerful tool in making sense of the world. 

• media statements often generate more questions than answers. 

• relatively simple math can help make sense of complex situations. 

Students will be able to  

• identify quantitative information. 

• rewrite quantitative statements to improve clarity. 

• round numbers. 

• name large numbers. 

• work in groups and participate in discussion using the group norms for the class. 

Problem Situation: Does This Information Make Sense?  

In this lesson, you will learn how to evaluate information you see often in society. You will start with the 

following situation.  

You are traveling down the highway and see a billboard with this message: 

 

 

(1) You do not see the name of the organization that put up the billboard. What groups might have 

wanted to publish this statement? What are some social issues or political ideas that this statement 

might support? 

 

The information in this statement is called quantitative. Quantitative information uses concepts about 

quantity or number. This can be specific numbers or a pattern based on numerical relationships such as 

doubling.  

(2)  You hear and see statements using quantitative information every day – in advertisements, 

pamphlets, billboards, etc. People use these statements as evidence to convince you to do things.  

What are some examples of things advertisements try to convince you to do? 

 

Every year since 1950,  

the number of American children 

gunned down has doubled. 
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You often do not know whether the statements you see are true. You may not be able to locate the 

information, but you can start by asking if the statement is reasonable. This means to ask if the 

statements make sense. You will be asked if information is “reasonable” throughout this course.  

This lesson will help you understand what is meant by this question. 

(3) In 1995,1 an article published the statement in the Problem Situation. Do you think this was a 

reasonable statement to make in 1995? Discuss with your group. 

 

(4) You only have the information in the statement. Without doing any further research, how can you 

decide if the statement is reasonable? Talk with your group about different ways in which you might 

answer this question. 

 

(5) In the previous question, you thought about ways to decide if the statement was reasonable. One 

approach is to start with a number you think is reasonable for the first year. Put this number into 

the table below for the year 1950. Complete the second column of the table by calculating the 

number using the statement on the billboard. Do NOT complete the third column right now. 

 

Year Number of Children Rounded (using words) 

1950   

1960   

1970   

1980   

1990   

1995   

 

 

 

(6)  Fill in the third column of the table by rounding the numbers to one or two significant figures. 

(7) Does the number you predicted for the number of children shot in 1995 seem reasonable? What 

kind of information might help you decide? 

                                                           

1Best, J. (2001). Damned lies and statistics. University of California Press: Berkeley and Los Angeles. 
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About This CourseAbout This CourseAbout This CourseAbout This Course    

This course is called a quantitative reasoning course. This means that you will learn to use and 

understand quantitative information. It will be different from many other math classes you have taken. 

You will learn and use mathematical skills connected to situations like the one you discussed in this 

lesson. You will talk, read, and write about quantitative information. The lessons will focus on four 

themes: 

• Citizenship: You will learn how to understand information about your society, government, and 

world that is important in many decisions you make.  

• Personal Finance: You will study how to understand and use financial information and how to 

use it to make decisions in your life. 

• Medical Literacy: You will learn how to understand information about health issues and medical 

treatments. 

• Physical World:  You will learn how to understand scientific information about how the world 

works. 

This lesson is part of the Citizenship theme. You learned about ways to decide if information is 

reasonable. This can help you form an opinion about an issue. 

Today, the goal was to introduce you to the idea of quantitative reasoning. This will help you understand 

what to expect from the class. Do not worry if you did not understand all of the math concepts. You will 

have more time to work with these ideas throughout the course. You will learn the following things: 

• You will understand and interpret quantitative information. 

• You will evaluate quantitative information. Today you did this when you answered if the 

statement was reasonable. 

• You will use quantitative information to make decisions. 
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Specific Objectives  

Students will understand that   

• 1 billion = 1,000 x 1,000 x 1,000. 

• the representations, one billion, 1,000,000,000, and 10

• Scientific notation is a different way to represent large numbers

 

Students will be able to   

• calculate quantities in the billions. 

• convert units from inches to feet and feet to miles. 

• Compare large numbers  

• Write large numbers in scientific notation

 

Problem Situation 1:  How Big Is a Billion

A large economic and political concern is the federal deficit, the amount of money spent by the federal 

government in excess of revenue collected.  The federal budget deficit for 

$483 billion1.  The total accumulated federal debt is ab

It is difficult to understand just how big a billion or a trillion is. Here is a way to help you think about it. 

 1 million = 1,000 x 1,000   

 1 billion = 1,000 x 1,000 x 1,000   

1 trillion = 1,000 x 1,000 x 1,000 x 1,000  = 1,000,000,000,000 = 10

  

                                                           
1
 https://www.cbo.gov/publication/44716 

2
 http://www.treasurydirect.gov/NP/debt/current
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1 billion = 1,000 x 1,000 x 1,000.  

the representations, one billion, 1,000,000,000, and 109 have the same meaning. 

Scientific notation is a different way to represent large numbers 

calculate quantities in the billions.  

convert units from inches to feet and feet to miles.  

Write large numbers in scientific notation 

Problem Situation 1:  How Big Is a Billion or a Trillion?  

onomic and political concern is the federal deficit, the amount of money spent by the federal 

government in excess of revenue collected.  The federal budget deficit for 2014 was approximately 

.  The total accumulated federal debt is about $18.1 trillion.2    

It is difficult to understand just how big a billion or a trillion is. Here is a way to help you think about it. 

       = 1,000,000     = 106  

1 billion = 1,000 x 1,000 x 1,000      = 1,000,000,000   = 109  

1 trillion = 1,000 x 1,000 x 1,000 x 1,000  = 1,000,000,000,000 = 1012  

http://www.treasurydirect.gov/NP/debt/current 

   

and The Charles A. Dana Center at the University of Texas at Austin Revised 

have the same meaning.  

onomic and political concern is the federal deficit, the amount of money spent by the federal 

was approximately         

 

It is difficult to understand just how big a billion or a trillion is. Here is a way to help you think about it.  
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(1) The National Debt is shown on the right axis of the above graph.  

(a) What is a simpler way to express 2000 

 

(b) What is a simpler way to express 18000 

 

The following questions will give you another way to think about how big these numbers are. 

(2) Imagine a stack of 1,000 one‐dollar bills, which is about 4.3 inches tall.  Complete the following 

steps, and in each write your calculations clearly

work.    Note: include units such as ft or mi with your answers.

(a) Imagine combining 1,000 stacks of 1,000 one

How tall would that stack be? How tall is the stack measur

     

 

 

(b) Imagine combining 1,000 stacks like the 

How tall is the stack measured in feet? How tall is the stack measured in miles? (5280 feet = 

1 mile)  

     

(c) Imagine combining 1,000 stacks like the 

How tall is the stack measured in miles? 

     

 

 

(d) Which of the stacks of money (
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The National Debt is shown on the right axis of the above graph.   

What is a simpler way to express 2000 billion dollars? 

What is a simpler way to express 18000 billion dollars? 

The following questions will give you another way to think about how big these numbers are. 

‐dollar bills, which is about 4.3 inches tall.  Complete the following 

steps, and in each write your calculations clearly so that someone else can understand your 

Note: include units such as ft or mi with your answers. 

Imagine combining 1,000 stacks of 1,000 one‐dollar bills. How much money is in the stack?  

How tall would that stack be? How tall is the stack measured in feet? (12 inches = 1 foot).   

                      $ _____________________

        Height:______________________

Imagine combining 1,000 stacks like the result in Part (a).  How much money is in the stack?  

How tall is the stack measured in feet? How tall is the stack measured in miles? (5280 feet = 

                      $ _____________________

        Height:______________________

 

 

Imagine combining 1,000 stacks like the result in Part (b).  How much money is in the stack?  

How tall is the stack measured in miles?  

                      $ _____________________

        Height:______________________

Which of the stacks of money (in a, b, or c) is closest to the federal budget deficit in

   

and The Charles A. Dana Center at the University of Texas at Austin Revised 

The following questions will give you another way to think about how big these numbers are.  

‐dollar bills, which is about 4.3 inches tall.  Complete the following 

so that someone else can understand your 

‐dollar bills. How much money is in the stack?  

ed in feet? (12 inches = 1 foot).    

$ _____________________ 

Height:______________________ 

in Part (a).  How much money is in the stack?  

How tall is the stack measured in feet? How tall is the stack measured in miles? (5280 feet = 

$ _____________________ 

Height:______________________ 

in Part (b).  How much money is in the stack?  

$ _____________________ 

Height:______________________ 

in a, b, or c) is closest to the federal budget deficit in 2014?    
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Problem Situation 2:  Scientific Notation

You saw that 1 billion can be written as 1,000,000,000 or represented as 10

represented?  Since 2 billion is 2 times 1 

numbers in this way is called scientific notation.  Scientific notation is used primarily for writing very 

large numbers and very small numbers.  In this lesson, we will focus on large numbers.  

The form for scientific notation is M x 10

decimal places between the location of the decimal in the number as written in standard notation and 

the number written in scientific notation.  

scientific notation, it could be thought of as 5 x 100 or 5 x 10 x 10 which is equal to 5 x 10

point has been moved 2 places which corresponds to the exponent of 2.

(3) Write the numbers below in both s

 

four hundred 

23 thousand 

7.2 million 

 

(4) The table below contains the national deficit and national debt for various years

in both standard notation and scientific notation.

 

1965 deficit:  $1.41 billion 

2009 deficit:  $1412.69 billion 

2014 deficit:  $484.6 billion 

2014 debt:     $18.2 trillion 

 

 

Problem  Situation 3:  Comparing the Sizes of 

One of the skills you will learn in this course is how to write quantitative information. A writing 

principle that you will use throughout the course is given below followed by 

practice the principle.   

Writing Principle: Use specific and complete information. The reader should understand what you 

are trying to say even if they have not read the question or writing prompt. This includes 

• information about context, and 

• quantitative information.  
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Problem Situation 2:  Scientific Notation 

You saw that 1 billion can be written as 1,000,000,000 or represented as 109.  How would 2 billion be 

represented?  Since 2 billion is 2 times 1 billion, then 2 billion can be written as 2 x 109.  Writing 

numbers in this way is called scientific notation.  Scientific notation is used primarily for writing very 

large numbers and very small numbers.  In this lesson, we will focus on large numbers.  

The form for scientific notation is M x 10n where 1 ≤ M < 10.  The exponent equals the number of 

decimal places between the location of the decimal in the number as written in standard notation and 

the number written in scientific notation.  For example, if the number 500 were to be written in 

scientific notation, it could be thought of as 5 x 100 or 5 x 10 x 10 which is equal to 5 x 10

has been moved 2 places which corresponds to the exponent of 2. 

(3) Write the numbers below in both standard notation and scientific notation. 

Standard Notation Scientific Notation

  

  

  

The table below contains the national deficit and national debt for various years.  Write the number 

notation and scientific notation. 

Standard Notation Scientific Notation

  

   

  

  

:  Comparing the Sizes of Numbers   

One of the skills you will learn in this course is how to write quantitative information. A writing 

principle that you will use throughout the course is given below followed by some questions to 

ecific and complete information. The reader should understand what you 

are trying to say even if they have not read the question or writing prompt. This includes 

information about context, and  

 

   

and The Charles A. Dana Center at the University of Texas at Austin Revised 

.  How would 2 billion be 

.  Writing 

numbers in this way is called scientific notation.  Scientific notation is used primarily for writing very 

large numbers and very small numbers.  In this lesson, we will focus on large numbers.   

The exponent equals the number of 

decimal places between the location of the decimal in the number as written in standard notation and 

f the number 500 were to be written in 

scientific notation, it could be thought of as 5 x 100 or 5 x 10 x 10 which is equal to 5 x 102.  The decimal 

Scientific Notation 

Write the number 

Scientific Notation 

One of the skills you will learn in this course is how to write quantitative information. A writing 

some questions to 

ecific and complete information. The reader should understand what you 

are trying to say even if they have not read the question or writing prompt. This includes  
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(5)  A headline in 2014 read “Scott vetoes $69 million in $77

small or large portion of the total state budget?  Which of the following statements best describes 

the relationship?  

(a) The portion vetoed is a very small part of the entire state b

(b) $69 million is about a thousandth of $77 billion

(c) The $69 million vetoed is a very small part of the entire state budget of $77 billion 

(d) The $69 million that was vetoed is about one tenth of one percent of the total $77 billion state 

budget.  

 

(6) The federal budget in 2012 included $471 billion for Medicare and $47 billion for International 

Affairs.  Write a statement that compares the two quantities. 

 

 

 

 

(7) The federal budget deficit for 2013 was approximately $

comparing the federal deficit to one of these: 

        Median household annual salary in the US: about $60,000 

Price of 4 years at Pacific Lutheran University

Cost of a celebrity’s mansion in Beverly Hills: about $4 

Cost of 787 Dreamliner airplane:  about $250 million 

Cost of the International Space Station:  about $100 billion

                                                           
3
 http://www.tallahassee.com/story/news/2014/06/03/scott
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ott vetoes $69 million in $77‐billion state budget”3.  Is the $69 million a 

small or large portion of the total state budget?  Which of the following statements best describes 

The portion vetoed is a very small part of the entire state budget  

$69 million is about a thousandth of $77 billion 

The $69 million vetoed is a very small part of the entire state budget of $77 billion 

The $69 million that was vetoed is about one tenth of one percent of the total $77 billion state 

The federal budget in 2012 included $471 billion for Medicare and $47 billion for International 

Affairs.  Write a statement that compares the two quantities.  

The federal budget deficit for 2013 was approximately $680 billion.  Write a statement 

mparing the federal deficit to one of these:  

Median household annual salary in the US: about $60,000  

Pacific Lutheran University: about $200,000  

sion in Beverly Hills: about $4 million  

eamliner airplane:  about $250 million  

Cost of the International Space Station:  about $100 billion 

http://www.tallahassee.com/story/news/2014/06/03/scott‐vetoes‐million‐billion‐state‐budget/9901117/

   

and The Charles A. Dana Center at the University of Texas at Austin Revised 

.  Is the $69 million a 

small or large portion of the total state budget?  Which of the following statements best describes 

The $69 million vetoed is a very small part of the entire state budget of $77 billion  

The $69 million that was vetoed is about one tenth of one percent of the total $77 billion state 

The federal budget in 2012 included $471 billion for Medicare and $47 billion for International 

billion.  Write a statement 

‐vetoes‐million‐billion‐state‐budget/9901117/  
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Specific Objectives 

Students will understand that 

• in algebra, numbers and variables can be combined to produce expressions, equations and 

inequalities. 

• numbers between 0 and 1 can be written using scientific notation.  The exponent will be 

negative. 

Students will be able to 

• distinguish between expressions, equations and inequalities. 

• convert between standard and scientific notation. 

• multiply and divide using scientific notation, both by hand and with a calculator. 

• apply the rules of exponents to variables. 

 

The emphasis in this class is for students to learn to apply math to real world situations.  But the role of 

mathematics is not always visible.  Rather it is often like the skeleton of a body.  We don’t see the 

skeleton, but it supports all the other parts of the body that we do see and use.  Mathematics underlies 

all the science and technology that we use to understand our world and make it progressively better.  

Therefore, in this book we will take occasional detours from the application of math to study pure 

mathematics to enhance your understanding of the structure upon which much of our understanding of 

the world is built.  

In the first two lessons, we have worked with numbers, but numbers are only one part of mathematics.  

Numbers are initially understood through the study of arithmetic, however arithmetic can be limiting.  

These limits can be overcome by finding patterns in the numbers and defining these patterns.  This leads 

to the concept of variables and the branch of mathematics called algebra.  For example, we can use 

arithmetic to find out how far we would travel at a given speed based on the number of hours we are 

traveling.  If the speed of our car is 60 miles per hour and we drive for 1 hour, then we will travel 60 

miles.  If we travel 2 hour we will travel 120 miles.  This is shown using only numbers as:   

  

60 = 60*1 

120 = 60 * 2 

   180 = 60 * 3 

There is a pattern that can be observed.  The pattern shows that the distance we travel is equal to the 

speed of the car times the number of hours at that speed.  Explaining it in a sentence takes long, so we 

use letters, known as variables, to represent certain phrases so we can shorten it.  

Thus, if d represents the distance we travel, r represents the rate or speed of the car, t represents the 

time, in hours, then the sentence can be represented as a word equation:  �������� =  ���� ∙  ��� 

and as an algebraic equation:   � =  ��. 

 

We now have a relationship between variables that is true and that can be applied in a variety of 

situations. 
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One of the challenges of learning math is to recognize patterns in the numbers and variables.  Without 

seeing the patterns, it is difficult to know which rules apply to which numbers and variables.  Therefore, 

this lesson will introduce you to some of the big patterns you should learn to recognize. 

Numbers make use of 10 basic numerals 0, 1, 2, 3, 4, 5, 6, 7, 8, 9.  These can be combined to make larger 

numbers or written as fractions or decimals to make parts of numbers.  Numbers can be classified in a 

variety of ways, such as: 

Counting numbers {1,2,3, …} 

Whole numbers {0, 1, 2, 3, …} 

Integers   {…-3, -2, -1, 0, 1, 2, 3, …} 

Decimals  such as   0.4, -3.56,  

Fractions:  
�

�
, 

�

�
 

A note about fractions. If both numbers in a fraction are positive, and if the numerator (number on top) 

is smaller than the denominator (number on bottom), the fraction will have a value between 0 and 1.  If 

the numerator is larger than the denominator, the fraction will have a value greater than 1. 

Because it will be useful in a short time, a brief introduction will be made to interval notation. Interval 

notation is made with parentheses or brackets enclosing two numbers separated by a comma.  The 

lowest number is always written first.  Thus it will look like (low,high) or [low,high].   For example, 

numbers “between 0 and 1” can be written is (0,1).  The use of parentheses indicates we will not include 

a 0 or a 1.  If we wanted to include both a 0 and a 1 we would use brackets [0,1].    To indicate numbers 

greater than 1 using interval notation we incorporate the infinity symbol, ∞.  If we don’t want to include 

1, this range of numbers is written as (1, ∞).  If we want to include 1, it is wriFen [1, ∞).  A parentheses 

is always used next to the infinity symbol. 

Real numbers are all numbers between negative infinity and positive infinity, (-∞,∞). 

Variables are letters used to represent an unknown value.  Typically letters from the English alphabet 

are used with x, y, z, a, b, c being the most common.  At times, letters from the Greek alphabet are also 

used.  Examples include µ (mu) and σ (sigma).   

In the study of algebra, we can create combinations of numbers, variables and operation symbols.  

These combinations can be categorized as expressions, equations, and inequalities. 

Expressions:  �,     3� (meaning 3 times y),  � +  3 (meaning 3 is added to b), ��  (meaning � ∙ �) 

Equations are used when 2 expressions are equivalent.  Equations contain an equal sign (=).  Examples 

include:  � +  2 =  2� −  5 and  � =  4� +  3. 

Inequalities are used when one expression is more or less than another expression.  Inequalities contain 

an inequality sign (<, >, ≤, ≥).  Examples include:   � +  2 >  2� −  5 and � <  4� +  3. 
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1. Identify each of the following as an expression, equation, or inequality. 

8� =  24   Expression Equation Inequality 

4� +  5 <  2(� −  3) Expression Equation Inequality 

5(2� +  9) =  3� −  7 Expression Equation Inequality 

4� −  6 +  7� −  3  xpression Equation Inequality 

5(3� +  2)   Expression Equation Inequality 

3� +  7� =  14  Expression Equation Inequality 

 

One of the expressions given above is x
2
.  This is read as “x squared” or “x to the second power.”  The 2 

is the exponent.  The x is the base.  An exponent tells how many times to use the base in a 

multiplication.  For example, x
2
 = xx, x

3
 = xxx.  This relates to the scientific notation you learned in the 

last lesson.  For example, 1000 can be written as 1 x 10
3
 where  10

3
 = 10 x 10 x 10.   

Scientific notation will be used to introduce us to the rules of exponents.  The left column below 

contains numbers that start at 1 million and decrease by a factor of 10.  That is, successive numbers are 

1/10 the size of the prior number.  In the column at the right is the same number recorded in scientific 

notation.  The cells that are shaded have a line where the exponent should be.   

2.  Find the pattern in the numbers then put the appropriate exponent on the line. 

1,000,000 1 x 10
6 

   100,000 1 x 10
5
 

     10,000 1 x 10
4
 

       1,000 1 x 10
3
 

           100 1 x 10
2
 

              10 1 x 10
1
 

                1 1 x 10
__

 

                0.1 1 x 10
__

 

                0.01 1 x 10
__

 

                0.001 1 x 10
__

 

                0.0001 1 x 10
__

 

 

 Verify your answers are correct before continuing. 

 

Answer the following questions to help you develop a big-picture view of scientific notation. 

3.  For numbers that are greater than 1, is the power of 10 a positive or negative number? ___________ 

4.  For numbers that are between 0 and 1, is the power of 10 a positive or negative number? _________ 

5.  What is the power of 10 that produces a 1?      _____________ 
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We will now investigate the numbers in the interval (0,1) to understand the meaning of scientific 

notation when the exponents of 10 are negative.  You have learned the following in prior math classes.  

0.1 is one-tenth, which is written 
$

$%
. 

0.01 is one-hundredth, which is written 
$

$%%
 but which could be written as 

$

$%&
. 

0.001 is one-thousandth, which is written 
$

$%%%
 but which could be written as 

$

$%'
. 

 

6. If 10
-1

 = 
$

$%
, and 10

-2
= 

$

$%&
, and 10

-3
 = 

$

$%'
, then what would you conclude about 10

-4
?   _____________ 

 

7. What do you conclude about 10
-n

?   ____________________ 

 

The reasoning behind scientific notation for small numbers (0,1) 

The diameter of a human egg cell is 130 µm (micrometers).  Since a micrometer is 0.000001 meters in 

length, then 130 micrometers could be written as 0.000130.  This can also be written as 
$�%

$,%%%,%%%
.  If a 

factor of 100 is removed from each number, this could be written as 
$.�%

$%,%%%
 which can then be written as 

$.�%

$%*
, which, based on what was shown with negative exponents, can be written as 1.30 x 10

-4
.   

 

The quicker way to convert from standard notation to scientific notation is to count the number of 

decimal places between the location of the decimal point and the desired location of the decimal point 

(with exactly one digit to the left).  If the original number is between 0 and 1, the exponent in scientific 

notation will be negative.  If the original number is greater than 1, the exponent will be positive. 

Standard Notation Scientific Notation  Standard Notation Scientific Notation 

120 1.2 x 10
2 

 0.0120 1.2 x 10
-2 

120,000 1.2 x 10
5 

 0.0000120 1.2 x 10
-5 

120,000,000  

(120 million) 

1.2 x 10
8 

 0.000120 

(120 millionth) 

1.2 x 10
-4 

 

 

Scientific notation – big and small numbers. 

While scientific notation can be used for such things as money and populations, it is more typically used 

for science.  Things such as the mass of planets or the distance between bodies in the solar system 

benefit from the use of scientific notation.  For such large numbers, the exponent for 10 will be positive.  

But science also looks at very small objects, such as cells and molecules and atoms.  For small objects, 

the exponent of 10 will be negative.   
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8.  To appreciate the range of sizes that scientists study, match each length in the first table with the 

appropriate number of meters in the second table.     

Distance from earth to the 

moon 

Kitchen counter height from 

floor, baseball bat, walking stick 

Size of a chromosome or red 

blood cell 

Distance from earth to Mars (at 

their closest point) 

Size of a water molecule or 

carbon atom 

One trip around Lake Waughop 

Distance from earth to the sun   Size of a virus Distance from earth to space 

station 

Length of a grain of rice Distance from earth to Pluto  (at 

their closest point) 

 

 

 

Powers of 10 

Units of meters 

Measurement (from the list above) 

10
12

  

10
11

  

10
10

  

10
8
  

10
5
  

10
3
  

10
0  

10
-3

  

10
-6

  

10
-8

  

10
-10

  

 

The form for numbers written in scientific notation is M x 10
n
 where 1≤M<10 and n is an integer.  The 

upper case M is called the mantissa.  We will call the numbers that look like they are written in scientific 

notation but that have a mantissa outside of the interval [1,10) pseudo-scientific notation.  Thus, 25 x 

10
3
 is written in pseudo-scientific notation and should be rewritten as 2.5 x 10

4
 to be in proper scientific 

notation. 

9.  Identify if the number is written correctly in scientific notation or if it is written in pseudo-scientific 

notation. 

3.4 x 10
8
  Scientific Notation  pseudo-scientific notation 

62.3 x 10
4
  Scientific Notation  pseudo-scientific notation 

1.578 x 10
-3

  Scientific Notation  pseudo-scientific notation 

0.45 x 10
-6

  Scientific Notation  pseudo-scientific notation 

5.667 x 10
3
  Scientific Notation  pseudo-scientific notation 
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There are a variety of skills that students should be able to do with scientific notation and exponent 

rules. 

• Convert from standard notation to scientific notation. 

• Convert from scientific notation to standard notation. 

• Convert from pseudo-scientific notation to scientific notation. 

• Multiply scientific notation numbers by hand and with a calculator 

• Multiply variables with exponents  

• Divide scientific notation numbers by hand and with a calculator 

• Divide variables with exponents 

• Raise variables with exponents to a power. 

 

Convert from standard notation to scientific notation. 

a.  Identify if the number in standard notation is in the interval (0,1) or (1, ∞). 

b.  Count the number of places the decimal must be moved so there is only one (non-zero) digit 

to the left of it.   

c.  Write the mantissa followed by “x 10”.  The power of 10 will be negative if the original 

number is in the interval (0,1) and positive if the original number is greater than 1.  The 

exponent will be equal to the number of places the decimal was moved. 

 

Example:  Write 0.0045 in scientific notation. 

 a.  This number is in the interval (0,1).  Therefore we know the exponent will be negative. 

 b.  From 0.0045 to 4.5, the decimal point must be moved 3 places. 

 c.  4.5 x 10
-3

 

 

Example:  Write 4,500 in scientific notation. 

 a.  This number is in the interval (1, ∞).  Therefore we know the exponent will be posiVve. 

 b.  From 4,500 to 4.5, the decimal point must be moved 3 places. 

 c.  4.5 x 10
3
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Convert from scientific notation to standard notation. 

a.  Identify if the exponent is positive or negative so you will know if you are writing a number in 

the interval [1, ∞) or (0,1). 

b.   Move the decimal point the number of places indicated by the exponent 

 

Example:  Write 3.7 x 10
6
 in standard notation. 

a.  the exponent 6 is positive, so this will be a big number (1, ∞). 

b.  The decimal point will be moved 6 places from its current position in 3.7 to its new position in 

3,700,000. 

 

Example:  Write 3.7 x 10
-6

 in standard notation. 

a.  The exponent 6 is negative, so this will be a small number (0,1). 

b.  The decimal point will be moved 6 places from its current position in 3.7 to its new position in 

0.0000037.  (notice that there are only 5 zeros). 

 

Convert from pseudo-scientific notation to scientific notation. 

The population of the US is about 320 million.  This could be written as 320 x 10
6
 but because this is not 

true scientific notation since the mantissa has more than one digit to the left of the decimal, it is called 

pseudo-scientific notation. 

 a.  write the mantissa in scientific notation 

 b.  add the two exponents  

 

Example:  Write 320 x 10
6
 in scientific notation 

 a.  (3.20 x 10
2
) x 10

6
 

 b.  3.20 x 10
8
 

 

Example:  An E. Coli Bacterium has a length of 0.6 micrometers.  Write this number in scientific notation. 

 a.  (6 x 10
-1

) x 10
-6

  

 b.  6 x 10
-7

 

 

Example:  A virus has a length of 125 nm (nanometers).   This number in pseudo-scientific notation is 

125 x 10
-9

.  Write this number in scientific notation. 

 a.  (1.25 x 10
2
) x 10

-9
 

 b.  1.25 x 10
-7 
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 Multiply scientific notation numbers by hand and with a calculator 

How would we multiply 1 x 10
2
 times 1 x 10

3
?    We know that 10

2
 = 100  and  10

3
 = 1000.  Therefore we 

should expect to get the same result as 100 x 1000 = 100,000.   We also know that 10
2
 = 10x10  10

3
 = 

10x10x10   Therefore, 10
2
 x 10

3
 = 10 x 10 x 10 x 10 x 10 = 100,000 = 10

5
.  If we were to generalize from 

this one example (not always a good idea), we could see that by adding the exponents of 10
2
 and 10

3
 we 

get 10
5
. 

10.  What is (1 x 10
5
) · (1 x 10

6
)?    _____________________ 

 

11. Let’s make it a little more complicated.  What is (2 x 10
5
) · (3 x 10

6
)?  In this case, multiply the 

mantissas and then multiply the powers of 10 by adding the exponents. 

 (2 x 10
5
) · (3 x 10

6
) = __________________________ 

 

12. What is (4 x 10
5
) · (5 x 10

6
)?  In this case, your answer will be in pseudo-scientific notation and must 

be converted into scientific notation. 

 (4 x 10
5
) · (5 x 10

6
) = ____________________________   = ___________________________ 

 

13. What is (6 x 10
-5

) · (4 x 10
3
)? 

 

 

Scientific and graphing calculators have the ability to make calculations using scientific notation.  If your 

calculator is made by Texas Instruments, find the EE key.  EE means “Enter Exponent”.  It may be a 

second function.  If it is made by Sharp or Casio, look for the EXP key.   

Example:  Multiply (6.3 x 10
12

) · (7.8 x 10
15

) using your calculator. 

Enter 6.3 then 2
nd

 EE 12  (pay attention to how your calculator shows the scientific notation). 

Press the X key 

Enter 7.8 then 2
nd

 EE 15 

Press the Enter key 

Your answer should be 4.914E28 which is equal to 4.914 x 10
28

. 

 

Multiplying variables with exponents 

We just saw that 10
2
  · 10

3
 = 10

5
.  Since the base remains the same and the exponents are added, then 

we can generalize this using variables. For example, x
2
 · x

3
 = x

5
, or more generally, 

The rule is   x
a
 · x

b
 = x

a+b
 

When the bases are the same, the product is found by adding the exponents. 
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14. a. Multiply x
5
x

6
    _____________ 

 

 b. Multiply x
-4

x
-6

  _____________ 

 

 c. Multiply x
-12

x
8
  ____________ 

 

Dividing scientific notation numbers by hand and with a calculator 

How would you divide 1 x 10
5
 by 1 x 10

3
? 

These could be written as 
$×$%,

$×$%'
=  

$%×$%×$%×$%×$%

$%×$%×$%
= 10�

 

 

Another way to do the division is by subtracting the exponent in the denominator from the exponent in 

the numerator (5 – 3 = 2).   

 

Example:   What is 1 x 10
3
 divided by 1 x 10

5
?    

These can be written as 
$×$%'

$×$%,
=  

$%×$%×$%

$%×$%×$%×$%×$%
=

$

$%&
 

However if we subtract the exponent 5 from the exponent 3 we get 10
-2

.  From this we can see 

that 10.� =
$

$%&
. 

We can generalize this to say that 10./ =
$

$%0
.  Therefore, a negative exponent can be written as a 

positive exponent by moving the term to the other side of the division bar. 

 

15.  What is (6 x 10
7
) / (3 x 10

4
)?  In this case, divide the mantissa in the numerator by the mantissa in 

the denominator then subtract the exponent in the denominator from the exponent in the 

numerator to find the power of 10. 

 (6 x 10
7
) / (3 x 10

4
) = __________________ 

 

 

16. What is (4 x 10
-6

) / (8 x 10
9
)?  This will give you a pseudo-scientific notation number.  Convert it to 

proper scientific notation. 

(4 x 10
-6

) / (8 x 10
9
) = _________________________ = ____________________________ 

 

 

17.  Use your calculator to find (6.3 x 10
12

) / (7.8 x 10
15

).     ___________________________. 
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Dividing variables with exponents 

There are 3 situations we encounter when dividing terms with exponents.  Assuming the base is the 

same, then the exponent in the numerator could be larger, the same as, or smaller than the exponent in 

the denominator.  The process is the same for all three methods. 

 Divide 
1,

1'
        

1,

1'
=

11111

111
= �� =  ��

 

 Divide 
1'

1'
       

1'

1'
=

111

111
= 1 

 Divide 
1'

1,
       

1'

1,
=

111

11111
=

$

11
=

$

1&
= �.� 

 

The rule is    
12

13
= �4.5 

 

18.  a. Divide 
16

1'
        ____________    b. Divide 

178

17,
     ____________     

 

 c. Divide 
18

17*
    _____________      d. Divide 

17*

17*
   ______________ 

 

Raise variables with exponents to a power. 

The final exponent rule to learn is how to raise an exponent to a power.  An example is (��)�. 

Since an exponent applies to the base it is next to, then the power of three indicates to multiply 

������ = �9.  The quicker way is to multiply the exponent 3 times the exponent 2 to get the 6. 

The rule is (�4)5 = �45 

 

19.  Raise x
-3

 to the 5
th

 power.      (�.�): = _________________ 
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Specific Objectives 

Students will understand that  

• the magnitude of large numbers is seen in place value and in scientific notation.  

• proportions are one way to compare numbers of varying magnitudes. 

• different comparisons may be needed to accurately compare two or more quantities. 

Students will be able to  

• express numbers in scientific notation.  

• estimate ratios of large numbers. 

• calculate ratios of large numbers. 

• use multiple computations to compare quantities. 

• compare and rank numbers including those of different magnitudes (millions, billions). 

 

Numerous scientists have conjectured about how long humans can sustain ourselves, as we cruise the 

solar system in our self-contained environment. One of the most important natural resources that 

humans need for survival is water. An influential United Nations report published in 2003 predicted that 

severe water shortages will affect 4 billion people by 2050. This report also said that 40 percent of the 

world’s population did not have access to adequate sanitation facilities in 2003.
1
 Humans need clean 

water not just for drinking, but for necessary tasks such as sanitation, growing food, and producing 

goods.  

You will use a measure of water consumption called a “water footprint” that includes all of the ways 

that people use fresh water. According to Waterwiki.net, “The water footprint of an individual, business, 

or nation is defined as the total volume of freshwater that is used to produce the goods and services 

consumed by the individual, business, or nation.”
2
 Goods are physical products such as food, clothes, 

books, or cars. Services are types of work done by other people. Examples of services are having your 

hair cut, having a mechanic fix your car, or having someone provide day care for your children. Fresh 

water is often used to make goods and to provide you with services.  

In this lesson, you are going to compare the populations of China, the United States, and India. You will 

go on to look at the water footprint for each nation as a whole and per person (“per capita”) to make 

some comparisons and to consider what this information might mean for the planet’s sustainability—

that is, Earth’s ability to continue to support human life. While there is no one definition of 

sustainability, most agree that “sustainability is improving the quality of human life while living within 

the carrying capacity of supporting eco-systems.” Carrying capacity refers to how many living plants, 

animals, and people Earth can support into the future.  

                                                           

1
Retrieved from Rajan, A. Forget carbon: you should be checking your water footprint. Monday, 21 April 2008. Link 

[http://www.independent.co.uk/environment/green-living/forget-carbon-you-should-be-checking-your-water-footprint-

812653.html] 
2
Retrieved from http://waterwiki.net/index.php/Water_footprint 
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Problem Situation 1: Comparing Populations 

You will begin by thinking of various ways you can compare different countries’ populations. Scientific 

notation will be a useful tool because it is a way to write large numbers. Recall that a number in 

scientific notation is written in the form: M x 10
n
 where 1 ≤ M < 10; and n is an integer.  

 (1) In 2014, the population of the United States was 317,000,000. Earth’s population was about  

7.2 billion. Write these numbers in scientific notation.  

 

 

 

 

(2) (a) Write a ratio comparing the U.S. population to the world’s population using a fraction.  How 

could you simplify the fraction so that it has smaller numbers in both the numerator and 

denominator? 

 

 

 

 

 

       (b) The ratio in part (a) compared a part of the world’s population to the whole world’s population, 

so it is reasonable to re-write it as a percentage.  Calculate the percentage  Write a contextual 

sentence for this result, which is a sentence that follows the Writing Principle (That is: Use specific 

and complete information. Someone who reads what you wrote should understand what you are 

trying to say, even if they have not read the question or writing prompt.) 
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(3) In 2014, the population of China was 1.39 billion. Compare China’s 2014 population to the world 

population with a ratio. Write your answer as a percent and as a fraction. Consider how many 

decimals to give in your final answer. 

 

 

 

 

 

 

 

(4) Compare China’s population with the population of the United States using a ratio with the U.S. 

population as the reference value (denominator).  Write a sentence that interprets this ratio in the 

given context (follow the Writing Principle). 
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Problem Situation 2: Comparing Water Footprints 

The population of the United States is the third largest in the world, exceeded only by China and India.  

Which country uses the most water?  Which country uses the most water per person?  We’ll now 

explore this.    

 

The table below gives the population and water footprints of China, India, and the United States for 

2011.  Notice the units used, given in the column labels. 

Country 
Population

3
 

(in millions) 

Total Water Footprint
4
 

(in 10
9
 cubic meters per year) 

China 1,346 1,368 

India 1,241 1,144 

United States 312 821 

(5) Re-write the information from the table above into the table below, expressing the numbers in 

standard notation and in scientific notation, rather than with the units used above.  The cell for 

China’s population is filled in already.  Complete the other five cells. 

Country Population 
Total Water Footprint 

(in cubic meters per year) 

 

China 

1,346,000,000 

 

1.346 x 10
9 

  

India 

   

United States 

   

 

  

                                                           

3
 http://www.prb.org/pdf11/2011population-data-sheet_eng.pdf 

4
 http://www.pnas.org/content/109/9/3232.abstract 

22



Lesson 1.4: Water Footprints 

Theme: Citizenship 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

(6)  (a) Complete this contextual sentence:   

The United States had about   _______________ million people in 2011. 

 

 (b) Write a contextual sentence describing the United States water footprint, using a number and 

word combination as in part (a). 

 

 

 

 

(7)  Notice that the countries are listed in the table from highest to lowest population. Using the data on 

Total Water Footprint, rank the countries (from highest to lowest) according to their total water 

footprint.  

 

 

(8)  In the fourth column in the table we want to put the amount of water used on average by each 

person in the country.  This is the “Water footprint per person”  (which is the same as “water 

footprint per capita”) for each country.   

-  Label this topic in the top row of column four, and write the units. 

-  Calculate and write in the table the water footprint per person for each country. 

 

 

 

(9) Rank the countries in order of water footprint per person (“per capita”) from highest to lowest.  

 

 

 

(10) In 2011 the average person in the United States used how many times more water than the average 

person in China? Justify your response.   
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(11) Write a contextual sentence to explain the meaning of your answer to the previous question. 

(Remember the Writing Principle: Use specific and complete information. Someone who reads what 

you wrote should understand what you are trying to say, even if they have not read the question or 

writing prompt.) 

 

 

 

 

 (12) In 2011 how many times larger was the population of China compared to the population of the U.S.  

Justify your response. 

  

 

 

 

 (13)  Write a few sentences relating the information of #11 and 12 and what this might mean in terms 

of sustainability. 
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Specific Objectives 

Students will understand that  

• units provide meaning to numbers in a context. 

• the units in an expression may be used as a guide for needed conversions. 

Students will be able to  

• use units to determine which conversion factors are needed for dimensional analysis. 

• use dimensional analysis to convert units and rates. 

Introduction to Dimensional Analysis 

Most numbers used in the real world have units attached, which clarify what the number is referring to.  

Examples of units are gallons, dollars, meters, miles, and pounds.  Some units are for geometric 

measurements such as area or volume.   Many disciplines such as medicine or engineering have special 

units for use in their field.   

This lesson will focus on a valuable strategy for converting from one set of units to another.  This skill is 

called dimensional analysis.  It is also known as unit analysis, unit-factor conversion, and the factor-

label method. 

The dimensional analysis strategy is based on three familiar ideas: 

• A fraction with equivalent expressions in the numerator and the denominator is equal to the 

number one.   Examples:      
3

3

a

a
 = 1          

2 5

7

+
 = 1       

� ���
� ��� = 1                  

• Multiplying something by the number 1 does not change its value.   

Example:         
$4.99

1
2 pounds

⋅   =  
$4.99

2 pounds
      

 However, multiplying by the number 1 can be used to change the way a something appears.   

 Example:  to rewrite fifths as tenths:    
4

5
  =  

4 2

5 2
⋅   =

8

10
 

• When multiplying fractions, if a factor occurs in both the numerator and the denominator, it can 

be divided out.  The common factor may be a number or a variable.  Example: 

 

     =  =   =  =    =    =  
3

14

g
 

 

 

3

7 2

g m

m
⋅ 3

7 2

g m

m

⋅ ⋅
⋅ ⋅

3

7 2

g m

m

⋅ ⋅
⋅ ⋅

3

7 2

g m

m

⋅ ⋅
⋅

3
1

7 2

g⋅ ⋅
⋅

3

7 2

g⋅
⋅
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The key to unit conversions with dimensional analysis is multiplying by the number one in the form of a 

conversion fraction.  Conversion fractions are fractions with different units in the numerator and 

denominator but in which the value of the numerator equals the value of the denominator.  Examples: 

Since 3 feet is equal to 1 yard, the fraction 
yard

feet

1

3
 = 1    and also the fraction 

feet

yard

3

1
 = 1. 

Since 1 hour equals 60 minutes, the fraction 
1

60

hour

minutes
 = 1   and also the fraction 

60

1

minutes

hour
 = 1. 

 

To use the dimensional analysis method: 

Start with the original quantity and multiply it by the number 1 written as a conversion fraction of two 

units so that the units you don’t want can divide out of the numerator and denominator.   

 

Example 1.  Convert 300 feet to yards.       

  ●  Start with 300 feet 

       ●  Mul6ply by a conversion fraction with feet in the denominator (so that the “feet” divides out of      

both numerator and denominator), and in the numerator you want to have yards  

       
1

300
3

yard
feet

feet

 
 
 

   =  yards
feet

yard
feet 100

3

1
300 =








 

Example 2.  Convert  30 ounces of weight to the metric unit of grams.  Determine conversion factors 

from the Unit Equivalencies table below, in the part for weight and mass.   

  ●  Start with 30 ounces.  

        ●  Mul6ply by a conversion fraction with ounces in the denominator, and you’d like grams in the 

numerator.  However, in the equivalencies table, it doesn’t say how many ounces equals how many 

grams.  But it does give equivalencies for ounces to pounds and then pounds to grams.  So we use 

two conversion fractions. 

   
30 1 453.6

1 16 1

ounces pound grams

ounces pound
⋅ ⋅  =

30 1 453.6

1 16 1

ounces pound grams

ounces pound
⋅ ⋅  = 

30 453.6

16

grams⋅
   

                =  850.5 grams 

 

Here is a link to a video that gives more examples of converting units using dimensional analysis. 

      https://www.youtube.com/watch?v=7N0lRJLwpPI 
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To create conversion fractions equal to 1, you must know which units are equivalent.  The table below 

provides some unit equivalencies. 

Notice the structure of the table:   

• Units of the U.S. system are in the left column.  Units of the Metric system are in the right column.  

The middle column shows some equivalencies between U.S. and metric units.    

• Different types of measurements are in different rows:  Length, Area, Capacity or Volume, Weight or 

Mass.   

• When you want to find what a particular unit is equivalent to, you need to locate the unit in the 

correct row and column of the table. 

  

Unit Equivalencies 

USCS (US Customary System) USCS – Metric Metric or SI 

Length 

12 inches (in) = 1 foot (ft) 

3 feet (ft) = 1 yard (yd) 

1760 yards (yd) = 1 mile (mi) 

5280 feet (ft) = 1 mile (mi) 

1 inch (in) = 2.54 centimeters cm) 

0.62 miles (mi) = 1 kilometer (km) 

1000 millimeters (mm) = 1 meter (m) 

1000 meters (m) = 1 kilometer (km) 

100 centimeters (cm) = 1 meter (m) 

Area 

1 square mile (mi
2
)= 640 acre (ac) 

1 acre (ac) = 43,560 square feet 

(ft
2
) 

2.471 acre (ac)  = 1 hectare (ha) 

1 square mile (mi
2
) = 2.59 square 

kilometers (km
2
) 

1 square kilometer (km
2
) = 100 

hectare (ha) 

1 hectare (ha) = 10,000 square 

meters (m
2
) 

Volume 

8 ounces (oz) = 1 cup (c) 

2 cups (c) = 1 pint (pt) 

2 pints (pt) = 1 quart (qt) 

4 quarts (qt) = 1 gallon (gal) 

1 cubic foot (ft
3
)=7.481 gallons (gal) 

1 quart (qt) = 0.946 liters (L) 1000 milliliters (ml) = 1 liter (L) 

1000 liters (L) = 1 cubic meter (m
3
) 

Weight or Mass 

16 ounces (oz) = 1 pounds (lb) 

2000 pounds (lb) = 1 ton 

2.20 pounds (lb) = 1 kilogram (kg) 

1 pound (lb) = 453.6 grams (g) 

1000 milligrams (mg) =  1 gram (g) 

1000 grams (g) =  1 kilogram (kg) 

1000 kilograms = 1 metric ton 
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Note about rates  

A ratio (that is, a fraction) that includes a unit in the numerator that is different from the unit in its 

denominator is typically called a “rate”.  Rates show how one variable changes for each change in the 

second variable.  For example, a rate of speed is  
�	 
�

�    which can be read as 35 miles per hour.  

The word “per” is the fraction line, the division bar.  “Miles per hour” means miles divided by 1 hour.  

Some common rates are abbreviated:  

“miles per hour” is often written as “mph”, and “miles per gallon” is often written as “mpg”. 

When doing calculations with a rate, it should be written as a fraction. 

 

Rates can be converted from one set of units to another.  This typically requires the use of several 

conversion fractions multiplied in sequence.    

 

Example 3:  Converting a rate.   Flow rate can be measured in cubic meters per hour.  If a river flows at 

200 cubic meters per hour, what is the flow rate in gallons per second? 

• Start with 200 cubic meters per hour which can be written as   

3200m

hour
 

• Then multiply by conversion fractions so that units you don’t want in the end will cancel. To 

form the conversion fractions find equivalent units for capacity or volume from the table. 

200 �� 
ℎ��� �1000 �

1 �� � � 1 ��
0.946 �� �1 �� 

4 �� � � 1 ℎ�
60 �!"� � 1 �!"

60 #$%� = 14.68 �� 
#$% 

Multiply numbers in the numerator, divide by numbers in the denominator.  In your calculator enter 200 

x 1000 / 0.946 / 4 / 60 / 60 enter.   

Notice the 200 is not cubed (it is the unit m that is cubed). 
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Problem Situation 1:  Using Dimensional Analysis 

(1) In the US we measure height in feet and inches.  In other parts of the world height is measured in 

meters.  Use dimensional analysis convert the height of a person who is 5 feet, 10 inches (70 inches) 

into meters.   

 

 

 

 

(2)   In the US we measure weight in pounds.  In other parts of the world weight is measured in 

kilograms.  Use dimensional analysis convert the weight of a person who is 180 pounds into 

kilograms. 

 

 

 

 

Texting while driving:  Washington state law*:  “a person operating a moving noncommercial motor 

vehicle who, by means of an electronic wireless communications device, sends, reads, or writes a text 

message, is guilty of a traffic infraction.”
1
 

Is texting while driving actually a problem?  A person might spend only 4 seconds to answer a text.  How 

far would the car go in that time?  It depends on the car’s speed.  

(3)  Suppose a car is traveling at 35 miles per hour. 

       (a)  Before calculating it, what do you think is the distance the car will travel in 4 seconds? 

 

       (b)  Use dimensional analysis to calculate the distance.   

 

  

 

 

                                                           

1
 there are exceptions related to emergencies, emergency vehicles, and totally voice-operated systems.  From 

http://apps.leg.wa.gov/rcw/default.aspx?cite=46.61.668  on 07/17/15 
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(4)  If a car is traveling at 45 miles per hour, how far will it travel in 4 seconds? 

 

 

 

 

 

(5)  If you are driving in Canada, following the posted speed limit of 80 km/hr, how many feet would you 

go during the 4 seconds spent texting?     

 

 

 

 

 

(6)  (a)  If the typical texting response time is between 2 seconds and 6 seconds, and a car is travelling at 

35 mph what is the typical distance a car would travel during a typical texting response? 

 

 

 

 

 (b)  Express the answer using inequality symbols (such as <  or  >). 

 

 

 

Using Dimensional Analysis for Area and Volume units 

See the “Resource: Length, Area, and Volume” page of this text to review the concepts and units of 

length, area, and volume.   

There are two methods of converting area and volume units.  The examples below show both of the 

methods.  Sometimes one method may be easier than the other. 
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Example 4A:  Area units conversion:   Convert 4 square feet to square inches.   

Method: Create a conversion fraction with equivalent square units 

•    First write the question using symbols for the units:   Convert 4 ft
2
  to  in

2
.   

•    As with other unit conversions, we want to multiply 4 ft
2
  by a conversion fraction with ft

2
  in 

the denominator and in
2
  in the numerator.  So we need to know how many ft

2
  equal how 

many in
2
.  You may not know this fact, which is fine because we can find it out from knowing 

the linear measurement equivalency that 1 ft = 12 in.  We will use that to find the area unit 

equivalency by squaring each side of the equation: 

                 1 ft = 12 in     

            (1 ft)
 2

 = (12 in)
 2

  

          1 ft)(1 ft) = (12 in)(12 in) 

          1•1•ft•ft = 12•12•in•in 

               1 ft
2
  =  144 in

2
    

 

These diagrams giving the geometric view of the algebra.  Each of these is one square foot.  Find 

the area by taking length times width. 

 

    Area = (1 ft)(1 ft)         Area = (12 in)(12 in) 

              = 1•1•ft•ft     = 12•12•in•in   

            =  1 ft
2
        = 144 in

2
    

 

• Now we know the area unit equivalency that 1 ft
2
 = 144 in

2
.  We use that to create the 

conversion fraction and complete the unit conversion. 

          4 '�(   )** �+,
) ��,    =   (4•144)  !"( 

       = 576 !"( 
       

• Conclude:     4 '�(    = 576 !"( 
     

   

1 ft 

1 ft 12 in 

12 in 
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Example 4B:  Area units conversion:   Convert 4 square feet to square inches.   

Method: Use conversion factor of equivalent linear units, and square that conversion factor 

•    First write the question using symbols for the units:   Convert 4 ft
2
  to  in

2
.   

•    We want to multiply 4 ft
2
  by a conversion fraction with ft

2
  in the denominator and in

2
  in the 

numerator.  If we could find a conversion factor for feet in the denominator and inches in the 

numerator, then we could square that entire fraction so we’d end up with square units.  The 

linear measurement equivalency that 1 ft = 12 in.  So we’ll use square the fraction (12 in/1ft). 

•  4 '�(  -12 !"
1 '� .2

   =   (4•12
2
)  !"( 

       = 576 !"( 
       

• Conclude:     4 '�(    = 576 !"( 
       

 

Example 5A:  Volume units conversion:   Convert 3,000,000 cubic centimeter to cubic meters.   

Method: Create a conversion fraction with equivalent cubic units 

•     First re-write in symbols:   convert  3,000,000 %��  to �� . 

•    To figure out the equivalency of the cubic units (how many %��  equals how many  ��) start 

with what we know about the linear units:   100 cm = 1 m.  Then cube both values: 

   100 cm = 1 m    

 (100 %�)�  = (1 �)�   

100•100•100•cm•cm•cm = 1•1•1•m•m•m 

1,000,000  %��  =  1  ��        

• Use this to equivalency to create the conversion fraction and carry out the conversion. 

3,000,000 %��  •  
) 
�

),222,222 3
�  =   
�,222,222
),222,222  ��  =  3 �� 

• Conclude:    3,000,000 %��  =  3 ��    
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Example 5B:  Volume units conversion:   Convert 3,000,000 cubic centimeter to cubic meters.   

Method: Use a conversion factor of equivalent linear units, and cube that conversion factor 

•    First re-write in symbols:   convert  3,000,000 %��  to �� . 

•    Find a conversion fraction for cm in the denominator and m in the numerator, and then cube 

that fraction.  We know 1 m = 100 cm, so use the conversion fraction  (1m / 100 cm) and cube 

it. 

•     3,000,000 %��  •  - )

)223
.�   =   

�,222,222•∙)•)•) 
)22•)22•)22   ��  =  3 �� 

• Conclude:    3,000,000 %��  =  3 ��    

 

Example 6:  Convert 100 km
2
  to square miles using linear equivalencies 

    100 6�( -)222 

) 7
 .( -)22 3


) 
 .( - ) �+
(.	* 3
.( - ) ��

)( �+.( - ) 
�
	(82 ��.( = 

   =   
)22•)222,•)22,

 (.	*,•)(,  • 	(82,   =   38.61 mi
2   

 

    Here is a link to a video showing more examples of converting area and cubic units: 

https://www.youtube.com/watch?v=aFAk8JA4-d8 

 

Problem Situation 2:  Length, Area, Volume 

We can think of our physical world as having 3 dimensions.  A length or distance is one dimension.  An 

area is 2 dimensions and a volume is 3 dimensions.  Examples of the type of units used for each of these 

are shown in the table of unit equivalencies.   

In this problem, you will determine various dimensions of your classroom.  

(7) Before measurements and calculations are done, make a guess for each of the following in the units 

provided.   

Length of room   ___________ feet      ____________ meters 

Area of floor        ___________ ft
2
         ____________ m

2
 

Volume of room ___________ ft
3
         ____________ m

3
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(8)  Measure and record the following information about the classroom.  

a) Length of this room in meters:  ________________ 

b) Width of this room in meters:  ________________ 

c) Height of this room in feet:  ________________ 

d) Calculate the area of the floor of this room in square meters:  ________________ 

 

(9) Length:  Use dimensional analysis and the information above to determine these lengths, showing 

work. 

a) Length of this room in feet:   

 

 

b) Height of this room in meters:  

 

 

 

 

 

(10)  Area:  Above you calculated the area of the floor of the room in square meters. 

Convert that area to square feet using dimensional analysis.   

Note:  There are at least two dimensional analysis ways of doing this.  One starts with conversion 

fractions in linear units.  The other uses conversion fractions for area units. 

Write out both of them. 

a) 

 

 

 

 

b) 
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(11)  Volume:  Find the volume of this room in cubic feet. 

 

 

 

 

 

(12)  Volume:  Use dimensional analysis to convert into cubic meters the volume that you just calculated 

in cubic feet.   

Note:  There are at least two dimensional analysis ways of doing this.  One starts with conversion 

fractions in linear units.  The other uses conversion fractions for volume units. 

Write out both of them. 

a) 

 

 

 

 

b) 

 

 

 

 

 

 

(13)   Rate:  We breathe about 10 liters of air each minute while being fairly still.
2
  How many cubic feet 

of air do we breathe each hour?   

 

 

 

 

 

 

 

 

 

 

                                                           

2
 http://www.arb.ca.gov/research/resnotes/notes/94-11.htm 
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Specific Objectives 

Students will understand that 

• units can be used as a guide to the operations required in the problem—that is, factors are 

positioned so that the appropriate units cancel. 

• the units required in a solution may be used as a guide to the operations required.  

Students will be able to 

• write a rate as a fraction. 

• use dimensional analysis to determine the factors in a series of operations to obtain solutions. 

• solve a complex problem with multiple pieces of information and steps. 

Problem Situation: Cost of Driving 

Jenna’s job requires her to travel. She owns a 2006 Toyota 4Runner, but she also has the option to rent 

a car for her travel. In either case, her employer will reimburse her the same amount for the mileage 

driven using the rate set by the Internal Revenue Service. In 2015, that rate was 57.5 cents/mile. In this 

lesson you will explore the question of whether it would be better for Jenna to drive her own car or to 

rent a car. 

(1) What do you need to know to calculate the cost of Jenna driving her own car? 

 

 

(2) What do you need to know to calculate the cost of Jenna renting a car? 

 

 

 (3) Gas mileage is rated for either city driving or highway driving. Most of Jenna’s travel will take place 

on the highway. For her next trip she needs to drive 193 miles from home, and then return.  The 

price of gas is $3.50/gallon. Her 4Runner gets 22 miles/gallon. If Jenna rents, she can request a 

small, fuel-efficient car such as the Hyundai Elantra, which gets 40 miles/gallon. 

 (a)  For which vehicle would the gas for this trip cost more? 

  Estimate about how much more it would cost.   Explain your strategy. 

 

  (b)  Calculate what the cost of the gas for the trip would be for each vehicle.   

Show your strategy/method. 
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(4)  Using the information below, calculate Jenna’s total cost of driving a rental car for a round trip.  

• Price of gas: $3.50/gallon 

• Length of trip (one way): 193 miles 

• Gas mileage of rental car: 40 miles/gallon1 

• Price of renting the car: $98.98 plus 15.3% tax (Gas is not included in the rental price. The car 

starts with a full tank of gas when rented and must be returned to the rental agency with a full 

tank) 

 

 

 

 

 

                                                           

1
Retrieved from www.fueleconomy.gov 

38



Lesson 1.6: The Cost of Driving 

Theme: Personal Finance  

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

(5) Using the information below and knowing Jenna already owns the car, calculate the extra cost for 

Jenna of driving her own car for this round trip.  

• Price of gas: $3.50 per gallon 

• Length of trip (one way): 193 miles 

• Gas mileage of Jenna’s car: 22 miles per gallon2 

• Insurance, registration, taxes: Jenna spends $2,000 a year on these expenses and last year 

she drove about 21,600 miles (Note that these costs can vary greatly depending on location 

and the individual.) 

 Maintenance costs for Jenna’s car: 

• General maintenance (oil and fluid changes): $40 every 3,000 miles 

• Tires: Tires for Jenna’s car cost $920; they are supposed to be replaced every 50,000 miles 

• Repairs: The website Edmonds.com estimates that repairs on a three-year-old 2009 

4Runner will be approximately $328 per year; this is based on driving 15,000 miles3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(6) Which would you recommend to Jenna, that she rent a car or use her own car for the trip?  Explain 

why. 

 

 

                                                           

2
 Retrieved from www.fueleconomy.gov 

3
 Retrieved from www.edmunds.com/toyota/4runner/2006/tco.html?style=100614746 
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(7) Suppose Jenna will be taking a series of trips of varying lengths over the next month, and will be 

using her own car for these trips.  She wants to know the “cost per mile” for using her own car.   

 (a) What factors that affect the cost per mile might change over the course of a month? 

 

 

 

(b)  Write an expression for the cost per mile of using her car for these trips.  Define any variables 

you use.  To think this through, you might start with these ideas: 

- Cost per mile is    (total costs) / (total miles).   

- We don’t know the total miles since it varies in different months.  So that will be a variable. 

- To consider what all the costs are, remember that in the earlier question (5) you dealt with all 

the costs for one particular trip. 

 

 

 

 

 

 

 

 

 

 

(c)  What factors that affect the cost per mile might Jenna be able to change over the course of a 

year or longer? 

 

 

 

 

 

 

 

 

 

 

Further Application:   

  Recall that whether Jenna rents a car or drives her own car, her employer will reimburse her the 

same amount for the mileage driven using the rate set by the Internal Revenue Service. In 2015, that 

rate was 57.5 cents/mile.    

a) If Jenna drives her own car, will this reimbursement cover all of her extra costs?  If so, how much 

“profit” will she make? 

b) What if Jenna rents a car – will this reimbursement cover all her extra costs?  Does this depend 

on other factors?  If so, what? 
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Specific Objectives 

Students will understand that 

• they can find formulas through the Internet and printed resources. 

• a variable can be used to represent an unknown. 

• using a formula requires knowing what each variable represents. 

• they must know the appropriate units for length, area, and volume. 

• units and dimensional analysis are helpful in working with formulas. 

Students will be able to 

• use formulas from geometry, use dimensional analysis,  and perform calculations that involve 

rates and measures to support financial decisions. 

• evaluate an expression. 

 

Introduction to lesson 

Geometric concepts of length, area, and volume are used in this lesson.  Review the Resource page on 

these topics. 

Problem Situation: Home Improvements 

Bob and Carol Mazursky have purchased a home and they want to make some improvements to it. In 

the following problems, you will calculate the costs of those improvements. You will use a scale drawing 

of the house and lot to assist you. 

(1) Review the drawing of the house and lot (Figure 1 below).  

(a)  What does the scale of the drawing mean? 

 

(b)  Estimate and write the dimensions of the whole lot (all of their property).    

 

      - Use the dimensions to estimate the area of their lot.  Include units with answers, of course. 

 

- Use the dimensions to estimate the perimeter of their lot. 

 

 

 

 (c)  Estimate the number of square feet in their house.   (Assume it is a one-floor house.) 
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Figure 1:  This scale drawing shows the rectangular lot, house, driveway, front yard, and back yard. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (2) The Mazurskys are expecting their first child in several months and want to get the backyard 

fertilized and reseeded before little Ted or Alice comes along. They found an ad for Gerry’s Green 

Team lawn service (see below). Gerry came to their house and said that the job would take about 

half a work day and would cost about $600. Is Gerry’s estimate consistent with his advertisement? 

Gerry’s Green Team    

   Itemized Costs: Grass seed 4 pounds per 1,000 sq. ft. @$1.25 per pound 

 Fertilizer 50 pounds per 12,000 sq. ft. @ $0.50 per pound 

 Labor 4 hours @ $45 per hour 

advertisement 

 

20 ft 

30 ft 

Driveway 

House Front yard Back yard 
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(3) The Mazurskys want to build a chain link fence around the backyard (the fence is already shown in 

the diagram in Figure 1). The fence would have two gates on either side of the house. They decide to 

do the work themselves. They need an inline post at least every 8 feet along the fence, a corner post 

at each corner, and a corner post on each side of the gates. The cost for the materials is shown in 

the advertisement below. The total cost will include 9.4% sales tax. Calculate the cost of the 

materials required to fence in the backyard.  

DO IT YOURSELF SPECIAL — Chain-Link Fence 

  Chain-link fence—$21 per linear yard 

 48-inch wide gate—$75 each 

 Inline posts—$12.50 each 

 Corner/gate posts—$20 each 

HIGH Home Improvement—Your Fencing Specialist 
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(4) There is a brick grill in the backyard. Bob and Carol are going to make a concrete patio in the shape 

of a semicircle next to the grill.  (The patio is the shaded area marked in Figure 2.) The patio’s 

concrete slab needs to be at least 2 inches thick. They will use 40-pound bags of premixed concrete. 

Each 40-pound bag makes 0.30 cubic feet of concrete and costs $6.50. How much will the materials 

cost, including the 9.4% tax? 

Figure 2 

 

 

 

 

 

 

 

 

 

 

 

 

44



Lesson 1.8: Percentages in Many Forms 

Theme: Personal Finance 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

Specific Objectives 

Students will understand that  

• estimation is a valuable skill. 

• standard benchmarks can be used in estimation. 

• there are many strategies for estimating. 

• percentages are an important quantitative concept. 

Students will be able to  

• use a few standard benchmarks to estimate percentages (i.e., 1%, 10%, 25%, 33%, 50%, 66%, 

75%). 

• estimate the percent one number is of another. 

• estimate the percent of a number, including situations involving percentages less than one. 

• calculate the percent one number is of another. 

• calculate the percent of a number, including situations involving percentages less than one. 

Problem Situation: Estimations with Percentages 

Strong estimation skills allow you to make quick calculations when it is inconvenient or unnecessary to 

calculate exact results. You can also use estimation to check the results of a calculation. If the answer is 

not close to your estimate, you know that you need to check your work. There are different types of 

estimation. 

• Educated guess: One type of estimation might be called an “educated guess” about something 

that has not been measured exactly. In Lesson 1.2, you used estimations of the U.S debt. This 

quantity cannot be measured exactly. Scientists can use good data and mathematical techniques 

to estimate the debt, but it will always be an estimate.  

• Convenient estimation: Sometimes estimations are used when it is inconvenient or not 

worthwhile to make an exact count. Imagine that you need to know how much paint to buy to 

paint the baseboard trim in your house. (The baseboard trim is the piece of wood that follows 

along the bottom of the walls.) You need to know the length of the baseboard. You could 

measure the length of each wall to the nearest 1/8 inch and carefully subtract the width of halls 

and doors. It would be much quicker and just as effective to measure to the nearest foot or half 

foot. If you were cutting a piece of baseboard to go along the floor, however, you would want 

an exact measurement. 

• Estimated calculation: This usually involves rounding numbers to make calculations simpler. 

Lesson 1.8 focuses on estimating and calculating percentages. You will find in this course that 

percentages are used in many contexts. One of the most important skills you will develop is 

understanding and being comfortable working with percentages in a variety of situations.  

In this course, you will make estimations and explain the strategies you used to generate estimations. 

There is not one best strategy. It is important that you develop strategies that make sense to you. A 

strategy is wrong only if it is mathematically incorrect (like saying that 25% is 1/2). In the following 

section, you will practice your use of estimation strategies to answer the questions and calculate 

percentages.  
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Use estimation to answer the following questions. Try to make your estimation calculations mentally. 

Write down your work if you need to, but do not use a calculator. First, complete the problem yourself. 

When you complete the problem, discuss your estimation strategy with your group. Your group should   

find at least two different strategies for each problem.  

1. Quick percent estimations 

a) Describe two quick ways to find approximately 33% of 59 books. 

 

 

b) Describe two quick ways to find approximately 25% of $98.50. 

 

 

c) Describe two quick ways to find approximately 2% of 150 people. 

 

 

d) Describe two quick ways to find approximately 0.5% of $14.95. 

 

 

2. Quick fractions to percents 

a) 5 out of 25 is _____% 

b) 20 out of 80 is ____% 

c) 3 out of 298 is ____% 

d) 1 out of 1000 is ____% 

 

3.    You are shopping for a coat and find one that is on sale. The coat’s regular price is $87.99. What is 

your estimate of the sale price based on each of the following discounts? 

 (a) 25% off 

 

 

 (b) 70% off 
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Estimations help you make calculations quickly in daily situations. This next problem shows how 

estimates of percentages can be used to make comparisons among groups of different sizes.  

4.    A law enforcement officer reviews the following data from two precincts. She makes a quick 

estimate to answer the following question: “If a violent incident occurs, in which precinct is it more 

likely to involve a weapon?” Make an estimate to answer this question and explain your strategy.  

  

Precinct Number of Violent Incidents 
Number of Violent Incidents  

Involving a Weapon 

1 25 5 

2 122 18 

 

 

 

5.    You have a credit card that awards you a “cash back bonus.” This means that every time you use 

your credit card to make a purchase, you earn back a percentage of the money you spend. Your card 

gives you a bonus of 0.5%. Estimate your award on $462 in purchases. 

 

 

 

From Estimation to Exact Calculation 

Being able to calculate with percentages is also very important. In the situation in Question 1, an 

estimate of the sale price will help you decide whether to buy the coat. However, the storeowner needs 

to make an exact calculation to know how much to charge. In Question 2, an estimate helps the officer 

get a sense of the situation, but if she is writing a report, she will want exact figures. 

Calculate the exact answers for the situations in Questions 3 - 5. You may use a calculator. Show your 

work.  

6.  If the coat’s regular price is $87.99, what is the exact sale price based on each of the following 

discounts? 

(a) 25% off 

 

(b) 70% off 
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7.  For each precinct, what is the exact percentage of incidents that involve a weapon? Round your 

calculation to the nearest 1%. 

 

 

 

8. Calculate the exact amount of your “cash back bonus” if your credit card awards a 0.5% bonus and 

you charge $462 on your credit card. 
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Specific Objectives 

Students will understand that  

• quantitative reasoning and math skills can be applied in various contexts. 

• creditworthiness affects credit card interest rates and the amount paid by the consumer. 

• reading quantitative information requires filtering out unimportant information. 

Students will be able to  

• recognize common mathematical concepts used in different contexts. 

• apply skills and concepts from previous lessons in new contexts. 

• identify a complete response to a prompt asking for connections between mathematical 

concepts and a context. 

• write a statement about quantitative information in context. 

• write a spreadsheet formula. 

Problem Situation: Understanding Credit Cards 

When you use a credit card, you can pay off the entire balance at the end of the month and avoid paying 

any interest. If you do not pay the full amount, you are borrowing money from the credit card company. 

This is called credit card debt. Many people in the United States are concerned about the amount of 

credit card debt for both individuals and for society in general. In this lesson, you will use skills and ideas 

from previous lessons to think about some issues related to credit cards. You may want to refer back to 

the previous lessons. 

(1) According to the Federal Reserve System the total credit card debt carried by Americans as of March 

2015 was 848.1 billion dollars.1 Write this amount in three other ways (words, number-word 

combination, scientific notation, standard notation, etc.) 

 

 

 

You will use the following information from a credit card disclosure for Questions 2 and 3. 

Annual Percentage 

Rate (APR) for 

Purchases 

0.00% introductory APR for 6 months from the date of account opening. 

After that, your APR will be 10.99% to 23.99% based on your creditworthiness. 

This APR will vary with the market based on the Prime Rate
2
. 

(2)  The Annual Percentage Rate varies with the market based on the Prime Rate. What is “Prime Rate”? 

                                                           

1
 Retrieved from http://www.federalreserve.gov/releases/g19/current/ 

2 “Prime rate” is a base interest rate that banks charge their commercial customers. 
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(3)   APR stands for Annual Percentage Rate. It is the total interest rate for the entire year. However, we 

normally make a credit card payment each month. The amount of interest paid each month is called 

the Periodic Rate. Find the monthly Periodic Rate for an APR of 10.99%, rounded to two decimal 

places. 

 

 

(4)  Creditworthiness is measured by a “credit score,” with a high credit score indicating good credit. In 

the following questions, you will explore how your credit score can affect how much you have to pay 

in order to borrow money. Juanita and Brian both have a credit card with the terms in the disclosure 

form given above. They have both had their credit cards for more than 6 months. 

(a) Juanita has good credit and gets the lowest interest rate possible for this card. She is not able to 

pay off her balance each month, so she pays interest. Estimate how much interest Juanita would 

pay in the month of January if her unpaid balance is $5000. Explain your estimation strategy. 

 

 

(b)  If Juanita maintains an average balance of $5000 every month for a year, estimate how much 

interest she will pay in a year. Explain your estimation strategy. 

 

 

 

(c) Brian has a very low credit score and has to pay the highest interest rate. He is not able  

to pay off his balance each month, so he pays interest. Calculate how much interest he would 

pay in the month of January if his balance is $5000. 

 

 

 

(d)  If Brian maintains an average balance of $5000 every month for a year, calculate how much 

interest he will pay in a year. 
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You will use the following information from the disclosure for Question 5. A cash advance is when you 

use your credit card to get cash instead of using it to make a purchase. 

Annual Percentage 

Rate (APR) for 

Purchases 

After that, your APR will be 10.99% to 23.99% based on your 

creditworthiness. This APR will vary with the market based on the Prime Rate. 

APR for Cash 

Advances 
28.99%. This APR will vary with the market based on the Prime Rate. 

(5) Discuss each of the following statements. Decide if it is a reasonable statement. 

(a) Jeff pays the highest interest rate for purchases. For a cash advance, he would pay $0.05 more 

for each dollar he charges to his card. 

 

(b) Lois pays the lowest interest rate for purchases.  If she purchased a $400 TV using a cash 

advance, she would pay about two-and-a-half times as much interest as she would if she used 

the card as a regular purchase. 

 

 

Brian used a spreadsheet to record his credit card charges for a month. 

 

Brian entered the following formula in cell B7 to calculate his interest for these charges for one month.  

= ( )0.2399 /12 *( 2 3 4 5)B B B B+ + +  

(6) Which of the following statements best explains what the expression means in terms of the context? 

(i) Brian added his individual charges. Then he divided 0.2399 by 12. Then he multiplied the two 

numbers. 

(ii) Brian found the interest charge for the month by dividing 0.2399 by 12 and multiplying it by the 

sum of Column B. 

(iii) Brian found the periodic rate by dividing his APR of 0.2399 by 12 months. He then added the 

individual charges to get the total amount charged to the credit card.  He multiplied the periodic 

rate by the total charges to find the interest charge for the month.  
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(7)   Write two other formulas that Brian could have used to calculate his interest charge. 

 

 

 

 

 

(8)  Write a statement about one of these formulas that explains the mathematical expression in its 

context.  

 

 

 

(9)  What are some things that might affect your credit score? 

 

 

52



Lesson 2.1: A Taxing Set of Problems 

Theme: Personal Finance 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

Specific Objectives 

Students will understand 

• terminology such as gross income, adjusted income, taxable income. 

• the distinction between variables and constants. 

• the distinction between expressions, equations, and inequalities. 

• equations represent relationships between unknown quantities. 

 

Students will be able to 

• interpret information from a tax table. 

• apply concept of percentage in given context. 

• simplify algebraic expressions and equations using the distributive property. 

• evaluate expressions. 

• construct equations to represent relationships between unknown quantities. 

 

In the United States, people pay income tax on any income they earn during the year.  The total amount 

of money they earn through work, investments, and other means is called total income.  From this, 

people are able to deduct certain things, like retirement contributions and tuition payments, reducing 

their income to what is called their adjusted gross income.  From this, certain expenses can be deduced 

resulting in the taxable income that tax is actually calculated on. 

 

Taxes can be, as you've probably heard, fairly complicated, but for this lesson we are going to focus on a 

simple case. 

• A married couple with no kids, filing jointly.  No one can claim either as a dependent. 

• Together, they earned $93,000 of wage income, and had no interest or other income 

 

1. Because their situation is pretty simple, this couple can fill out a 1040EZ tax form.  As the name 

implies, this is the easy form for simple cases.  Fill out the income portion of the form to find the 

couple's taxable income 
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2. Usually tax owed is looked up from a tax table.   

a. You would use the first line of the table if the taxable income 

from line 6  is at least 72,000 but less than 72,050.  Write this as 

a compound inequality, using t to represent the income from 

line 6. 

 

 

 

 

 

b. Use the table provided to determine the tax the couple owes. 

 

 

 

 

 

Alternatively, the couple could calculate the tax based on tax rate information.  A portion of the rate 

table from 2014 is shown.   

If Taxable Income Is: The Tax Is: 

Not over $18,150 10% of the taxable income 

Over $18,150 but not over $73,800 $1,815 plus 15% of the excess over $18,150 

Over $73,800 but not over $148,850 $10,162.50 plus 25% of the excess over $73,800 

Over $148,850 but not over $226,850 $28,925 plus 28% of the excess over $148,850 

 

The rates you see on the right (10%, 15%, 25%, 28%) are called marginal tax rates, but most people just 

call them tax brackets. 

3. Use the tax rates above to calculate the couple's tax.  Does it match the tax table? 
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4. A commonly held belief is that marginal tax rate applies to all of a person's taxable income.   

a. Does the couple owe 15% of their taxable income?   

 

 

 

 

b. If not, what percent of their taxable income are they paying? 

 

 

 

Sometimes people have been hesitant to accept raises, worried that it will push them into a new tax 

bracket and they'll end up losing money. 

5. Suppose the couple got an unexpected $1,500 bonus at the end of the year, pushing them into the 

25% marginal rate tax bracket.   

a. How much tax will they pay?   

 

 

 

 

 

b. After paying taxes, will the couple end up with less take-home pay because the bonus 

pushed them into a higher tax bracket? 

 

 

 

 

While we can easily calculate an individual’s taxes using the tax form, it is very tedious to have to fill out 

the form over and over again if you have a large number of people that all fit the same conditions.  This 

is somewhere where an equation with variables would be helpful. 

You’ve seen equations and formulas before.  For example, the area equation for a circle, � = ���, is a 

an equation that relates two variables, r and A.  Variables are letters used to represent unknown or 

changeable quantities.  A formula or equation relates two or more variables, usually showing how one 

variable can be calculated from the other variables. 

An expression consists of numbers and variables.  It does not contain an equals sign, whereas an 

equation always does include an equal sign.  An inequality is like an equation, but involves an inequality 

sign. 
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Examples: 

 3� + 2
 + 4   2�� + 5  expressions   

 
 = 2�� + 5   3� − 2
 = 4   equations   

 
 < 2� + 3   � + 2� ≥ 4   inequalities 

In math, the things we typically do depends on what kind of thing we’re working with.  With 

expressions, we often simplify, by combining like terms and distributing.  Sometimes we might evaluate 

an expression by replacing the variables with values and calculating the value. 

• Combining like terms:  Terms can only be added only if they contain the same power of the 

same variables.  For example, 3� and 5� are like terms, but 2 and �� are not. 

• Distributing:  ��� + �� = �� + �� 

 

6. Simplify these expressions: 

a.  3x + 4 – 5x + 6          b.  3(x – 2) 

 

 

 

c.  5(2x – 3) – 4(3x + 2) 

 

 

 

 

 

7. Evaluate these expressions using the given values for the variables: 

a. Evaluate 3x if x = 6    b.  Evaluate 4x – 2 if x = -5 

 

 

c.  Evaluate 3x2 – 5x + 3 if x = -2   d.    Evaluate LW  if L = 5 and W = 4 

 

 

e. Evaluate πr2 if r = 6     
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While tax tables and the tax rates work well for calculating tax for a single individual, a business might 

want to create a spreadsheet that automatically calculates the tax for an individual based on their 

taxable income.  To do this, they need to write a formula. Let T be amount of tax owed, x be their 

taxable income, and w be their wage income. 

8. Assume that we're only interested in couples with taxable incomes between $18,150 and $73,800. 

a. Write an equation that will take taxable income, x, and compute the tax, T, they owe. 

 

 

 

 

 

 

 

b. Simplify the formula using distribution and combining like terms, as needed. 

 

 

 

 

 

 

 

 

9. Assume also that we're only interested in couples who fill out a 1040EZ and only have wage income. 

a. Write an equation that will take their wage income, w, and compute the tax, T, they owe. 

 

 

 

 

 

 

 

b. Simplify the formula using distribution and combining like terms, as needed. 
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Specific Objectives 

Students will understand that 

• an inequality represents a range of values. 

• a compound inequality represents a range of numbers between two end values. 

• solutions to inequalities are a range of numbers. 

• solving inequalities is very similar to solving equations  (with one important difference.) 

 

Students will be able to 

• solve linear equations in one variable. 

• construct inequalities to represent real-world relationships. 

• solve simple and compound inequalities. 

• represent solutions using interval and number-line notations. 

 

In the last lesson, you worked with expressions, which consist of numbers and variables, but do not 

contain an equal sign.  In this lesson we will focus on equations, which always include an equal sign, and 

inequalities, which are like an equation but involves an inequality sign. 

Usually with equations what we need to do is solve the equation.  When the equation involves one 

variable, we solve for the value of that variable that makes the equation true.  When the equation 

involves more than one variable, we solve for one variable in terms of the others, so we can easily 

calculate the value of that variable when we know values for the others. 

Equations can be solved by using the properties of equality, which states that whatever you do to one 

side of an equation, you must do to the other side to maintain the equality. 

Additive Property of equality (works for subtraction too)   If A = B, then A + C = B + C 

        If A = B, then A – C = B – C  

Multiplicative Property of equality (works for division too)   If A = B, then AC = BC 

        If A = B, then A/C = B/C     (C ≠ 0) 

 

Example:  Solve 3� + 4 = 19 

Subtract 4 from both sides:   3� + 4 − 4 = 19 − 4 

    3� = 15 

Divide both sides by 3:  

�



=

�



 

    � = 5 

 

Sometimes we need to simplify before solving. 
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1. Solve these equations: 

a.  3� + 4 = −8      b.  −2� + 6 = 5� + 15 

 

 

 

 

 

 

c.  4� + 5 − 5� + 6 =  5 − 3(� − 4) 

 

 

 

 

 

In the last lesson, you came up with a formula for the tax a couple owed based on their wage income.  A 

similar formula for a single person with taxable income more than $9,075 but not over $36,900 is 

 � = 0.15� − 1976.25, where T is the tax owed, and w is the wage income. 

This formula is an example of a linear equation, and equation where every term is a constant or a single 

variable not raised to a power.  This particular linear equation involves two variables.  In this equation w 

would be considered the input or independent variable since it is the value typically provided to the 

equation, and T is the output or dependent variable since its value depends on the input, and its value 

is the output of the expression on the right side of the equation. 

2. Using the formula provided, find the tax owed by someone with wage income of $30,000. 

 

 

 

3. Using the formula provided, find the wage income of someone who owes $3,423.75 in taxes. 
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A difficulty with our equation is that the input is wage income, but the formula gives a range of taxable 

incomes it works for.  This is confusing.  To rectify this, we need to talk about inequalities.  Inequalities 

can be used for comparisons, and to represent sets of values. 

Inequalities Representing Comparisons 

• The inequality 2 < 7 is a comparison, stating the 2 is smaller than 7. Likewise, 4 > -8 means 4 is 

greater than -8. 

• If the variable S represented the numbers of hours you spent studying last week, and G 

represented the number of hours you spent playing video games last week, then the inequality 

 S ≥ G would say that the number of hours you spent studying was equal to or greater than the 

number of hours you spent playing video games. 

• In common language, this would probably get stated equivalently as "you spent the same or 

more hours studying compared to hours playing video games" or "you spent at least as many 

hours studying as you did playing video games". 

 

Inequalities Representing Sets of Values 

Inequalities can also be used to represent a set of values  

• For example, suppose an employer pays benefits for anyone who works 20 or more hours a 

week. If we let h represent the number of hours a week someone works, then we could 

represent the people who earn benefits using the inequality h ≥ 20.  Graphically this could be 

illustrated as an interval on a number line: 

 
 

• To represent a set of values between two bounds, a compound inequality is used. For example, 

the statement "this tax credit is available for people making from $25,000 up to $45,000" could 

be represented by the compound inequality 25,000 ≤ x ≤ 45,000, where x represents income.  

Graphically this is illustrated as an interval on the number line that includes both endpoints: 

 
 

• When writing compound inequalities, it is most common to write them with less-than or less-

than-or-equal symbols. It is essential that the value on the left also be less than the value on the 

right.  For example, 2 < x < 7  is a valid compound inequality, but 5 < x < 2 is not, because 5 is not 

less than 2, so it is impossible for x to be both larger than 5 and less than 2. 

 

Interval notation is another way to represent an inequality representing a set or range of values.  

• For example,  2 < x < 7  in interval notation is written as  (2 , 7). 

The parentheses indicate that the 2 and 7 are not included in the interval.   

• If the endpoints were included, then square brackets would be used rather than parentheses.  

So:     2 < x < 7  in interval notation is written as  [2 , 7]. 
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Examples of sets of values, represented in words, inequalities, interval notation, and graphs: 

All of the numbers between 0 and 3 

Inequality:  0 < x < 3                 Interval:  (0, 3)    

 
 

All of the numbers between 0 and 3 and including 0 and 3 

Inequality:  0 < x < 3                 Interval:  [0, 3] 

 

 

All of the numbers greater than 1.  Notice that the interval notation uses the infinity symbol, ∞. 

Inequality:  x > 1                    Interval:  (1, ∞) 

 

 

All of the real numbers.   

                                Interval:  (-∞, ∞) 

 

 

Your report must be more than 3 pages long but must be a max of 10 pages. 

Inequality:  3 < n <  10             Interval:   (3, 10] 

 

 

A grade of “C” in the course is earned when a student has a grade average, g, from .75 (75%) up 

to but not including .85 (85%) 

Inequality:  0.75 < g < 0.85       Interval:   [.75, .85)                  

 

Note:  When the infinity sign ∞ is used in interval notaMon, a parenthesis is always placed next to it, not 

a square bracket, because there is no ending value  

 

0.8 0.9 1.0 0.5 0.6 0.7 

5 6 7 8 9 10 0 1 2 3 4 

0 1 2 3 4 5 -5 -4 -3 -2 -1 

0 1 2 3 4 5 -5 -4 -3 -2 -1 

0 1 2 3 4 5 -5 -4 -3 -2 -1 

0 1 2 3 4 5 -5 -4 -3 -2 -1 
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Comparison of Expressions, Equations, and Inequalities 

Look at the table below for some examples of how expressions, equations, and inequalities compare. 

Symbol Meaning Comments 

� � represents some number.  This is a variable. 

We don’t know what that number is. 

� = 8 � equals 8 This is an equation. 

We are certain that x is equal to 8 

� < 8 � represents all those numbers 

less than 8. 

� can be any number less than 8.  

   

� + 5 Represents the idea that I am 

adding 5 to whatever � is. 

This is called an expression 

� + 5 = 8 � is some number that when I add 

5 to it, I get 8. 

This is called an equation. 

If I add 5 to the number 3, I get 8 so if 

I solve the equation,  

� = 3 

� + 5 < 8 � is some number that when I add 

5 to it, I get something less than 8.  

Any number less than 3 can be added 

to 5, the sum will still be less than 8, 

so if I solve the inequality, 

� < 3 
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Solving Equations and Inequalities 

Here are some examples of solving equations and inequalities. 

EQUATION INEQUALITY COMPOUND INEQUALITY 

� + 5 = 8 

� + 5 − 5 = 8 − 5 

� = 3 

 

 

Check:  3 + 5 = 8     TRUE 

� + 5 < 8 

� + 5 − 5 < 8 − 5 

� < 3 

 

In interval notation: (-∞, 3) 

Check:  For example, pick 1 for x 

then     1 + 5 < 8     TRUE 

Or pick  – 4 for x;  – 4 + 5 < 8 

 

Pick 2.9 for x;    2.9 + 5 < 8 

Pick 2.99 for x; 2.99 + 5 < 8 

Pick 4 for x; 4 + 5 < 8 NOT TRUE 

1 < � + 5 ≤ 8 

1 − 5 < � + 5 − 5 ≤ 8 − 5 

−4 < � ≤ 3 

 

In interval notation: (-4, 3] 

Check: For example, pick 2 for x, 

then 1 < 2 + 5 ≤ 8   TRUE 

 

Or pick – 4 for x, then  

         1 < – 4 + 5 ≤ 8  NOT TRUE 

Pick 4 for x, then 

         1 < 4 + 5 ≤ 8   NOT TRUE 

 

4. Solve each of these equations and inequalities.  Represent your solution on the number line and in 

interval notation. 

a.  � + 5 > 8      b.  2� + 5 = 8 

 

 

 

 

    

c.  2� + 5 ≤ 8     d.  1 ≤ 2� + 5 < 8 

 

 

 

 

    
0 5 -5 0 5 -5 

0 5 -5 0 5 -5 

0 5 -5 0 5 -5 0 5 -5 
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How Solving Inequalities is Different than Solving Equation 

5. In this problem we will explore how solving inequalities is different than solving equations. 

a.  Are the following statements true?  

 i.   1 < 2    ii.  -1 < 2 

b.   Let us multiply both sides of each inequality by  3. 

1 < 2           – 1 < 2 

 3(1) <  3(2)       3(– 1) < 3(2) 

 3 < 6             – 3 <  6 

 

Are the above statements still true?  

 

c.  Now let us multiply both sides of each inequality by  – 3. 

    1 < 2     – 1 < 2 

– 3(1) < – 3(2)   – 3(– 1) < – 3(2) 

  – 3 < – 6              3 < – 6 

 

Are the above statements still true?  If not, how could we make the statements true? 

 

What does this suggest about multiplying an inequality by a negative number? 

 

 

d.  Is the following inequality true?  4 < 8 

Divide both sides by –2   
�

��
<

�

��
 

     – 2 < – 4    

Is the inequality still true?  If not, how could we make this statement true? 

 

What does this suggest about dividing an inequality by a negative number? 
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When we solve inequalities, you use the same rules as for equations, except: 

• When you multiply or divide each side of the inequality by a negative number, you must change 

the direction of the inequality symbol. 

 

6. Now solve these equation and inequalities. For the inequalities, give the solutions in interval and 

number line notations. 

−2� + 5 = 8 

 

 

 

 

 

 

 

 

 

 

 

−2� + 5 < 8 

 

 

 

 

 

 

 

 

 

 

 

1 < −2� + 5 < 8 

 

 

 

 

 

 

 

 

 

 

 

 

7. Think back to our tax calculation formula.  We know the formula we used was valid when 

9,075 < � ≤ 36,900, where x represents the taxable income.  For a single person with only wage 

income, the taxable income is wage income minus a $10,150 deduction, so � = � − 10,150.  

Substituting this into the inequality above gives  9,075 < � − 10,150 ≤ 36,900.  Solve this 

inequality.  What does the solution tell us? 

 

 

0 5 -5 0 5 -5 0 5 -5 
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Specific Objectives 

Students will understand that  

• percents involve a numerator (comparison value) and a denominator (reference value). 

Students will be able to  

• correctly identify the quantities involved in a verbal statement about percents. 

• convert between ratios and percents. 

• convert between the decimal representation of a number and a percent. 

• read and use information presented in a two-way table. 

Problem Situation: The Language of Percentages 

The World Health Organization (www.who.org) is the part of the United Nations that oversees health 

issues in the world. The WHO leads numerous studies on tobacco use around the world. In its study on 

Gender and Tobacco, the organization learned that tobacco use among women is increasing. For 

example, recent research shows that just as many young girls smoke as young boys. The report is filled 

with information about percentages of women who smoke, percentages of men who smoke, and the 

percentage of smokers who start smoking by age 10. The language used to describe this information  

can be difficult to understand. Pay close attention to the language used to describe a percent at the 

beginning of this lesson. This will help you to understand new findings in the relationship between 

tobacco use and gender.
1
 

Consider the following two quantities: 

• Quantity 1 (Q1): The percentage of women who smoke. 

• Quantity 2 (Q2): The percentage of smokers who are women. 

(1) Are these two quantities equal (Q1 = Q2)? Could Q1 be greater than Q2 (Q1 > Q2)? Could Q1 be less 

than Q2 (Q1 < Q2)? Be prepared to explain your reasoning. 

 

 

(2) What information would you need to compute these percentages? 

 

                                                           

1
Retrieved from www.who.int/tobacco/research/gender/about/en/index.html
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Questions 3 and 4 present two situations with data. You can use these situations to test your ideas from 

Questions 1 and 2. 

(3) Suppose a study on smoking was conducted at Midland University. The following table indicates the 

results of the study. 

 Men Women 

Smokers 4,572 5,362 

Nonsmokers 10,284 12,736 

(a) What percentage of women smoke at Midland University (round to the nearest one percent)? 

 

(b) What percentage of smokers at Midland University are women (round to the nearest one 

percent)? 

 

(c)   How many women would need to stop smoking for the percentage of women who smoke to 

drop below 20%? 

 

(4) Suppose a study was conducted at Northwest College. The following table indicates the results of 

the study: 

 Men Women 

Smokers 1,256 536 

Nonsmokers 1,028 1,053 

(a) What percentage of women smoke at Northwest College (rounded to the nearest one percent)? 

 

(b) What percentage of smokers at Northwest College are women (rounded to the nearest one 

percent)? 

 

(c) A newspaper stated that 40% of the male students at Northwest College smoked. Is that claim 

reasonable? Explain why or why not. 

 

(d)   Men smokers make up what percentage of the total student body? 
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(5) In 2006, the World Health Organization conducted a study about smoking in the United States and 

China. The organization reports that 3.7% of the adult women in China smoke tobacco products. In 

the United States, 19% of adult women smoke. 

(a) Out of 100 adult women in China, about how many are smokers? 

 

(b) Out of 1,000 adult women in China, about how many are smokers? 

 

(c) Out of 100 adult women in the United States, about how many are smokers? 

 

(d) Out of 1,000 adult women in the United States, about how many are smokers? 

 

(e) Are there more women smokers in China or the United States? 

 

(f) Suppose you read that 590 out of 1,000 men in China smoke. Based on these data, what 

percentage of men in China smoke? 

 

 

  

69



Lesson 2.3: Interpreting Statements About Percentages 

Theme: Medical Literacy 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

(6) A teacher has collected data on the grades his students received in his two classes. The following 

tables show two different ways to represent the same data. 

Table 1 

 
Grades 

  
A B C D F 

Morning Class 12.5% 25.0% 37.5% 6.3% 18.8% 

Afternoon Class 14.3% 20.0% 37.1% 8.6% 20.0% 

Table 2 

 
Grades 

  
A B C D F 

Morning Class 44.4% 53.3% 48.0% 40.0% 46.2% 

Afternoon Class 55.6% 46.7% 52.0% 60.0% 53.8% 

 

(a) Which table could be used to answer the following question: “What percentage of the students 

who received an A are in the morning class?” Explain your reasoning. 

 

 

(b) Which table could be used to answer the following question: “What percentage of the students 

in the morning class received an A?” Explain your reasoning. 
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Specific Objectives 

Students will understand that  

• population density is a ratio of the number of people per unit area. 

• population density may be described proportionately to compare populations. 

Students will be able to  

• calculate population densities. 

• calculate population density proportions from density ratios. 

• compare and contrast populations via their densities. 

Problem Situation 1: Using Ratios to Measure Population Density 

Earth’s human population has grown from about 1 billion people to nearly 7 billion in the last two 

centuries. However, populations in different regions do not always grow uniformly. For example, 

populations tend to increase in areas where people already live close enough to one another to find 

mates. On the other hand, crowded populations decrease when deadly diseases such as smallpox or 

Ebola virus, sweep through them. In this lesson, you will compare geographic regions by their population 

densities.  

Definition: The population density of a geographic region is a ratio of the number of people living in that 

region to the area of the region. Population density ratios are “reduced” by division in order to compare 

them with a standard area measurement. 

Example  

Imagine 100 people standing on a parking lot that measures 20 feet by 20 feet. The people are spaced so 

that each person stands on a 2-foot by 2-foot square. The population density could be thought of as 100 

people per 400 square feet or as 1 person per 4 square feet, or it could be expressed as fractions:  

 

1 person

4 square feet
 =  

0.25 person

1 square feet
 

You call this equation a proportion because the equation shows that two ratios are equal. You can also 

state the relationship in words: 

One person per 4 square feet is proportional (equal) to 0.25 person per (1) square foot. 

How would the population density change if 4 people each stood on his or her own 2-foot by 2-foot 

square?  How would the population density change if 1 billion people each stood on his or her own 2-

foot by 2-foot square?  

The following questions will help you understand how to calculate population density for different 

areas. You will start by doing an activity with your class. 

(1) Calculate the population density in the classroom based on a small rectangle that the instructor 

designates. Be sure to include units. 
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(2) Calculate the population density based on a large rectangle that the instructor designates. Be sure 

to include units. 

 

(3) Consider one million people, each standing on his or her own 2-foot-by-2-foot square, where the 

squares are adjacent. Calculate the population density per square mile. Be ready to explain your 

reasoning after working with your group members. (1 mile = 5,280 feet)     

 

 

(4) A more realistic example would be for us to consider a million people standing on his or her own 

100-foot-by-100-foot square. Calculate the population density per square mile.   

 

 

Problem Situation 2: Making Comparisons with Population Density 

How crowded is China, compared to the United States? 

(5) In 2010, in the United States, approximately 309,975,000 people occupied 3,717,000 square miles of 

land. In China, approximately 1,339,190,000 people lived on 3,705,000 square miles of land. Use this 

information to answer the following questions. 

(a) A student carefully calculates the population densities of China and the United States. He 

decides that China is less dense than the United States. Using your estimation skills, decide if 

you think this student’s calculation is correct. Show your reasoning.  

 

(b) At a lecture, you hear someone claim that, in terms of population, China is more than four times 

as dense as the United States. Using your estimation skills, decide if you think this statement is 

correct. Show your reasoning. 

 

(c) Calculate more precisely the densities (per square mile) of the Chinese and U.S. populations. 

Based on your calculation, how many times more dense is the more crowded population? Be 

ready to share your calculations during the class discussion.  

 

 

(6) Explain how the statements “Anchorage has more than 40% of the Alaskan population” and 

“Ketchikan has the most dense population in the state of Alaska” might both be correct.  
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Specific Objectives 

Students will understand  

• the concept of population density as a ratio. 

• what is meant by proportional or change based on a constant ratio. 

Students will be able to  

• estimate between which two powers of 10 a quotient of large numbers lies. 

• calculate a unit rate.  

• solve a proportion by first finding a unit rate and then multiplying appropriately. 

Problem Situation: Estimating Population Densities 

In this lesson, you will compare the populations of different states. You calculated population densities 

of some states in your homework. Now, you will develop strategies for estimating population densities. 

(1) Check your answers from the homework with your group. Divide those states into the categories 

shown in the table below. 

(2)  Now discuss strategies you can use to estimate the population density of the states without using a 

calculator. Use your strategies to divide these states into the categories shown in the table below:  

Georgia, Kansas, Montana, Nevada, New Jersey, Oregon, Rhode Island, South Carolina, Tennessee, 

Wyoming. 

Density > 1,000 

people/mi
2
 

100–1,000 people/mi
2
 10–100 people/mi

2
 

Density < 10 

people/mi
2
 

    

    

    

    

    

    

    

    

    

    

 

(3) Find which state from your table has the greatest population density. Calculate that population 

density. Round to the nearest tenth. 
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(4) Find which state from your table has the least population density. Calculate that population density. 

Round to the nearest tenth. 

 

 

(5) Tacoma, WA has a population of about 200,000 and covers approximately 62 square miles.  New 

York City has a population of about 8.4 million, and covers approximately 469 square miles.  If 

Tacoma had the same population density as New York City, what would the population of Tacoma 

be? 

 

 

 

 

 

 

(6) Most of the world outside the United States uses the metric system of measurement, so it is often 

useful to be able to make comparisons between the American system and the metric system. 

Bangladesh has a population density of 1,127 people/square kilometer. (Note: 1 kilometer =  

0.62 mile) 

 

(a) Which of the following statements is the most accurate description of the relationship between 

a square kilometer and a square mile? 

(i) A square kilometer is about one-sixth of a square mile. 

(ii) A square kilometer is about two-thirds of a square mile. 

(iii) A square kilometer is about one-third of a square mile. 

(iv) A square kilometer is about six-tenths of a square mile. 

 

(b) If you converted the density of Bangladesh to square miles, would the measure be larger or 

smaller than 1,127? Explain your reasoning. 

 

(c) How many people would be in Tacoma if the population density were the same as Bangladesh? 
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Specific Objectives 

Students will understand that  

• a relative change is different from an absolute change. 

• a relative measure is always a comparison of two numbers. 

Students will be able to  

• calculate a relative change. 

• explain the difference between relative change and absolute change. 

Problem Situation: How the Census Affects the House of Representatives 

Every 10 years, the United States conducts a census. The census tells how many people live in each 

state. You can also find how much population has changed over time from the census data. The original 

purpose of the census was to decide on the number of representatives each state would have in the 

House of Representatives. Census data continue to be used for this purpose, but now have many other 

uses. For example, governments may use the data to plan for public services such as fire stations and 

schools. You will be given a list of states in a census region and their populations in 2000 and 2010. You 

will be asked to calculate the population growth in people as a percentage for each state in the region 

and for the region as a whole. You will examine how this affects the number of representatives each 

state has in the House of Representatives. You will start by looking at changes in representation based 

on the 2010 census. 

The absolute change in a state’s population tells by how many people the population has changed. To 

find this, simply subtract the smaller number from the larger. The relative change is the change as it 

compares to the earlier population. Often relative change is given as a percentage. To find relative 

change divide the difference (absolute change) by whichever amount came first chronologically. 

Example: In 2013 Jerry received 12 speeding tickets. Since then, his driving has improved and last year 

he only had one ticket.  

What is the absolute change in tickets?   12 – 1 = 11   He got 11 less tickets last year compared to 12 

tickets in 2013. 

What is the relative change?   ≈11
0.92

12
 The number of tickets he received last year decreased by 

almost 92%. 
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Use the following data in the tables for Questions 1–6.  Your instructor will tell you which table to work 

with. 

South Atlantic States 

 2010 Population 2000 Population 
Absolute 

Change 

Percentage 

Change 

Delaware 900,877 783,600 
  

Florida 18,801,310 15,982,378 
  

Georgia 9,687,653 8,186,453 
  

Maryland 5,773,552 5,296,486 
  

North Carolina 9,535,483 8,049,313 
  

South Carolina 4,625,364 4,012,012 
  

Virginia 8,001,024 7,078,515 
  

Washington, D.C. 601,723 572,059 
  

West Virginia 1,852,994 1,808,344 
  

South Atlantic Region   
  

 

Mountain States 

 2010 Population 2000 Population 
Absolute 

Change 

Percentage 

Change 

Arizona 6,392,017 5,130,632   

Colorado 5,029,196 4,301,261   

Idaho 1,567,582 1,293,953   

Montana 989,415 902,195   

Nevada 2,700,551 1,998,257   

New Mexico 2,059,179 1,819,046   

Utah 2,763,885 2,233,169   

Wyoming 563,626 493,782   

Mountain Region     
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(1) For your group of states, calculate the absolute change in the population of each state. 

 

(2) For your group of states, calculate the relative change in the population of each state. Express your 

answer as a percentage. 

 

(3) List in order the three states that changed most in absolute population. 

 

 

(4) List in order the three states that had the largest relative increase in population. 

 

 

(5) Explain why the lists in Question 3 and Questions 4 are not the same. 

 

 

(6) For the region you are given, calculate the absolute change in total population from 2000 to 2010. 

Calculate the relative change in total population between 2000 and 2010. 

 

 

 

While most states that lost representatives did so because their population became smaller relative to 

other states, Michigan’s population actually fell between 2000 and 2010.  

(7) Michigan’s population changed to 9,833,640 from 9,938,444. What was the absolute decrease in 

Michigan’s population? What was the relative change in Michigan’s population? Round your answer 

to the nearest hundredth of a percent. 
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(8)  The number of Representatives each state has in the House of Representatives is based on the size 

of the population in the state.  Since the number of representatives is fixed at 435, when the census 

was done in 2010 some states gained representatives and others lost representatives.  You can see 

which states gained and lost representatives in a map from the Census Bureau that your instructor 

can display. 

It's a common misconception that a state that lost representatives must have lost population.  As 

you can see, New York lost two representatives, even though the population increased. 

Look back at your calculations for Nevada and Florida. 

a)  Which of the two had a larger absolute change?  

 

b)  Which of the two had a larger relative change?  

 

c)  Based on the 2010 census, Florida gained two representatives, which Nevada gained one.  Does it 

appear that absolute or relative change matters more when determining the number of 

representatives gained or lost? 

 

 

(9) In 2011, the U.S. Congress had a major debate over cutting the federal budget mid-year. The goal 

was to reduce the national debt, which was $14 trillion.  

(a) One group wanted to reduce the budget by $100 billion. How large is this change relative to the 

national debt? 

 

(b) Another group wanted to reduce the budget by $40 billion. How large is this change relative to 

the national debt? 

 

(c) If a politician wanted to argue for the larger cut, would he or she use the absolute or the relative 

change to justify his or her position? Why?  

 

(d) If a politician wanted to argue for the smaller cut, would he or she use the absolute or the 

relative change to justify his or her positions? Why? 
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Specific Objectives 

Students will understand that 

• that the family of equation corresponds with the shape of the graph. 

Students will be able to 

• create a graph of an equation by plotting points. 

 

In lesson 1.3 you learned that numbers and variables were used to create expressions, equations, and 

inequalities.  In this lesson we will look more closely at equations, identify their families, and learn to 

graph them.  We will begin with the fundamentals of graphing. 

The first graph you used in this course was a number line.  It is frequently used to show intervals of 

values resulting from solving inequalities that contain only one variable.   

 

 

Graphs are more often used for showing the relationship between two variables.  In such cases, two 

number lines are made to intersect each other at right angles to form a rectangular (or Cartesian) 

coordinate system.  The horizontal axis is often called the x axis.  The vertical axis is often called the y 

axis.  To locate a point on the graph requires two numbers, the x coordinate and the y coordinate.  

These coordinates are written as an ordered pair (x,y).  The two axes intersect at the origin (0,0). 

 

 

 

 

 

 

 

 

To plot points, find the x coordinate on the x axis then move 

up or down until reaching the y coordinate.  For example, to 

graph the ordered pair (2,3), find the 2 on the x axis, then 

move your pencil up 3 units. 

Similarly, to plot (-3,-4), start at -3 on the x axis then go down 4 

units.  

1.  Plot the points (-1,2), and (4,-2) on the graph to the right. 

 

              
 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 

 

(2,3) 

(-3,-4) 
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Graphing Population Projections 

In Lesson 2.6 you found the absolute and relative change in the populations of several states.  The data 

below is for Washington. 

In 2000, the population in WA was 5,900,000. 

In 2010, the population in WA was 6,700,000. 

2.  What was the absolute change in population for the decade? 

 

 

3.  What was the relative change in population for the decade? 

 

 

Graphs, based on mathematical models, are often used for making projections into the future for 

planning purposes.  People tend to believe official looking graphs, however one good critical thinking 

skill is to always question predictions about the future.   

 

4.  To open your thoughts to different possible futures for the population of Washington State, draw one 

line connecting the 2000 population to the 2010 population then draw 5 different curves that begin 

at 2010 and extend to 2020 that show 5 different potential futures for WA State.  Use your 

imagination.  Ignore the fact that we could actually find the current population.  
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5.  On the graph below, draw one line through the two points and that extends to the year 2020 such 

that the absolute change between 2010 and 2020 is the same as the absolute change between 2000 

and 2010. 

 

 

 

6.  On the graph below, draw one curve through the two points and that extends to the year 2020 such 

that the relative change between 2010 and 2020 is the same as the relative change between 2000 

and 2010. 
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Families of Equations 

The two graphs you just made will be used to help show you the difference between families of 

equations.  The line that showed the same absolute change is a straight line.  Straight lines are the type 

of line that results from a linear equation.  The line that showed the same relative change is a curve that 

is typical of those produced from exponential equations.  These are two of the three families that you 

should be able to recognize and graph. 

The three families of equations that are explored in this course are linear equations, exponential 

equations and quadratic equations.  Examples of these are shown in the table below. 

Linear equation 2�	 + 	3�	 = 	6 � = 1
2 � − 3 �	 = 	3� 

Exponential equation � = 2� � = �12
�
 � = 1000�1 + 0.03�� 

Quadratic equation � = �� � = �� − 4 � = 1
2��

� 

 

7. How would you distinguish a linear equation from other equations? 

 

8. How would you distinguish an exponential equation from other equations? 

 

9. How would you distinguish a quadratic equation from other equations? 

 

10. Identify each of the following equations as linear, exponential or quadratic 

� = 3�� + 6� + 9 linear exponential  quadratic 

 

� = −2� + 5  linear exponential  quadratic 

 

� = 50�1.04��   linear exponential  quadratic 
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Graphs of the Families of Equations 

Each family has a distinctive shape for its graph.  Knowing the shape helps with graphing.   

Graphs of linear equations produce straight lines.  

 

                        � = �
�� − 4                                                        � = − �

�� + 3 

 

Graphs of exponential equations produce J-shaped growth or decay curves. 

 

     

                                   � = 4�                                                                    � = ����
�
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Quadratic equations produce parabolas 

    

                               � = ��                                                                    � = −�� − 1 

 

One way to graph any equation is with a table of values.  Before graphing, identify the family of the 

equation first, so you know the expected shape of the graph.  Then use a table of values, by selecting x 

values, substituting them into the equation, and finding the y value.  Plot the (x,y) ordered pairs and 

then connect the points with a line that extends to the borders of the grid. 

To graph linear equations, select three x values.  The first x value to be selected should be 0.  To make 

your workload easier, the remaining 2 values you select should be numbers that cancel with the 

denominator of the fraction being multiplied times x.  For example, for the linear equation 	
� = �

� � − 3, select 0 then numbers such as 2, 4, 6, -2, -4.   For the linear equation � = −  
� � + 2, select 0 

then numbers such as 3,6, -3, -6.  By using numbers that can be divided by the denominator, your y 

value will not be a fraction, making it easier to graph. 

Graph � = �
� � − 3 

Table of values       

x Substitution Simplification y Ordered pair 

0 � = 1
2 �0� − 3 � = 0 − 3 -3 (0,-3) 

2 � = 1
2 �2� − 3 � = 1 − 3 -2 (2,-2) 

-2 � = 1
2 �−2� − 3 � = −1 − 3 -4 (-2,-4) 
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11. Graph � = −  
�� + 2 using a table of values. 

x y 

  
  
  

 

 

 

 

 

 

 

 

To graph exponential equations, keep in mind the expected shape.  The first three x values to select 

should be 0, 1 and -1 because they will show if it is a growth or decay J curve.  Select 0 because any 

value raised to the 0 power equals 1.  Select 1 because any value raised to the first power equals itself.  

Select -1 because a value raised to the -1 power is the reciprocal.  Plotting the ordered pairs for these 

three values should give you a reasonably good idea of what the graph will look like.  Then you need to 

determine when it will go off the grid.  It should go off the grid on one side just above the x axis and on 

the other side off the top of the grid. 

Graph y = 2x. 

x Substitution Simplification y Ordered pair 

0 � = 2!  1 (0,1) 

1 � = 2�  2 (1,2) 

-1 � = 2"� � = 1
2� 

1
2 �−1, 12 

-5 � = 2"  � = 1
2  

1
32 �−5, 132 

2 � = 2�  4 (2,4) 

3 � = 2�  8 
This is off 

the top of the 
grid 
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12. Graph � = ����
�

 

(hint:  remember that negative exponents 

produce a reciprocal) 

x y 

        
  
  
  
  
  

 

 

 

To graph quadratic equations, plot each point as you calculate it.  Keep in mind the expected shape of 

the parabola.  Select x values that will help complete the shape.  You almost always need to include 

some negative x values.  Remember that squaring a negative number produces a positive number. 

 

Graph � = �� − 3	 
x Substitution Simplification y Ordered pair 

0 y = 02 – 3 y = 0 – 3 -3 (0,1) 

1 y = 12 – 3 y = 1 – 3 -2 (1,2) 

-1 y = (-1)2 – 3 y = 1 – 3 -2 (-1,2) 

2 y = 22 – 3 y = 4 – 3 1 (2,1) 

-2 y = (-2)2 – 3 y = 4 – 3 1 (-2,1) 

3 y = 32 – 3 y = 9 – 3 6 Off the grid 
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13. Graph �	 = 	 �� − 1 

 

x y 

  
  
  
  
  
  

 

 

 

 

For each of the equations below, identify the family and then make a graph using a table of values.  Pick 

numbers so you don’t need a calculator. 

 

14.  � = 3�     Family _____________________     
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15.  � = − �
�� + 3   Family _____________________ 

 

 

 

 

 

 

 

 

16.  � = 3� − 2 Family _____________________ 

 

 

 

 

 

 

 

 

17.  � = −�� + 2     Family _____________________ 
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18.  � = 	����
�

     Family _____________________ 

 

 

 

 

 

 

 

 

19.  � = �� − 5     Family _____________________ 
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Blank page 
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Lesson 2.8: Picturing Data with Graphs  

Theme: Citizenship 

 

Specific Objectives  

Students will understand that   

• the scale on graphs can change perception of the information they represent.  

• to fully understand a pie graph, the reference value must be known.  

Students will be able to   

• calculate relative change from a line graph.  

• estimate the absolute size of the portions of a pie graph given its reference value.  

• use data displayed on two graphs to estimate a third quantity.  

Graphs are a helpful way to summarize data.   As a general guide to reading graphs well, you may 

review the Resource Page on “Understanding Visual Displays of Information.  

Often there are many ways to portray information graphically. Sometimes one form is easier to read 

than another. Sometimes the way a graph is made can affect the impression it gives. Today, you will 

look at three examples of such graphs.  

Problem Situation 1: Reading Line Graphs  

(1) Compare Graph 1 and Graph 2 below. What do you notice?  

  

  

Graph 1:        

  

  

  

  

  

  

Graph 2:     
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(2) What was the average household income in 1999? 

 

 

(3) Based on graphs 1 and 2, would it be fair to say that the average household income was 

significantly lower in 2009 than it was in 1999?  

 

 

 

 

Problem Situation 2: Reading Bar Graphs  

In this example, we will be looking at bar graphs.  Before doing that, answer the question about Jeff’s 

Housing so that you can understand the questions about national debt and GDP that follow.  

 

Two pairs of statements about Jeff’s Housing are given below. 

 

(4) Under what conditions, if any, can both pairs of statements be true? 

 

 

 

 

Apply the same reasoning to the following statement about the national debt, “The 2010 national debt 

is way out of hand and has never been higher.”  Use graphs 3, 4, and 5 on the following page. 

 

 

(5) What was the national debt in 2010? 

 

 

 

(6) What percent of the GDP was the national debt in 2010? 

 

 

 

(7) What percent of the National Receipts (tax revenue) was the national debt in 2010? 

 

 

 

(8) Is it true or false that the national debt has never been higher and is way out of hand?   

Explain your reasoning. 

 

 

In 1990, Jeff spent $700 per month on housing. 

In 2010, Jeff spent $1,400 per month on housing. 

In 1990, Jeff spent 20% of his income on housing. 

In 2010, Jeff spent 10% of his income on housing. 
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Graph 3               

               

  

                 

    

    

    

 

  

 

Graph 4  

  

  

 

   

 

  

    

   

 

Graph 5 

 

 

 

 

 

 

 

0

2

4

6

8

10

12

14

16

1950 1960 1970 1980 1990 2000 2010

T
ri

ll
io

n
s 

o
f 

D
o

ll
a

rs

US National Debt in Trillions of Dollars

0

10

20

30

40

50

60

70

80

90

1950 1960 1970 1980 1990 2000 2010

P
e

rc
e

n
t 

o
f 

G
D

P

US National Debt as a Percentage of GDP

93



Lesson 2.8: Picturing Data with Graphs  

Theme: Citizenship 

 

Problem Situation 3: Reading Pie (Circle) Graphs  

(4) Based on the graphs below, do you think this statement is true or false? 

The number of non-Hispanics in the United States is expected to decline between 2010 and 

2050.  

 

 
 

  

(5) The U.S. population in 2010 was around 310,000,000. In 2050, the U.S. population is expected to be 

around 439,000,000. Estimate the number of Hispanic and non-Hispanic Americans at each time.  

 

 

 

 

 

 

 

(6) Does your work in Question 5 confirm or contradict your prediction? Explain. 

 

 

 

 

 

  

  

  

  

Hispanic  
16 %  

Not  
Hispanic  

84 %   

2010  US Hispanic Population  

Hispanic  
30 %  

Not  
Hispanic   

70 %   

2050  US Hispanic Population  

( Projected)  
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Theme: Personal Finance 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

Specific Objectives 

Students will understand  

• that numerical data can be summarized using measures of central tendency. 

• how each statistic—mean, median, and mode—provides a different snapshot of the data. 

• that conclusions derived from statistical summaries are subject to error. 

Students will be able to  

• calculate the mean, median, and mode for numerical data. 

• create a data set that meets certain criteria for measures of central tendency. 

Introduction:  Measures of Center 

People often talk about “averages,” and you probably have an idea of what is meant by that. Now, you 

will look at more formal mathematical ways of defining averages. In mathematics, we call an average a 

measure of center because an average is a way of measuring or quantifying the center of a set of data. 

There are different measures of center because there are different ways to define the center. 

 

Think about a long line of people waiting to buy tickets for a concert. (Figure A shows a line about  

100-feet long and each dot represents a person in the line.) In some sections of the line people are 

grouped together very closely, while in other sections of the line people are spread out. How would you 

describe where the center of the line is? 

 

• Would you define the center of the line by finding the point at which half the people in the line 

are on one side and half are on the other (see Figure B)?  

• Is the center based on the length of the line even though there would be more people on one 

side of the center than on the other (see Figure C)?  

• Would you place the center among the largest groups of people (see Figure D)?  
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The answer would depend on what you needed the center for. When working with data, you need 

different measures for different purposes.  Three different types of averages are described below. 

Mean (Arithmetic Average) 

Find the average of numeric values by finding the sum of the values and dividing the sum by the 

number of values. The mean is what most people call the “average.” 

Example 

Find the mean of 18, 23, 45, 18, 36 

Find the sum of the numbers: 18 + 23 + 45 + 18 +36 = 140 

Divide the sum by 5 because there are 5 numbers: 140 ÷ 5 = 28 

The mean is 28. 

Example 

Find the mean of 1.5, 1.2, 3.7, 5.3, 7.1, 2.9 

Find the sum of the numbers: 1.5 + 1.2 + 3.7 + 5.3 + 7.1 + 2.9 = 21.7 

Divide the sum by 6 because there are 6 numbers: 21.7 ÷ 6 = 3.6166666666 

Since the original values were only accurate to one decimal place, reporting the mean as 

3.61666666 would be misleading, as it would imply we knew the original values with a higher level 

of accuracy.  To avoid this, we round the mean to one more decimal place than the original data. 

The mean is 3.62. 

Median 

Find the median of numeric values by arranging the data in order of size. If there is an odd number 

of values, the median is the middle number. If there is an even number of values, the median is the 

mean of the two middle numbers. 

Example (data set with odd number of values) 

Find the median of 18, 23, 45, 18, 36. 

Write the numbers in order: 18, 18, 23, 36, 45 

There is an odd number of values, so the median is the number in the middle.  

The median is 23. 

Example (data set with even number of values) 

Find the median of 18, 23, 45, 18, 12, 50. 

Write the numbers in order: 12, 18, 18, 23, 45, 50 

There is an even number of values, so there is no one middle number. Find the median by finding 

the mean of the two middle numbers:  

18 + 23 = 41        41 ÷ 2 = 20.5 

The median is 20.5. 
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Mode 

Find the mode by finding the number(s) that occur(s) most frequently. There may be more than one 

mode. 

Example 

Find the mode of 18, 23, 45, 18, 36. 

The number 18 occurs twice, more than any other number, so the mode is 18. 

Example 

Find the mode of these quiz grades:    8,  9,  7, 10,  7,  5,  7,  10,  10,  4,  8. 

The number 7 occurs three times, and the number 10 occurs three times.  This is more than any 

other number.  So, there are two modes,  7 and 10. 

 

Note on terminology 

The terms mean, median, and mode are well defined in mathematics and each gives a measure of 

center of a set of numbers.  In everyday usage, the word “average” usually refers to the mean.  But be 

aware that “average” is not clearly defined1 and someone might use it to refer to any measure of center.   

Problem Situation:  Summarizing Data About Credit Cards 

A revolving line of credit is an agreement between a consumer and lender that allows the consumer to 

obtain credit for an undetermined amount of time. The debt is repaid periodically and can be borrowed 

again once it is repaid. The use of a credit card is an example of a revolving line of credit.  

U.S. consumers own more than 600 million credit cards.  As of 2015 the average credit card debt per 

household with a credit card was $15,863.  In total, American consumers owe $901 billion in credit card 

debt.2  Worldwide the number of credit card transactions at merchants was over 135 billion in 2011.3  

Surveys indicate that the percentage of college freshmen with a credit card was 21% in 2012, while 60% 

of college seniors had a credit card.  One-third of the college students reported having a zero balance on 

their credit card.   The average balance carried across all students’ cards was $500.  However, the 

median balance was $136.4  

  

                                                           

1 http://www.merriam-webster.com/dictionary/average 
2 http://www.nerdwallet.com/blog/credit-card-data/average-credit-card-debt-household/ 

3 http://www.creditcards.com/credit-card-news/card-transactions-rise-12-percent-135-billion-1276.php 

4 

https://salliemae.newshq.businesswire.com/sites/salliemae.newshq.businesswire.com/files/doc_library/file/Sallie_Mae_Repor

t_-_How_America_Pays_for_College_Report_FINAL_0.pdf 
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At www.creditcards.com it explains that card issuers divide customers into two groups:  

• "transactors" who use their cards for purchases and pay off the balances each month. 

Transactors pay off the balance before any interest charges are applied. 

• "revolvers" who carry balances on their cards, paying interest charges month to month.5   

 

The number of people who carry credit card debt, the “revolvers”, has been steadily decreasing in the 

U.S. since 2009.  By 2014 only one-third of adults surveyed said their household carries credit card debt.  

Fifteen percent of adults carry $2,500 or more in credit card debt each month.6   

 

In the first part of this lesson, you will use the information about credit cards given above to learn about 

some ways to summarize quantitative information. 

(1) (a) The population of the United States is slightly more than 300 million people. There are about 100 

million households in the United States.  Use the information above to find: 

- What is the average number of credit cards per person?  

 

- What is the average number of credit cards per household? 

 

(b) In the U.S. the average number of credit cards held by cardholders is 3.7.7  Why is this answer 

different than the average number of credit cards per person you found in part (a)?  

 

 

(2) Consider the statement, “Average credit card debt per household with a credit card is $15,863.”  

(a) Does every household with a credit card have this much debt? 

 

(b) What does the statement mean?   

 

(c) If about 45% of households with credit cards carry no debt, what does that indicate about the 

amount of debt of some of the other 55% of households? 

 

 

                                                           

5 http://www.creditcards.com/credit-card-news/credit-card-debt-statistics-1276.php 

6 http://www.creditcards.com/credit-card-news/credit-card-debt-statistics-1276.php 
7 http://www.creditcards.com/credit-card-news/credit-card-debt-statistics-1276.php 
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(3) The introduction states that the average balance carried across all college students’ cards was $500.  

Imagine you ask four groups of six college students what their credit card debt is. The amount of 

dollars of debt for each student in each group is shown in the table, values listed in order of size. 

Data in $ Group A Group B Group C Group D Data you create 

 0 500 410 0  

 100 500 460 0  

 110 500 480 0  

 170 500 490 0  

 1000 500 550 0  

 1620 500 610 3000  

Mean      

Median      

Mode      

(a) Find the mean debt of each group of college students and record it in the table. Make sure the 

value you found is reasonable given the values for that group.   

 

(b) Create a new different set of six numbers that represent the debt of six college students who 

have a mean debt of $500.  Write your list in “Data you create” column of the table. 

 

(c)  Find the median of each set of data, including the one you created, and record it in the table.   

Find and record the mode of each set of data. 

(d) For each group, do you think one of the measures of center is better or worse at describing the 

nature of the data in that group?  Explain. 

(e) Observe the medians and the data values of each of the groups.  For each statement below, 

indicate if it is true for:  None of the groups, Some but not all of the groups, or All of the groups.  
 

i)   Half of the data values are less than the median. 

ii)  Half of the data values are either less than or equal to the median. 

iii) Half of the data values are greater than the median. 

iv) Half of the data values are either greater than or equal to the median. 

v)  Half of the data values equal the median. 

• Take note of which statements were true for ALL groups. 
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(f) Recall that college students’ credit cards carry a mean balance of $500 while having a median 

balance of $136.  What does this indicate about the distribution of credit card debt among 

various students?  Does one of the Groups in the table have a distribution similar to this? 

 

 

 

(4)  A survey in 2012 indicated that college freshmen carry a mean credit card debt of $611 but the 

median of their credit card debt is $47.8  Create a data set of five freshmen students so that the data 

set has a mean and median that is the same as that of the surveyed college freshmen. 

 

 

 

 

 

 

 

 

 

 

                                                           

8 
https://salliemae.newshq.businesswire.com/sites/salliemae.newshq.businesswire.com/files/doc_library/file/Sallie_Mae_Repor

t_-_How_America_Pays_for_College_Report_FINAL_0.pdf 

Debt of some College freshmen 
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Specific Objectives 

Students will understand that  

• each statistic—the mean, median, and mode—is a different summary of numerical data. 

• conclusions derived from statistical summaries are subject to error. 

• they can use the measures of central tendency to make decisions.  

Students will be able to  

• make good decisions using information about data. 

• interpret the mean, median, or mode in terms of the context of the problem. 

• match data sets with appropriate statistics. 

Problem Situation 1: Making Sense of Measures of Central Tendency  

Employment Opportunities 

Outdoor Sales Above Average Sales Home Sales 
Sales Positions 

Available! 

We have immediate 

need for five 

enthusiastic self-starters 

who love the outdoors 

and who love people.  

Our salespeople make 

an average of $1,000 

per week. Come join 

the winning team.   

Call 555-0100 now! 

Are you above average? 

Our company is hiring one 
person this month—will 
you be that person? We 
pay the top percentage 
commission and supply 

you leads. Half of our sales 
force makes over $3,000 

per month. Join the  
Above Average Team!   

Call 555-0127 now! 

We are! 

NEED A NEW 

CHALLENGE? 

Join a super sales force 
and make as much as 
you want.  Five of our 

nine salespeople 
closed FOUR homes 

last month. Their 
average commission 
was $1,500 on each 

sale. Do the math—this 
is the job for you. 

Making dreams real— 

call 555-0199 

 

(1) Examine the three advertisements shown in the problem situation. 

(a) Identify any measures of central tendency and how they are used in each advertisement. 

(b)  Consider the set of monthly salaries below.  Which company (which Ad) could these salaries 

have come from? 

 $1500,  $2000,  $2000,  $2500,  $2500,  $2500,  $6000,  $8000,  $9000 

(c) For the other two advertisements, create a scenario that fits the information provided. Scenario 

means to create a set of data that fits the description. You did this in the previous lesson when 

you made a list of credit card debts for the six college students. 

(2) In which job would you expect to earn the most money? 
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Problem Situation 2: Understanding Trends in Data 

(3) The median and average sales price of new homes sold in the United States from 1963–2008 is 

shown in the following graphic.1 Examine the graph. Write at least three statements about the data. 

Recall the Writing Principle: Use specific and complete information. 

 

 

 

Table 1 gives a sample data set of home prices that corresponds  with the graph for the year 1977, since 

the mean (average) and median of the data set corresponds to the points on the graph for 1977. 

Table 1: Sales Prices of New Homes  

Sold in United States in 1977 

$40,000 $45,000 $50,000 $56,000 $67,000 $75,000 $112,000 

 

 

                                                           

1
Data retrieved from the U.S. Census Bureau.
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(4) Five possible data sets for the year 2005 are given in Table 2. Use your knowledge of mean and 

median to answer the following questions without calculating the mean of the data sets. There may 

be more than one correct answer to any of the questions.  Explain your reasoning. 

Table 2: Possible Data Sets for 2005 

Set A Set B Set C Set D Set E 

$240,000 $84,000 $120,000 $74,000 $74,000 

$245,000 $105,000 $135,000 $95,000 $90,000 

$250,000 $125,000 $150,000 $105,000 $120,000 

$256,000 $240,000 $168,000 $240,000 $240,000 

$267,000 $245,000 $201,000 $242,000 $250,000 

$275,000 $469,000 $225,000 $250,000 $635,000 

$312,000 $810,000 $336,000 $251,000 $669,000 

 

(a) Which of the data sets could have the same mean and median shown in the graph for 2005? 

  

 

 

(b) Which of the data sets would likely have a mean that is less than the median? 

 

 

(c) Which of the data sets would likely have a mean and median that are close together? 

 

 

(d)  Data sets B and E have the same mean and the same median as each other.  Are the house sale 

prices the same for the two sets?  When you know the mean and median of a set of data, do 

you know everything you might want to know about the data?  
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(5) Look at the sales price graph in question (3) and compare 2005 and 2007.   

 (a)  Both the mean and median sales prices decreased from 2005 to 2007. Which decreased more, 

the mean or the median?  Or did they decrease by the same amount? 

 

 

 

 (b)  Describe:  what type of changes of home sales prices occurred from 2005 to 2007 so that the 

mean and median would change in that way?   

 

 

 

 

(6)  On the sales price graph, for the years 1999 and onward the mean sales price is greater than the 

median sales price (which it had been for many years).  What is new is that the difference between 

the mean and median prices of the homes is growing larger, especially so in the years 2003 and 

2005.     

 What type of changes in housing prices in those years after 1999 would make the mean be further 

above the median? 
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Specific Objectives 

Students will understand  

• There are multiple ways to "see" and describe a pattern 

Students will be able to 

• Form an expression to describe a pattern 

• Use that expression to evaluate and solve 

1)  Using the pattern shown 

 

    Stage 1        Stage 2       Stage 3 

 

 a)  Complete the table 

Stage What I See Here Number of dots 

1   

2   

3   

4   

10   

n   

 

 b) How many dots will be in stage 20? 

 

 c) What stage will have 137 dots? 

 

 d) Is this pattern linear? 
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2)  Using the pattern shown 

 

 Stage 1    Stage 2     Stage 3 

 

 a)  Complete the table 

Stage What I See Here Number of boxes 

1   

2   

3   

4   

10   

n   

 

 b) How many boxes will be in stage 20? 

 

 

 c) What stage will have 1268 boxes? 

 

 

 d) Is this pattern linear? 
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3)  Using the pattern shown 

 

 Stage 1    Stage 2  Stage 3    Stage 4 

 

 a)  Complete the table 

Stage What I See Here Number of boxes 

1   

2   

3   

4   

10   

n   

 

 b) How many boxes will be in stage 20? 

 

 

 c) Is this pattern linear? 
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4)  Using the pattern shown 

 Stage 1     Stage 2   Stage 3     

 

 a)  Complete the table 

Stage What I See Here Number of boxes 

1   

2   

3   

4   

n   

 

 b) How many boxes will be in stage 20? 

 

 

 c) In which stage will there be 625 boxes? 

 

 

 d) Is this pattern linear? 
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5)  Using the pattern shown 

 Stage 1     Stage 2   Stage 3     

 

 a)  Complete the table 

Stage What I See Here Number of boxes 

1   

2   

3   

4   

n   

 

 b) How many boxes will be in stage 20? 

 

 

 c) Is this pattern linear? 
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6)  (Challenge) Using the pattern shown: 

 

 Stage 1              Stage 2   Stage 3    Stage 4  

  

 

 a)  Complete the table 

Stage What I See Here Number of boxes 

1   

2   

3   

4   

n   

 

 b) How many boxes will be in stage 20? 
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Specific Objectives 

Students will understand that 

• the behavior of a formula can be explored using a table and graph. 

 

Students will be able to 

• simplify a formula given values for some parameters. 

• solve for a variable in a linear equation, and evaluate an equation. 

Problem Situation: Calculating Blood Alcohol Content 

Blood alcohol content (BAC) is a measurement of how much alcohol is in someone’s blood. It is usually 

measured as a percentage. So, a BAC of 0.3% is three-tenths of 1%. That is, there are 3 grams of alcohol 

for every 1,000 grams of blood. A BAC of 0.05% impairs reasoning and the ability to concentrate. A BAC 

of 0.30% can lead to a blackout, shortness of breath, and loss of bladder control. In most states, the 

legal limit for driving is a BAC of 0.08%.
1
 

(1) What variables do you think might influence BAC?  

 

 

BAC is usually determined by a breathalyzer, urinalysis, or blood test. However, Swedish physician, 

E.M.P. Widmark developed the following equation for estimating an individual’s BAC. This formula is 

widely used by forensic scientists:
2
  

� = −0.015� +
2.84

��
 

where 

B = percentage of BAC 

N = number of “standard drinks” (A standard drink is one 12-ounce beer, one 5-ounce glass of 

wine, or one 1.5-ounce shot of liquor.) N should be at least 1. 

W = weight in pounds 

g = gender constant, 0.68 for men and 0.55 for women 

t = number of hours since the first drink 

 

(2) Looking at the equation, discuss why the items on the right of the equation make sense in 

calculating BAC.  

 

                                                           

1
Retrieved from http://en.wikipedia.org/wiki/Blood_alcohol_content. 

2
Retrieved from www.icadts2007.org/print/108widmarksequation.pdf  
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(3) Consider the case of a male student who has three beers and weighs 120 pounds. What variables 

are still unknown in the equation? Simplify the equation as much as possible for this case.  

 

 

(4) Using your simplified equation, find the estimated BAC for this student one, three, and five hours 

after his first drink. What patterns do you notice in the data? 

 

Hours BAC 

1  

3  

5  

 

 

 

 

(5) How much does this student's BAC change each hour? 

 

 

 

(6) Create a graph of BAC over time for this student. 
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(7) Using your equation, what would this student's BAC be after 8 hours?  Is this reasonable? 

 

 

(8) How long will it take for this student’s BAC to be 0.08%, the legal limit? How long will it take for the 

alcohol to be completely metabolized resulting in a BAC of 0.0? 

 

 

 

 

(9) A female student, weighing 110 pounds, plans on going home in two hours. Using the formula 

above, the simplified equation for this case is  

= − +
2.84

  0.03  
60.5

N
B  

(a) Compare her BAC for one glass of wine versus three glasses of wine at the time she will leave.  

 

 

(b) In this scenario, determine how many drinks she can have so that her BAC remains less than 

0.08%. 

 

 

(c)  Create a graph of BAC given number of drinks for this student. 
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Specific Objectives 

Students will understand that 

• linear models are appropriate when the situation has a constant increase/decrease. 

• slope is the rate of change. 

• the rate of change (slope) has units in context. 

• different representations of a linear model can be used interchangeably.  

Students will be able to 

• label units on variables used in a linear model. 

• make a linear model when given data or information in context. 

• make a graphical representation of a linear model. 

• make a table of values based on a linear relationship. 

• identify and interpret the vertical intercept in context. 

In this lesson, you will learn about how linear models (linear equations in context) can be useful in 

examining some situations encountered in real life. A model is a mathematical description of an 

authentic situation. You can also say that the mathematical description “models” the situation.  There 

are four common representations of a mathematical relationship. 

Four Representations of a Relationship 

In the last lesson, you explored how BAC could be estimated.  If we were considering a 150 pound male 

who has had 3 drinks, the equation would simplify to 

 − + = 0.015   0.0835B t  

This is model, or equation.  An equation is useful because it can be used to calculate BAC given a 

number of hours.  Equations are useful for communicating complex relationships. In writing equations, it 

is always important to define what the variables represent, including units.  For example, in the equation 

above, B = Blood alcohol content percentage, t = number of hours. 

Another way that you could have represented this relationship is in a table that shows values of t and B 

as ordered pairs. An ordered pair is two values that are matched together in a given relationship.  You 

used a table in the last lesson.  Tables are helpful for recognizing patterns and general relationships or 

for giving information about specific values. A table should always have labels for each column. The 

labels should include include units when appropriate. 

Time since first drink (hours) BAC (%) 

0 0.0835 

1 0.0685 

2 0.0535 

3 0.0385 
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A graph provides a visual representation of the situation. It helps you see how the variables are related 

to each other and make predictions about future values or values in between those in your table. The 

horizontal and vertical axis of the graph should be labeled, including units. 

 

A verbal description explains the relationship in words.  In this case, we can do that by looking at how 

the values in the formula affect the result.  Notice that the person's BAC begins at 0.0835%, and 

whenever t increases by 1, the BAC drops by 0.015%.  So we could verbally describe the relationship as:  

The persons BAC starts at 0.0835%, and drops by 0.015% each hour. 

 

Linear Equations and Slope 

The type of equation we looked at for BAC is a linear equation, or a linear model.  Recall from earlier 

that a linear equation has a graph of a line.  The primary characteristic of a linear equation is that it has a 

constant rate of change, meaning that each time the input increases by one, the output changes by a 

fixed amount.  In the example above, each time t increased by 1, the BAC dropped by 0.015%.  This 

constant rate of change is also called slope.   

Notice, for example, that if I was walking at a constant speed, my distance were to change 6 miles in 2 

hours, that we could compute the slope or rate of change as = =6 miles 3 miles
3 miles per hour

2 hours 1 hour
. 

In general, we can compute slope as 
change of output

change of input
. 

  

0
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In the graph shown, we can see that the 

graph is a line, so the equation is linear.  We 

can compute the slope using any two pairs of 

points by counting how much the input and 

output change, and divide them.  Notice that 

we get the same slope regardless of which 

points we use. 

If the output increases as the input increases, 

we consider that a positive change.  If the 

output decreases as the input increases, that 

is a negative change, and the slope will be 

negative. 

Some people call the calculation of slope "rise 

over run", where "rise" refers to the vertical 

change in output, and "run" refers to the 

horizontal change of input. 

The units on slope will be a rate based on the units of the output and input variables.  It will have units 

of "output units per input units".  For example, 

• Input: hours.  Output:  miles.   Slope:  miles per hour 

• Input: number of cats.  Output:  pounds of litter.    Slope:  pounds of litter per cat 

 

Slope Intercept Equation of a Line 

The slope-intercept form of a line, the most common way you'll see linear equations written, is 

� = �� + �  

where m is the slope, and b is the vertical intercept (called y intercept when the output variable is y).  In 

the equation, x is the input variable, and y is the output variable. 

Notice our BAC equation from earlier, − + = 0.015   0.0835B t , fits this form where the slope is -0.015 and 

the vertical intercept is 0.0835.   

The slope tells use the rate of change of the equation.  As we interpreted earlier, in this equation the 

slope tells us the person's BAC drops by 0.015% each hour.   

The vertical intercept tells us the initial value of the equation - the value of the output when the input is 

zero.  For the BAC equation, the vertical intercept tells us the persons BAC starts at 0.0835%. 

 

 

  

= =change of output 1
0.5

change of input 2
 

= = =change of output 2 1
0.5

change of input 4 2
 

117



Lesson 3.3: Lining Up 

Theme: Personal Finance 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

Graphing using Slope and Intercept 

In earlier lessons, you graphed a formula by calculating points.  You certainly can continue to do that, 

and knowing that an equation is linear just makes that easier by only requiring two points.  But it can be 

helpful to think about how you can use the slope to graph as well. 

Suppose we want to graph = − +2
5

3
y x  using the vertical intercept and slope. 

The vertical intercept of the function is (0, 5), giving us a point on the graph of the line.   

The slope is − 2

3
.  This tells us that every time the input increases by 3, the output decreases by 2.  In 

graphing, we can use this by first plotting our vertical intercept on the graph, then using the slope to find 

a second point.  From the initial value (0, 5) the slope tells us that if we move to the right 3, we will 

move down 2, moving us to the point (3, 3).  We can continue this again to find a third point at (6, 1).  

Finally, extend the line to the left and right, containing these points. 
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Problem Situation 1: Fundraiser 

A sports team is planning a fundraiser to help pay for equipment.  Their plan is to sell team T-shirts to 

friends and family, and they hope to raise $500.  Their local screen printing shop will charge them a $75 

setup fee, plus $6 per shirt, and they plan to sell the shirts for $15 each. 

 

(1) Explore their profit (the amount they bring in from sales minus costs) using graphs and/or tables.  

Use these to estimate how many shirts the team will have to sell to reach their goal. 

 

 

 

 

(2) How much additional profit does the team make for each additional shirt they sell?  

 

(3) Create a linear model for their profit in terms of the number of shirts they sell. 

 

 

 

 

(4) How much money will they raise if they can sell 30 shirts? 

 

 

(5) How many shirts will they have to sell to avoid losing money? 

 

 

 

(6) How many shirts will they have to sell to raise their goal of $500? 
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Problem Situation 2: Daily Latte 

A local coffee shop offers a Coffee Card that you can preload with any amount of money and use like a 

debit card each day to purchase coffee. At the beginning of the month (when you get your paycheck), 

you load it with $50. Each day, your short soy latte costs $2.63.  

(7) Estimate if the Coffee Card will last until the end of the month if you purchase a latte every 

weekday. 

 

 

(8) If you purchase a latte every weekday,  

(a) Create a formula for a linear model for the balance on your coffee card. 

 

 

 

(b) Use the linear model to calculate if your $50 Coffee Card will last until the end of  

the month. If not, how many days will you have to go without coffee before you can reload it with 

money after your next paycheck (beginning of next month)? Or, if so, how much money is left at the 

end of the month? 
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Specific Objectives 

Students will understand  

• that linear models are appropriate when the situation has a constant rate of increase/decrease 

or can be approximated by a constant rate. 

• that the rate of change (slope) has units in context. 

• the difference between a positive slope and a negative slope. 

• that the linear models for authentic situations have limitations in using them to make 

predictions. 

Students will be able to 

• make a linear model when given data or information in context. 

• calculate a slope given data or information in context. 

• estimate and calculate the value that makes two linear models equivalent. 

Problem Situation 1: Weight Loss Challenge 

Four friends decided to do a joint weight loss challenge.  They 

weighed in at the start, and again after 3 or 4 weeks.  Their results 

are shown in the graph to the right. 

1) Calculate each person's rate of change.  Include units. 

 

 

 

2) How does the rate of change relate to the graph of the line? 

 

 

3) If Jamie continues losing weight at the same rate: 

a) Find a linear model for Jamie's weight.   

 

 

b )How much will she weigh after 5 weeks? 

 

c) How long will it take until she reaches her target weight of 173 pounds? 
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In the previous problem, you were able to calculate the rate of change by counting on the graph how 

much each person's weight changed over 3 or 4 weeks.  This approach works well with clear graphs or 

simple numbers, but becomes more problematic in other cases.   

For example, suppose that another friend, Raj, decides to join the challenge.  Being a mathematician and 

a technology fan, he has a much more accurate scale and tracks things more closely.  Since he joined 

late, he doesn't know what his weight was when the others started, 

but he knows after 0.5 weeks his weight was 193.4 pounds, and after 4 

weeks his weight was 187.6.   

To compute his rate of change, we have to know how much the 

change in output (weight) and change in input (weeks).  This is harder 

to just count from the graph, so instead we can use the values 

themselves and find the difference: 

187.6 − 193.4 = −5.8    He lost 5.8 pounds 

4 − 0.5 = 3.5     He lost it over 3.5 weeks 

So the slope is 
− −= = ≈ −

−
change of output 187.6 193.4 5.8

1.66
change of input 4 0.5 3.5

 pounds per week. 

In general, if we have two points (x1, y1) and (x2, y2), then we can calculate the slope as 

−
= =

−
2 1

2 1

change of output
slope

change of input

y y

x x
 

It doesn't matter which point you call (x1, y1) and which you call (x2, y2), but it is important that when 

calculating the differences, both start with values from the same point. 
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Problem Situation 2: Milk and Soft Drink Consumption 

Over the last 60 years, the U.S. per-person consumption of milk and soft drinks has changed drastically. 

For example, in 1950, the number of gallons of milk consumed per person was 36.4 gallons; in 2000 that 

number had decreased to 22.6 gallons. Meanwhile, the number of gallons of soft drinks consumed per 

person in 1950 was 10.8 gallons. By 2000, this number had increased to 49.3 gallons per person.1  

4) Use a graph or table to estimate whether there is a time when the consumption (per person) of milk 

equaled or will equal the consumption (per person) of soft drinks.  

 

 

 

5) If so, use linear equations to determine the year in which the consumption was (or will be) equal. 

 

 

 

 

 

 

 

  

                                                           

1
Retrieved from www.ers.usda.gov/data/foodconsumption/spreadsheets/beverage.xls 
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Further Applications 

(1) Suppose you and your roommates need to move, so you look into renting a moving truck for the day.  

U-Haul (www.uhaul.com) charges the following amounts for three different trucks. The dimensions 

for the trucks are given in length x width x height. 

• $19.95 plus $0.79 per mile for a cargo van with inside dimensions: 9'2" x 5'7-1/2" x 4'5"  

• $29.95 plus $0.99 per mile for a 14' truck with inside dimensions: 14'6" x 7'8" x 7'2"  

• $39.95 plus $0.99 per mile for a 20' truck with inside dimensions: 19'6" x 7'8" x 7'2"  

You estimate that you and your roommates have three rooms full of furniture and boxes, equivalent 

to about 1,000 cubic feet. Your new apartment is about 10 miles (one way) from your old 

apartment. 

As a group, decide which vehicle size is a better deal to rent. Provide work to support your answer. 
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Specific Objectives 

Students will understand that 

• linear equations can approximate nearly linear data. 

Students will be able to 

• find the equation of a line that estimates nearly linear data by calculating the rate of change and 

the vertical intercept of the line. 

• use approximate linear models to interpolate and extrapolate.  

 

In an earlier lesson, you learned that the equation of line can be written in the form = +y mx b .  This 

makes it easy to write the equation when we know the slope and initial value. 

In the last lesson, you learned how to compute the slope when you had two points that lie on the line, 

using the formula 
−

= =
−

2 1

2 1

change of output
slope

change of input

y y

x x
. 

Now suppose had two points, neither of which was the y intercept, and we want to write an equation 

for the line.  To do that, we need to use the slope and a point to find the intercept. 

Example: Find the equation of a line passing through (2,5) and (4, 6). 

The slope is 
− −= = = =
− −

2 1

2 1

change of output 6 5 1
slope

change of input 4 2 2

y y

x x
 

We know the general equation of a line is = +y mx b , so putting in the known slope gives 

= +1

2
y x b  

Now, to find b we can replace x and y with one of our points, and solve for the value of b that will 

make the equation true.  Using (2,5): 

( )= +

= +
=

1
5 2

2

5 1

4

b

b

b

 

We have found the y-intercept and can now write the equation for the line: = +1
4

2
y x  

The process for finding an equation of a line is: 

1. Identify two points that lie on the line 

2. Calculate the slope between those points.  
−

=
−

2 1

2 1

y y
m

x x
 

3. Start with = +y mx b .  Put in the slope, substitute one of the points for x and y, and solve for b. 

4. Write the final equation of the line. 
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1.  Recall in the last lesson that Raj weighed 193.4 pounds after 0.5 weeks, and 187.6 pounds after 4 

weeks.  Find a linear model for Raj's weight, w, after t weeks. 

 

 

 

 

 

 

Problem Situation 1: Minimum Wage 

The minimum wage is the lowest amount a company is allowed to pay its workers.  In the United States, 

the minimum wage was introduced in 1938.  The federal government sets a minimum wage, currently 

$7.25 per hour, and states and cities can set a higher minimum wage if desired.  In Washington State in 

2015, the minimum wage was $9.47 per hour, and is adjusted each year based on cost of living. 

As you may have read in the newspapers, there are groups working to raise the minimum wage to $12 

or $15.  Seattle has adopted a plan to increase the minimum wage to $15 over the next several years (by 

2017 or 2018 for large employers, and by 2019 or 2021 for smaller companies).  How much of a jump is 

this over the normally expected increases? 

To explore this question, we will look at the historical increases of minimum wage in Washington. Real 

data rarely fall on a straight line, but sometimes data show a definite trend. If the trend is close to linear, 

the data can be approximated by a linear model. This means that a linear model gives good estimates of 

what the data will be if the trend continues. A model can also be used to estimate values between data 

points. In this lesson, you will learn to create linear models from data. 
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The following data shows the minimum wage in Washington from 2005 to 2015.   

Year 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 

Min Wage $7.35  $7.63  $7.93  $8.07  $8.55  $8.55  $8.67  $9.04  $9.19  $9.32  $9.47  

 

 

2.  Holding a ruler or the edge of a paper up to the graph, sketch a line that you think best fits the data 

(most accurately models the data trend).  Using that line, find the equation for a linear model to 

approximate these data, letting W be the minimum wage and t the year, measured in years after 

2000. 

 

 

 

 

3.  Explain the meaning of the slope and vertical intercept of your equation. 
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4.  Using your model, predict the minimum wage in 2020.  Compare your prediction to your classmates' 

predictions.  Why are they all different? 

 

 

 

 

5.  When does your model predict the minimum wage would reach $15 if it continued increasing at the 

same rate? 

 

 

 

 

Problem Situation 2 

The chart to the right is a growth chart for boys, 

aged 2 to 15 years1.  The different curves show 

different percentiles for growth; the top curve 

shows the 95th percentile, where 95% of boys 

are that height or shorter.  The middle curve 

shows the 50th percentile (the median height), 

and the bottom curve shows the 5th percentile. 

6. Identify two pairs of data from the median 

height curve, and use those to determine 

an approximate linear model for the curve. 

 

 

 

 

 

 

 

 

 

                                                           

1 Based on data from http://www.cdc.gov/growthcharts/clinical_charts.htm#Set1 
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7. Use your model to predict the height of a 10 year old boy.  How well does your model’s prediction 

agree with the data in the chart? 

 

 

 

 

 

8. Use your model to predict the height of a 16 year old boy.  Are you more or less confident in this 

prediction than the prior one? 

 

 

 

 

 

 

9. Use your model to predict the height of a 30 year old man.  How accurate is this prediction likely to 

be? 

 

 

 

 

 

10. Determine a reasonable domain for this model.  That is, determine an interval of ages for which this 

model is likely to be reasonably accurate. 

 

 

 

 

11. Ninety percent of children fall between the 5th percentile and the 95th percentile. We’ll call this the 

“typical” interval.  Write an inequality for the “typical” interval of heights for a 9 year old boy. 

 

 

 

 

 

12. If a lost child is found who is 145 cm tall, determine an interval of likely ages for the child. 

129



Lesson 3.5: That Is Close Enough 

Theme: Citizenship 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

 

 

 

 

 

Blank page 

130



Lesson 3.6: Spring Scale 

Theme: Physical World 

 

Pierce College Math Department.  CC-BY-NC-SA 

Specific Objectives 

Students will understand that 

• linear models can be created based on collected or given data. 

Students will be able to 

• write the equation for a linear model given a set of data. 

 

Problem Situation 1 

Version 1   shorter lesson to be done in classroom 

Watch this demonstration of hanging weights on a spring. http://tiny.cc/springscale 

Version 2   longer version to be done in computer lab 

Follow these directions to find what happens when weights are hung on a spring.   

http://phet.colorado.edu/en/simulation/mass-spring-lab 

Move the ruler, dotted line guide and weights by drag-and-drop. Set up the ruler so that zero is even 

with the bottom of Spring 1. Hang each weight on Spring 1 and measure how far down each weight pulls 

the spring. This is called displacement. If you have trouble reading the scale, you can right-click to zoom 

in and out. Measure the displacements of all 6 weights, including the mystery weights. 

Follow these directions for either Version 1 or Version 2 

1. Enter the weights and displacements in the table. 

Weight Displacement 
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2. Set up an appropriate scale for your data. Label the horizontal axis “Weight in grams” and the 

vertical axis “Displacement in centimeters.” Note: Because the weight pulls the spring down, the 

displacement is considered negative. Your graph is going to use the Fourth Quadrant (the positive 

part of the horizontal axis and the negative part of the vertical axis.)  Plot the data points and draw a 

best-fit line. 

 

 

 

3. Write an equation for your line. 

 

 

4. Interpret the slope of the model.  What is it telling us?  What are the units? 

 

 

 

 

5. Determine the mystery weight(s). 
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Optional Part 2 for computer lab version 

You can change the hardness of Spring 3 using the adjuster in the box on the right. Make a note of how 

many clicks towards “hard” or “soft” you choose for this experiment. Repeat the procedure you used in 

Part 1. 

Weight Displacement 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Write an equation for this line. 

 

When weights are hung from a spring, the amount the spring stretches is linearly related to the amount 

of weight applied.  This principle in physics is called Hooke’s Law.    
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Problem Situation 2   Sinking a Block of Wood 

A block of wood, 10cm by 20 cm by 4 cm thick is floated on a pool of water, submerging it to a depth of 

1 cm.  A 50 gram mass is placed on top of the block, increasing the depth submerged to 1.25.  Another 

50 gram mass is placed on top, increasing the depth to 1.5. 

7. Find a linear model for the depth of the block in terms of the mass placed on top, 

with D representing the depth in centimeters to which the block is submerged, and w representing 

the amount of weight in grams on top of the block. 

 

 

 

 

8. Use the model to predict the mass of the block of wood. (Measure the weight in grams.) 

 

 

 

 

9. How much mass could be added before the block would be totally submerged? 
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Specific Objectives 

• Formulas are relations between variables 

• Solving all equations follows the basic rules of undoing and keeping the equation 

balanced. 

Students will be able to  

• Evaluate the dependent variable given values for the independent variables. 

• Solve for a variable in a linear equation in terms of another variable. 

Problem Situation 1: The Blood Alcohol Content Formula 

Recall that Widmark’s formula for BAC is  � = −0.015� +

.��

��
  ,  where 

B = percentage of BAC 

N = number of standard drinks 

W = weight in pounds 

g = gender constant (0.68 for men, 0.55 for women) 

t = number of hours since first drink 

 

For an average male who weighs 190 lbs, the formula can be simplified to 

� =  − 0.015� +  0.022�  

 

Forensic scientists often use this equation at the time of an accident to determine how many drinks 

someone had. In these cases, time (t) and BAC (B) are known from the police report. The crime lab uses 

this equation to estimate the number of drinks (N). 

 

(1)  For a 190 pound man, find the number of drinks if the BAC is 0.09 and the time is 2 hours. 
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The crime lab needs to use the formula frequently to find the number of drinks N for various 190 pound 

males who have different values of BAC and hours since drinking.  For example, the next case may 

involve BAC of 0.11 and time of 3 hours.  They could each time go through the sequence of steps as in 

question 1.  However, it would be more efficient to solve the formula for the variable N.  That means:  

keeping the relationship among the variables the same and the equation balanced, rewrite the formula 

so that the variable N is alone on one side, while the other side of the equation has variables B and t, 

and numbers and operations.    

 

(2) Solve the formula  � =  −0.015� +  0.22�  for N. 

 

 

 

(3)  Use the formula for N that you found in part (2) to find the value of N when B = 0.09 and t = 2 to 

verify that the value you get for N is the same as the value found in part (1). 

 

 

 

(4)  Use the formula you for N that you found in part (2) to find the number of drinks when the 190 

pound man has a BAC of 0.11 and the time was 3 hours. 

 

 

Problem Situation 2:  Statistics  z-score formula 

A formula widely used in statistics is  � =
���

�
   ,  where  

z = z-score 

x is a specific data value 

μ = mean value      (μ is pronounced “mu”.  It is Greek lower case mu.) 

σ = population standard deviation (σ is pronounced “sigma”.  It is Greek lower case sigma.) 

 

It is not necessary that you understand what these terms mean. Rather we will use the formula both to 

evaluate values and to solve for values. 
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(5)  Find the value for z if x = 2.3, μ = 1.9, σ = 0.2. 

 

 

 

(6) Solve for the value of x if z = 1.5, μ = 1.9, σ = 0.2. 

 

 

 

(7) Use the z-score formula to solve for the variable x in terms z, μ, and σ. 

 

 

 

 

 

Factoring 

Recall from simplifying expressions the distribution property: 

 ��� + �� = �� + �� 

Sometimes when solving equations or formulas it can be necessary to use this property in reverse.  

When we do this, we call it factoring the greatest common factor (GCF): 

 �� + �� = ��� + �� 

Examples: 

 � + 0.15� = �1 + 0.15�� = 1.15� 

 5� + �� = �5 + ��� 

 4� + 32 = 4�� + 8� 

This can be used for solving formulas. 

Example:  Solve !� + "� = � for t. 

 �! + "�� = �   By factoring out the GCF 

 � =
#

$%&
   Dividing both sides by the quantity �! + "�  
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Problem Situation 3:  Simple Interest Formula 

The formula '  =  ( +  ()�  allows us to find the amount A in a bank account that has an initial 

investment P at an annual interest rate of r percent (in decimal form) for t years.  

  

(8)  Find the value for A if P = 2000, r = 0.01, and t = 5 

 

 

 

(9)  Find t if A = 2200, P = 2000, and r = 0.01 

 

 

 

(10)  Solve for t in terms of A, P, and r. 

 

 

 

 

(11)  Solve for P in terms of A, r, and t.   Suggestion:  first factor the right side of the original formula. 

 

 

 

 

 

 

 

Further Application: 

Solve the original Widmark Blood Alcohol Content formula for the variable N. 

That is, solve  � = −0.015� +

.��

��
    for N. 
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Specific Objectives 

Students will understand that 

• compounding is repeated multiplication by a compounding factor. 

• compounding is best expressed in terms of exponential growth, using exponential notation. 

• exponential growth models the compounding of interest on an initial investment. 

Students will be able to 

• calculate the earnings on a principal investment with annual compound interest. 

• write a formula for annual compound interest. 

• compare and contrast linear and exponential models. 

 

Certificates of Deposit 

A Certificate of Deposit (CD) is a type of investment used by many people because it is very safe and 

predictable. CDs can be purchased through banks and other financial institutions. The U.S. Security and 

Exchange Commission gives the following information about CDs.1 

The ABCs of CDs 

A CD is a special type of deposit account with a bank or thrift institution that typically offers 

a higher rate of interest than a regular savings account. Unlike other investments, CDs 

feature federal deposit insurance up to $250,000. 

When you purchase a CD, you invest a fixed sum of money for fixed period of time—six 

months, one year, five years, or more—and, in exchange, the issuing bank pays you interest, 

typically at regular intervals. When you cash in or redeem your CD, you receive the money 

you originally invested, plus any accrued interest. If you redeem your CD before it matures, 

you may have to pay an “early withdrawal” penalty or forfeit a portion of the interest you 

earned … 

At one time, most CDs paid a fixed interest rate until they reached maturity. But, like many 

other products in today’s markets, CDs have become more complicated. Investors may now 

choose among variable-rate CDs, long-term CDs, and CDs with other special features. 

In this course, you will only be looking at situations in which the CD has a fixed interest rate. The period 

of time that you agree to leave your money in the CD is called the term. Terms can range from 3 months 

to multiple years. Some CDs require a minimum deposit, but others do not. The deposit, or amount you 

put into the CD, is called the principal.  

CDs pay compound interest. Recall in previous assignments you have worked with situations that use 

simple interest. In simple interest, the total interest is calculated from the original principal. In 

compound interest, the interest is added to the principal after a set period of time. Then interest for the 

next period of time is calculated based on the new, higher balance in the account.  

                                                           

1
Retrieved from www.sec.gov/investor/pubs/certific.htm 
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Here is an example:  

You invest $100 at 5% interest compounded annually or each year. At the end of the year, you 

earn 5% of $100 or $5. This is added into the account so now the balance is $105. In the second 

year, you earn 5% of $105 or $5.25.  

Following are some common compounding periods: 

• Quarterly (4 times a year) 

• Monthly (12 times a year) 

• Daily (365 times a year) 

 

There is also a type of compounding called continuous, but that will not be discussed in this course. 

Problem Situation 1: The Five-year CD 

Suppose you invest $1,000 principal into a certificate of deposit (CD) with a five-year term that pays a 

2% annual percentage rate (APR) interest. The compounding period is one year.   

(1) How much money will you have in your account after one year?   

End amount = principal + interest     and     interest = principal ∙ interest rate 

  � =  � +  �    � =  �� 

         � =  � +  �� 

  Remember to write the interest rate in decimal form. 

 

(2) How much money will you have in your account at the end of the five-year term? (Be ready to 

explain your calculations.) 

Term Calculation Account Balance 

1 year 
 

 

 

2 years 
 

 

 

3 years 
 

 

 

4 years 
 

 

 

5 years 
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(3) Rewrite the formula   � =  � +  ��   by factoring out the Greatest Common Factor. Use this new 

form of the formula to calculate years 1 – 5. Do you see an easier way to figure the interest for any 

year in the term? 

 

 

 

(4) Using patterns discovered in answering Question 3, develop a formula for the total amount accrued 

(account balance) in a CD with annual compounding after t years, if the principal = $1,000 and the 

APR = 2%. Then use your formula to fill out the following table.   

 

Term Calculation Account Balance 

10 years 
 

 

 

20 years 
 

 

 

40 years 
 

 

 

60 years 
 

 

 

80 years 

 

 
 

100 years 

 

 
 

(5) Plot your results from Question 4.  Label the vertical axis appropriately.  

 

 

 

 

 

 

 

 

 

(6) Is your formula from Question 4 linear? Explain your reasoning. 
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(7) Write a general formula that could be used to find the account balance (A) for a CD with annual 

compounding. Let P = the principal, r = the APR as a decimal, and t = number of years. 

 

 

Problem Situation 2: The Value of a CD 

In the last problem, the CD was compounded annually. In this problem, we will extend that for 

compounding periods of various durations.  

Suppose you invest $1,000 principal in a two-year CD, advertised with an annual percentage rate (APR) 

of 2.4%, where compounding occurs monthly.   

(8) If the APR is 2.4% per year, how much is it per month (Remember Periodic Rate from 1.9)? Use your 

answer to complete the following table. Record how you found the results in the middle column. 

• Principal = $1,000 

• APR = 2.4% 

• Term = two years 

• Compounding period = one month 

Period Calculation Account Balance 

1 month   

2 months   

3 months   

6 months   

12 months   

24 months   

 

(9) Write a general formula that can be used to calculate the value of any CD. Define your variables. 

 

 

 

(10)   Compare the return on a CD with annual compounding that pays 2% interest to one that pays 4% 

interest. Are the returns doubled? Does the comparison vary over time? Explain how you came to 

your conclusions. 
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Specific Objectives 

Students will understand  

• the differences and similarities between exponential growth and decay. 

• the differences between linear and exponential growth 

Students will be able to 

• write an equation for an exponential decay model. 

 

In this lesson, you will connect the exponential mathematics of compounding to related applications, 

such as automobile depreciation and spread of disease. 

Problem Situation 1: Understanding Depreciation 

Depreciation is a process of losing value, opposite to that of accruing interest. For example, new 

automobiles lose 15 to 20% of their value each year for the first few years you own them.  

(1) Based on this fact, develop a depreciated-value (D) formula for a $26,000 automobile, based on 15% 

depreciation per year. Use the table below to guide your calculations.   

Age of the Automobile Calculation Value 

New 
 

$26,000 

1 year old  

 

 

2 years old  

 

 

5 years old  

 

 

t years old  
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Problem Situation 2: A Spreading Disease 

During 2014, there was an Ebola breakout in West Africa.  On April 1, 2014, there had been 130 cases 

reported.  A month later there had been 234 cases reported. 

(2) Find the absolute and relative change between the two reported values. 

 

 

 

(3)  Let C represent the number of cases after t months.  Find a formula for a linear model based on the 

data given.  Use that model to predict the number of cases after 6 months. 

 

 

 

(4)  The relative change you found in question 2 is the percent increase, or percent growth rate.  Use it 

to find a formula for an exponential model based on the data given.  Use that model to predict the 

number of cases after 6 months. 

 

 

 

(5)  What does each model predict the number of cases to be after 2 years (24 months)? 

 

 

 

 

(6)  Which model is more likely to be accurate?  What are the limitations of the models? 
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Students will understand  

• the relationship between a logarithm and an exponent. 

 

Students will be able to 

• use logarithms to solve an exponential equation. 

• read and place values on a logarithmic scale. 

 

In Lesson 4.1 and Lesson 4.2, you created increasing exponential models for compound interest and an 

exponential decay model for depreciation.  In those types of situations, we might be interested in how 

long it will take our account to grow to a certain amount, or when the value of a car will drop below a 

certain level.  To do that, we need to be able to solve exponential equations. 

When we solve an equation like 3� = 12, we use division to solve the equation, since division “undoes” 

multiplication:  
��
� =

�	
� , so � = 4.  Likewise we use multiplication to “undo” division, addition to “undo” 

subtraction, and so on. 

If we have an exponential equation, it would be helpful to have something to “undo” the exponential so 

we could solve exponential equations.  The logarithm is that tool. 

 

Common Logarithm 

The common logarithm, written log(x), undoes the exponential 10x.  This means that  

log(10x) = x,        and likewise         10log(x) = x. 

This also means  

the statement 10a = b is equivalent to the statement log(b) = a.   

For example, since 102 = 100, then log(100) = 2. 

log(x) is read as “log of x”, and means “the logarithm of the value x”.  It is important to note that this is 

not multiplication – the log doesn’t mean anything by itself, just like √ doesn’t mean anything by itself; it 

has to be applied to a number. 

(1)  For each of the following, write the number as a power of 10, then use that to evaluate the log. 

 (a)  log�100,000�  (b)  log � �
�����   (c)  log�0.01� 
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It is helpful to note that from the first three parts of the previous example that the number we’re taking 

the log of has to get 10 times bigger for the log to increase in value by 1. 

Of course, most numbers cannot be written as a nice simple power of 10.  For those numbers, we can 

evaluate the log using a scientific calculator with a log button. 

(2)  Evaluate log(150) using a calculator. 

 

 

With an equation, just like we can add a number to both sides, multiply both sides by a number, or 

square both sides, we can also take the logarithm of both sides of the equation and end up with an 

equivalent equation.  This will allow us to solve some simple equations. 

Example:  Solve 10x = 1000: 

Taking the log of both sides gives log(10x) = log(1000)   

Since the log undoes the exponential, log(10x) = x.  Similarly log(1000) = log(103) = 3.   

The equation simplifies then to x = 3. 

 

(3)   Solve 3(10x)= 6,000 

 

 

 

 

This approach allows us to solve exponential equations with powers of 10, but what about problems like 

2 = 1.03n from earlier, which have a base of 1.03?  For that, we need the exponent property for logs. 

Properties of Logs: Exponent Property 

( ) ( )ArAr loglog =  

This property will allow us to solve exponential equations. 
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Solving exponential equations with logarithms 

1. Isolate the exponential.  In other words, get it by itself on one side of the equation.  This usually 

involves dividing by a number multiplying the exponential. 

2. Take the log of both sides of the equation. 

3. Use the exponent property of logs to rewrite the exponential with the variable exponent 

multiplying the logarithm. 

4. Divide as needed to solve for the variable. 

 

Example:  Solve 200(1.03x) = 8000: 

200(1.03x) = 8000  Divide both sides by 200 

1.03x = 40   Take the log of both sides 

log(1.03x) = log(40)  Use the exponent property of logs on the left 

x log(1.03) = log(40)  Divide by log(1.03) 

� = �������
�����.���  If appropriate, we can use a calculator to approximate the answer 

� ≈ 127.8   

 

(4)  Solve 40(3x) = 6,000 

 

 

(5)  The value of a car is depreciating following the formula � = 18,000�0.82��, where V is the value 

and t is years since purchase.  Determine when the value of the car will fall to $12,000. 

 

 

 

 

(6)  The population of a town was 72 thousand in 2010, and has been growing by 8% each year.  When 

will the population reach 160 thousand if the trend continues? 
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Specific Objectives 

Students will understand  

• That log scales reveal magnitudes and relative change 

Students will be able to 

• Solve applied problems using logarithms 

• Read and place values on a logarithmic scale 

 

Problem Situation 1: 

When ancient artifacts are found, scientists determine their age using a technique called radioactive 

dating.  Carbon 14 is a radioactive isotope that is in living organisms.  All living organisms have 

approximately the same ratio of carbon 14 to carbon 12.  After the organism dies, the carbon 14 decays 

to nitrogen 14, changing the ratio of carbon 14 to carbon 12.  The fraction of the original carbon 14 

remaining in an organism after t thousand years is modeled by � = 0.8861
�. 

(1)  Suppose an object, such as a tree, has 1 unit of carbon 14 in it at the time it dies.  Complete the table 

for the fraction of carbon 14 remaining after the given numbers of years. 

Years C-14 remaining 

0  

 

2000  

 

4000  

 

6000  

 

8000  

 

 

(2) Textbooks will commonly report that the “half-life” of carbon 14 is 5730 years.  Based on your 

calculations, what do you think “half-life” means? 
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(3) Just using the idea of half-life, complete the table 

Years C-14 remaining 

0  

5730  

11460  

17190  

22920  

 

(4) An artifact is found, and scientists determine that it contains 14% of its original carbon 14.   

(a) Estimate the age of the artifact, using the results from #3. 

 

 

(b) Determine the approximate age of the artifact using algebra. 

 

 

 

 

Problem Situation 2:  

When numbers are very small or very large, or a set of values varies greatly in size, it can be hard to 

represent those values.  Consider the distance of the planets of our solar system from the sun: 

Planet Distance (millions of km) 

Mercury 58 

Venus 108 

Earth 150 

Mars 228 

Jupiter 779 

Saturn 1430 

Uranus 2880 

Neptune 4500 
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Placed on a linear scale – one with equally spaced values – these values get bunched up.   

 

However, representing each value as a power of 10, and using a scale spaced by powers of 10, the 

values are more reasonably spaced. 

 

 

(5) The scale above shows the dwarf planet Pluto.  Use the scale to estimate the distance in kilometers 

from the sun to Pluto. 

 

 

 

 

 

(6) Ida is a large asteroid in asteroid belt, approximately 429 million kilometers from the sun.  Add Ida to 

the scale above. 
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Sometimes you will see a logarithmic scale on the vertical axis of a graph.  A common example is in stock 

charts.   Both stock charts below show the Dow Jones Industrial Average, from 1928 to 2010. 

 

 

Both charts have a linear horizontal scale, but the first graph has a linear vertical scale, while the second 

has a logarithmic vertical scale.     

(7) In 1929, the stock market value dropped from 380 to 42.  In 2008, the stock market value dropped 

from 14,100 to 7,500. 

 (a) Compute the absolute and relative change in each market drop. 

 

 

(b) Which graph better reveals the drop with the largest absolute change?   

 

(c) Which graph better reveals the drop with the largest relative change?   
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Specific Objectives 

Students will understand that 

• a variable is a symbol that is used in algebra to represent a quantity that can change. 

• many variables can be present in a scenario or experiment, but some can be held fixed in order 

to analyze the effect that the change in one variable has on another. 

• verbal, numerical, algebraic, and graphical representations provide different yet consistent 

information on quantifiable situations.  

Students will be able to 

• evaluate an expression. 

• informally describe the change in one variable as another variable changes. verbally describe 

useful conclusions after exploration of a quantifiable situation. 

• create a table of values from a given formula. 

• create a graph using the table of values. 

• compare the features of a quadratic graph and a linear graph.   

Problem Situation: Calculating the Braking Distance of a Car 

Experts agree that driving defensively saves lives. Knowing how far it takes your vehicle to come to a 

complete stop is one aspect of safe driving. For example, when you are going only 45 miles per hour 

(mph), you are traveling about 66 feet every second. This means that to be a safe driver, you need to 

drive “in front of you” (i.e., you need to know what is going on ahead of you so that you can react 

accordingly). In this lesson, you will learn more about what it takes to drive defensively by examining the 

braking distance of a vehicle. Braking distance is the distance a car travels in the time between when the 

brake is applied and when it comes to a full stop.  For this problem, we will be looking at minimum 

braking distance when the brakes are fully applied and the car is skidding.   

(1) What are some variables that might affect the braking distance of a car? 

 

 

 

 

(2) For this lesson, you will examine how speed affects braking distance. In the homework you will 

consider the effects of other variables. Discuss with your group how you think the speed will affect 

the braking distance. For example, what do you think will happen to the braking distance if you 

double the speed? Would the answer be different for very low speeds or very high speeds? 

 

153



Lesson 4.5: Breaking Down Variables 

Theme: Citizenship 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

The formula for the braking distance of a car  is 
2

0 = 
2 (  + )

V
d

g f G
 where

 

V0 = initial velocity of the car (feet per second). That is, the velocity of the car when the brakes 

were applied. The subscript, zero, is used customarily to represent time equaling zero. So, V0 is 

the velocity when t = 0. 

d = braking distance (feet) 

G = roadway grade (percent written in decimal form). Note: There are no units for this variable, as 

explained in the previous PNL.  

f = coefficient of friction between the tires and the roadway (0 < f < 1). Note: Good tires on good 

pavement provides a coefficient of friction of about 0.8 to 0.85.  

Constant:  

g = acceleration due to gravity (32.2 ft/sec
2
)  

Since g is a constant, this formula has four variables. To understand the relationships between the 

variables, you will hold two of them fixed. That leaves you with two variables—one that will affect the 

other. Since you want to see how speed affects braking distance, you will hold the other two variables, f 

and G, fixed.  

 

(3) Let f = 0.8 and G = 0.05. Write a simplified form of the formula using these values for the two 

variables. 

 

 

 Use that formula to complete the following table.  Note:  take care to notice units. 

 

 

 

 

 

 

 

 

 

 

 

Velocity (mph) Velocity (feet/sec) Braking distance (ft) 

10 mi/hr 
  

20 mi/hr 
  

40 mi/hr 
  

80 mi/hr 
  

Extra if needed   

Extra if needed   
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 (4) (a) Suppose the speed doubles from 10mph to 20mph.  Complete the two sentences below: 

                The braking distance at 20mph is ______ft longer than the braking distance at 10mph 

                The braking distance at 20mph is ______ times as long as the braking distance at 10mph 

        (b) Suppose the speed doubles from 40mph to 80mph.  Complete the two sentences below: 

                The braking distance at 80mph is ______ft longer than the braking distance at 40mph 

                The braking distance at 80mph is ______ times as long as the braking distance at 40mph 

        (c) Based on your calculations above, complete the sentence below: 

                When the speed doubles, the braking distance will be ______ times as long. 

 

(5)  If the speed were to triple, the braking distance would be ______ times as long. 

Suggestion:  try some velocities to check your answer. 

 

 

 

(6) We will use the table of values to plot a graph of “Speed in ft/s vs. Braking distance in ft”.  

(a)  What variable will you plot on the horizontal axis?  

 

      What variable will you plot on the vertical axis?  

 

What will be a reasonable range of numbers to plot on the horizontal axis? What scale will you 

use on the horizontal axis(the change in numerical value from one tick mark to the next)? 

 

 

What will be a reasonable range of numbers to plot on the vertical axis? What scale will you use 

on the vertical axis? 
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(b) Plot the graph of speed in ft/s vs. braking distance in ft. 

              

 

 

(c) Describe in words the general shape of the graph. 

 

 

 

(d)  Look at your simplified formula, from part (3). Could we have predicated the general shape of 

the graph by looking at the formula? Explain. 

 

 

 

 

(e)  In an earlier lesson, you plotted Blood Alcohol Content vs. Time in hours.  

Compare that graph with the graph of Speed vs. Braking Distance. What do you notice? Explain 

why the graphs are different. 
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You have now used several different formulas in this course, including common geometric formulas for 

area and volume. You had probably seen some of those formulas before. In this lesson, you used a 

formula that was more complex and probably less familiar to you. Almost every field has specialized 

formulas, but they all depend on three basic skills: 

• Understanding and knowing how to use variables, including the use of subscripts. 

• Understanding and knowing how to use the order of operations. 

• Understanding and knowing how to use units, including dimensional analysis. 

With these three skills, you will be able to use formulas in any field. 

Further Applications 

Find your reaction time! Ask a friend to help with this experiment. Have him or her hold a ruler (or yard 

stick) vertically while you position your thumb and first finger about 1 inch apart and on either side of 

the bottom of the ruler. Ask your friend to drop the ruler without warning while you attempt to catch it 

with your thumb and finger as quickly as possible. Take note of where you catch the ruler (the distance 

from the bottom of the ruler). Repeat the experiment three times and record your results. Find the 

average distance of the three trials. Then repeat the experiment again, using your other hand. Find the 

average distance for both hands. 

Use the following formula where d is the average distance (in feet) for both hands. 

=
2

 
ft16

sec

d
t

 

 

 

 

 

 

 

 

 

 

 

 

Note: The reaction time to catch a ruler with your fingers is going to be about a third of the time needed 

to apply your brakes. 

Trial 
Distance R 

(inches) 

Distance L 

(inches) 

1     

2     

3     

Average     

Average of 

both hands   

157



Lesson 4.5: Breaking Down Variables 

Theme: Citizenship 

 

The Carnegie Foundation for the Advancement of Teaching  and The Charles A. Dana Center at the University of Texas at Austin 

Revised by the Pierce College Math Department.  Licensed CC-BY-SA-NC. 

 

 

Blank page 

 

158



Lesson 4.6: Roots 

Theme: Physical World 

 

Pierce College Math Department 

Specific Objectives 

Students will understand  

• how roots are used to “undo” powers. 

• how the Pythagorean theorem is used in applications. 

Students will be able to 

• use roots to solve power equations. 

• solve problems using the Pythagorean theorem. 

In Lesson 4.5 we explored another type of equation, a quadratic. This is a type of power equation. We 

have techniques to solve problems involving linear and exponential equations. Now we want to develop 

a technique for solving power equations.  

In Lesson 4.3 you learned how logarithms “undo” exponentials, allowing us to solve exponential 

equations.  Now we need the same for power equations, ones of the form �� = �, where x is the input 

variable and n and b are both numbers, like �� = 9, and �� = 8 . 

For this, we need roots.  You’ve probably seen the square root, √, before.  The square root is defined as 

the “undoing” of squaring. For example, since 3� = 9, then √9 = 3.  Because of this, we can say that: 

√�� = �, and �√�
�

= �, so long as x is positive.  

For example √4� = √16 = 4, and �√25
�

= 5� = 25. 

We can then use this to solve problems like �� = 81.  But we do run into a small complication.   

Using the square root on both sides, we’d get √�� = √81, so � = 9.  But notice that �−9�� = 81 as 

well, so our technique of using the square root to “undo” squaring only got us one of the two answers.  

It is, unfortunately, common for an algebraic technique to only give one solution. We should check to 

see if there are other solutions. 

Solving equations like �� = � 

• There are two solutions:  � = √� and � = −√�.  Sometimes you’ll see this written as � = ±√� 

Example:  Solve �� = 41 

The solutions will be � = √41 and � = −√41 .  There is no whole number whose square is 41, so we 

either have to leave the answer like this, or approximate the answer using a calculator.  Sometimes 

the more precise exact answer is better. But in some real life problems, the approximation is more 

useful. 
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In some cases it might be necessary to first isolate the �� by adding, subtracting, multiplying, or dividing. 

Example:  Solve  
��

�
− 3 = 4 

We need to isolate the �� first: 

Add 3 to both sides:   
��

�
= 7 

Multiply both sides by 5:  �� = 35 

The solutions are � = √35 and � = −√35 

 

1. Solve these equations: 

a.  �� = 81    b.  3�� = 12    c.  5�� + 100 = 300  

 

 

 

 

 

 

2. Recall that the formula for an area of a circle is  = !"�.  Use the technique of “undoing” the 

squaring to find the radius of a circle whose area is 300 square meters.  
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3. In Lesson 4.5 you looked at the braking distance of a car.  On a road with grade $ = 0.02 and 

friction coefficient % = 0.7, the equation for braking distance simplifies to & =
'(

�

)*.�+
 where ,- is the 

initial velocity of the car in feet per second, and & is the braking distance in feet. 

 

a. Suppose there is a car crash. Police can determine from skid marks that the car took 120 feet to 

brake.  Determine the car’s speed when it started braking. Give the speed in miles per hour. 

 

 

 

 

 

 

 

b. In a similar crash with the same road conditions, a car took 240 feet to brake.  Do you think, 

based on your last answer, that the car’s initial speed was: 

i. Less than double the first car’s speed 

ii. Double the first car’s speed 

iii. More than double the first car’s speed 

 

 

c. Check if your intuition in part b was correct by calculating the speed. 
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Right triangles are triangles where one angle is a right angle (90 degree angle), like the corner of a 

square.  Right triangles have a special property called the Pythagorean Theorem relating the length of 

the sides.  If the two sides touching the right angle (called the “legs” of the triangle) are called a and b, 

and the long side (called the “hypotenuse” of the triangle) is called c, then they are related by the 

equation: 

.� + �� = /�  

This property is commonly used in construction and other professions. 

4. If the legs of a triangle have lengths 6 ft and 8 ft, find the length of the hypotenuse. 

 

 

 

 

 

5. Someone wants to build a wheelchair ramp up to their front door. The ramp is 8 feet long.  The side 

of the ramp against the house is 2 feet above the ground. How far out from the house will the end 

of the ramp be? Round your answer to two decimal places. 

 

 

 

  

a 

c 

b 
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We can also solve other power equations, like �� = 8 and �) = 300, by using higher order roots.  For 

example the cube root, √
0

, “undoes” cubing:  2� = 8, so √80 = 2.  In this case when we solve �� = 8, 

�−2�� = −8, so there’s only the one solution, � = 2.  We end up getting two solutions when the power 

is even, and only one solution when the power is odd. 

• When solving �� = � when n is even, there are two solutions:  � = √�1
 and � = − √�1

 

• When solving �� = � when n is odd, there is one solution:  � = √�1
 

 

6. Solve these equations: 

a.  �� = 27    b. 4�� = 56    c.  �) = 50 

 

 

 

 

 

7. An artist is creating a sculpture using a sphere made of clay to represent Earth. The volume of a 

sphere is given by the equation:  , =
)

�
!"�, where r is the radius of the sphere. The artist has a 

rectangular slab of clay that is 4 inches wide, 6 inches long, and 2 inches high. What is the radius of 

the largest sphere the artist can create with this clay? 

 

 

  

 

 

 

4 in 

2 in 

6 in 
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Specific Objectives 

Students will understand that  

• solving problems may require usage of various math skills. 

Students will be able to 

• solve a variety of problems using skills learned throughout the quarter. 

 

Congratulations, you’ve made it to the end of the course.  Throughout this course you have seen ways in 

which quantitative and algebraic reasoning skills can be useful for understanding many different types of 

situations we encounter.  The objective of this lesson is for you to draw on all the skills you have 

learned, as needed, so that you can find solutions to a variety of problems.  Our world has many 

challenges, both good and bad. Your college education is helping you develop tools for solving problems.    

Math is one of those tools, particularly in our technologically sophisticated world.  However, real world 

problems are not stated the way they are in a math text.  So, what do you do when faced with a real 

problem? 

Rather than proposing the first solution that comes to your mind, one strategy is to start asking 

questions so that you can develop an understanding of the problem.  One of those questions should be 

to determine if mathematics can help illuminate the problem.  If so, then what kind of mathematics?  

Some problems can be understood with only arithmetic, others with algebra, and others with statistics.  

The problem solver must determine the best approach. 

Algebraic approaches to problems can sometimes be achieved using formulas but at other times require 

the creation of equations.  In either case, determine the family (e.g. linear, exponential) of the formula 

or equation and consider making a graph to better understand the relationships among the variables. 

The goal of this section is for you to reason your way through any problem and apply the necessary skills 

as needed.  This means you will have to be able to engage with the situation, interpret the context, and 

then apply the appropriate math skills.   
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Problem Situation 1.  Generic Equations   

For each equation below, identify the family then solve for the unknown value. 

 

1.              y = 5000(1.034)x       Family___________________ 

Solve for y if x = 12    Solve for x if y = 6300 

 

 

 

 

 

 

2.              y = 10x2    Family___________________ 

Solve for y if x = 6    Solve for x if y = 490 

 

 

 

 

 

 

3.              8x + 12y = -36   Family___________________  

Write this equation in slope-intercept form, simplifying each term completely. 

 

 

 

Solve for y if x = 6    Solve for x if y = 9 
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Problem Situation 2: Families, Equations, Solutions 

These problems have context.  In each case, decide which family of equation is appropriate for modeling 

this problem, write the equation, and use the equation to answer the question.  

4.  A rental truck can be rented for $40 a day plus $0.40 per mile over allowed mileage.  For a 1 day, 

local rental, the allowed mileage is 30 miles.  Write an equation that can be used to determine the 

total cost of the rental if it is driven more than 30 miles.  Simplify the equation completely. 

Family: 

Equation: 

Solution:  Use the equation to determine the cost of the rental truck if it is driven for 50 miles. 

 

 

 

 

5.  Some coral reefs are dying at approximately 10% per year.  Write an equation that can be used to 

determine the future size of a coral reef that has an area of 100 km2. 

Family: 

Equation: 

Solution:  Use the equation to determine how long it would take the coral reef to be reduced to 50 

square km. 

 

 

 

 

6.  The GDP of Washington State is 443.5 billion dollars with a growth rate of 2.5%.  Write an equation 

that can be used to estimate the size of Washington’s economy in a future year, assuming the same 

growth rate. 

Family: 

Equation: 

Solution:  Use the equation to predict the size of the WA economy in 5 years. 
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7.  In a working forest, trees are harvested by clear cutting and then new trees are planted by a tree 

planter.  Large areas require multiple planters working over several days.  This leads to the concept of   

planter·days.  A planter·day is the product of the number of planters and the number of days.  For 

example, 10 planter·days means that 10 planters could complete the planting in 1 day or that 1 

planter would require 10 days or 2 planters would require 5 days, etc. 

One tree planter can put trees on 0.6 hectares per day.  To know how many tree planters must be 

hired to re-plant a clear-cut area, it is necessary to calculate the number of planter·days.    Let p = 

planter·days.  Write an equation that shows the number of hectares that can be planted, based on 

the number of planter·days. 

Family: 

Equation: 

Solution:  How many planter·days are needed to plant seedlings over a 30 hectare clear cut? 

 

 

 

8.  The United Nations just predicted a larger increase in population than their earlier estimates.  They 

estimate that less developed countries will grow at a rate of 3.1% per year.  Write an equation that 

can be used to estimate a less developed country’s future population if the country currently has 18 

million people. 

Family: 

Equation: 

Solution:  Use the equation to predict the number of years it will take for the country to reach 36 

million people. 

 

 

 

9.  Assume the rate that people pass through all the security check points to enter CenturyLink Field for 

a Seattle Seahawks game is 800 per minute.  Write an equation that can be used to determine the 

number of fans in in the stadium based on the time since the gates open. 

Family: 

Equation: 

Solution:  How long will it take to admit a sellout crowd of 67,000 screaming football fans? 
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10.  Write a formula that shows the relationship between the radius of a circle and its area. 

Family: 

Equation: 

Solution:  Find the radius if a circle has an area of 2000 square feet. 

 

 

 

 

 

 

11.  Write a formula that shows the relationship between the side of a square and its area. 

Family: 

Equation: 

Solution:  Find the length of a side of a square that has an area of 2000 square feet. 

 

 

 

 

 

 

12.  An employee earns $2000 per month plus $50 for every service call they make.  Write an equation 

to show the amount they make in a month based on the number of service calls. 

Family: 

Equation: 

Solution:  How many service calls must they make to earn $3100 for the month? 
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Problem Situation 3:  Complex Scenarios to provide a challenge for your skills 

Printers 

The standard business model for selling printers is to underprice the printer and overprice the ink.  In 

this model, a printer may only cost $80, but the cost for the ink cartridges is $35.  Each cartridge 

contains about 8 - 12 ml of ink.  The cartridge will print approximately 300 pages.   

13.  Write an equation to show the cost of buying and operating this printer.  The independent variable 

is number of pages.  What type (family) of equation is appropriate? 

Family: 

Equation: 

 

A new model for selling printers is being used by Epson.  In this model, the consumer pays the full cost 

of the printer (plus reasonable profit) but only pays the cost of the ink (plus reasonable profit).  In this 

model, the ink is sold in bottles and the consumer adds the ink to the printer themselves.  Under this 

business model, a printer may cost $350, but the bottles of ink will cost $52 ($13 each for 4 bottles, each 

bottle is a different color and contains 70 ml).  These four bottles have enough ink to print 6,500 pages.   

14.  Write an equation to show the cost of owning and operating this printer.  The independent variable 

is number of pages. 

Equation: 

 

 

15.  Graph the two equations on the same coordinate system below then estimate the number of pages 

that will let the consumer break even.   
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16.  Calculate the intersection of the two lines.  Express the intersection as an ordered pair (pages, cost). 

 

 

 

 

17.  Before buying a new printer, a consumer monitors the number of pages printed every month.  The 

data for the first 4 months is 56, 145, 132, 95.  What is the average number of pages printed every 

month? 

 

 

18.  At this rate of printing, how long will it take until the break-even point is reached? 

 

 

19.  Before reaching the break-even point, will it be cheaper to own the standard printer or the Epson 

printer? 

 

20.  After reaching the break-even point, will it be cheaper to own the standard printer or the Epson 

printer? 

 

 

 

Fishing 

Businesses that cater to anglers (people who fish) need to find ways to promote their business.  One 

way is to host a fishing derby.  In this scenario, we will pretend that a group of businesses near a lake 

start planning for a fishing derby.  Originally the lake does not contain any bass, so they stock the lake 

with 50 bass.  A year later they estimate there are 70 bass in the lake. 

21.  What is the absolute rate of change in the bass population?   

 

 

22.  What is the relative rate of change in the bass population? 
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23.  Write an equation showing how the population will grow based on maintaining the same relative 

rate of growth. 

 

 

24.  Use the equation to determine the number of bass in the lake in 5 years. 

 

25.  Graph the equation. 

 

 

 

 

 

 

The goal of the derby planners is maintain sustainable levels of bass so the businesses don’t have to 

stock the lake again.  They also know that participants in the fishing derby need to be able to catch a 

sufficient number of bass to make entry into the derby worthwhile.  Somehow, they need to find the 

balance between having enough anglers enter the derby so the businesses make money while at the 

same time not having the bass population decimated by overfishing. 

To remain sustainable, the number of fish that can be removed during the derby must not exceed the 

number of fish added to the population since the prior year.  If the businesses assume that each angler 

can catch 10 bass and that they need 50 anglers to make their efforts worthwhile, then the equation can 

be developed as follows. 

������ �	 
����� =  
��� �
��

10 �
�� ��� 
����
 

������ �	 
����� =  
�
�� �� ��� ��
� − �
�� �� ����� ��
�

10 �
�� ��� 
����
 

� =  
50�1.4�� − 50�1.4�� �

10 
 

� =  5�1.4�� − 5�1.4�� � 

 

 

 

 

Years 

Ba

ss 
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26. Make a graph with t is the independent variable. 

 

 

 

 

 

 

 

 

27.  Use the graph to estimate the number of years the businesses will need to wait so they have a 

sustainable bass fishing derby with 50 participants who can catch a maximum of 10 bass. 

 

Solar Panels 

There is a desire by many to reduce our dependence on fossil fuels.  Currently, the majority of electrical 

energy in this country is produced by coal or natural gas, both of which produce carbon dioxide as a 

product of combustion.  One suggestion to reduce fossil fuel use that is frequently discussed is solar 

energy.  After all, the sun provides us with an abundant amount of free energy.  Converting that free 

energy into electricity seems like a reasonable strategy.   

Let’s start our investigation by seeing which countries are making the greatest use of solar panels, based 

on the number of gigawatts (GW) of solar panels in the country.  The top 10 countries, based on the 

findings posted at the Pureenergies.com website1, are shown in the table below.   

28.  Make a bar graph of the power produced by solar panels for these countries, with one bar for each 

country.   

Country Power (GW) 

Germany 35.5 

China 18.3 

Italy 17.6 

Japan 13.6 

United States 12 

Spain 5.6 

France 4.6 

Australia 3.3 

Belgium 3 

United Kingdom 2.9 

                                                           
1
 https://pureenergies.com/us/blog/top-10-countries-using-solar-power/ 
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According to the Union of Concerned Scientists website2, each square meter of Earth receives about 

1,000 watts of solar energy at noon on a cloudless day.  The average received over the course of a year 

is 4.2 kilowatt-hours per square meter per day.  This varies by location and time of year.  For example, 

Seattle gets about 0.7 kilowatt-hours per day in December. 

29.  Solar panels can only convert about 15% of the energy they receive into electricity.  If Western 

Washington receives an average of 3 kWh of energy per square meter per day, then what is the 

average amount of electricity can be generated per square meter per day?  The units for this are 
!"#

$%∙'()
. 

 

 

31.  If the independent variable is square meters of solar panels and the dependent variable is energy, 

would you expect a linear, quadratic, or exponential relationship? 

 

 

32.  Write an equation that can be used to model the relationship in Western Washington between the 

area of solar panels and the electrical energy that is produced.   

 

 

33.  If a household uses an average of 930 kWh of energy per month, how much energy does it use per 

day (assume 30 days in a month)? 

 

 

34.  How many square meters of solar panels would it take to provide all the energy that is needed for 

the household? 

 

 

Hot Air Ballooning 

A hot air balloon passing overhead usually attracts the gaze and curiosity of those on the ground.  In this 

example, we will explore the physics behind hot air balloons, which is different than the physics that 

keep airplanes in the air.   

                                                           
2
 http://www.ucsusa.org/clean_energy/our-energy-choices/renewable-energy/how-solar-energy-

works.html#.VcO4jfkYGf8 
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To understand hot air balloons, think about the concept of buoyancy.  We usually think about buoyancy 

in the water and whether objects float or sink.  Water is a fluid.  So is the air.  The principles are the 

same, but it may be easier to think about buoyance in the water first. 

Buoyance is explained by the Archimedes Principle which says that an object that is completely 

submerged in a fluid is buoyed up by a force equal to the weight of the fluid that is displaced.  If the 

weight of the displaced fluid is greater than the weight of the object, the object will float.  If the weight 

of the displaced fluid is less than the weight of the object, the object will sink.   

In order to determine the weight of the water that is displaced, it is necessary to combine the concepts 

of mass with volume.  This is done by dividing the mass by the volume to find the density of the object 

or fluid.  In an earlier lesson you learned about population density, which is people per square 

kilometer.  In the world of physics, density refers to the mass per unit volume, such as grams per cubic 

centimeters.  The formula for density is *����+� =
$(,,

-./0$1
.   

Water has a density of about 1 gram per cubic centimeter.  Steel has a density of about 8 grams per 

cubic centimeter.  Since the density of steel is greater than the density of water, steel will sink.  But if 

this is true, how do boats such as aircraft carriers that are made with lots of steel actually float? 

To explore this concept, consider two steel balls.  Both balls weigh 100 grams.   The smaller ball is solid 

and the larger ball is hollow (e.g. think of something like a ping pong ball made out of steel).  Both balls 

contain exactly the same amount of steel.   

The smaller ball that is solid will sink if put into the water, but what about the larger ball?  Consider the 

density formula again.   

*����+� =
�
��

2����
 

 

35.  What happens to the density as the volume increases? 

 

 

36.  Use the density formula to determine the volume of the solid steel ball? 

 

 

 

37.  What is the radius of the solid steel ball? 
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38.  To help understand the relationship between the radius, volume and density, complete the table 

below.  Make 3 graphs, 1.  radius versus Volume, 2.  Radius vs Density, 3.  Volume vs Density.   

Radius Volume Density 

1.5 cm   

2 cm   

2.5 cm   

3 cm   

3.5 cm   

 

 

 

 

 

 

 

 

39.  The density of water is 1 gram per cubic centimeter.  An object will float if its density is less than the 

density of water.  An object will sink if its density is greater than water.  To help determine the 

radius of steel balls that will float, it is useful to write an equation that can be used to calculate the 

radius of a steel ball, based on its mass.  Let m = mass, d = density, r = radius.  Combine the density 

and the volume of a sphere formulas to create the equation.  Solve it for r.  

 

 

 

 

 

40.  Use the equation you just produced to determine the radii of steel balls that will float. Assume that 

the maximum radius before the steel becomes too thin is 3.5 cm. Express you answer in interval 

notation and show the results on a number line. 

 

 

 

 

radius radius volume 

vol

um

e 

de

nsi

ty 

de

nsi

ty 
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A hot air balloon works in a similar way.  Air is the fluid.  One of the laws of nature, called Charles’s Law 

after the chemist Jacques Charles who was involved in the early days of ballooning in the 1780s, says 

that volume of a gas varies directly with temperature.  Thus, if the temperature of the air in the balloon 

increases, so does its volume.  Heating the air in the balloon leads to an increased volume, which 

reduces the density of the balloon.  The envelope of the balloon is expanded by the hot air thereby 

reducing its density below that of the surrounding air mass, which has a density of approximately 1.2 

kg/m3.  This causes the balloon to rise. 

41.  Write an equation to show the relationship between the volume of a balloon (v) and the mass of the 

balloon, including basket and occupants (m) in air with a density of 1.2 kg/m3.  Start with the density 

formula then solve it for m. 

Equation: _____________________ 

 

 

42.  Use the equation to make a table of values.  Use v values in the interval [600,1000], counting by 

hundreds then make a graph. 

  

 

Volume Mass 

  

  

  

  

  

 

 

 

43.  Is the relationship between volume and mass linear, quadratic or exponential?  

 

 

44.  Suppose the mass of the balloon, basket, and occupants is 800 kg.  What volume of the balloon is 

necessary for the balloon to float in the air? 

 

 

 

 

Volume 

Ma

ss 
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Resource:  Understanding Visual Displays of Information 

Data are increasingly presented in a variety of forms intended to interest you and invite you to think 

about the importance of these data and how they might affect your lives. The following are some of the 

types of common displays: 

• pie charts, 

• scatterplots, 

• histograms and bar graphs, 

• line graphs,  

• tables, and 

• pictographs. 

 

Strategy for Understanding 

A strategy for understanding visual displays of information is to ask questions about the displays. 

What questions should you ask yourself when you study a visual display of information? 

• What is the title of the chart or graph? 

• What question is the data supposed to answer? (For example: How many males versus females 

exercise daily?) 

• How are the columns and rows labeled? How are the vertical and horizontal axes labeled? 

• Select one number or data point and ask, “What does this mean?” 

 

Use the following chart to help you understand what some basic types of visual displays of information 

tell you and what questions they usually answer.  

This looks like a … 
This visual display is usually 

used to … 
For example, it can be used to show … 

pie chart • show the relationships 

between different parts 

compared to a whole. 

• how time is used in a 24-hour cycle. 

• how money is distributed. 

• how something is divided up. 

line graph  • show trends over time. 

• compare trends of two 

different items or 

measurements. 

• what seems to be increasing. 

• what is decreasing.  

• how the cost of gas has increased in the last  

10 years. 

• which of these foods (milk, steak, cookies, 

eggs) has risen most rapidly in price 

compared to the others. 

histogram or bar 

graph 

• compare data in 

different categories. 

• show changes over time. 

• how a population is broken up into different 

age categories. 

• how college tuition rates are changing over 

time. 

table • organize data to make 

specific values easy to 

read. 

• break data up into 

overlapping categories. 

• the inflation rates over a period of years. 

• how a population is broken into males and 

females of different age categories.  
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Resource:  Writing About Quantitative Information 

Background 

You might be surprised that you are asked to write short responses to questions in this course. Writing 

in a math class? This course emphasizes writing for the following two reasons: 

• Writing is a learning tool. Explaining things such as the meaning of data, how you calculated the 

data, or how you know your answer is correct deepens your own understanding of the material. 

• Communication is an important skill in quantitative literacy. Quantitative information is used 

widely in today’s world in products such as reports, news articles, publicity materials, 

advertising, and grant applications.   

 

Understanding the Task 

One important strategy in writing is to make sure you understand the task. In this course, your tasks will 

be questions in assignments, but in other situations the task might be a question on a report form, 

instructions from your employer, or a goal that you set for yourself. To begin to write successfully, ask 

yourself the following questions: 

• What is the topic of the writing task? 

• What is the task telling me to do? Some examples are given below: 

o Describe how you found the answer. 

o Explain why you think you have the right answer. 

o Reflect on the process of coming up with the answer. 

o Make a prediction about the next data point. 

o Compare two data points or the answers to two parts of the problem. 

• What information am I given to help me with the task? 

 

A Basic Writing Principle for Quantitative Information 

Writing Principle: Use specific and complete information. The reader should understand what you are 

trying to say even if he or she has not read the question or writing prompt. This includes 

• information about context, and 

• quantitative information. 
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Resource:  Length, Area, and Volume 

Length 

Length is one-dimensional. An example would be the length of 

an electric cord used to recharge an electronic device. Examples 

of units of measure for length in the U.S. system are inches, feet, 

yards, and miles.  In the metric system there are meters, 

centimeters, kilometers, etc.   

A number line can be used to model lengths.  

In the diagram, the thicker segment on each number line is 3 units long. If the scale is in inches, each line 

segment is 3 inches long. If the scale is in feet, each line segment is 3 feet long. 

 

Perimeter 

The length of the distance around a shape is called the perimeter.   

To find the perimeter of a rectangle in the diagram, simply add the 

total number of units as if traveling around the area (as if along a 

fence surrounding the rectangle).  For the top rectangle, if the 

units are feet, then the perimeter is:  

 4 feet + 3 feet + 4 feet + 3 feet  = 14 feet 

The arithmetic operation is addition, and the unit of measure is 

feet. By comparison, the arithmetic operation to compute area is 

multiplication and the unit of measure is square feet.  

This connects to algebra. To add algebraic terms, you must have like terms, meaning terms with the 

same variables: 3x + 4x +3x + 4x = 14x.  

You cannot add 2x + 3y just as you cannot add 2 feet + 3 inches. 

The bottom rectangle, if the units were inches, has perimeter = 2 in + 6 in + 2 in + 6 in = 16 in. 

 

Area 

Area is two-dimensional and is measured in square units. The total 

number of one-foot square tiles needed to cover the floor  

of a room is an illustration of area measured in square feet.  

A rectangle is one shape that can be used to model area. Recall 

the formula for the area of a rectangle:   A = L x W.  

The area of a rectangle is the product of the length and the width, 

which is a shortcut for counting the number of square units 

needed to cover the rectangle. 

Each of the two shaded areas on the coordinate plane has an area of 12 square units. If the horizontal 

and vertical scales are in inches, each area is 12 square inches. If the scales are in feet, each area is 12 

square feet. Notice that the regions measured do not have to be squares, yet the area is measured in 

square units.  

Notice how the units in the calculation determine the units in the result:  

 

A Number Line 

 

A Coordinate Axis 

 

A Coordinate Axis 
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Resource:  Length, Area, and Volume 

   If the units are feet, the area of   If the units are inches the area of 

   the top rectangle is:     the area of the bottom rectangle is: 

         A = (3 feet) x (4 feet)         A = (2 inches) x (6 inches)  

  =  (3 x 4) x (feet x feet)               = (2 x 6) x  (inches x inches) 

  =  12  square feet or 12 feet
2
            =  12 square inches  or  12 inches

2
  

 

Note: It is common to abbreviate the units of measure using exponents. If the area is   

12 feet x feet = 12 feet
2 

, it is often written  A = 12 ft
2
.    Similarly,  12 inches

2 
 is written 12 in

2 
. 

 

Notice the connection to algebra here!  

Multiplying (3 feet) by (4 feet) is similar to multiplying (3a) by (4a). You multiply the numbers in front of 

the variables (coefficients), and then multiply the variables:  

    (3a)(4a)  =  (3 • 4) (a • a) = 12a
2
 

In general, a unit can typically be treated like an algebraic variable. 

 

 

Volume 

Volume is three-dimensional and is measured in cubic units.  

The formula to calculate the volume of a rectangular box is: 

 V = L ���� W ���� H.  

In the diagram, the shaded box is 3 units wide, 4 units tall, and 5 units long, 

If the units are inches, then the volume is 

       V  = 3 inches • 4 inches • 5 inches 

            = (3 • 4 • 5) (inches • inches • inches) 

            =  60 cubic inches   or  60 in
3
       

If the units are in feet, the volume is 60 ft
3
 or 60 cubic feet. 

 

Note: The power of 3 is often called the cube of a number just as the power of 2 is called the square of a 

number. So 5
3
 can be called 5 cubed. 
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Resource:  Length, Area, and Volume 

Circle Circumference and Area 

The circumference of the circle is the distance around the circle.   This is also the perimeter of the circle, 

but the special name used for “perimeter of a circle” is “circumference”. 

To find the circumference you can use either of these formulas:    C = 2πr    or   C = πd     

The area of the circle is given by the formula   A = πr
2. 

• r  is the radius of the circle, which varies depending on the size of the circle.  

The radius is the distance from the center to any point on the circle. 

• d  is the diameter of the circle, which varies depending on the size of the circle. 

The diameter of a circle is the distance from one point on the circle, through the center, to the 

point on the opposite side. 

• π is a constant that is approximately 3.14159 (you probably learned 3.14, but using additional 

decimal places reduces the chance of rounding error). 

• A is the area of the circle, which varies depending on the size of the circle.   

• C is the circumference of the circle, which varies depending on the size of the circle.   

 

In the diagram, the radius of the circle is 3 units, 

And the diameter of the circle is 6 units. 
 

If the units are feet, then for this circle: 

  Circumference =  2πr  = 2 π (3 feet) = 2 • 3 • π feet 

             =  6 π feet 

    ≈  6(3.14159) feet = 18.85 feet 

Or using the other formula for circumference: 

  Circumference =  πd  =  π (6 feet) = π • 6 feet 

        =  6 π feet 

    ≈  6(3.14159) feet = 18.85 feet 

The Area of the circle in the diagram is: 

   A = πr
2 

  =  π • (3 feet)
2
  =  π • (3 feet) • (3 feet) 

        =  π • 3 • 3 • feet • feet 

     =  π • 9  feet
2 

=  9 π  feet
2 

 

   ≈  9(3.14159) feet
2
 = 28.27 feet

2
  or  28.27 ft

2
  

 

 

Some Geometric formulas for Area, Volume, Circumference 
Area Formulas Volume Formulas 
square  A=s

� cube V=s3 

rectangle A=lw rectangular solid V=lwh 
parallelogram A=bh prism V=Bh 
triangle A=

�

�
bh sphere V= 

�

�
 π r3 

trapezoid A=
�

�
(b1+b2)h cylinder V=  π  r2 h 

circle A=��
� cone V= 

�

�
 π  r2 h 

  Pyramid V= 
�

�
 B h 

     where B = area of base= area of base= area of base= area of base  
Circumference of a circle: C= � �  or C = 2 π r   where  π = 3.14159…    
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Resource:  Length, Area, and Volume 

Another view (with diagrams):           Perimeters, Areas, and Volumes 

 

Length measures distance in a line: The distance between two places, the length of your 

foot, etc.  It is measured in units like inches, centimeters, feet, etc. 

 

Area measures the amount of flat space a shape covers:  The area of a floor, the size of a 

city, etc.  It is measured in square units, like square inches, square centimeters, square feet, 

etc. 

 

 

Volume measures the amount of three-dimensional space a shape fills:  The amount of 

water in the bathtub, the number of gallons of gas in your gas tank, the size of a brick, etc.  It 

is measured in cubic units, like cubic inches, cubic centimeters, cubic feet, etc. 

 

 

 

Rectangles      Parallelogram 

Perimeter:  2 2P L W= +     Perimeter:  Sum of the sides 

Area:   A L W= ⋅      Area:  A bh=  

 

 

 

    

 

 

Triangle      Circle 

Perimeter:  Sum of the sides    Perimeter (circumference): 2P r dπ π= =  

Area:  
1

2
A bh=      Area: 

2A rπ=  

 

 

 

 

 

 

 

Rectangular boxes     Cylinder   

Volume:  V = LWH     Volume:  V = πr
2
H 

 

 

 

 

 

 

 

 

  

L 

W 

b 

h 

radius, r diameter, d 

1 cm 

1 cm
2 

1 cm
3 

W
 

L
 

H
 H

 

r
 

b 

h 
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Resource:  Length, Area, and 

Prisms and Cylinders 

• Both prisms and cylinders are three

parallel to the top “base” plus the sides that connect the bases.   

 

• Prisms:  When the base is a polygon (meaning its sides are straight edges), the solid is a 

Prisms are named by the shape of the base.  

 

• Cylinders:  When the base is a “curvy” shape, the solid is a cylinder

The most common cylinder shape is

“cylinder” means simply a circular cylinder.  But the base could be a different curve.

 

 Rectangular prism    Triangular prism      Hexagonal prism           

 

• The Volume of a prism or cylinder

 Volume = (area of Base)(height)

 

- To illustrate this: The triangular prism below has a triangle base.  Suppose the prism is 5 feet 

high and the area of the base is 3 square feet.  A “layer” on the base that is 1 foot high has 

volume of 3 cubic feet.  There are five such layers.  

   So the total volume of the prism is (3 ft

 

 

 

     

     

            

                   

 

 

- A circular cylinder’s base is a circle, so its area is   

  So the Volume of a circular cylinder is  

     

     

     

     

     

  

Resource:  Length, Area, and Volume 

• Both prisms and cylinders are three-dimensional objects with a bottom “base” that is identical to and 

parallel to the top “base” plus the sides that connect the bases.    

When the base is a polygon (meaning its sides are straight edges), the solid is a 

Prisms are named by the shape of the base.   

:  When the base is a “curvy” shape, the solid is a cylinder.  

The most common cylinder shape is when the base is a circle.  In fact, in many situations the word 

“cylinder” means simply a circular cylinder.  But the base could be a different curve.

Rectangular prism    Triangular prism      Hexagonal prism               Circular cylinder     N

Volume of a prism or cylinder is the area of the base multiplied by the height

Volume = (area of Base)(height) 

: The triangular prism below has a triangle base.  Suppose the prism is 5 feet 

he base is 3 square feet.  A “layer” on the base that is 1 foot high has 

volume of 3 cubic feet.  There are five such layers.   

So the total volume of the prism is (3 ft
3
 )•(5 layers) =  (area of base)•(height) = 15 ft

      Total volume is

      5 layers of 3 ft

        �  Vol of 1 layer 

               is 3 ft
3 

  

A circular cylinder’s base is a circle, so its area is   π r
2 

 

So the Volume of a circular cylinder is  π r
2 

h.   

           

           h = height

  Area of the base 

   is  π r
2 

 � 

       r 

dimensional objects with a bottom “base” that is identical to and 

When the base is a polygon (meaning its sides are straight edges), the solid is a prism. 

when the base is a circle.  In fact, in many situations the word 

“cylinder” means simply a circular cylinder.  But the base could be a different curve. 

on-circular cylinder 

area of the base multiplied by the height. 

: The triangular prism below has a triangle base.  Suppose the prism is 5 feet 

he base is 3 square feet.  A “layer” on the base that is 1 foot high has 

)•(5 layers) =  (area of base)•(height) = 15 ft
3
. 

Total volume is 

5 layers of 3 ft
3 

  

h = height 
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Unit Equivalencies – U.S. and Metric systems 
 

 

 

 

 

 

 

Another view of similar information is on the next page. 
 

 

 

  

Unit Equivalencies 

USCS (US Customary System) USCS – Metric Metric or SI 

Length 

12 inches (in) = 1 foot (ft) 

3 feet (ft) = 1 yard (yd) 

1760 yards (yd) = 1 mile (mi) 

5280 feet (ft) = 1 mile (mi) 

1 inch (in) = 2.54 centimeters cm) 

1 foot (ft) = 30.5 centimeters (cm) 

0.62 miles (mi) = 1 kilometer (km) 

1000 millimeters (mm) = 1 meter (m) 

1000 meters (m) = 1 kilometer (km) 

100 centimeters (cm) = 1 meter (m) 

Area 

1 square mile (mi
2
)= 640 acre 

1 acre = 43,560 square feet (ft
2
) 

2.471 acre  = 1 hectare 

1 square mile (mi
2
) = 2.59 square 

kilometers (km
2
) 

1 square kilometer (km
2
) = 100 

hectare 

1 hectare = 10,000 square meters 

(m
2
) 

Capacity or Volume 

8 ounces (oz) = 1 cup (c) 

2 cups (c) = 1 pint (pt) 

2 pints (pt) = 1 quart (qt) 

4 quarts (qt) = 1 gallon (gal) 

1 cubic foot (ft
3
)=7.481 gallons (gal) 

1 quart (qt) = 0.946 liters (L) 1000 milliliters (ml) = 1 liter (L) 

1000 liters (L) = 1 cubic meter (m
3
) 

Weight or Mass 

16 ounces (oz) = 1 pounds (lb) 

2000 pounds (lb) = 1 ton 

2.20 pounds (lb) = 1 kilogram (kg) 

1 pound (lb) = 453.6 grams (g) 

1000 milligrams (mg) – 1 gram (g) 

1000 grams (g) – 1 kilogram (kg) 

1000 kilograms = 1 metric ton 
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Unit Equivalencies – U.S. and Metric systems 
 

American Units of Length 

12 inches (in) = 1 foot (ft) 

3 ft = 1 yard (yd) 

36 in = 1 yd 

5280 ft = mile 

 

Metric Units of Length 

1 kilometer (km) = 1000 meters (m) 

1 hectometer (hm) = 100 m 

1 dekameter (dam) = 10 m 

1 decimeter = 
�

��
m 

1 centimeter (cm) = 
�

���
m 

1 millimeter (mm) = 
�

�,���
m 

 

Equivalent Lengths (metric <-> U.S.) 

1 in = 2.54 cm 

1 cm ≈ .39 in 

1 ft ≈ .30 m 

1 m ≈ 3.28 ft 

1 yd ≈ .91 m 

1 m ≈ 1.09 yd 

1 mi ≈ 1.61 km 

1 km ≈ .62 mi 

 

 

American Units of Weight 

16 ounces (oz) = 1 pound (lb) 

2000 lb = 1 ton 

 

Metric Units of Mass 

1 kilogram (kg) = 1000 grams (g) 

1 hectogram = 100 g 

1 dekagram (dag) = 10 g 

1 decigram = 
�

��
g 

1 centigram (cg) = 
�

���
g 

1 milligram (mg) = 
�

�,���
g 

Equivalent Weights and Masses (metric <-> U.S.) 

1 oz ≈ 28.35 g 

1 g ≈ .035 oz 

1 lb ≈  .45 kg 

1 kg ≈ 2.20 lb 

 

American Units of Capacity 

1 cup (c) = 8 fluid ounces (fl oz) 

1 pint (pt) = 2 cups (c) 

1 quart (qt) = 2 pints (pt) 

1 gallon (gal) = 4 quarts (qt) 

 

Metric Units of Capacity 

1 kiloliter (kL) = 1000 liters (L) 

1 hectoliter  (hL)= 100 L 

1 dekaliter (daL) = 10 L 

1 deciliter = 
�

��
L 

1 centiliter (cL) = 
�

���
L 

1 milliliter (mL) = 
�

�,���
L 

 

Equivalent Capacities (metric <-> U.S.) 

1 fl oz ≈ 29.57 ML 

1 L ≈ 33.81 fl oz 

1 pt ≈ .47 L 

1 L ≈ 2.11 pt 

1 qt ≈.95 L 

1 L ≈ 1.06 qt 

1 gal ≈ 3.79 L 

1 L ≈ .264 gal 

 

Temperature Conversions 

C° = 
�

�
 (F° - 32) 

F° = 
�

�
 C° +32 

 

188



Unit Equivalencies – U.S. and Metric systems 
 

Metric System prefixes and units 
 
The metric system uses a standard set of prefixes, as shown in this table. 

Prefix kilo hecto deka unit deci centi milli 

Prefix 
meaning 

1000 100 10 1 
1

10
 

1

100
 

1

1000
 

Prefix 
abbrev. (in 
front of unit) 

k h da  d c m 

Length: 
meter 

km hm dam m dm cm mm 

Mass: 
gram 

kg hg dag g dg cg mg 

Capacity: 
Liter 

kL hL daL L dL cL mL 

 
 

More Metric System prefixes 

If you work in business, medicine, or science, follow international sports, or travel outside the 

U.S., you will run into SI units, also called metric units.  While we use “millions”, “billions”, and 

“trillions” to represent large numbers, the metric system uses prefixes to indicate the size of a 

measurement.  Like place values, these are based on powers of 10.   

Prefix Symbol Factor  Prefix Symbol Factor 

Tera t 1,000,000,000,000  Deci d 0.1 

Giga g 1,000,000,000  Centi c 0.01 

Mega m 1,000,000  Milli m 0.001 

Kilo k 1,000  Micro μ 0.000 001 

Hecto h 100  Nano n 0.000 000 001 

Deca da 10  Pico p 0.000 000 000 001 

For example, a meter is the standard measurement of length in metric (1 meter is about 39 

inches), so 1000 meters would be 1 kilometer.   Likewise, 0.01 meters would be 1 centimeter 

(or, equivalently, 100 centimeters is 1 meter). 

The most commonly used prefixes, which you should try to remember, are kilo, centi, and milli. 
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Unit Equivalencies – U.S. and Metric systems 
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These worksheets were created by David Lippman, and are released under a Creative Commons Attribution license. 

Place Value, Rounding, Comparing Whole Numbers 
 

Place Value 
Example: The number 13,652,103 would look like 

Millions Thousands Ones 
Hundreds Tens Ones Hundreds Tens Ones Hundreds Tens Ones 

 1 3 6 5 2 1 0 3 
 

We’d read this in groups of three digits, so this number would be written 
thirteen million six hundred fifty-two thousand one hundred three 
 
Example:  What is the place value of 4 in 6,342,105? 
The 4 is in the ten thousands place 
 
Example:  Write the value of two million, five hundred thousand, thirty-six 
2,500,036 
 

Rounding 
When we round to a place value, we are looking for the closest number that has zeros in the digits to the right. 
 
Example:  Round 173 to the nearest ten.   
Since we are rounding to the nearest ten, we want a 0 in the ones place.  The two possible values are 170 or 
180.  173 is closer to 170, so we round to 170. 
 
Example: Round 97,870 to the nearest thousand. 
The nearest values are 97,000 and 98,000.  The closer value is 98,000. 
 
Example: Round 5,950 to the nearest hundred. 
The nearest values are 5,900 or 6,000.  5,950 is exactly halfway between, so by convention we round up, to 
6,000. 

 
Comparing 

To compare to values, we look at which has the largest value in the highest place value. 
 
Example:  Which is larger: 126 or 132? 
Both numbers are the same in the hundreds place, so we look in the tens place.  132 has 3 tens, while 126 only 
has 2 tens, so 132 is larger.  We write 126 < 132, or 132 > 126. 
 
Example:  Which is larger: 54 or 236? 
Here, 54 includes no hundreds, while 236 contains two hundreds, so 236 is larger.   
54 < 236, or 236 > 54 
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Exponents, Roots, and Order of Operations 
 
Exponents and Roots 

If we have repeated multiplication, like 5555 ⋅⋅⋅  we can write this more simply using exponents: 45  
Example:  Write 33333 ⋅⋅⋅⋅  using exponents 

Since we are multiplying 3 times itself 5 times, the base is 3, and the exponent is 5:  53  
 

Example:  Evaluate 36  

21663666663 =⋅=⋅⋅=  
 

Undoing squaring a number is finding the square root, which uses the symbol .  It’s like asking “what 

number times itself will give me this value?”  So 636 =  since 3662 =  

Example:  Find 81  

981=  because 8192 =  

 
Order of Operations 

When we combine multiple operations, we need to agree on an 
order to follow, so that if two people calculate 432 ⋅+ they will 
get the same answer.  To remember the order, some people use 
the mnemonic PEMDAS: 
 
IMPORTANT!!  Notice that multiplication and division have the SAME precedence, as do addition and 
subtraction.   When you have multiple operations of the same level, you work left to right. 
 
Example:  Simplify 2106432 ÷+−⋅+  

We start with the multiplication and division:  1243 =⋅  and 5210 =÷ :   56122 +−+  
Now we add and subtract from left to right:   14 – 6 + 5  

  8 + 5 
  13 

 

Example:  Simplify 2496)25(4 +−+  

We start with the inside of the parentheses:  5+2=7:   2496)7(4 +−  

Next we evaluate the exponents and root: 164,39 2 ==  :   1636)7(4 +⋅−  

Next we do the multiplications:    161828 +−  
Lastly add and subtract from left to right: 

  
26

1610+
 

 

P: Parentheses 
E: Exponents and roots 

MD:  Multiplication and Division 
AS: Addition and Subtraction 
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Mean, Median, Mode 

The mean (sometimes called average) of a set of values is 
 valuesdata ofNumber 

 valuesdata of Sum
 

Example: Marci’s exam scores for her last math class were:  79, 86, 82, 93.  The mean of these values would be: 

(79 + 86 + 82 + 93) divided by 4: 85
4

340
4

93+82+86+79 ==  

Example: On three trips to the store, Bill spent $120, $160, and $35.  The mean of these values would be 

105
3

315
3

35+160+120 ==  

It would be most correct for us to report that “The mean amount Bill spent was $105 per trip,” but it is not 
uncommon to see the more casual word “average” used in place of “mean”. 

Median 

With some types of data, like incomes or home values, a few very large values can make the mean compute to 
something much larger than is really "typical".  For this reason, another measure, called the median is used.  

To find the median, begin by listing the data in order from smallest to largest.  If the number of data values is 
odd, then the median is the middle data value.  If the number of data values is even, there is no one middle 
value, so we find the mean of the two middle values. 

Example:  Suppose Katie went out to lunch every day this week, and spent $12, $8, $72, $6, and $10  (the third 
day she took the whole office out).  To find the median, we'd put the data in order first:  $6, $8, $10, $12, $72.  
Since there are 5 pieces of data, an odd number, the median is the middle value:  $10. 

Example:  Find the median of these quiz scores: 5 10 9 8 6 4 8 2 5 8 

We start by listing the data in order: 2 4 5 5 6 8 8 8 9 10 

Since there are 10 data values, an even number, there is no one middle number, so we find the mean of the two 

middle numbers, 6 and 8:  7
2

14
2

86 ==+
.  So the median quiz score was 7. 

Mode 

The mode of a set of data is the value that appears the most often.  If not value appears more then once, there is 
no mode.  If more than one value occurs the most often, there can be more than one mode.  Because of this, 
mode is most useful when looking at a very large set of data. 

Example: The number of touchdown (TD) passes thrown by each of the 31 teams in the National Football 
League in the 2000 season are shown below. 

37 33 33 32 29 28 28 23 22 22 22 21 21 21 20 
20 19 19 18 18 18 18 16 15 14 14 14 12 12 9 6 

Looking at these values, the value 18 occurs the most often, appearing 4 times in the list, so 18 is the mode. 
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Simplifying Fractions 
 
To simplify fractions, we first will need to be able to find the factors of a number.  The factors of a number are 
all the numbers that divide into it evenly. 
Example:  Find the factors of 18. 
The factors of 18 are 1, 2, 3, 6, 9, 18, since each of those numbers divides into 18 evenly. 
 
When we factor a number, we write it is a product of two or more factors. 
Example:  Factor 24 
There are several possibilities:  122⋅ , 83⋅ , 64⋅ , 3222 ⋅⋅⋅  
 
The last of the factorizations above is called the prime factorization because it is written as the product of 
prime numbers – numbers that can’t be broken into smaller factors. 
 
Equivalent fractions 
To find equivalent to fractions, we can break our fraction into more or fewer pieces.  

For example, by subdividing the rectangle to the right, we see 
16

6

8

3 = .  By doubling 

the number of total pieces, we double the number of shaded pieces as well. 
 
To find equivalent fractions, multiply or divide both the numerator and denominator by the same number. 

Example:  Write two fractions equivalent to 
8

2
 

By multiplying the top and bottom by 3, 
24

6

38

32

8

2 =
⋅
⋅=  

By dividing the top and bottom by 2, 
4

1

28

22

8

2 =
÷
÷=  

Example:  Write 
5

3
 with a denominator of 15 

To get a denominator of 15, we’d have to multiply 5 by 3.  
15

9

35

33

5

3 =
⋅
⋅=  

 
To simplify fractions to lowest terms, we look for the biggest factor the numerator and denominator have in 
common, and divide both by that. 

Example: Simplify 
18

12
 

12 and 18 have a common factor of 6, so we divide by 6:  
3

2

618

612

18

12 =
÷
÷=  

Alternatively, you can write 
63

62

18

12

⋅
⋅=  and since 1

6

6 = , 
3

2

63

62

18

12 =
⋅
⋅=  

Example: Simplify 
132

24
 

If you’re not sure of the largest factor, do it in stages:  
11

2

666

612

66

12

2132

224

132

24 =
÷
÷==

÷
÷=  

    

    

 
        

        

 

= 
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Multiplying Fractions  
 

To multiply two fractions, you multiply the numerators, and multiply the denominators:  
db

ca

d

c

b

a

⋅
⋅=⋅  

Example:  Multiply and simplify 
8

5

3

2 ⋅  

24

10

83

52

8

5

3

2 =
⋅
⋅=⋅ , which we can simplify to 

12

5
 

 

Alternatively, we could have noticed that in 
83

52

⋅
⋅

, the 2 and 8 have a common factor of 2, so we can divide the 

numerator and denominator by 2, often called “cancelling” the common factor:  
12

5

43

51

83

52 =
⋅
⋅=

⋅
⋅

 

 

Example:  Multiply and simplify 6
8

7 ⋅  

It can help to write the whole number as a fraction: 
18

67

1

6

8

7

⋅
⋅=⋅ .   Since 6 and 8 have a factor of 2 in common, 

we can cancel that factor, leaving 
4

21

14

37 =
⋅
⋅

.  This could also be written as the mixed number 
4

1
5 . 

 
To multiply with mixed numbers, it is easiest to first convert the mixed numbers to improper fractions. 

Example:  Multiply and simplify 
5

4
4

3

1
3 ⋅  

Converting these to improper fractions first, 
3

10

3

1
3 =  and 

5

24

5

4
4 = , so 

5

24

3

10

5

4
4

3

1
3 ⋅=⋅  

53

2410

5

24

3

10

⋅
⋅=⋅ .  Since 5 and 10 have a common factor of 5, we can cancel that factor:  

13

242

⋅
⋅

.   

Since 3 and 24 have a common factor of 3, we can cancel that factor: 16
1

16

11

82 ==
⋅
⋅

 

 
Areas of Triangles 

To find the area of a triangle, we can use the formula hbArea ⋅⋅=
2

1
 

Example:  Find the area of the triangle shown 

The area would be 78
2

1 ⋅⋅  

28
2

56

1

7

1

8

2

1 ==⋅⋅

b 

h 

8 

7 
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 Dividing Fractions 
 
To find the reciprocal of a fraction, we swap the numerator and denominator 

Example:  Find the reciprocal of 
12

5
, 

4

1
, and 5 

The reciprocal of 
12

5
 is 

5

12
.  The reciprocal of 

4

1
 is 4

1

4 = .  The reciprocal of 
1

5
5 =  is 

5

1
.    

 
To find the reciprocal of a mixed number, first write it as an improper fraction 

Example:  Find the reciprocal of 
4

1
3  

4

13

4

1
3 = , so the reciprocal is 

13

4
 

 
To divide two fractions, you find the reciprocal of the number you’re dividing by, and multiply the first number 
times that reciprocal of the second number. 

Example:  Divide and simplify 
6

5

8

5 ÷  

We find the reciprocal of 
6

5
 and change this into a multiplication problem: 

4

3

14

31

58

65

5

6

8

5 =
⋅
⋅=

⋅
⋅=⋅  

Example:  Divide and simplify 
8

1

4

3 ÷  

We find the reciprocal of 
8

1
 and change this into a multiplication problem: 6

1

6

11

23

14

83

1

8

4

3 ==
⋅
⋅=

⋅
⋅=⋅  

Example:  Divide and simplify 
3

1
1

2

1
5 ÷  

Rewriting the mixed numbers first as improper fractions, 
3

4

2

11÷  

We find the reciprocal of 
3

4
 and change this into a multiplication problem: 

3

1
7

3

22

31

211

32

411

3

4

2

11 ==
⋅
⋅=

⋅
⋅=⋅  

 

Example:  You have 5 cups of flour, and a batch of cookies requires 
4

3
1  cups of flour.  How many batches can 

you make? 

We need to divide:  
4

3
15÷ .    Rewriting, 

7

6
2

7

20

7

4

1

5

7

4
5

4

7
5 ==⋅=⋅=÷ .   You can make 2 batches of cookies.  

You almost have enough for 3 batches, so you might be able to get away with 3. 
 
Example:  Making a pillow requires ¾ yard of fabric.  How many pillows can you make with 12 yards of 
fabric? 

We need to divide:  
4

3
12÷ .    Rewriting, 16

1

16

1

4

1

4

3

4

1

12

3

4
12

4

3
12 ==⋅=⋅=⋅=÷ .    

You can make 16 pillows with 12 yards of fabric.
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 Add / Subtract Fractions with Like Denominator 
 
We can only add or subtract fractions with like denominators.  To do this, we add or subtract the number of 

pieces of the whole.  The denominator remains the same:  
c

ba

c

b

c

a +=+  and 
c

ba

c

b

c

a −=−  

Example:  Add and simplify 
5

2

5

1 +  

5

3

5

21

5

2

5

1 =+=+  

Example:  Subtract and simplify 
8

3

8

5 −  

4

1

8

2

8

35

8

3

8

5 ==−=−  

 
To add mixed numbers, add the whole parts and add the fractional parts.  If the sum of the fractional parts is 
greater than 1, combine it with the whole part 
 

Example:  Add and simplify 
9

5
2

9

7
3 +  

Adding the whole parts 523 =+ .  Adding the fractional parts, 
3

1
1

9

3
1

9

12

9

57

9

5

9

7 ===+=+ . 

Now we combine these: 
3

1
6

3

1
15 =+  

 
To subtract mixed numbers, subtract the whole parts and subtract the fractional parts.  You may need to borrow 
a whole to subtract the fractions 

Example:  Subtract and simplify 
5

3
3

5

4
8 −  

Since 
5

4
 is larger than 

5

3
, we don’t need to borrow.  538 =− , and 

5

1

5

3

5

4 =− , so 
5

1
5

5

3
3

5

4
8 =−  

Example:  Subtract and simplify 
4

3
3

4

1
5 −  

Since 
4

1
 is smaller than 

4

3
, we need to borrow.  We can say 

4

5
4

4

1
14

4

1
5 =+= .  Now we can subtract: 

134 =−  and 
2

1

4

2

4

3

4

5 ==− , so 
2

1
1

4

3
3

4

1
5 =−  

 
Alternatively, you can add or subtract mixed numbers my converting to improper fractions first: 

2

1
1

2

3

4

6

4

15

4

21

4

3
3

4

1
5 ===−=−  
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Least Common Multiple 
 
To compare or add fractions with different denominators, we first need to give them a common denominator.  
To prevent numbers from getting really huge, we usually like to find the least common denominator.  To do 
this, we look for the least common multiple:  the smallest number that is a multiple of both denominators. 
 
Method 1:  Lucky guess / intuition 
In this approach, perhaps you look at the two numbers and you immediately know the smallest number that both 
denominators will divide into. 

Example:  Give 
6

1
 and 

10

3
 a common denominator. 

Perhaps by looking at this, you can immediately see that 30 is the smallest multiple of both numbers; the 

smallest number both will divide evenly into.  To give 
6

1
 a denominator of 30 we multiply by 

5

5
: 

30

5

5

5

6

1 =⋅ .  

To give 
10

3
 a denominator of 30, we multiply by 

3

3
:  

30

9

3

3

10

3 =⋅  

 
Method 2:  List the multiples 
In this approach, we list the multiples of a number (the number times 2, times 3, times 4, etc.)  and look for the 
smallest value that shows up in both lists. 

Example:  Give 
12

1
 and 

18

5
 a common denominator. 

Listing the multiples of each: 
12:  12  24  36  48  60  72  96 
18:  18  36  54  72  90  108   
While they have both 36 and 72 as common multiples, 36 is the least common multiple.  To give 12 a 
denominator of 36 we multiply top and bottom by 3; to give 18 a denominator of 36 we multiply top and bottom 

by 2.   
36

3

3

3

12

1 =⋅ ,   
36

10

2

2

18

5 =⋅  

 
Method 3:  List prime factors 
We list the prime factors of each number, then use each prime factor the greatest number of times it shows up in 
either factorization to find the least common multiple. 
Example:  Find the least common multiple of 40 and 36. 
Breaking each down, 

522210440 ⋅⋅⋅=⋅=  
33229436 ⋅⋅⋅=⋅=  

Our least common multiple will need three factors of 2, two factors of 3, and one factor of 5: 
360533222 =⋅⋅⋅⋅⋅  

 
Method 4:  Common factors 
In the above approach, after noticing 40 and 36 had a factor of 4 in common, we might have noticed that 9 and 
10 had no other common factors, so the least common multiple would be 3601094 =⋅⋅ .  We only use common 
factors once in the least common multiple. 
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Add / Subtract Fractions with Unlike Denominator 
 
Since can only add or subtract fractions with like denominators, if we need to add or subtract fractions with 
unlike denominators, we first need to give them a common denominator. 

Example:  Add and simplify 
2

1

4

1 +  

Since these don’t have the same denominator, we identify the least common multiple of the two denominators, 

4, and give both fractions that denominator.  Then we add and simplify.   
4

3

4

21

4

2

4

1

2

1

4

1 =+=+=+  

Example:  Subtract and simplify 
12

7

8

5 −  

The least common multiple of 8 and 12 is 24.  We give both fractions this denominator and subtract.  

24

1

24

14

24

15

12

7

8

5 =−=−  

Example:  Add and simplify 
12

7

4

3 +  

We give these a common denominator of 12 and add: 
12

16

12

79

12

7

12

9

12

7

4

3 =+=+=+  

This can be reduced and written as a mixed number:  
3

1
1

3

4

12

16 ==  

 
To add and subtract mixed numbers with unlike denominators, give the fractional parts like denominators, then 
proceed as we did before.   

Example:  Add and simplify 
4

3
5

3

2
2 +  

Rewriting the fractional parts with a common denominator of 12: 
12

9
5

12

8
2 +  

Adding the whole parts 752 =+ .  Adding the fractional parts, 
12

5
1

12

17

12

9

12

8 ==+ . 

Now we combine these: 
12

5
8

12

5
17 =+  

Example:  Subtract and simplify 
6

5
4

3

1
6 −  

Rewriting the fractional parts with a common denominator of 6:  
12

10
4

12

4
6 −  

Since 
12

10
 is smaller than 

12

4
, we borrow: 

12

16
5

12

4
15

12

4
6 +=+=  

5 – 4 = 1, and 
2

1

12

6

12

10

12

16 ==− , so 
12

10
4

12

4
6 − = 

2

1
1  
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Intro to Decimals 
 

Place Value 
The word form, decimal form, and fraction equivalent are shown here 

One Hundred Ten One One Tenth One Hundredth One Thousandth 
100 10 1 0.1 0.01 0.001 

1

100
 

1

10
 

1

1
 

10

1
 

100

1
 

1000

1
 

 
Example: The number 132.524 would look like 

Hundreds Tens Ones Decimal 
Point 

Tenths Hundredths Thousandths 

1 3 2 . 4 2 4 
 

This would be equivalent to the fraction 
1000

524
132  

We’d read this by reading the whole number, then the fraction equivalent 
One hundred thirty two and four hundred twenty four thousandths. 
 
Example:  What is the place value of 4 in 65.413?     The 4 is in the tenths place 
 
Example:  Write as a decimal:  twenty three and forty six hundreds.  23.46 
 
 

Converting a decimal to a fraction 
To convert a decimal to a fraction, we write the decimal part as a fraction, then reduce if possible. 
 

Example:  Write 7.25 as a mixed number      
4

1
7

100

25
725.7 ==  

 

Example:  Write 5.4 as a mixed number      
5

2
5

10

4
54.5 ==  

 
 
Rounding 

When we round to a decimal place value, we look to the right of the desired place value to determine which 
way to round.  Everything after the desired place value gets dropped. 
 
Example:  Round 173.264 to the nearest tenth   
The 2 is in the tenths place.  Looking to the right, the 6 tells us to round up, so we round to 173.3 
 
Example:  Round 173.264 to the nearest tenth   
The 2 is in the tenths place.  Looking to the right, the 6 tells us to round up, so we round to 173.3 
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Intro to Percents 
What is a percent 

Percent means “per hundred” or “out of 100.”  The symbol % is used after a number to indicate a percent. 
 

Example:  15% means 15 out of 100, or 
100

15
 as  fraction.  Visually, the box 

to the right has 15% of the squares shaded:  15 out of the 100. 
 

Writing a percent as a decimal or fraction 
To write a percent as a fraction, write the percent as a fraction of 100. 

Example:  Write 23% as a fraction.     23% = 
100

23
 

Example:  Write 50% as a fraction.     50% = 
2

1

100

50 =  

 
To write a decimal as a percent, look to see how many hundredths you have 

Example:  Write 0.4 as a percent.    0.4 = 0.40 = 
100

40
 = 40% 

 
You may notice this is the same as moving the decimal place to the right two places 
Example:  Write 0.057 as a percent.   Moving the decimal to the right two places:  5.7% 
 
To convert a percent to a decimal, write the decimal out of 100 and divide.  Notice this is the same as moving 
the decimal place to the left two places. 
Example:  Write 12.5% as a decimal and as a fraction.    

As a decimal, 12.5% = 125.0
100

5.12 =  

To write as a fraction, we could start with the decimal:  
8

1

1000

125
125.0 ==  

 
To write a fraction as a percent, first divide to find a decimal, then write it as a percent. 

Example:  Write 
5

2
 as a percent.  40.04.052 ==÷  = 40% 

 
To find the percent of a whole 

Often we want to find the percent of a whole.  To do this we multiply, first writing the percent as a decimal: 
whole · percent = part 
 
Example:  Find 20% of 80.   80 is the whole.  To find 20% of it, we convert 20% = 0.20 and multiply: 

16)20.0(80 = .  20% of 80 is 16. 

 
Example:  If sales tax is 9.6%, find the sales tax on a $200 purchase. 
We would multiply:  2.19)096.0(200 = .  Tax would be $19.20. 
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Solving Percent Problems 
Pieces of a percent problem 

Percent problems involve three quantities:  the base amount (the whole), the percent, and the amount (a part 
of the whole).   The amount is a percent of the base. 
 
Example:  50% of 20 is 10.   20 is the base (the whole).   50% is the percent, and 10 is the amount (part of the 
whole) 
 
In percent problems, one of these quantities will be unknown.  Here are the three cases: 
Example:  What is 25% of 80?   80 is the base (the whole) we are finding a percent of.  The percent is 25%.  
The amount is unknown. 
 
Example:  60 is 40% of what number?   The percent is 40%.  The unknown is the base that we are finding a 
percent of.  The amount (part of the whole) is 60. 
 
Example:  What percent of 320 is 80?   The base we are finding a percent of is 320.  The percent is unknown.  
The amount is 80. 
 

Solving percent problems 
To solve percent problems we use this relationship:  
  
Example:  What is 25% of 80?  The base is 80 and the percent is 25%, so amount = 80(0.25) = 20 
 
Example:  60 is 40% of what number?   The percent is 40%., the amount is 60, and the base is unknown.  
Using this, we can say 
base · 0.4 = 60  To solve for the base, we divide both sides by 0.4 

150
4.0

60 ==base   60 is 40% of 150. 

 
Example:  What percent of 320 is 80?   The base is 320, the amount is 80, and the percent is unknown. 
Using this, we can say 
320 · percent = 80  To solve for the percent, we divide both sides by 320 

25.0
320

80 ==percent  25% of 320 is 80. 

 
Example:  An article says that 15% of a non-profit’s donations, about $30,000 a year, comes from individual 
donors.  What is the total amount of donations the non-profit receives? 
The percent is 15%.  $30,000 is the amount – a part of the whole.  We are looking for the base. 
base · 0.15 = 30,000   To solve for the base, we divide both sides by 0.15 

000,200$
15.0

000,30 ==base   The non-profit receives $200,000 a year in donations 

 
 
 

base · percent = amount 
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Rates and Ratios 
 
Ratios are used to compare amounts or describe a relationship between two quantities, usually of the same type. 
 

Example:  Out of 300 students in the class, 175 are female.  Express this as a ratio. 

The ratio of female students to total students is 
300

175
.  This is often read “175 out of 300”.  In this case, this 

ratio could be expressed in lower terms as 
12

7
.   

 
Sometimes you’ll see this written as “7 to 12” or “7:12” 
 
Example:  A rectangle is 14 inches long and 8 inches wide.  What is the ratio of length to width? 

The ratio is 
4

7

8

14 =  

 
A rate is a ratio that compares quantities with different units.  Examples include miles per hour, miles per 
gallon, dollars per hour, cost per ounce, etc.   As with ratios, we usually reduce rates to lowest terms. 
 

Example:  Write the rate as a simplified fraction:   6 teachers for 63 students. 

students 13

 teachers2

students 36

 teachers6 =  

 
Example:  Write the rate as a simplified fraction:   With 5 gallons of gas you drive 150 miles 

miles 03

gallon 1

miles 501

gallons 5 =  

 
A unit rate  is a rate where the denominator is 1.  To accomplish this, we may end up with a fraction or decimal 
in the numerator. 

 
Example:  A 24 ounce bottle of shampoo sells for $3.60.   Find the unit rate (unit cost: cost per ounce) 

ounce 1

dollars .150

24ounces 42

24dollars 60.3

ounces 42

dollars 60.3 =
÷
÷=  

 
We would typically read this unit rate as “15 cents per ounce” 
 
Example:  Kate worked 32 hours last week and earned $304.  Find her unit pay rate (dollars per hour). 
We are looking for dollars per hour, so dollars must go in the numerator, and hours in the denominator. 

hour 1

dollars .59

23hours 23

23dollars 043

hours 23

dollars 043 =
÷
÷=  

 
Kate earns $9.50 per hour. 
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Converting Units – U.S. Units 
 
Converting between units, it can be tricky to determine if you need to multiply or divide.  To make this easier, 
we’re going to use dimensional analysis, which is just a fancy way of keeping track of units.  To convert units, 
we multiply by a conversion factor – a rate that where the numerator is equal to the denominator. 
 

To convert from feet to inches we can use the conversion factor 
foot 1
inches 12

 or 
inches 12
foot 1

, since 1 ft = 12 inches. 

When we multiply by a conversion factor, the units cancel like numbers, so we multiply by the conversion 
factor that will cancel the way we want. 
 
Example:  Convert 30 inches to feet.   

To make this conversion, we notice we have 30 inches, or  
1

inches 03
 as a fraction.  To cancel the inches, we 

would need to multiply by 
inches 12
foot 1

:    
2
1

2
12
feet 30

inches 12
foot 1

1
inches 03 ==⋅  feet.    

Notice that the inches canceled, leaving feet. 
 

Example:  Convert 
3
1

4  yards to feet. 

3 feet = 1 yard.  Since we want to eliminate yards, we’ll put that in the denominator: 
yard 1
feet 3

 

1
feet 13

yard 1
feet 3

3
yards 31

yard 1
feet 3

yards 
3
1

4 =⋅=⋅  = 13 feet 

 
Example: Convert 4.5 pounds to ounces 

1 pound = 16 ounces.  To cancel the pounds, we’ll use 
pound 1

ounces 61
 

 

   
1

ounces 27

pound 1

ounces 61

1

pounds .54 =⋅  = 72 ounces 

 
Example:  How many quarts is 20 cups? 

1 quart = 4 cups.  Since we want to eliminate cups, we’ll use 
cups 4

quart 1
 

quarts 5
cups 4

quart 1

1

cups 02 =⋅  

 
Example:  How many fluid ounces is 1 gallon? 
We don’t have a conversion between these, but we can convert from gallons to cups, then cups to fluid ounces. 

ounces fluid 128
cup 1

oz fl 8

gallon 1

cups 16

1

gallon 1 =⋅⋅  
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Converting Rates 
 
In more complicated conversions, we may need to do multiple conversions.   To convert, we multiply by a 
conversion factors –rates where the numerator is equal to the denominator. 
 
Example:  Convert 30 miles per hour to feet per minute.   

To make this conversion, we can write 30 miles per hour as a fraction:  
hour 1

miles 03
 as a fraction.   

To convert the miles to feet, we would need to cancel feet and get miles.  Since the original has miles in the 

numerator, our conversion factor needs miles in the denominator: 
mile 1

feet 2805
 

To convert the hours to minutes, we would need to cancel hours and get minutes.  Since the original has hours 

in the denominator, our conversion factor needs hours in the numerator: 
minutes 06

hour 1
 

 
Multiplying, notice all the units cancel except feet on the top, and minutes on the bottom: 

minute 1

feet 2640

minutes 06

feet 158400

minutes 06

hour 1

mile 1

feet 2805

hour 1

miles 03 ==⋅⋅ = 2640 feet per minute 

 
 
We can also user this process to make conversions when we’re given additional information. 
Example:   An acre of land can produce 6000 kilocalories per day.  If 1 person requires 2000 kilocalories per 
day, how many people per day can be fed on 10 acres of land? 
While this problem could be solved in other ways, we’re going to use unit conversions. 

We start with 10 acres of land: 
1

acres 01
.   

To convert this to kilocalories, we use 1 acre = 6000 kilocalories.  Since the original has acres in the numerator , 

to cancel it, we’ll write this conversion with acres in the denominator: 
acres 1

eskilocalori 0006
 

To convert to people, we use 1 person = 2000  kilocalories.  To cancel kilocalories, this conversion will need 

kilocalories in the denominator: 
eskilocalori 0002

person 1
 

 

Multiplying: ==⋅⋅
0002

people 6000

eskilocalori 0002

person 1

acres 1

eskilocalori 0006

1

acres 01
 3 people 

 
Notice that we set things up so all the units would cancel, except for people 
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Signed Numbers 
 
All the numbers we’ve looked at up until now have been positive numbers: numbers bigger than zero.  If a 
number is less than zero, it is a negative number. 
 

Example:  The temperature is 20 degrees below 0°. 
If the temperature was 30 degrees above 0°, we’d just write 30°. 
Since the temperature is 20 degrees below 0°, we write -20°. 
 
Example:  Ben overdrew his bank account, and now owes them $50. 
Since his account balance is below $0, we could write the balance as -$50. 
 

We can visualize negative numbers using a number line.  Values increase as you move to the right and decrease 
to the left.   

 
Every number has an opposite: a number on the other side of zero, the same distance from zero. 

Example:  Find the opposite of:  a) 5    b) -3    c) ½  
Since 5 is five units to the right of zero, the opposite is five units to the left:  -5 
Since -3 is three units to the left of zero, the opposite is three units to the right:  3 
Since ½  to the right of zero, the opposite is to the left:  -½  

 
Example:  Place these numbers on the number line:  a) 4    b) -6    c) -3.5   d) -1¼  
a)  4 is four units to the right of zero.       b) -6 is six units to the left of zero 
c) -3.5 is halfway between -3 and -4 d) -1¼ is further left than -1; it is the opposite of 1¼  

 
 

We can compare two signed numbers by thinking about their location on the number line.  A number further left 
on the number line is smaller than a number to its right. 
 

Example:  Write < or > to compare the numbers:  a) 3 __ 5    b) -4 __ 3    c) -2 __ -5   d) -2.1 __ -2.4 
a) On a number line, 3 is to the left of 5, so 3 < 5 
b) On the number line, -4 is to the left of 3, so -4 < 3 
c) On a number line, -2 is to the right of -5, so -2 > -5   
d) On a number line, -2.1 is to the right of -2.4, so -2.1 > -2.4 

 
 
 
 

 

0 1 2 3 4 5 6 7 8 -1 -2 -3 -4 -5 -6 -7 -8 

4 -6 -3.5 -1¼ 

0 1 2 3 4 5 6 7 8 -1 -2 -3 -4 -5 -6 -7 -8 

Negative Positive 
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Adding / Subtracting Signed Numbers 
 
To add signed numbers of the same sign (both positive or both negative) 
• Add the absolute values of the numbers    
• If both numbers are negative, the sum is negative   

 
Example:  Add:  –8 + (–5) 
Since both numbers are negative, we add their absolute values:  8 + 5 = 13 
The result will be negative:  –8 + (–5) = –13 
 

To add signed numbers of opposite sign (one positive, one negative) 
• Find the absolute value of each number 
• Subtract the smaller absolute value from the larger value    

• If the negative number had larger absolute value, the result will be negative 
 

Example:  Add:  –4 + 9 
The absolute values of the two numbers are 9 and 4.  We subtract the smaller from the larger:  9 – 4 = 5 
Since 9 had the larger absolute value and is positive, the result will be positive.  9 + (–4) = 5 

 
Example:  Add:  5 + (–8) 
The absolute values of the two numbers are 5 and 8.  We subtract the smaller from the larger:  8 – 5 = 3 
Since 8 had the larger absolute value and is negative, the result will be negative.  5 + (–8) = –3 
 

Notice that 5 – 3 is the same as 5 + (–3).  Likewise, 5 – (–3) is the same as 5 + 3.  Subtracting a number is the 
same as adding its opposite.  To subtract signed numbers: 
• Rewrite subtraction as adding the opposite of the second number:  

a – b = a + (–b)   and    a – (–b) = a + b 
 
Example:  Subtract:  10 – (–3) 
We rewrite the subtraction as adding the opposite:  10 + 3 = 13 
 
Example:  Subtract:  –5.3 – 6.1 
We rewrite the subtraction as adding the opposite: –5.3 + (– 6.1) 
Since these have the same sign, we add their absolute values:  5.3 + 6.1 = 11.4 
Since both are negative the result is negative:  –5.3 – 6.1 = –11.4  
 

Example:  Subtract:  
3

2

6

1 −  

First, we give these a common denominator:  
6

4

6

1 − .  Next, rewrite as adding the opposite:  






−+
6

4

6

1
 

Since these are opposite signs, we subtract the absolute values:  
2

1

6

3

6

1

6

4 ==−  

Since the negative number had larger absolute value, the result is negative:  
2

1

3

2

6

1 −=−  
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Multiplying / Dividing Signed Numbers 
 
To multiply or divide two signed numbers 
• If the two numbers have different sign, the result will be negative    
• If the two numbers have the same sign, the result will be positive   

 
Example:  Multiply:  a) 34⋅−  b) )6(5 −  c) )4(7 −−  

a) The factors have different signs, so the result will be negative:  1234 −=⋅−  
b) The factors have different signs, so the result will be negative:  30)6(5−=−  

c) The factors have the same signs, so the result will be positive:  28)4(7=−−  

 

Example:  Divide:  a) 1040÷−  b) )4(8 −÷  c) 
3

36

−
−

 

a) The numbers have different signs, so the result will be negative: 41040 −=÷−  
b) The numbers have different signs, so the result will be negative: 2)4(8 −=−÷  

c) The numbers have the same signs, so the result will be positive: 12
3

36 =
−

−
 

 
The same rules apply to fractions and decimals 

Example:  Calculate:  a) 128÷−   b) 
4

18

−
−

 c) 
7

6

3

2 ⋅−  

a) Since this doesn’t divide evenly, we can either use decimals or fractions.  Using fractions, 

3

2

12

8
128 −=−=÷− .  

b)  Since both numbers have the same sign, the result will be positive:  
2

1
4

2

9

4

18 ==
−
−

 

c) Different signs, so the result will be negative:  
7

4

7

2

1

2

7

6

3

2 −=⋅−=⋅−  

 
The same order of operations we used before also applies to signed numbers 

Example:  Simplify:   ( ))2(6353 2 −÷+−−     

We begin with the inside of the parens, with the exponent: ( ))2(32953 −÷+−−  

Still inside the parens, we do the division:    ( ))16(953 −+−−  

Inside the parens, we add      ( )753 −−−  

Now multiply       )35(3 −−−  

Rewrite as addition       353+−  
Add         32 
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Evaluating Formulas 
 
Often we need to use formulas to solve problems.  For example, you might remember the formula we had for 
perimeter of a rectangle:  P = 2L + 2W.   
 
Formulas contain variables - letters used to represent unknown quantities.  In the formula above, P, L, and W 
are the variables.  When we evaluate a formula, we substitute values for unknown quantities. 

 
Example:  Use the perimeter formula P = 2L + 2W to find the perimeter of a rectangle 3 meters wide and 5 
meters tall. 
Since rectangle is 3 meters wide, we’ll let W=3.  Since it is 5 meters tall, we’ll let L=5 
Substituting those values in the formula, we get P = 2(5)+2(3) = 10 + 6 = 16.  The perimeter is 16. 
 
Example:  Evaluate the formula A = 3n – 2p when n = 7 and p = –6 
Making those substitutions,  A = 3(7) – 2(–6) = 21 – (–12) = 21 + 12 = 33 
 

Example:  Given the formula 5
3

2 2 += xy , find y when x = –3 

Replacing x with –3 in the formula, we get:  (notice we square x, so we square all of –3) 

5)3(
3

2 2 +−=y   Squaring the -3, 

59
3

2 +⋅=y    Multiply.  You can rewrite as 5
1

9

3

2 +⋅=y  if you want 

56+=y  

11=y  

 
To make formulas easier to work with, we use some rules to make the expressions simpler.  You’ll learn a lot 
more about this next quarter, but let’s look at a couple. 
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Simplifying Expressions 
 
Combining like terms is what we do when we combine similar things.   
 

Example:  If we see the formula A = 3p + 2n + 5p – n, you might notice that 3p and 5p have the same kind of 
thing: p’s.  If we have 3 of them and add 5 more, now we’ll have 8 p’s:   3p + 5p = 8p.   
Likewise, 2n – n = 1n = n.  Altogether, 
A = 3p + 2n + 5p – n    can be simplified to 
A = 8p + n. 

 
Example:  Simplify yxyx +−++− 56242  

We can combine the terms with x in them:  2x + 6x = 8x. 
We can combine the terms with y in them: –4y + y = –3y 
We can combine the numbers:  2 – 5 = –3 
Altogether, yxyx +−++− 56242  simplifies to 336 −− yx  

 
Distributing can help us simplify expressions involving parentheses.   
In general, cabacba ⋅+⋅=+ )(  

 
Example:  62322)3(2 +=⋅+⋅=+ xxx  

 
Example:  62322)3(2 −=⋅−⋅=− xxx  

 

Example:  ( ) 23)2(32131)23(1)23( +−=−−−=⋅−−⋅−=−−=−− xxxxx       

     or,  ( ) 23)2)(1(31)23(1)23( +−=−−+⋅−=−+−=−− xxxx  
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