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Abstract

Chikungunya (CHIK) is a viral disease transmitted to humans through the bites of
Aedes mosquitoes infected with the chikungunya virus (CHIKV). CHIKV has been imported
annually to Florida in the last decade due to Miami’s crucial location as a hub for international
travel, particularly from Central and South America including Brazil, where CHIK is endemic.
This work addresses to the geographic spread of CHIK, incorporating factors such as human
movement, temperature dependency, as well as vertical transmission, and incubation periods,
for different patches. Central to the model is the integration of a multi-patch framework,
and in the numerical analysis it is considered human movement between endemic Brazilian
states and Florida. We establish crucial correlations between the mosquito reproduction
number Rm and the disease reproduction number R0 with the disease dynamics in a multi-
patch environment, encompassing not only a numerical analysis but also from a theoretical
perspective. Through numerical simulations, validated with real population and temperature
data, it is possible to understand the disease dynamics under many different scenarios and
make future projections, offering insights for potential effective control strategies, as well as
addressing the timing for these strategies to be adopted.

Keywords: Chikungunya; Time-dependent delays; Multi-patch model; Basic reproduc-
tion; number; Geographic spread.

AMS Subject Classifications: 34K20, 34K60, 92D30.

1 Introduction

Chikungunya (CHIK), caused by chikungunya virus (CHIKV), is a vector-borne disease transmit-
ted by the Aedes mosquitoes (Aedes aegypti and Aedes albopictus), the same vector responsible for
the transmission of dengue and Zika. CHIK poses a significant public health threat, particularly
in tropical and subtropical regions, where it recurrently manifests, posing risks to individuals of
all ages. Although these diseases share similar symptoms such as fever, headache, joint pain,
nausea, and rash, certain key differences set them apart. The main symptom of CHIK is severe
joint pain (polyarthralgia), which can affect multiple joints but is particularly intense in the
hands and feet, including the fingers, ankles, and wrists. This pain comes from joint inflammation
and is often accompanied by swelling and stiffness. While dengue and Zika can also cause joint
pain, the severity differs. In dengue and Zika, joint pain tends to be mild to moderate, whereas
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in CHIK, it is typically intense and debilitating, significantly impacting productivity and quality
of life. Despite a low mortality rate, in its subacute or chronic phase, the related joint pain in
CHIK can persist for months or even years, especially in older patients. For more details, see [30].
The transmission dynamics of CHIK are complex, with an intrinsic incubation period in humans
ranging from 1 to 12 days and an extrinsic incubation period in mosquitoes about 10 days post
mosquito bite. With no effective vaccine, symptomatic treatment remains the primary approach.

CHIKV was first isolated from human serum and mosquitoes in an epidemic in Tanzania in
1952-1953 [34]. In 2004, an outbreak originating on the coast of Kenya subsequently spread to
Comoros, La Réunion, several other Indian Ocean islands, and India in the following two years.
Viremic travelers then spread outbreaks from India to the Andaman and Nicobar Islands, Sri
Lanka, the Maldives, Singapore, Malaysia, Indonesia [54]. The first evidence of autochthonous
CHIK transmission in the Americas was recorded in St. Martin Island in December 2013,
consequently autochthonous transmission was detected in more than 40 countries and territories
of the Americas and the Pan American Health Organization (PAHO) reported a total of 1,071,696
suspected cases (including 169 deaths) in 2014. Currently, CHIK is endemic in the Americas [45].

Brazil remains heavily impacted by CHIKV, with the virus maintaining its endemic status in
multiple regions [12]. PAHO reported a total of 423,898 CHIK cases in Brazil in 2024. Genetic
analysis has shown that the predominant strain in Brazil belongs to the East/Central/South
African (ECSA) lineage, which demonstrates high adaptability to local vectors, including Aedes
albopictus. This enhanced adaptability raises concerns about the virus’s epidemic potential in
less urbanized regions, expanding its reach beyond traditional hotspots [9].

Beginning in 2014, CHIK cases were reported among U.S. travelers returning from affected
areas in the Americas. While CHIKV transmission is not endemic in Florida, the state has
experienced multiple travel-associated cases and Florida Department of Health reported 12
locally-transmitted cases in 2014 [43]. Environmental conditions, including increased rainfall and
elevated summer temperatures, have bolstered mosquito populations, enhancing the potential
for sustained local transmission. Studies reveal the presence of CHIKV in vertical mosquito
transmission cycles, further emphasizing the risk of autochthonous outbreaks. Monitoring data
highlight the importance of vector control strategies to limit disease spread [28].

Factors such as global warming, reduced herd immunity, substandard living conditions, and
increased human mobility have fueled the rapid expansion of CHIKV, particularly in the Americas
[41]. Rising temperatures and altered rainfall patterns directly influence Aedes mosquito dynamics,
accelerating development rates [10] and modifying reproduction and feeding behaviors [24, 13].
This interplay has been especially evident in both Brazil and Florida, where localized data
indicate increased mosquito longevity and bite frequency. The combination of climatic and
environmental changes underscores the necessity for integrated vector management and disease
surveillance systems to curb future outbreaks

Mathematical modeling has played a crucial role in understanding general disease dynamics
[49], and particularly vector-borne disease dynamics where various models have been developed
to explore transmission dynamics and control strategies, we refer to the reviews [1, 23, 44, 48]
and the references cited therein. Importation and transmission dynamics of vector-borne diseases
in Florida have been investigated via mathematical analysis [7, 8, 32]. Since an outbreak of
CHIK originating on the coast of Kenya subsequently spread to La Réunion Island in 2004,
mathematical models were first proposed to understand the transmission dynamics of CHIK and
the reported data of CHIK in La Réunion Island, such as [16, 15, 37, 57]. Since then, various
models have been constructed to describe several features of CHIK in different regions, see
for example [14] for CHIK epidemics (2016, 2018, 2019) in the city of Rio de Janeiro, [17] for
the CHIK outbreak in Italy, and so on. The effects of climate change, temperature, rainfall,
extrinsic incubation period, and maturation delay have also been included in CHIK models
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[6, 31]. Metapopulation models including populations mobility on a large-scale network have
also been studied [38].

Given the annual importation of CHIKV to Miami from endemic regions as Latin America,
this paper aims to present a multi-patch model incorporating some epidemiological and en-
vironmental factors— human movement, temperature, vertical transmission, and incubation
period — to analyze CHIKV’s geographic spread. We propose metapopulation models in a
periodical environment and investigate the effect of migrations of infectious hosts from one patch
to another, potentially introducing a disease outbreak in a disease free patch. We will apply the
results in [10] to approximate the mean development stage time in terms of the temperature
to a periodic function, which will be defined as the delay for the development stage τl(t), that
will be capturing the seasonality effect on the mean time of the development stage of the larvae.
More precisely, in this paper we present a periodic time delay differential model accounting for
seasonal variability and periodic time-dependent delays, incorporating temperature impacts on
CHIKV transmission dynamics, which plays a crucial role on the mosquitoes dynamics, specially
on determining the conditions under which the disease will either remain endemic or die out.
Furthermore, we estimate numerically the vertical transmission probability [50, 27], as well as
the influence of various control strategies on both the basic reproduction number R0 and the
infectious population. Finally, we project cumulative infection counts under different scenarios,
considering alternative control strategies in Miami-Dade through 2030, and forecast the number
of infectious individuals in Brazil through 2025.

2 The Multi-patch Model with Delay

Within the continuous model, humans, mosquitoes, and mosquito larvae are considered. Hu-
mans serve as hosts for chikungunya infection, acquiring the virus through bites from infectious
mosquitoes and spreading the virus via the bites by uninfected mosquitoes. Acting as vectors,
mosquitoes facilitate disease transmission to humans and may also infect larvae, which subse-
quently develop into infectious mosquitoes. In this study, we utilize temperature and population
data from various regions, aggregating them into a single model with n patches. Each patch
represents a distinct sub-population within the broader endemic context. The deterministic
model incorporates branches for humans, mosquitoes, and mosquito larvae, each replicate across
the n patches to capture the multi-patch framework’s complexity.

Let Si
h(t), E

i
h(t), I

i
h(t), A

i
h(t), R

i
h(t) represent the number of susceptible, exposed, infected,

asymptomatic, and recovered humans in patch i at time t. Similarly, let Si
m(t), Ei

m(t), Iim(t)
denote the number of susceptible, exposed, and infected mosquitoes, and Li

s(t), L
i
I(t) denote the

number of susceptible and infected larvae in patch i at time t, where i = 1, . . . , n. The parameters
along with their biological meanings are listed in Table 2.1. All time dependent parameters and
delays are w-periodic positive functions for some w > 0. The schematic diagram and interactions
among the subpopulations in patches are depicted in Figure 2.1.
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Figure 2.1: Schematic diagram of the multi-patch model (2.1). Arrows represent transitions
between compartments, with dashed arrows representing interactions and blue dashed arrows
indicating cross-patch flows and the recruitment and death rates for Si

h, A
i
h. Curved arrows

depict larvae maturation to susceptible or infected mosquitoes represented by the delay τ il (t),
and larvae birth from susceptible or infected mosquitoes.

Table 2.1: Parameters used in the model

Ri Human population recruitment rate in patch i
µh Human natural death rate

µi
m(t) Mosquito natural death rate in patch i

bim(t) Per capita mosquito biting rate in patch i
βmh Human-mosquito transmission probability
βhm Mosquito-human transmission probability
τ i(t) The extrinsic incubation period in mosquitoes in patch i
τ il (t) The mean development stage time in larvae in patch i
τh The intrinsic incubation period in humans

µi
b(t) Larvae birth rate in patch i
a Proportion of asymptomatic infectious humans
p Vertical transmission probability

Ki(t) Carrying capacity for mosquitoes in patch i
µi
l(t) Larvae death rate in patch i
mij Traveling rate from patch i to patch j

4



Let τh, τ i(t), τ il (t) represent the intrinsic incubation period, extrinsic incubation period
and the larvae development period, respectively. Based on the flowchart in Figure 2.1, the
meta-population model is consisted of the following coupled subsystems:

dSi
h

dt
= Ri − bim(t)βmhS

i
h(t)I

i
m(t)− µhS

i
h(t) +

∑
j ̸=i

mjiS
j
h(t)−

∑
j ̸=i

mijS
i
h(t)

dEi
h

dt
= bim(t)βmhS

i
h(t)I

i
m(t)− bim(t− τh)βmh(t− τh)S

i
h(t− τh)I

i
m(t− τh)e

−µhτh

− µhE
i
h(t) +

∑
j ̸=i

mjiE
j
h(t)−

∑
j ̸=i

mijE
i
h(t)

dIih
dt

= (1− a)βmhb
i
m(t− τh)S

i
h(t− τh)I

i
m(t− τh)e

−µhτh − (ηh + µh)I
i
h(t)

dAi
h

dt
= aβmhb

i
m(t− τh)S

i
h(t− τh)I

i
m(t− τh)e

−µhτh − (ηh + µh)A
i
h(t) +

∑
j ̸=i

mjiA
j
h(t)−

∑
j ̸=i

mijA
i
h(t)

dRi
h

dt
= ηh(I

i
h(t) +Ai

h(t))− µhR
i
h(t) +

∑
j ̸=i

mjiR
j
h(t)−

∑
j ̸=i

mijR
i
h(t)

dLi
I

dt
= µb(t)

(
1− Li

s(t) + Li
I(t)

Ki(t)

)
pIim(t)− µi

l(t)L
i
I(t)

dLi
s

dt
= µb(t)

(
1− Li

s(t) + Li
I(t)

Ki(t)

)(
Si
m(t) + Ei

m(t) + (1− p)Iim(t)
)
− µi

l(t)L
i
s(t)

dSi
m

dt
= (1− τ̇ il (t))µb(t− τ il (t))

(
1− Li

s(t− τ il (t)) + Li
I(t− τ il (t))

Ki(t− τ il (t))

)
×
(
Si
m(t− τ il (t)) + Ei

m(t− τ il (t)) + (1− p)Iim(t− τ il (t))
)
e
−

∫ t
t−τl(t)

µi
l(s) ds

− bim(t)βhmSi
m(t)(Iih(t) +Ai

h(t))− µi
m(t)Si

m(t)

dEi
m

dt
= bim(t)βhmSi

m(t)(Iih(t) +Ai
h(t))− µi

m(t)Ei
m(t)

− (1− τ̇ i(t))βhmbi(t− τ i(t))(Iih(t− τ i(t)) +Ai
h(t− τ i(t)))Si

m(t− τ i(t))e
−

∫ t
t−τi(t)

µi
m(s) ds

dIim
dt

=
(
1− τ̇ il (t)

)
µb(t− τ il (t))

(
1− Li

I(t− τ il (t)) + Li
s(t− τ il (t))

Ki(t− τ il (t))

)
pIim(t− τ il (t))e

−
∫ t

t−τi
l
(t)

µi
l(s) ds

+
(
1− τ̇ i(t)

)
βhmbim(t− τ i(t))(Iih(t− τ i(t)) +Ai

h(t− τ i(t)))Si
m(t− τ i(t))e

−
∫ t
t−τi(t)

µi
m(s) ds

− µi
m(t)Iim(t)

(2.1)
with initial value conditions

Si
h(s) = φi

1(s), Ei
h(0) = φi

2(0), Iih(s) = φi
3(s), Ai

h(s) = φi
4(s), Ri

h(0) = φi
5(0),

Li
I(s) = φi

6(s), Li
s(s) = φi

7(s), Si
m(s) = φi

8(s), Ei
m(s) = φi

9(s), Iim(s) = φi
10(s),

(2.2)

for s ∈ [−τ̃ , 0], in which

τ̃ := max{τ i0}i=1,...,n where τ i0 := max{ sup
0≤t≤w

τ i(t), τ ih, sup
0≤t≤w

τ il (t)},

and τ i(t), τ il (t) are strictly positive functions. Since the variables Ei
h and Ri

h are only present in
their own equations, we only need to focus on a subsystem, that is, system (2.1)–(2.2) without
the Ei

h and Ri
h equations.
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To simplify the notation in Figure 2.1 we have defined

oi1(t), oi2(t) = µb(t)

(
1−

Li
s(t) + Li

I(t)

Ki(t)

)
,

oi3(t) = (1− p)µb(t)

(
1−

Li
s(t) + Li

I(t)

Ki(t)

)
,

oi4(t) = p µb(t)

(
1−

Li
s(t) + Li

I(t)

Ki(t)

)
.

3 Mathematical Analysis

3.1 Well-posedness

Now we will follow [58] to define the basic reproduction numbers for the mosquito population
and human population, respectively.

Define a Banach space Ω = C([−τ̃ , 0],R10n) for t ≥ 0 and the space

Ω(t) =
{
φ ∈ C([−τ̃ , 0],R10n

+ )
∣∣ φi

6(s) + φi
7(s) ≤ Ki(t+ s), ∀s ∈ [−τ̃ , 0],

φi
9(0) =

∫ 0

−τ i(0)
bim(x)βhmφi

8(x)(φ
i
3(x) + φi

4(x)) dx

}
. (3.1)

Assume that
Ki(t) ≤ M i, ∀t ∈ [−τ̃ ,∞), (3.2)

for some M i > 0, i = 1, . . . , n.

Lemma 3.1. Given φ ∈ Ω(0), system (2.1)–(2.2) has a unique solution

x(t, φ) = (x11(t, φ), ..., x
1
10(t, φ), ..., x

n
1 (t, φ), ..., x

n
10(t, φ)),

defined on [0,∞), which is bounded and nonnegative, where x(0, φ) = φ.

Proof. Let φ ∈ Ω. For fixed t ∈ R+, define a family of continuous operators f i
t : Ω → R10n

+ by

f i
t (φ) = [ft

i
1φ), ft

i
2(φ), ft

i
3(φ), ft

i
4(φ), ft

i
5(φ), ft

i
6(φ), ft

i
7(φ), ft

i
8(φ), ft

i
9(φ), ft

i
10(φ)]

T ,

ft(φ) =



Ri − bim(t)βmhφ
i
1(t)φ

i
8(0)− µi

hφ
i
1(0) +

∑
j ̸=imjiφ

j
1(0)−

∑
j ̸=imijφ

i
1(0)

f i
t 2(φ)

(1− a)βmhb
i
m(t− τh)φ

i
1(−τh)φ

i
8(−τh)e

−µhτh − (ηh + µh)φ
i
5(0)

aβmhb
i
m(t− τh)φ

i
1(−τh)φ

i
8(−τh)e

−µhτh − (ηh + µh)φ
i
3(0) +

∑
j ̸=imjiφ

j
3(0)−

∑
j ̸=imijφ

i
3(0)

ηh(φ
j
3(0) + φj

4(0))− µhφ
j
5(0) +

∑
j ̸=imjiφ

j
5(0)−

∑
j ̸=imijφ

j
5(0)

µb(t)
(
1− φi

6(0)+φi
7(0)

Ki(t)

)
pφi

10(0)− µi
l(t)φ

i
6(0)

µb(t)
(
1− φi

6(0)+φi
7(0)

Ki(t)

)
((1− p)φi

10(0) + φi
9(0) + φi

8(0))− µi
l(t)φ

i
7(0)

ft
i
8(φ)

ft
i
9(φ)

ft
i
10(φ)


i=1,...,n
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ft
i
2(φ) =bim(t)βmhφ

i
1(0)φ

i
10(0)− bim(t− τh)βmh(t− τh)φ

i
1(−τh)φ

i
10(−τh)e

−µhτh − µhφ
i
2(0)

+
∑
j ̸=i

mjiφ
j
2(0)−

∑
j ̸=i

mijφ
i
2(0)

ft
i
8(φ) =(1− τ̇ il (t))µb(t− τ il (t))

(
1−

φi
6(−τ il (t)) + φi

7(−τ il (t))

Ki(t− τ il (t))

)
×(

φi
8(−τ il (t)) + φi

9(−τ il (t)) + (1− p)φi
10(−τ il (t))

)
e
−

∫ t
t−τl(t)

µi
l(s) ds

− bim(t)βhmφi
8(0)(φ

i
2(0) + φi

3(0))− µi
m(t)φi

8(0),

ft
i
9(φ) =bim(t)βhmφi

6(0)(φ
i
4(0) + φi

3(0))− µi
m(t)φi

7(0)

− (1− τ̇ i(t))βhmbi(t− τ i(t))(φi
4(−τ i(t)) + φi

3(−τ i(t)))φi
8(−τ i(t))e

−
∫ t
t−τi(t)

µi
l(s) ds,

ft
i
10(φ) =

(
1− τ̇ il (t)

)
µb(t− τ il (t))

(
1−

φi
7(−τ il (t)) + φi

6(−τ il (t))

Ki(t− τ il (t))

)
pφi

10(−τ il (t))e
−

∫ t
t−τi

l
(t)

µi
l(s) ds

+
(
1− τ̇ i(t)

)
βhmbim(t− τ i(t))(φi

4(−τ i(t)) + φi
3(−τ i(t)))φi

8(−τ i(t))e
−

∫ t
t−τi(t)

µi
l(s) ds

− µi
m(t)φi

10(0)
(3.3)

Thus, the Fréchet derivative of ft at a fixed φ ∈ Ω, Dft(φ) is clearly a continuous linear operator.
So ft ∈ C1(Ω) and hence ft is locally Lipschitz in Ω. It follows that the continuous mapping
given by f(t, φ) = ft(φ) is locally Lipschitz on Ω(t) for fixed t ∈ R+. Hence, given φ ∈ Ω(0),
system (2.1)–(2.2) has a unique solution x(t, φ) on [0, ϵφ) for some ϵφ ∈ (0,∞], due to Theorem
2.2.3 from [26].

Fix φ ∈ Ω(0) and let x(t) = x(t, φ). Since

d(xi6(t) + xi7(t))

dt
= µb(t)

(
1− xi6(t) + xi7(t)

Ki(t)

)
(xi8(t) + xi9(t) + xi10(t))− µi

l(t)(x
i
6(t) + xi7(t)),

we have that xi6(t) + xi7(t) ≤ Ki(t) ≤ M i, ∀t ≥ 0, due to assumptions (3.1) and (3.2). In
particular, xik(t) is bounded in [0, ϵφ), k = 6, 7. Now let y(t) =

∑n
i=1 x

i
1(t)+xi2(t)+xi3(t)+xi4(t)+

xi5(t), and so dy
dt (t) = (

∑n
i=1R

i) − µhy(t), and thus 0 < lim supt→ϵφ y(t) < ∞. Consequently,
xik(t) is bounded in [0, ϵφ), ∀ 1 ≤ i ≤ n, and k = 1, 2, 3, 4, 5.

Suppose that lim supt→ϵφ xi10(t) = ∞. By continuity, limt→ϵφ xi10(t − τ il (t)) < ∞ and

limt→ϵφ xi8(t − τ il (t)) < ∞. Therefore, lim inft→ϵφ
dxi

10
dt (t) = −∞, ∃ϵφ > 0, from system (2.1)–

(2.2), which is a contradiction as this would imply that there exists 0 < ϵ < ϵφ such that xik(t)
is strictly decreasing on the interval (ϵ, ϵφ). Hence, xi10(t) is bounded. Analogously, xik(t) is
bounded, for k = 8, 9. From Theorem 2.3.1 of [26], ϵφ = ∞.

Lastly, as φ ≥ 0, suppose that there exists a sequence {tk}Kk=1, tk ∈ R+, where tk is the kth least
positive real number where xim(tk) = 0 for the first time, for some m = 1, . . . , 10, i = 1, . . . , n.

Thus, 1 ≤ K ≤ 10n, and by analyzing system (2.1)–(2.2), we have that dxi
m

dt (tk) ≥ 0, ∀1 ≤ m ≤
10, m ̸= 9, 1 ≤ i ≤ n. This guarantees that xim will not assume negative values. If m = 9, then
we have

dxi9
dt

= bim(t)βhmxi8(t)(x
i
3(t) + xi4(t))− µi

m(t)xi9(t)

− (1− τ̇ i(t))βhmbi(t− τ i(t))(xi3(t− τ i(t)) + xi4(t− τ i(t)))xi8(t− τ i(t))e
−

∫ t
t−τi(t)

µi
m(s) ds

,

∀1 ≤ i ≤ n. Let

hi(t) :=

∫ t

t−τ i(t)
bim(s)βhmxi8(s)(x

i
3(s) + xi4(s))e

−
∫ t
s µi

l(x) dxds ≥ 0,
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and consider
x̃i9(t) := e

∫ t
0 µm(s)dsxi9(t), ∀1 ≤ i ≤ n.

Therefore,
dx̃i9
dt

=
dhi
dt

e
∫ t
0 µm(s)ds ≥ dhi

dt
,

what implies that
x̃i9(t) ≥ hi(t) ≥ 0,∀t ≥ 0,

since x̃i9(0) = xi9(0) = hi(0), ∀1 ≤ i ≤ n. Thus, we have that x̃i9(t) ≥ 0, implying that
xi9(t) ≥ 0, ∀t ∈ [0,∞).

Hence, x(t, φ) is a nonnegative solution. Finally, we obtain that x(t, φ) is a unique nonnegative
solution defined on [0,∞).

3.2 Mosquito Population Dynamics

Considering the disease-free state in system (2.1)–(2.2) without the Ei
h and Ri

h equations, for
i = 1, .., n, we obtain the following system:

dSi
h

dt
=Ri − µhS

i
h(t) +

∑
j ̸=i

mjiS
j
h(t)−

∑
j ̸=i

mijS
i
h(t)

dLi
s

dt
=µb(t)

(
1− Li

s(t)

Ki(t)

)
Si
m(t)− µi

l(t)L
i
s(t)

dSi
m

dt
=((1− τ̇ il (t))µ

i
b(t− τ il (t))

(
1−

Li
s(t− τ il (t))

Ki(t− τ il (t))

)
×
(
Si
m(t− τ il (t))

)
e
−

∫ t
t−τl(t)

µi
l(s) ds − µi

m(t)Si
m(t).

(3.4)

The disease-free equilibrium in R3n is given by

(S̄i
h, 0, 0)1≤i≤n,

where

S̄i
h =

Ri +
∑

i̸=j mjiS̄
j
h

µh +
∑

i̸=j mij
.

Now, since Si
h only appear in their own equations for i = 1, . . . , n, we can simplify this system

to
dLi

s

dt
= µi

b(t)

(
1− Li

s(t)

Ki(t)

)
Si
m(t)− µi

l(t)L
i
s(t)

dSi
m

dt
= ((1− τ̇ il (t))µ

i
b(t− τ il (t))

(
1−

Li
s(t− τ il (t))

Ki(t− τ il (t))

)
×
(
Si
m(t− τ il (t))

)
e
−

∫ t
t−τl(t)

µi
l(s) ds − µi

m(t)Si
m(t).

(3.5)

Then, linearizing (3.4) at the given equilibria, we have the system

dSi
h

dt
= −(µh +

∑
j ̸=i

mij)S
i
h(t) +

∑
j ̸=i

mjiS
j
h(t)

dLi
s

dt
= µi

b(t)S
i
m(t)− µi

l(t)L
i
s(t)

dSi
m

dt
= (1− τ̇ il (t))µ

i
b(t− τ il (t))e

−
∫ t
t−τl(t)

µi
l(s) dsSi

m(t− τ il (t))− µi
m(t)Si

m(t),

(3.6)
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which further simplifies to the following system:

dLi
s

dt
= µi

b(t)S
i
m(t)− µi

l(t)L
i
s(t)

dSi
m

dt
= (1− τ̇ il (t))µ

i
b(t− τ il (t))e

−
∫ t
t−τl(t)

µi
l(s) dsSi

m(t− τ il (t))− µi
m(t)Si

m(t).

(3.7)

Define linear operators V̄i : R → L(R2,R2) by

V̄i(t) =

[
µi
l(t) 0
0 µi

m(t)

]
,

and F̄i : R → L(Ci,R2) by

F̄i(t)

[
φi
1

φi
2

]
:=

[
µi
b(t)φ

i
2(0)

(1− τ̇ il (t))µ
i
b(t− τ il (t))e

−
∫ t
t−τi

l
(t)

µi
l(s) dsφi

2(−τ il (t))

]

for Ci := C([−τ̄ i, 0],R2), C+
i := C([−τ̄ i, 0],R2

+) and τ̄ i := max0≤t≤w τ il (t).

Now we are in the position to define Rm, the basic reproduction number for the mosquito
population. Consider the system

dx

dt
= −V̄i(t)x.

Let

Φ̄i(t, k) :=

[
e−

∫ t
k (η

i
l (t)+µi

l(t))dt 0

0 e−
∫ t
k (η

i
l (t)+µi

l(t))dt

]
, ∀t ≥ k,

be its fundamental solution, where Φ̄(k, k) = I. Consequently, analogous to [58], consider the
following linear operator which, similar to the proof of Lemma 3.11, is a compact operator,
defined by L̄i : Cw → C(R,R2),

L̄i(φ)(t) :=

∫ ∞

0
Φ̄i(t, t− s)F̄i(t− s)φ(t− s+ .)ds,

where Cw is the set of w-periodic functions from R to R2. L̄i can be proved to be compact,
similarly to Lemma 3.17.

Therefore, the mosquito reproduction number is defined as the spectral radius of L̄i by

Ri
m := r(L̄i). (3.8)

Hence, as L̄i is a compact operator, Ri
m < ∞ is an eigenvalue of L̄i, whose eigenvector lies in

the positive cone C+
w , by Krein-Rutman Theorem.

Consider the sets Ii
1 := C([−τ̄ il , 0],R2) and Ii

2 := C([−τ il (0), 0],R2), and their respective
positive cones Ii

1
+
:= C([−τ̄ il , 0],R2

+), Ii
2
+
:= C([−τ il (0), 0],R2

+).

Let us state the following lemmas regarding the existence and uniqueness of the initial value
problems of (3.5), defined over Ii

1, Ii
2 respectively, whose proofs will be omitted, as they are

analogous to the proofs of Lemmas 3.1 and 3.13, respectively.

Lemma 3.2. For i = 1, ..., n, given ϕ ∈ Ii
1, system (3.5) has a unique nonnegative solution

P̄ i(t) : Ii
1 → Ii

1 with P̄ i(0) = ϕ for all t ∈ [0,∞), for i=1,...,n.

Lemma 3.3. For i = 1, ..., n, given ϕ ∈ Ii
2, system (3.5) has a unique nonnegative solution

P i(t) : Ii
2 → Ii

2 with P i(0) = ϕ for all t ∈ [0,∞), for i=1,...,n.

9



By Lemmas 3.2 and 3.3, P̄ i(t)|Ii
1
+ : Ii

1
+ → Ii

1
+ and P i(t)|Ii

2
+ : Ii

2
+ → Ii

2
+. Also as a

consequence of the last two Lemmas, we have the following remarks.

Remark 3.4. The same results established in Lemmas 3.2 and 3.3 will remain valid for system
(3.7). So the linear operators Q̄i(t) : R × C([−τ̄ il , 0],R) → R × C([−τ̄ il , 0],R) and Qi(t) : R ×
C([−τ il (0), 0],R) → R× C([−τ il (0), 0],R) are solutions to system (3.7) and both are invariant in
their respective positive cones.

Remark 3.5. By the uniqueness of solutions in Lemmas 3.2 and 3.3, it follows that for any ϕ ∈ Ii
1

and ϕ̄ ∈ Ii
2, with ϕi

1 = ϕ̄i
1, ϕi

2 = ϕ̄i
2 for all θ in [−τ il (0), 0] and 1 ≤ i ≤ n, one has P̄ i(t) = P i(t)

for all t in [0,∞], 1 ≤ i ≤ n.

Similar to the proof of Lemma 3.5 from [33], P̄ i(t) and P i(t) are w−periodic semiflows.

Remark 3.6. Fix 1 ≤ i ≤ n and let xi(t, x) be the solution of (3.5) such that xi(0, x) = x ∈ Ii
1,

and for fixed t ≥ 0, let Dxi be its Fréchet derivative at the equilibria 0 ∈ R2 of system (3.5), and
define

fi(x
i(t, x), t) :=


µi
b(t)

(
1− xi

1(t,x)

Ki(t)

)
xi2(t, x)− µl(t)x

i
1(t, x)

((1− τ̇ il (t))µ
i
b(t− τ il (t))

(
1− xi

1(t−τ il (t),x)

Ki(t−τ il (t))

)
×(

xi2(t− τ il (t), x)
)
e
−

∫ t
t−τl(t)

µ(s) ds − µi
m(t)xi2(t, x)

 ,

with Fréchet derivative at the origin Dfi(x
i(t, .), t) : Ii

1 → Ii
1, for t ≥ 0 fixed, given by

Dfi

[
xi1(t, x)
xi2(t, x)

]
:=

[
µi
b(t)x

i
1(t, x)− µi

l(t)x
i
2(t, x)

(1− τ̇ il (t))µ
i
b(t− τ il (t))e

−
∫ t
t−τi

l
(t)

µi(s) ds
xi2(t− τ il (t), x)− µi

m(t)xi2(t, x)

]
,

for i = 1, . . . , n. Thus, we can take the Fréchet Derivative at the origin and use the chain rule,
considering that xi(t, 0) = 0 is an equilibria of (3.7):

Dẋi = Dfi(x
i(t, x), t)Dxi, ∀i = 1, .., n.

Since the maps (t, x) 7→ Dẋi(t, x) and (t, x) 7→ d
dtDxi(t, x) are continuous, we have Dẋi = d

dtDxi,
for any i = 1, . . . , n.

Fix i = 1, . . . , n. Let P̄ i(t, φ) : R × Ii
1 → Ii

1, where P̄ i(t, φ)|R+×Ii
1
+ is the solution map of

system (3.5), which is invariant in the positive cone R+×Ii
1
+. Therefore by Lemma 3.3, Remarks

3.4, 3.5 and 3.6, we obtain that DP̄ i|R+×C([−τ̄ il ,0],R+)(t, φ) = Q̄i(t, φ) is solution map of system
(3.7), once restricted to the positive cone R+ × C([−τ̄ il , 0],R+).

In view of Remark 3.5, the same results hold for the solution map P i(t, φ) : R× Ii
2 → Ii

2. Therefore,
we define

Qi := DP i(w, ·), Q̄i := DP̄ i(w, ·)

to be the Poincaré maps of system (3.7), for 1 ≤ i ≤ n fixed.

Remark 3.7. Since Qi, Q̄i are Fréchet derivatives of compact operators, they are compact linear operators,
so by Krein-Rutman Theorem and similarly to [33, Lemma 3.8], r(Q̄i) = r(Qi) < ∞, where r(Q̄i), r(Qi)
are eigenvalues of Qi, Q̄i, respectively, whose eigenvector lies on R+ × C([−τ̄ il , 0],R+)− {0}.

Lemma 3.8. Let 1 ≤ i ≤ n and φ ∈ Ii+

1 . Then the orbit t 7→ P̄ i(t, φ) is precompact.

Proof. Fix 1 ≤ i ≤ n, and suppose ∃ ϕi ∈ Ii
1 such that there exists a time sequence 0 ≤ t1 < t2 < · · · <

tk < . . . where the sequence (P̄ i(tk, ϕ))k≥1 has no convergent subsequences. By uniqueness of solutions
for system (3.5), since P̄ i(0, ϕ) = ϕ, we have

QiP̄ i(t, ϕ) = P̄ i(t, Q̄iϕ)
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for all t ≥ 0. Similar to the proof of Lemma 3.1, it is possible to prove that the trajectory t 7→ P̄ i(t, Q̄iϕ)
is bounded. Therefore, since Q̄i is compact, due to the above equation, this trajectory is precompact.
Consequently, the sequence (P̄ i(tk, Q̄

iϕ))k≥1 has a convergent subsequence, i.e., the limit

lim
m→∞

P̄ i(tjm , Q̄iϕ) = lim
m→∞

Q̄iP̄ i(tjm , ϕ)

exists.

By the continuity of Q̄i, limm→∞ P̄ i(tjm , ϕ) exists, which is a contradiction. Therefore, ∀1 ≤ i ≤
n, ϕ ∈ Ii

1, the orbit t 7→ P̄ i(t, φ) is precompact.

According to [58], we have the following result.

Lemma 3.9. Ri
m − 1 ≤ 0 if and only if r(Qi)− 1 ≤ 0 for i = 1, ..., n.

So we are in a position to prove the following threshold dynamics for the mosquito population.

Lemma 3.10. If Ri
m ≤ 1 for all i = 1, ..., n, then (S̄i

h, 0, 0)i=1,..,n ∈ R3n is globally stable in
∏n

i=1 Ii
2
+.

Otherwise, consider without loss of generality that 1 < i1 < .. < ik < n, such that Rij
m > 1 for

j = 1, . . . , k, 1 ≤ k < n. Thus, by letting xi := (S̄i
h, 0, 0), and yi(t) := (S̄i

h, L
i
s
∗
(t), Si

m
∗
(t)), there exists a

unique w-periodic solution γ(t) of system (3.5), given by γ(t) = (x1, ..., yi1(t), . . . , yik(t), ..., xn), which is
globally stable in

∏n
i=1 Ii

2
+ − {(x1, .., xn)}.

Proof. In system (3.5) fix 1 ≤ i ≤ n. Due to Lemma 3.3, P̄ i(t) is monotone for all t ∈ R+. Now
we claim that P̄ i(t) is strongly subhomogeneous. Let v ∈ Ii

1
+ − {(0, 0)}, λ ∈ (0, 1), and consider the

solution maps P̄ i(t, v), P̄ i(t, λv) of system (3.5), where P̄ i(0, v) = v, P̄ i(0, λv) = λv. Consider the maps
hi(t) := λP̄ i(t, v), gi(t) := P̄ i(t, λv). Let b > 0, a = 0. Using the same notation as in Theorem 4 of
[52] and Chapter 2 of [59], notice that 0 = Pgi ≫ Phi in (a, b], and hence, we obtain h ≪ g in (a, b], by
Theorem 4 in [52]. Since b > 0 is arbitrary and h(t), g(t) are defined over R+ by Lemma 3.8, we find that
h ≪ g in (0,∞). Therefore, P̄ i(t, v) is strongly subhomogeneous.

Analogous to Lemma 3.1, we can prove that the map t 7→ P̄ i(t, v) is bounded. Moreover, similar to the
proof of Lemma 3.17, DP̄ i(t) is a compact linear operator. Lastly, according to the proof of Theorem
2.3.4 [59], it suffices to show that every positive orbit of t → P̄ i(t, v) is precompact, i.e, has a compact
closure. This fact is a consequence of Lemma 3.8.

In view of Remark 3.5, all the above results are valid for the solution P i : R × Ii
2 → Ii

2. Now we
are in position to use Theorem 2.3.4 of [59] to obtain that, by letting t = w, P̄ i := P̄ i(w), we find that
Ri

m − 1 = r(Q̄i) − 1 = r(Qi) − 1 ≤ 0 =⇒ xi is globally stable in Ii+
2 , and Ri

m − 1 = r(Q̄i) − 1 =

r(Qi)− 1 > 0 =⇒ yi(t) is globally stable in Ii+
2 − {(0, 0)} for all i = 1, . . . , n, where r(Qi) is a positive

eigenvalue of Qi, whose eigenvector lies on the positive cone Ii
2
+, by Krein-Rutman Theorem.

Without loss of generality, let Rij
m > 1 for j = 1, ..., k. Consider a trajectory Γ(t) ∈ Ī+

2 − {(x1, .., xn)},
and let Π :

∏n
i=1 Ii

2 →
∏k

j=1 I
ij
2 and Π̄ :

∏i=n
i=1 Ii

2 →
∏

j∈{1,...,n}−{i1,...,ik} I
j
2 be natural projections. Since

as we vary i = 1, ..., n, system (3.5) is uncoupled, using the results in the last paragraph, we find that
Π(Γ(t)) → (γi1(t), ..., γik(t)), Π̄(Γ(t)) → (0, ..., 0) ∈ R2(n−k) as t → ∞. Without loss of generality consider
that R1

m,Rn
m ≤ 1. Thus we obtain that γ(t) := (x1, ..., yi1(t), . . . , yik(t), ..., xn) a periodic solution of

system (3.4), as we vary i = 1, ..., n, is globally stable in
∏n

i=1 Ii
2
+ − {(x1, .., xn)}. On the other hand,

analogously, if Ri
m ≤ 1, ∀1 ≤ i ≤ n, then (x1, ..., xn) is globally stable in

∏n
i=1 Ii

2
+
.

3.3 Human Population Dynamics

In the following, we shall proceed according to [58]. We assume, without loss of generality, that
R1

m,Rn
m ≤ 1, Rij

m > 1 for j = 1, ..., k with 1 ≤ k < n and 1 ≤ i1 < ... < ik < n, and then
linearize the infective system of (2.1)–(2.2) over the disease-free periodic trajectory established in
Lemma 3.10, but now regarding it as a trajectory of system (2.1)–(2.2) without the Ei

h and Ri
h

equations given by γ(t) := (x1, ..., yi1(t), ..., yik(t), ..., xn) with xi = (Si
h
∗
, 0, 0, 0, 0, 0, 0, 0) and yij (t) =
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(S
ij
h

∗
, 0, 0, L

ij
s

∗
(t), 0, S

ij
m

∗
(t), 0, 0) for j = 1, ..., k. For 1 ≤ j ≤ k < n such that Rij

m > 1,

dI
ij
h

dt
=(1− a)βmhb

ij
m(t− τh)S

ij
h

∗
Iijm(t− τh)e

−µhτh − (ηh + µh)I
ij
h (t)

dA
ij
h

dt
=aβmhb

ij
m(t− τh)S

ij
h

∗
Iijm(t− τh)e

−µhτh − (ηh + µh +
∑
l ̸=ij

mij l)A
ij
h (t) +

∑
l ̸=ij

mlijA
l
h(t)

dL
ij
I

dt
=µ

ij
b (t)

(
1− L

ij
s

∗
(t)

Kij (t)

)
pIim(t)− µl(t)L

ij
I (t)

dI
ij
m

dt
=
(
1− τ̇

ij
l (t)

)
µ
ij
b (t− τ

ij
l (t))

(
1−

L
ij
s

∗
(t− τ

ij
l (t))

Kij (t− τ
ij
l (t))

)
pIijm(t− τ

ij
l (t))e

−
∫ t

t−τ
ij
l

(t)
µ
ij
l (s) ds

+
(
1− τ̇ ij (t)

)
βhmbij (t− τ ij (t))(I

ij
h (t− τ ij (t)) +A

ij
h (t− τ ij (t)))Sij

m

∗
(t− τ ij (t))e

−
∫ t

t−τ
ij (t)

µ
ij
l (s) ds

− µij
m(t)Iijm(t),

(3.9)
and for 1 ≤ i ≤ n such that Ri

m ≤ 1,

dIih
dt

= (1− a)βmhb
i
m(t− τh)S

i
h

∗
Iim(t− τh)e

−µhτh − (ηh + µh)I
i
h(t)

dAi
h

dt
= aβmhb

i
m(t− τh)S

i
h

∗
Iim(t− τh)e

−µhτh − (ηh + µh +
∑
l ̸=i

mil)A
i
h(t) +

∑
l ̸=i

mliA
l
h(t)

dLi
I

dt
= µi

b(t)pI
i
m(t)− µi

l(t)L
i
I(t)

dIim
dt

=
(
1− τ̇ il (t)

)
µi
b(t− τ il (t))pI

i
m(t− τ il (t))e

−
∫ t

t−τi
l
(t)

µi
l(s) ds − µi

m(t)Iim(t).

(3.10)

Let τ i0 := max{sup0≤t≤w τ i(t), τ ih, sup0≤t≤w τ il (t)} for i = 1, ..., n, and define C :=
∏n

i=1 C([−τ i0, 0],R4)

and C+ :=
∏n

i=1 C([−τ i0, 0],R4
+). Define a mapping F : R → L(C+,R4n) by

F (t)



φ1
1

φ1
2

φ1
3

φ1
4
...

φ
ij
1

φ
ij
2

φ
ij
3

φ
ij
4
...
φn
1

φn
2

φn
3

φn
4



:=



(1− a)βmhb
1
m(t− τh)(S

1
h
∗
)φ1

4(−τh)e
−µhτh

aβmhb
1
m(t− τh)(S

1
h
∗
)φ1

4(−τh)e
−µhτh +

∑
l ̸=1 ml1φ

l
2(0)

µ1
b(t)pφ

1
4(0)(

1− τ̇1l (t)
)
µ1
b(t− τ1l (t))pφ

1
4(−τ1l (t))e

−
∫ t

t−τ1
l
(t)

µ1
l (s) ds

...
(1− a)βmhb

ij
m(t− τh)(S

ij
h

∗
)φ

ij
4 (−τh)e

−µhτh

aβmhb
ij
m(t− τh)(S

ij
h

∗
)φ

ij
4 (−τh)e

−µhτh +
∑

l ̸=ij
mlijφ

l
2(0)

µ
ij
b (t)

(
1− L

ij
s

∗
(t)

Kij (t)

)
pφ

ij
4 (0)(

1− τ̇
ij
l (t)

)
µ
ij
b (t− τ

ij
l (t))

(
1− (L

ij
s

∗
(t−τ

ij
l (t)))

Kij (t−τ
ij
l (t))

)
pφ

ij
4 (−τ

ij
l (t))e

−
∫ t

t−τ
ij
l

(t)
µ
ij
l (s) ds

+

+
(
1− τ̇ ij (t)

)
βhmbij (t− τ ij (t))(φ

ij
1 (−τ ij (t)) + φ

ij
2 (−τ ij (t))(S

ij
m

∗
(t− τ ij (t)))e

−
∫ t

t−τ
ij (t)

µ
ij
l (s) ds

...
(1− a)βmhb

n
m(t− τh)(S

n
h
∗)φn

4 (−τh)e
−µhτh

aβmhb
n
m(t− τh)(S

n
h
∗)φn

4 (−τh)e
−µhτh +

∑
l ̸=n mlnφ

l
2(0)

µn
b (t)pφ

n
4 (0)

(1− τ̇nl (t))µ
n
b (t− τnl (t))pφ

n
4 (−τnl (t))e

−
∫ t
t−τn

l
(t)

µn
l (s) ds



,

where j = 1, ..., k < n. In fact F (t)C+ ⊂ C+. Moreover, for t ≥ 0, let us define

V (t) = −diag(−(ηh + µh),−(ηh + µh +
∑

l ̸=1 m1l),−µ1
l (t),−µ1

m(t), ...,

−(ηh + µh),−(ηh + µh +
∑

l ̸=n mnl),−µn
l (t),−µn

m(t)).

Consider the system dx
dt = −V (t)x(t) and let Φ(t, k) be its fundamental matrix. Hence, dΦ(t,k)

dt =

−V (t)Φ(t, k), ∀t ≥ k, where Φ(k, k) = I, ∀k ∈ R. In fact, l(Φ) < 0, where l(Φ) := inf{l̃ : ∃M ≥
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1; ∥Φ(t, t− s)∥ ≤ Mel̃s, ∀s ∈ R, t ≥ 0}, since

Φ(t, k) =diag
(
e−(ηh+µh)(t−k), e−(ηh+µh+

∑
l̸=1 m1l)(t−k), e−

∫ t
k
µ1
l (t)dt, e−

∫ t
k
µ1
m(t)dt, . . . ,

e−(ηh+µh)(t−k), e−(ηh+µh+
∑

l̸=n mnl)(t−k), e−
∫ t
k
µn
l (t)dt, e−

∫ t
k
µn
m(t)dt

)
(3.11)

Consequently, analogous to [58], consider the following linear operator L on C̄w, the space of all continuous
w−periodic functions from R to R4n:

L(φ(.))(t) :=

∫ ∞

0

Φ(t, t− s)F (t− s)φ(t− s+ ·)ds.

The basic reproduction number is defined as the spectral radius of L(φ(·)) by

R0 := r(L). (3.12)

Lemma 3.11. The linear operator L : Cw → Cw is compact. R0 < ∞ is an eigenvalue of L.

Proof. Let B(0; 1) ⊂ Cw be the unitary ball centered at the origin. For {fn}n≥1 ⊂ B(0; 1), we have

∥L(fn)(t)− L(fn)(t0)∥ ≤ Mn

∫ ∞

0

ew(Φ)s(∥fn(t)− fn(t0)∥)ds

with Mn > 0, since F (t) is a linear bounded operator. As fn is continuous,

t → t0 =⇒ ∥L(fn)(t)− L(fn)(t0)∥ → 0 ∀ t0 ∈ R, n ∈ N.

Therefore, {fn}n≥1 is an equicontinuous sequence. By Ascoli-Arzelà Theorem, there exists a subsequence
{fnk

}k≥1 such that L(fnk
) converges in the Cw norm. Since {fn}n≥1 ⊂ B(0; 1) is arbitrary, L is a

compact operator. Thus, by Krein-Rutman Theorem, R0 is a positive eigenvalue of L.

Remark 3.12. As noticed in systems (3.9)–(3.10), the values of sgn(Ri
m − 1), i = 1, ..., n, are of utmost

importance for the basic reproduction number R0. While defining R0, we considered that without loss of
generality the assumptions R1

m, Rn
m > 1 and Rij

m ≤ 1 for j = 1, ..., k < n.

Define Θi := C([−τ i(0), 0],R2
+)×R+ ×C([−τ̄ i, 0],R+), where τ̄ i := max{τ il (0), τh} and Θ :=

∏n
i=1 Θi.

Moreover, define Γi = C([−τ̃ , 0],R4
+) and Γ =

∏n
i=1 Γi.

Lemma 3.13. Given θi = (θi1, ..., θ
i
4) ∈ Θi, then system (3.9)–(3.10) admits a unique nonnegative solution

x(t, θ), defined on [0,∞), such that x(0, θ) = θ, where θ = (θ1, ..., θn) ∈ Θ.

Proof. Let τ̂ := min{τh, τ il (0), τ i(0)}i=1,...,n. Since 1−τ̇ i(t), 1−τ̇l
i(t) ≥ 0, we have −τ i(0) ≤ τ̂−τ i(τ̂) ≤ 0

and −τl
i(0) ≤ τ̂ − τl

i(τ̂) ≤ 0, ∀1 ≤ i ≤ n. Thus, given θ ∈ Θ, by the Variation of Parameters Formula, the
solution x(t, θ) = (x1(t, θ), ..., xn(t, θ)) with x(0, θ) = θ exists and is unique on [0, τ̂ ], since for t ∈ [0, τ̂ ],
x
ij
m(t−τ ij (t)) = θ

ij
m(t−τ ij (t)) for m = 1, 2 and xi

4(t−τ i(t)) = θi4(t−τ i(t)) for all i = 1, ..., n, 1 ≤ j ≤ k < n.
Analogously, by taking t ∈ [τ̂ , 2τ̂ ], we can prove existence and uniqueness for the interval [0, 2τ̂ ]. Thus, by
induction, ∀k ∈ N, the solution is unique on [0, kτ̂ ]. Hence, x(t, θ) is unique on [0,∞). The nonnegativity
of x(t, θ) comes from the fact that if xi(t, θ) = 0 for some t > 0, then dxi(t,θ)

dt ≥ 0, ∀i.

Remark 3.14. Let φ = (φ1, . . . , φn) ∈ Γ, θ = (θ1, . . . , θn) ∈ Θ, where θi = φi on the intervals where both
are defined, for i = 1, . . . , n. So, by Lemma 3.13 and analogous to Lemma 3.1, the unique nonnegative
solution maps x(t, φ), y(t, θ) of system (3.9)–(3.10) satisfy x(t, φ) = y(t, θ), ∀t ≥ 0.

Let P (t)θ := x(t, θ) be the solution map of system (3.9)–(3.10), defined on [0,∞). Thus, analogous to
Lemma 3.5 in [33], the solution P (t) is a ω−periodic semiflow on Θ. Define its Poincaré map P := P(w).

Remark 3.15. Given t ≥ 0, θ1, θ2 ∈ Θ, such that θ1 ≥ θ2, then θ1 − θ2 ∈ Θ, and due to Lemma 3.13,
P(t)(θ1)− P(t)(θ2) = P(t)(θ1 − θ2) ≥ 0. Thus, ∀t ≥ 0, P(t) is monotone over Θ.

Consider P̃ : Γ → Γ, P : Θ → Θ are Poincaré maps of system (3.9)–(3.10). Similar to Lemma 3.17, it
follows that both are compact operators. In addition, by [58] and [33] we have the following conclusion.
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Lemma 3.16. r(P̃) = r(P). Hence, sgn(R0 − 1) = sgn(r(P)− 1).

Given ϵ > 0, let us consider the following pertubation of system (3.9)–(3.10).

For j ∈ 1, ..., k, where 1 < i1 < ... < ik < n are such that Rij
m > 1:

dI
ij
h

dt
=(1− a)βmhb

ij
m(t− τh)(S

ij
h

∗
+ ϵ)Iijm(t− τh)e

−µhτh − (ηh + µh)I
ij
h (t)

dA
ij
h

dt
=aβmhb

ij
m(t− τh)(S

ij
h

∗
+ ϵ)Iijm(t− τh)e

−µhτh − (ηh + µh +
∑
l ̸=ij

mij l)A
ij
h (t) +

∑
l ̸=ij

mlijA
l
h(t)

dL
ij
I

dt
=µ

ij
b (t)

(
1− L

ij
s

∗
(t)− ϵ

Kij (t)

)
pIim(t)− µl(t)L

ij
I (t)

dI
ij
m

dt
=
(
1− τ̇

ij
l (t)

)
µ
ij
b (t− τ

ij
l (t))

(
1−

L
ij
s

∗
(t− τ

ij
l (t))− ϵ

Kij (t− τ
ij
l (t))

)
pIijm(t− τ

ij
l (t))e

−
∫ t

t−τ
ij
l

(t)
µ
ij
l (s) ds

+
(
1− τ̇ ij (t)

)
βhmbij (t− τ ij (t))(I

ij
h (t− τ ij (t)) +A

ij
h (t− τ ij (t)))(Sij

m

∗
(t− τ ij (t)) + ϵ)e

−
∫ t

t−τ
ij (t)

µ
ij
l (s) ds

− µij
m(t)Iijm(t),

(3.13)
and for 1 ≤ i ≤ n such that Ri

m ≤ 1:

dIih
dt

=(1− a)βmhb
i
m(t− τh)(S

i
h

∗
+ ϵ)Iim(t− τh)e

−µhτh − (ηh + µh)I
i
h(t)

dAi
h

dt
=aβmhb

i
m(t− τh)(S

i
h

∗
+ ϵ)Iim(t− τh)e

−µhτh − (ηh + µh +
∑
l ̸=i

mil)A
i
h(t) +

∑
l ̸=i

mliA
l
h(t)

dLi
I

dt
=µi

b(t)pI
i
m(t)− µi

l(t)L
i
I(t)

dIim
dt

=
(
1− τ̇ il (t)

)
µi
b(t− τ il (t))pI

i
m(t− τ il (t))e

−
∫ t

t−τi
l
(t)

µi
l(s) ds

+
(
1− τ̇ ij (t)

)
βhmbij (t− τ ij (t))(I

ij
h (t− τ ij (t)) +A

ij
h (t− τ ij (t))) ϵ e

−
∫ t

t−τ
ij (t)

µ
ij
l (s) ds

− µi
m(t)Iim(t).

(3.14)

Analogous to Lemma 3.13, for any fixed θ ∈ Θ, this system admits a unique nonnegative solution xϵ(t) in
[0,∞), where xϵ(0) = θ.

Fix ϵ > 0, t ≥ 0 let Θ̂ :=
∏n

i=1 Θ̂i, where Θ̂i = C([−τ i(0), 0],R2)×R×C([−τ̄ i, 0],R) and consider the
solution map ((Pϵ)2(t), (Pϵ)3(t), (Pϵ)4(t), (Pϵ)8(t)) = Pϵ(t) : Θ̂ → Θ̂, which is a linear operator and leaves
the space Θ ⊂ Θ̂ invariant. Let us prove the following lemma regarding the compactness of the linear
operator Pϵ.

Lemma 3.17. Fix t ≥ 0, ϵ > 0. Then the linear operator Pϵ(t) is compact.

Proof. Let ϵ ≥ 0, and consider the solution map of system (3.13)–(3.14) xϵ : R+ × Θ̂ → Θ̂, given by
xϵ(t, θ) = Pϵ(t)(θ). Let Fϵ = {Pϵ(t)}t∈R+ be a family of continuous linear operators. Given θ ∈ Θ̂, similar
to the proof of Lemma 3.1, it is clear that {Pϵ(t)(θ)}t∈R+ is a bounded set in Θ̂. Therefore, by the
Uniform Boundedness Principle, M := supt∈R+,∥θ∥≤1∥Pϵ(t)(θ)∥Θ̂ < ∞. Now, it is clear that Fϵ is an
equicontinuous family, since given ε > 0,

∥Pϵ(t)(θ1)− Pϵ(t)(θ2)∥ ≤ M∥θ1 − θ2∥ < ε,

if ∥θ1 − θ2∥ < ε/M. Lastly, by Ascoli-Arzelà Theorem, for t ≥ 0, Pϵ(t) is a compact linear operator.

Now we are in position to prove the Threshold Dynamics Theorem, using arguments presented in [58].
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Let τ̃ i := max{τh, τ i(0), τ il (0)}, τ̂ i := max{τ i(0), τ il (0)}, and let t ≥ 0. Therefore, we define

∆(t) :=

{
φ ∈

n∏
i=1

R+ × C([−τ i(0), 0],R2
+)× C([−τ il (0), 0],R2

+)

× C([−τ̂ i, 0],R+)× R+ × C([−τ̃ i, 0],R+) | φi
4(s) + φi

5(s) ≤ Ki(t+ s), ∀s ∈ [−τ̃ i, 0], t ∈ R+,

φi
7(0) =

∫ 0

−τ i(0)

bim(x)βhmSi
m(x)(Iih(x) +Ai

h(x))dx

}
.

Theorem 3.18. If R0 < 1, then γ(t) = (x1, ..., yi1(t), ..., yik(t), ..., xn), a periodic solution of system
(2.1)–(2.2) without the Ei

h and Ri
h equations, is globally stable in ∆(0)− {(x1, ..., xn)}. If R0 > 1, then

there exists δ > 0 such that

∀φ ∈ {v ∈ ∆(0) : v
ij
l (0) > 0, ∀ 1 ≤ j ≤ k, l = 2, 3, 4, 8},

we have
lim inf
t→∞

(I
ij
h (t), A

ij
h (t), L

ij
I (t), I

ij
m(t)) ≥ (δ, δ, δ, δ), ∀ 1 ≤ j ≤ k,

where (S1
h(t), . . . , I

1
m(t), . . . , Sn

h (t), . . . , I
n
m(t)) = x(t, φ) is the unique solution of system (2.1).

Proof. Let R0 < 1, ϵ > 0, P̃ : R+ ×∆(0) → ∆(t) and Pϵ : R+ × Θ̂+ → Θ̂+. According to Lemma 3.17,
∀t ≥ 0, Pϵ(t) is a compact operator. Defining Pϵ := Pϵ(w), by Krein-Rutman Theorem we know that
r(Pϵ) < ∞ is an eigenvalue of Pϵ whose eigenvector lies on Θ̂+ \ {0}.

As ∀ϵ ≥ 0, Pϵ is a compact operator, by the continuity of the spectral radius of compact operators and
by [58], take ϵ > 0 small enough such that r(Pϵ) < 1. By Lemma 1 of [53], given φ ∈ Θ̂+, we have

Pϵ(t, φ) → 0 ∈ Θ̂+as t → ∞. (3.15)

On the other hand, in system (2.1)–(2.2) without the Ei
h and Ri

h equations define the change of
variables Mi(t) = (Si

m + Ei
m + Iim)(t), Li(t) = (Li

s + Li
I)(t), that will produce the following system:

dLi

dt
= µi

b(t)

(
1− Li(t)

Ki(t)

)
Mi(t)−

(
ηil(t) + µi

l(t)
)
Li(t)

dMi

dt
= ((1− τ̇ il (t))µ

i
b(t− τ il (t))

(
1− Li(t− τ il (t))

Ki(t− τ il (t))

)
×
(
Mi(t− τ il (t))

)
e
−

∫ t
t−τl(t)

µi
l(s) ds − µi

m(t)Mi(t),

(3.16)

which is topologically equivalent to system (3.5). Thus, similar to Lemma 3.10, as t → ∞,

(M1(t), L1(t), . . . ,Mn(t), Ln(t)) → γ̃ = (γ̃1, . . . , γ̃n),

for some w–periodic curve s 7→ γ̃(s), where (Mi∗(s), Li∗(s)) := γ̃i(s), ∀1 ≤ i ≤ n.

Therefore, ∀1 ≤ i ≤ n, ϕ ∈ ∆(0), as t → ∞ we have∥∥∥∥∥
(

8∑
k=6

P̃ i
k(t, ϕ),

5∑
k=4

P̃ i
k(t, ϕ)

)
− γ̃i

∥∥∥∥∥→ (0, 0).

Notice in system (2.1)–(2.2) without the Ei
h and Ri

h equations that the disease free plane is invariant under
the solution map P̃ i. Consider the natural inclusion ιt : Ii

2
+
↪→ ∆(t) as well as the natural projection

π : ∆(0) → Ii
2
+, ι := ι0. Therefore, ∀ ϕ ∈ ∆(0),

P̃ i(t, ι(π(ϕ))) = ιt(P̄
i(t, π(ϕ))).

Now suppose without loss of generality that ι(P̄ i(t, π(ϕ))) = P̄ i(t, π(ϕ)), i.e, Ii
2
+ is naturally included

in ∆(t), ∀t ≥ 0. In fact, as t → ∞, we have that ∀ϕ ∈ ∆(0),

∥Mi(t, ϕ)− γ̃i∥ =

∥∥∥∥∥
8∑

k=6

P̃ i
k(t, ϕ)− γ̃i

∥∥∥∥∥→ 0,
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and thus in particular as t → ∞,
∥Mi(t, π(ϕ))− γ̃i∥ → 0.

However, due to the invariance of the disease free plane and uniqueness of solutions, Mi(t, ι(π(ϕ))) =
P̄ i
6(t, π(ϕ)) and, consequently, we obtain

∥P̄ i(t, π(ϕ))− γ̃i∥ → 0 as t → ∞.

Therefore, due to Lemma 3.10, (Mij ∗(s), Lij ∗(s)) = (L
ij
s

∗
(s), S

ij
m

∗
(s)) for all s ≥ 0, 1 ≤ j ≤ k < n, and

(Mi∗(s), Li∗(s)) = (0, 0) for all s ≥ 0, where i ∈ {1, . . . , n} − {i1, . . . , ik}.
In particular, ∀ϵ > 0, there exists t > 0 sufficiently large such that ∀1 ≤ j ≤ k,

P̃
ij
6 (t, ι(π(ϕ))) ≤ ϵ+ Sij

m

∗
(t),

Lij
s

∗
(t)− ϵ ≤ P̃

ij
4 (t, ι(π(ϕ))) + P̃

ij
5 (t, ι(π(ϕ))) ≤ Lij

s

∗
(t) + ϵ,

and ∀i ∈ {1, . . . , n} − {i1, . . . , ik}, and m = 4, 5, 6,

∥P̃ i
m(t, ι(π(ϕ)))∥ ≤ ϵ.

Now, for t > 0 sufficiently large we obtain

dP̃
ij
m (t, ϕ)

dt
≤ d(P

ij
ϵ )m(t, ῑ(π̄(ϕ)))

dt
, 1 ≤ j ≤ k, m = 2, 4, 8,

dP̃ i
m(t, ϕ)

dt
≤ d(P i

ϵ )m(t, ῑ(π̄(ϕ)))

dt
, i ∈ {1, . . . , n} − {i1, . . . , ik}, m = 2, 4, 8,

where π̄(ϕ) = (ϕi
2, ϕ

i
3, ϕ

i
4, ϕ

i
8)i=1,...,n and ῑ(π̄(ϕ)) = (ϕi

2, ϕ
i
3, ϕ

i
4, ϕ

i
8)i=1,...,n ∈ Θ̂, in which π̄ : ∆(0) →

π̄(∆(0)), ῑ : π̄(∆(0)) → Θ̂ are natural projection and natural inclusion, respectively. By uniqueness of
solutions of systems (2.1)–(2.2) without the Ei

h and Ri
h equations and (3.13)–(3.14), we conclude by (3.15)

that there exists t0 > 0 such that

t ≥ t0 =⇒ P̃ ij
m (t, ϕ) ≤ (Pϵ)

ij
m(t, ῑ(π̄(ϕ))) =⇒ lim

t→∞
P̃ ij
m (t, ϕ) = 0 1 ≤ j ≤ k, m = 2, 4, 8,

and for all i ∈ {1, . . . , n} − {i1, . . . , ik},

t ≥ t0 =⇒ P̃ i
m(t, ϕ) ≤ (Pϵ)

i
m(t, ῑ(π̄(ϕ))) =⇒ lim

t→∞
P̃ i
m(t, ϕ) = 0, m = 2, 4, 8. (3.17)

Similarly, we can conclude that

t ≥ t0 =⇒
∑
i

P̃ i
3(t, ϕ) ≤

∑
i

(Pϵ)
i
3(t, ῑ(π̄(ϕ))) =⇒ lim

t→∞

∑
i

P̃ i
3(t, ϕ) = 0 =⇒ lim

t→∞
P̃ i
3(t, ϕ) = 0, ∀ i = 1, . . . , n.

(3.18)

This concludes the proof for the case R0 < 1, as ϕ ∈ ∆(0) was chosen arbitrarily.

Let R0 > 1, ϕ ∈ ∆(0). Analogous to the case R0 < 1, we have

dP̃ i
m(t, ϕ)

dt
≤ d(P i

ϵ )m(t, ī(π̄(ϕ)))

dt
, ∀1 ≤ i ≤ n, m = 2, 3, 4, 8, ∀ t > 0 sufficiently large,

and P̃ i
m(t, ϕ) are ultimately bounded for m = 1, 5, 6, ∀1 ≤ i ≤ n, particularly due to the arguments

established by system (3.16) in the case R0 < 1.

According to Lemma 3.17, the operator Pϵ is compact. Hence, it is a bounded operator. Therefore,
by the above inequality and the Comparison Principle, we find that the solution map P̃ is ultimately
bounded, and thus it is point dissipative. Due to Theorem 3.6.1 of [26], the compositions of the Poincaré
map, defined in ∆(0),

P (n)(ϕ) := P̃ (ϕ, nw)

are compact maps, ∀n ∈ N sufficiently large. By Theorem 1.1.3 from [59], P := P (1) has a strong global
attractor in ∆(0). Furthermore, analogous to Lemma 3.8, every orbit is precompact. Henceforth, due to
Lemma 1.2.1 in [59], the ω−limit set of any orbit is an internally transitive chain.
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Define
S0 = {v ∈ ∆(0) : vil(0) > 0, ∀ 1 ≤ i ≤ n, l = 2, 3, 4, 8},

and therefore
∂S0 = {v ∈ ∆(0) : vil(0) = 0, ∃ 1 ≤ i ≤ n, l = 2, 3, 4, 8}.

Also define
M∂ := {ϕ ∈ ∂S0 : P (n)(ϕ) ∈ ∂S0, ∀n ∈ N}.

We should prove that
{γ(t) : t ∈ [0, w]} ⊃

⋃
x∈M∂

ω(x). (3.19)

Given x ∈ M∂ , ω(x) is invariant under P and thus P (n)(x), ∀n > 0. Consequently,

M∂ =
⋂
n∈N

(P (n))−1(∂S0),

which implies that M∂ is a closed set in ∆(0). We obtain ω(x) ⊂ M∂ , and hence,⋃
x∈M∂

ω(x) ⊂ M∂ .

Define a set
A := {ϕ ∈ ∂S0 : ϕj

l = 0, ∀ 1 ≤ j ≤ n, l = 2, 3, 8}.

We claim that M∂ ⊂ A. If ϕ ∈ ∂S0 is such that ϕ
ij
2 (0) > 0, ∃ 1 ≤ j ≤ k, then by analyzing system

(2.1)–(2.2) without the Ei
h and Ri

h equations, there exists t0 > 0 such that P̃
ij
8 (t, ϕ) > 0, ∀ t ≥ t0, and

hence there exists a t1 > 0 such that P̃ ij
2 (t, ϕ) > 0, ∀t ≥ t1, and there exists t2 > 0 such that P̃ ij

3 (t, ϕ) > 0
for all t ≥ t2.

If ∃ϕ ∈ ∂S0 where ϕ
ij
l (0) > 0 for l = 3, 4, 8 and 1 ≤ j ≤ k then the result is analogous. In any of these

cases, we conclude that ϕ /∈ M∂ . This proves the claim. Particularly, we find that⋃
x∈M∂

ω(x) ⊂
⋃
x∈A

ω(x).

Now given x ∈ A and ϕ ∈ ω(x), we find that ϕ
ij
l = 0, ∀1 ≤ j ≤ k, l = 2, 3, 4, 8. Therefore, by Lemma

3.10, we have that (P̃ ij
1 (t, ϕ), . . . , , P̃

ij
8 (t, ϕ)) = yij (t), and (P̃ l

1(t, ϕ), . . . , P̃
l
8(t, ϕ)) = xl(t), ∀ 1 ≤ j ≤ k, l ∈

{1, . . . , n} − {i1, . . . , ik}. Thus, ω(x) ⊂ {γ(t) : t ∈ [0, w]}. Finally, we have⋃
x∈A

ω(x) ⊂ {γ(t) : t ∈ [0, w]},

which proves (3.19).

In the following, we prove that W s({γ(t) : t ∈ [0, w]}) ∩ S0 = ∅ and {γ(t) : t ∈ [0, w]} is an isolated
invariant set for P in ∆(0). Suppose for every ε > 0, there exist a φ ∈ S0 and a sufficiently large N ∈ N
such that

∥P (n)φ− γ(t)∥ < ε, ∀n ≥ N.

Due to the continuity and boundedness of P̃ , and invariance of {γ(t) : t ∈ [0, w]}, we can consider φ ∈ S0

such that for n ∈ N sufficiently large, we have

∥P̃ (t̂+ nw,φ)− P̃ (t̂, γ(t))∥ ≤ ∥P̃ (t̂)∥∥P (n)φ− γ(t)∥ < ε, ∀t̂ ∈ [0, w].

Therefore, for 1 ≤ j ≤ k, and for t > 0 sufficiently large we obtain that

∥Sij
h

∗
− P̃

ij
1 (t, φ)∥ < ε

∥Sij
m

∗ − P̃
ij
6 (t, φ)∥ < ε and

∥Lij
s

∗ − P̃
ij
5 (t, φ)∥ < ε.
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Thus, similar to system (3.13)–(3.14), we have the system for j ∈ {1, ..., k}, where 1 < i1 < ... < ik < n

are such that Rij
m > 1:

dI
ij
h

dt
=(1− a)βmhb

ij
m(t− τh)(S

ij
h

∗
− ε)Iijm(t− τh)e

−µhτh − (ηh + µh)I
ij
h (t)

dA
ij
h

dt
=aβmhb

ij
m(t− τh)(S

ij
h

∗
− ε)Iijm(t− τh)e
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∑
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ij
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ij
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ij
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∗
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Kij (t)
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pIim(t)− µl(t)L

ij
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ij
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(
1− τ̇

ij
l (t)

)
µ
ij
b (t− τ

ij
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(
1−

L
ij
s

∗
(t− τ

ij
l (t)) + ε

Kij (t− τ
ij
l (t))

)
pIijm(t− τ

ij
l (t))e
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∫ t

t−τ
ij
l

(t)
µ
ij
l (s) ds

+
(
1− τ̇ ij (t)

)
cβhmbij (t− τ ij (t))(I

ij
h (t− τ ij (t)) +A

ij
h (t− τ ij (t)))(Sij

m

∗
(t− τ ij (t))− ε)e

−
∫ t

t−τ
ij (t)

µ
ij
l (s) ds

− µij
m(t)Iijm(t).

(3.20)
Hence we have the inequalities

dP̃
ij
2

dt
(t, φ) ≥(1− a)βmhb

ij
m(t− τh)(S

ij
h

∗
− ε)Iijm(t− τh)e

−µhτh − (ηh + µh)I
ij
h (t)

dP̃
ij
3
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ij
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ij
h

∗
− ε)Iijm(t− τh)e
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∑
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mij l)A
ij
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l ̸=ij

mlijA
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dP̃
ij
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dt
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ij
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(
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ij
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∗
(t) + ε
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ij
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(
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ij
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pIijm(t− τ

ij
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−
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t−τ
ij
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µ
ij
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+
(
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cβhmbij (t− τ ij (t))(I

ij
h (t− τ ij (t)) +A

ij
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m

∗
(t− τ ij (t))− ε)e

−
∫ t
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µ
ij
l (s) ds

− µij
m(t)Iijm(t),

(3.21)
for t > 0 sufficiently large. Thus, similar to the case R0 < 1, due to the Comparison Principle and Lemma
1 from [53], we conclude that for R0 > 1,

P̃
ij
l (t, φ) → ∞ as t → ∞ for l = 2, 3, 4, 8 and 1 ≤ j ≤ k,

that is a contradiction to the boundedness of the solution map P̃ for sufficiently small ε > 0. Hence,
there exists ε > 0 such that

lim sup
n→∞

∥P (n)φ− γ(t)∥ ≥ ε, ∀φ ∈ S0, t ∈ [0, w].

Consequently, {γ(t) : t ∈ [0, w]} is isolated for P in ∆(0) and W s({γ(t) : t ∈ [0, w]}) ∩ S0 = ∅. Thus,
as {γ(t) : t ∈ [0, w]} forms no cycle in ∂S0, by Theorem 1.3.1 from [59], P is uniformly persistent with
respect to (S0, ∂S0). By Theorem 3.6.1 in [26], for each fixed t, there exists a t0 > 0 sufficiently large
such that the map P̃ (t) is a k−contraction and a compact map for t ≥ t0. Due to Theorem 4.5 in [35], by
letting ρ(x) := d(x, ∂S0), it follows that P |∂S0 : S0 → S0 has a compact invariant global attractor S ⊂ S0.

Let us define J := [t0, t0 + w]× S. Therefore, J is compact in R+ × S0, and since P̃ (t) is compact
operator by Theorem 3.6.1 in [26], for t > t0, we obtain that B := ∪t∈[t0,t0+w]P̃ (t, S) is compact. Hence,

lim
t→∞

d(P̃ (t)φ,C) = 0, ∀ φ ∈ S0.

Define a continuous function p : ∆(0) → R+ by p(φ) = min 1≤i≤n, j=2,3,4,8(φ
i
j(0)). Then p is continuous

and thus ∃ϕ ∈ B such that infφ∈B p(φ) = ϕ > 0. Consequently, there exists δ > 0 such that in system
(2.1)–(2.2) without the Ei

h and Ri
h equations, we find

lim inf
t→∞

P̃
ij
l (t, φ) ≥ δ > 0, ∀φ ∈ ∆(0), l = 2, 3, 4, 8, 1 ≤ j ≤ k.

This completes the proof.
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4 Numerical Analysis

4.1 Data Collection and Parameters

In this analysis, we focus on those states in Brazil where CHIKV is endemic and where at least one of its
cities has direct flights to Miami. We consider the union of the endemic Brazilian regions as one patch.
The total population of Miami is denoted as Nh0M , while the combined population of these Brazilian
states is represented as Nh0B . The Brazilian states considered in the present work are Ceara, Pernambuco,
Bahia, Amazonas, Para, Rio de Janeiro, Sao Paulo, Distrito Federal and Minas Gerais. The number of
infectious cases data from these specific Brazilian states were collected from Data SUS [11].

The following table lists the temperature dependent parameters and constants used in the present
model. Given the temperature data collected from [40], it was utilized Fast Fourier Transform from

Table 4.1: Features and Parameters in the Model

Parameter Constants and Temperature Dependent Formula
µh

1
74.5∗365 day−1 [55]

Nh0M 2700000 [56]
Nh0B 109966000 [29]
RBR 109966000

77∗365 day−1

RMIA 2700000
80∗365 day−1

µm(T ) 0.8692− 0.1590T + 0.01116(T 2)− 0.0003408(T 3) + 3.809(10−6)T 4 day−1 [36]
bm(T ) (0.0943+0.0043∗T )

N day−1, where N is the patch’s total human population [20]
βmh 0.13 [31]
βhm 0.3 [31]
µl(T ) 2.130− 0.3797 · T + 0.02457 · T 2 − 0.0006778 · T 3 + 0.000006794 · T 4 day−1 [51]
τ(T ) 4 + e5.15−0.123·T day [20]
τh 5 day, CDC [42]

µb(T ) −0.32 + 0.11 · T − 0.12 · T 2 + 0.01 · T 3 − 0.00015 · T 4 day−1 [51]
a 0.25 [39]

SciPy.FFT library in Python to estimate the periodic and time dependent average temperature functions
in the Brazilian states considered on this work and in Miami as well, TBR(t) and TMIA(t), respectively,
defined as:

TBR(t) = 2.85 · sin
(
2π(t+ 59)

365
+ 2.2

)
+ 24.182,

TMIA(t) = 3.6375 · sin
(
2π(t+ 59)

365
+ 3.7

)
+ 25.91,

where the unit of the time t is day, and the temperature unit is in Celsius (◦C). Based on Table 4.1 we
define the per-capita biting rate time dependent function for Brazil as

bBR
m (t) =

0.0943 + 0.0043 · TBR(t)

NBR
.

The use of air conditioning not only makes the environment less accessible to mosquitoes but also
affects their survival and distribution, leading to lower biting rates and reduced disease transmission
in the U.S. compared to other countries, as addressed in [47]. Thus, following the lifting of lockdown
restrictions in Florida in September 2020 as seen in [19], we consider the per-capita biting rate in Miami
as:

bMIA
m (t) =



0.0335+0.0015·TMIA(t)
NMIA

if January 1, 2020 ≤ t ≤ July 27, 2020,

(0.0335+0.0015·TMIA(210))+(t−209)(bMIA
m (209)−bMIA

m (210))
NMIA

if July 27, 2020 < t < July 28, 2020,

0.07544+0.00344·TMIA(t)
NMIA

if July 28, 2020 ≤ t.
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Notice that, in opposite to Miami-Dade county, the per-capita biting rate in Brazil was not regarded
as a piecewise defined function throughout the course of the COVID-19 pandemic during 2020. This is
specially because in Brazil the transmission of Dengue virus and CHIKV mainly occurs through Aedes
mosquitoes living nearby one’s own home, as stated in [25]. In Brazil, most households do not have
air conditioning, which results in greater reliance on open windows and doors for ventilation [2]. This
practice increases human exposure to mosquitoes, especially in urban and peri-urban areas. This suggests
that even under restricted lockdown policies, as the ones that occurred throughout the year of 2020, the
biting rate was not much affected.

Now, utilizing linear model from Scikit-Learn library in Python, we fitted a Linear Regression model in
the data provided in [10], as shown in Figure 4.1. Thus, we provide a linear formula for the temperature
dependent Larvae Development Rate ηl(T ) = 0.004173T − 0.007629, whose inverse is the time delay for
the larvae development stage τl(T ) :=

1
ηl(T ) =

1
0.004173T−0.007629 .
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Figure 4.1: Larval Development Rate vs Temperature.

In light of the U.S. reopening its borders to fully vaccinated international travelers, including Brazilians,
on November 8, 2021, as stated in [4] and following [3], we define the traveling rates from Miami to the
selected regions in Brazil and from these regions to Miami, respectively, as:

mMB(t) =


0 if January 1, 2020 ≤ t ≤ November 7, 2021

(t− 676) ·
(
− log

(
1− 700000

365·Nh0M

))
if November 7, 2021 < t < November 8, 2021

− log
(
1− 700000

365·Nh0M

)
if t ≥ November 8, 2021,

mBM (t) =


0 if January 1, 2020 ≤ t ≤ November 7, 2021

(t− 676) ·
(
− log

(
1− 700000

365·Nh0B

))
if November 7, 2021 < t < November 8, 2021

− log
(
1− 700000

365·Nh0B

)
if t ≥ November 8, 2021.

According to [18], around 1 million travelers arrived in Florida from Brazil in 2023, out of those we
consider that in average 700.000 Brazilians visit Miami-Dade per year since November 2021.

The days in the functions definitions in the model, as well as the initial day of the model correspond to
the following dates in chronological order: t = 0, t = 76, t = 209, t = 677, correspond, respectively, to
January 1st, 2020; March 17, 2020; July 27, 2020; November 8, 2021.

Utilizing Scipy.optimize.minimize from Python, it was minimized the Root Mean Squared Error for the
infectious humans compartment Ih based on the provided data and the numerical solution computed in
subsection 4.2, and then computed the optimum values for the carrying capacities for both patches to be
approximately KBR = 1.9 · 108, KMIA = 2.47 · 106, and the for vertical probability to be approximately
p = 0.05.

20



4.2 Data Fitting and Sensitive Analysis

Define the average formula for any w−periodic real function h(t) for w > 0, as

h :=
1

w

∫ w

0

h(t)dt.

From now on, by letting w = 365, we consider the time delay averages for both patches, thus by using
the average formula, we calculate τBR = 13.08 days, τMIA = 11.48 days, τBR

l = 10.80 days, and
τMIA
l = 10.06 days. These time frames are close to the values shown in [46] and [5].
Henceforth, we arrive in the system that we will be solving numerically:

dSMIA
h

dt
= RMIA − bMIA

m (t)βmhS
MIA
h (t)IMIA

m (t)− µhS
MIA
h (t) +mMBS

j
h(t)−mBMSMIA

h (t)

dIMIA
h

dt
= (1− a)βmhb

MIA
m (t− τMIA)SMIA

h (t− τMIA)IMIA
m (t− τMIA)e−µhτMIA

− (ηh + µh)I
MIA
h (t)

dAMIA
h

dt
= aβmhb

MIA
m (t− τMIA)SMIA

h (t− τMIA)IMIA
m (t− τMIA)e−µhτMIA

− (ηh + µh)A
MIA
h (t)

+mBMABR
h (t)−mMBA

MIA
h (t)

dLMIA
I

dt
= µMIA

b (t)

(
1− LMIA

s (t) + LMIA
I (t)

KMIA

)
pIMIA

m (t)− µMIA
l (t)LMIA

I (t)

dLMIA
s

dt
= µMIA

b (t)

(
1− LMIA

s (t) + LMIA
I (t)

KMIA

)(
SMIA
m (t) + EMIA

m (t) + (1− p)IMIA
m (t)

)
− µMIA

l (t)LMIA
s (t)

dSMIA
m

dt
= µMIA

b (t− τMIA
l )

(
1− LMIA

s (t− τMIA
l ) + LMIA

I (t− τMIA
l )

KMIA

)
×

(
SMIA
m (t− τMIA

l ) + EMIA
m (t− τMIA

l ) + (1− p)IMIA
m (t− τMIA

l )
)
e
−

∫ t

t−τMIA
l

µMIA
l (s) ds

− bMIA
m (t)βhmSMIA

m (t)(IMIA
h (t) +AMIA

h (t))− µMIA
m (t)SMIA

m (t)

dEMIA
m

dt
= bMIA

m (t)βhmSMIA
m (t)(IMIA

h (t) +AMIA
h (t))− µMIA

m (t)EMIA
m (t)

− βhmbMIA
m (t− τMIA)(IMIA

h (t− τMIA) +AMIA
h (t− τMIA))SMIA

m (t− τMIA)e
−

∫ t
t−τMIA µMIA

l (s) ds

dIMIA
m

dt
= µMIA

b (t− τMIA
l )

(
1− LMIA

s (t− τMIA
l ) + LMIA

I (t− τMIA
l )

KMIA

)
pIMIA

m (t− τMIA
l )e

−
∫ t

t−τMIA
l

µMIA
l (s) ds

+ βhmbMIA
m (t− τMIA)(IMIA

h (t− τMIA) +AMIA
h (t− τMIA))SMIA

m (t− τMIA)e
−

∫ t
t−τMIA µMIA

l (s) ds

− µMIA
m (t)IMIA

m (t)

dSBR
h

dt
= RBR − bBR

m (t)βmhS
BR
h (t)IBR

m (t)− µhS
BR
h (t) +mMBS

j
h(t)−mBMSBR

h (t)

dIBR
h

dt
= (1− a)βmhb

BR
m (t− τBR)SBR

h (t− τBR)IBR
m (t− τBR)e−µhτBR

− (ηh + µh)I
BR
h (t)

dABR
h

dt
= aβmhb

BR
m (t− τBR)SBR

h (t− τBR)IBR
m (t− τBR)e−µhτBR

− (ηh + µh)A
BR
h (t) +mMBA

BR
h (t)−mBMABR

h (t)

dLBR
I

dt
= µBR

b (t)

(
1− LBR

s (t) + LBR
I (t)

KBR

)
pIBR

m (t)− µBR
l (t)LBR

I (t)

dLBR
s

dt
= µBR

b (t)

(
1− LBR

s (t) + LBR
I (t)

KBR

)(
SBR
m (t) + EBR

m (t) + (1− p)IBR
m (t)

)
− µBR

l (t)LBR
s (t)

dSBR
m

dt
= µBR

b (t− τBR
l )

(
1− LBR

s (t− τBR
l ) + LBR

I (t− τBR
l )

KBR

)
[SBR

m (t− τBR
l ) + EBR

m (t− τBR
l )

+ (1− p)IBR
m (t− τBR

l )]e
−

∫ t

t−τBR
l

µBR
l (s) ds

− bBR
m (t)βhmSBR

m (t)(IBR
h (t) +ABR

h (t))− µBR
m (t)SBR

m (t)

dEBR
m

dt
= bBR

m (t)βhmSBR
m (t)(IBR

h (t) +ABR
h (t))− µBR

m (t)EBR
m (t)

− βhmbBR
m (t− τBR)(IBR

h (t− τBR) +ABR
h (t− τBR))SBR

m (t− τBR)e
−

∫ t
t−τBR µBR

l (s) ds

dIBR
m

dt
= µBR

b (t− τBR
l )

(
1− LBR

s (t− τBR
l ) + LBR

I (t− τBR
l )

KBR

)
pIBR

m (t− τBR
l )e

−
∫ t

t−τBR
l

µBR
l (s) ds

+ βhmbBR
m (t− τBR)(IBR

h (t− τBR) +ABR
h (t− τBR))SBR

m (t− τBR)e
−

∫ t
t−τBR µBR

l (s) ds − µBR
m (t)IBR

m (t).
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Now we shall consider the initial value problem for the delay differential system as a constant vector in
R16, calculated at the model starting date March 1st, 2020, taking into account that in Miami there was
a DFE equilibrium at this specific date, so we can calculate the initial number of larvae and susceptible
mosquitoes in Miami. Also, according to [11], the cumulative number of infectious humans due to CHIKV
from January 1st 2017 until March 1st 2020 is 863127. We use the same equations to approximate the
numbers of susceptible mosquitoes and larvae in Brazil, assuming that due to a high mosquito population
number, the numbers of susceptible mosquitoes and non-infected larvae are sufficiently larger than the
numbers of infected mosquitoes and infected larvae, respectively, so we can estimate these numbers by
the DFE equilibrium

LBR
s0 = KBR

1− µm(TBR(0))e

∫ 0

−τBR
l

(0)µBR
l

(s)ds

µBR
b (−τBR

l (0))

 ,

SBR
m0 =

LBR
s0 · (ηl(TBR(0)) + µl(TBR(0))

µb(t)
(
1− LBR

s0

KBR

) ,

LMIA
s0 = KMIA

(
1− µm(TMIA(0))e

∫ t
t−τl

µl(s) ds

µb(t− τl)

)
,

SMIA
m0 =

LMIA
s0 · (ηl(TMIA(0)) + µl(TMIA(0)))

µb(t)
(
1− LMIA

s0

KMIA

) .

Hence, we arrive on the initial condition:

φ =
(
Nh0M , 0, 0, 0, LMIA

s0 , SMIA
m0 , 0, 0, Nh0B − 863127, 860, 215,

15000, LBR
s0 , SBR

m0 , 1000, 5000
)
∈ R16,

following In Figure 4.2, we plot the number of infectious human population in Brazil from March 1st 2020
to July 2024, and project into August 2025. It is worth mentioning that the COVID-19 pandemic likely
disrupted arbovirus surveillance in Brazil. As suggested in [22], during COVID-19 pandemic, limited
healthcare capacity and redirected attention may have led to underreporting of Arbovirus diseases.

2020 2021 2022 2023 2024 2025
Year

0

2000

4000

6000

8000

10000

12000

14000

Po
pu

lat
ion

CHIKV Dynamics in Brazil Over Time
Infectious people in Brazil
Observed data

Figure 4.2: Simulation of the number of symptomatic infectious human population in Brazil
from March 2020 to August 2025. The blue curve represents the data and the red curve is the
simulation of the model.

Now let us define the per capita biting rate multiplier, mosquito death rate multiplier and larvae
death rate multiplier as positive constants 1 ≥ bmult > 0, µmmult

≥ 1, µlmult
≥ 1 that multiplies bm(t),

µm(t), µl(t), respectively, and which will play the role of control strategies aiming to reduce the biting
rate, and increase the mortality rates, producing the new time dependent rates bmult · bm(t), µmmult

·
µm(t), µmmult

· µl(t) at each patch. In Figure 4.3a we do a sensitive analysis on bmult to emphasize
the importance of reducing the mosquitoes biting rates, through proving that effective reduction of
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mosquito bites can significantly decrease the transmission of CHIKV, as the virus spreads primarily
through mosquito bites. In Figure 4.3b we project the cumulative number of infectious human population
in Miami, proving that the use of multiple techniques to reduce the per capita biting rate will play an
important role on the spread of the disease.
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(a) Per capita biting rate sensitive analysis of Infec-
tious and Symptomatic Human Population in Brazil
(IBR

h ), projected until August 2025.
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Figure 4.3: Sensitive analysis of the per capita biting rates.

In Figure 4.4 we conclude that both control strategies aiming to decrease the number of mosquitoes and
larvae, e.g, through larvicides or pesticides, are significant to reduce the number of infectious cases. Also
notice that in Brazil, by comparing Figure 4.3a and Figure 4.4, we can understand that small reductions
in the per capita biting rate produce a similar change in the disease dynamics as in larger increases in the
death rates of mosquitoes and larvae.
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Figure 4.4: Sensitive analysis on (a) larvae and (b) mosquitoes death rate multiplier of Infectious
and Symptomatic Human Population in Brazil (IBR

h ), projected until August 2025.

The dynamics in Miami, much like in Brazil, are highly sensitive to biting rate multipliers. This
suggests that the use of insecticidal sprays and spatial repellents is essential, along with potential
advancements from new studies aimed at reducing the per capita biting rate. Furthermore, as evidenced
by the projections presented below and in Figure 4.3b, controlling the mosquito biting rate and mosquito
mortality rate may prove to be more effective than focusing on larvae death rates. This fact is essentially
analogous to the situation in Brazil, as mentioned earlier.

Referencing Figure 4.2, we consider the implementation of public health strategies starting in January
2025, specifically focusing on how the disease dynamics evolve in response to reductions in mosquito
biting rates. In Figure 4.6, we examine variations in bmmult from 1 to 0.7, which represents different levels
of biting rate control strategies that may be adopted in Brazil throughout 2025, and observe a significant
reduction on the number of infectious humans. It is important to note that in all plots of infectious
individuals presented in this section, when varying one of the multipliers while performing sensitivity
analysis, all other multipliers are held constant at a value of one, ensuring a controlled comparison of
each intervention’s impact on disease transmission.
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Figure 4.5: Sensitive analysis on (a) larvae and (b) mosquitoes death rate multiplier of Infectious
and Symptomatic Human Population in Miami (IMIA

h ), projected until 2030.
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Figure 4.6: Projection of Infectious and Symptomatic Human Population in Brazil (IBR
h ), forecast

until August 2025, with varying biting rate control measures adopted before the peak of infections
in 2025.
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4.3 Sensitive Analysis of the Mosquito and Basic Reproduction Numbers

From now on, we average all of the time periodic parameters of our model, to arrive in the autonomous
DDE system:

dSMIA
h

dt
= RMIA − bMIA

m βmhS
MIA
h (t)IMIA

m (t)− µhS
MIA
h (t) +mMBS

j
h(t)−mBMSMIA

h (t),

dIMIA
h

dt
= (1− a)βmhb

MIA
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h (t− τMIA)IMIA
m (t− τMIA)e−µhτ
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)
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(4.1)

Now, according to [60] and following the same notations, we will compute the reproduction numbers
for humans and mosquitoes populations, individually. First, define

F̂BR
v :=

(
0 µBR

b

0 e−τBR
l µBR

l

)
, V̂ BR

v :=

(
µBR
l 0
0 µBR

m

)
,
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F̂MIA
v :=

(
0 µMIA

b

0 e−τMIA
l µMIA

l

)
, V̂ MIA

v :=

(
µMIA
l 0
0 µMIA

m

)
.

Thus we are in the position to compute the mosquito reproduction number for both patches as

RBR
m = ρ(F̂BR

v · (V̂ BR
v )−1), RMIA

m = ρ(F̂MIA
v · (V̂ MIA

v )−1).

Now, depending on sign(RMIA
m − 1) and sign(RBR

m − 1), we define the basic reproduction number R0 for
the multi-patch system. First let us define the following matrices, for i, j ∈ {1, 2}, i ≠ j, and considering
m ∈ {mij ,mji}:
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where we compute the DFE for the autonomous system originated from (3.4) to obtain

SBR
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Also,

mMB = − log
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.

Furthermore, let

V :=
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.

Now, considering that 0 ∈ Mat(4, 4), for each value of sgn(Ri
m − 1) we define a matrix F as follows:

F :=


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1MB
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∈ Mat(8, 8) if RBR
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(4.2)
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Hence, R0 = ρ(FV −1). For each season, we average the time dependent parameters of system (4.1), to
arrive in Figures 4.7a, 4.7b.
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Figure 4.7: Sensitive Analysis on the mosquitoes death rate multiplier (µmmult) and larvae death
rate multiplier (µlmult) of RMIA

m and RBR
m . Both Figures (a) and (b) have the plots for each

season.

A key observation from Figures 4.7a and 4.7b is that the mosquito dynamics in Miami are conducive
to a potential outbreak, given the ideal conditions and the number of infected humans. Specifically, we
notice that during the summer, the mosquito reproduction number Rm reaches values even higher than
those observed in Brazil. Another observation is that in Brazil, as the majority of the endemic regions
are located in the Northeast of the country, there is slight variation in Rm across the fall, winter, and
spring. Similarly, in Miami the mosquito reproduction number during the spring and fall is quite close,
regardless of the values of the control strategy coefficients (µmmult , µlmult).

In Figures 4.8a and 4.8b, we perform a sensitive analysis of the global basic reproduction number R0

to better understand its behavior under public interventions of vector control strategies and virus spread.
It is straightforward to notice that across all seasons, reducing the biting rate in a proportion λ ≤ 0.2
reduces the R0 to values close to one, and eventually less than one. Also, increasing the µmmult

, µlmult
in

5 folds individually reduces the R0 to values close to one in all seasons. And increasing both death rate
multipliers to values close to 5 eventually leads to R0 < 1.

Now, based on Figures 4.8a, 4.7a and 4.7b, consider µmmult
= µlmult

= 3. According to Theorem 3.18,
the disease will die out, as represented in the Figure 4.9a. Analogously, in the Figure 4.9b, based on 4.8b
where R0 decreases linearly as bmmult

decreases linearly, and considering bmmult
= 0.1, the disease will

die out due to Theorem 3.18 and the fact that the R0 computed in this section is an approximated value
of the R0 computed from the original system (2.1)–(2.2) without the Ei

h and Ri
h equations.

5 Discussion

From a theoretical perspective, this papers analyses the Threshold Dynamics based on the Mosquito
and Basic Reproductions Numbers for a periodical time delay multi-patch model with any finite number
of patches. Theorem 3.18 is essentially an Uniform Persistance Theorem [21], which points out to
the fact that as time approaches infinity, based on the R0 threshold, the disease either will remain
endemic or die out at each patch, and dependent upon the Ri

m threshold, the mosquitoes and larvae
population will coexist with human population or simply die out, for each patch, i.e, i = 1, . . . , n. Surely,
if Ri

m < 1, ∃ 1 ≤ i ≤ n, then not only the mosquitoes and larvae population die out, but the disease will
disappear at this specific patch as well. On the other hand, if R1

m > 1, ∃ 1 ≤ i ≤ n, then the mosquitoes,
larvae and human population will always coexist, and the disease may die out or not depending solely
upon sign(R0 − 1).

From an applied perspective, considering the fact that CHIK has been imported annually to Miami in
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Figure 4.9: Simulation of the number of symptomatic infectious human population in Brazil
from March 2020 to 2025 in different scenarios. (a) µlmult = µmmult = 3; (b) bmmult = 0.1, the
blue curve represents the data and the red curve is the simulation of the model.
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the last decade from Central and South America including Brazil, where CHIK is endemic, we proposed a
multi-patch model to study the geographic spread of CHIKV, incorporating pivotal factors such as human
movement, temperature, vertical transmission, and incubation period. We established crucial correlations
between the mosquito reproduction number Rm and the basic reproduction number R0, which helps us
to better understand the CHIKV transmission dynamics in complex multi-patch environments.

Through numerical simulations, validated with real population and temperature data, we projected
the infectious counts under different scenarios, considering alternative control strategies in Miami-Dade
through 2030, and forecast the number of infectious individuals in Brazil through 2025, which allows us
to identify optimal control strategies for minimizing the number of infections effectively.

The sensitivity analysis highlights that among vector control interventions, reducing mosquito biting
rates is particularly crucial for achieving a disease-free state. The analysis points out to the importance
of spatial repellents and targeted sprays, especially when applied before seasonal peaks of infectious cases.
Such proactive measures can mitigate disease transmission by curbing contact rates between mosquitoes
and humans. Therefore, forecasting when a peak can occur in the future and knowing the right time to
apply biting rates control strategies is suggested to be a key point to alleviate the infection dynamics
burden.

Additionally, the role of vertical transmission in disease dynamics deserves close attention. If the
probability of vertical transmission is time-dependent, it could influence outbreak progression, especially
under varying environmental or intervention conditions. Exploring whether this variability is temperature-
dependent could provide insights into mosquito population dynamics and their contribution to disease
persistence. Furthermore, understanding the difference of the delays in developmental stages between
infected and healthy larvae may refine predictive models.

Finally, the movement of humans between patches proves to be a critical factor in disease spread,
potentially triggering outbreaks in previously disease-free regions, particularly in Miami-Dade, as the
model suggests. This mobility, combined with climatic factors, emphasize the need for geographically
coordinated public health strategies, by integrating temperature-adaptive measures that shed light on a
forecast of the particular time for public interventions to be adopted, as shown in Figure 4.6, aiming to
minimize the number of infections due to mosquito-born diseases, more generally.
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