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21 Abstract

22 The reproduction number for an epidemic is crucial as it helps to understand the potential spread 

23 of an infectious disease within a population. It is often estimated through case counting and contact 

24 tracing methods. Here, we propose an alternative approach based on real-time smoothing 

25 techniques. A generalized additive model (GAM) is proposed to model the number of new 

26 infectious cases. The characteristics of the smoothing functions are used to estimate the basic 

27 reproduction number, R0, and the effective reproduction number, Rt. The proposed method is 

28 assessed on simulated data. We simulated three epidemic scenarios with different transmissibility 

29 levels, corresponding to different R0 values (11.52, 2.88, and 1.06), using a stochastic SEIR model. 

30 The method was then compared with validated methods already implemented in R software:  the 

31 exponential growth method developed by Obadia et al. and the renewal process method developed 

32 by Cori et al. Our splines smoothing method estimated credible tolerance intervals and provided a 

33 better fit to data variations while maintaining an appropriate balance between bias, precision and 

34 coverage. This reflects the method’s flexibility and ability to capture the epidemic dynamics. In the 

35 three scenarios, the splines smoothing method produced median R0 estimates of 12.33 [8.34-18.03], 

36 2.33 [1.56-3.56], and 1.31 [0.77-3.45]. The renewal process method led to credible median R0 

37 estimates of 12.78 [10.48-17.48], 2.51 [2.02-5.29] and 1.91 [1.23-3.98], respectively. Neither method 

38 exhibits a distinct superiority across all contexts. Their efficacy varies depending on performance 

39 priorities. In contrast, the exponential method showed inferior performance relative to the other 

40 two approaches, exhibiting moderate bias and potentially lower coverage rates with median R0 

41 estimates of 13.90 [10.39-33.47], 2.29 [1.08-7.6] and 1.07 [0.39-5.56]. Real-time smoothing provides 

42 results comparable to established classical methods while retaining the full flexibility of generalized 

43 additive models.

44 Keywords: Reproduction number – smoothing – Generalized additive model – Infectious 

45 disease modelling – Simulation
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46 Author summary

47 In the context of infectious disease outbreaks, understanding the spread rate is crucial. The 

48 reproduction number, which represents the average number of secondary infections generated by 

49 an infected individual is a widely used metric. This number can be estimated at the onset of the 

50 epidemic (basic reproduction number, R0) or at a specific point in time (effective reproduction 

51 number, Rt). The objective of this work is to propose an estimate based on statistical smoothing 

52 methods, specifically the Generalized Additive Model (GAM) smoothing method. This method 

53 provides a more accurate estimate of the epidemic’s initial phase and estimates R0 as effectively. 

54 The strength of the splines smoothing method lies in its adaptability across different, scenarios, 

55 allowing it to track changes in the data. We compared this approach to two commonly used 

56 methods for estimating the reproduction number. While the exponential growth method is simple 

57 but less efficient, the spline smoothing method demonstrated comparable efficacy to the renewal 

58 process method. Furthermore, it identifies the initial phase of the epidemic with rigor and simplicity 

59 and y and offers flexibility by allowing various smoothing techniques.
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60 1. Introduction

61 The SARS-CoV-2 pandemic (2019-2023) [1] has underscored the inherent challenges in risk 

62 assessment and management, with significant socio-economic consequences.  The primary goal of 

63 epidemic anticipation is to implement interventions that will mitigate the impact of the outbreaks, 

64 including economic and social effects. For over a century, researchers have utilized various 

65 mathematical models to understand epidemic transmission factors [2–6]. These models could be 

66 deterministic, , agent-based , stochastic , network , metapopulation , or statistical . Nevertheless, 

67 many of these rely on the individual classification through compartment, such as the SEIR 

68 (Susceptible-Exposed-Infectious-Removed) models.

69 The principal indicator for evaluating the spread of an epidemic is the reproduction number, which 

70 can be either basic (R0) or effective Rt. These indicators represent the mean number of new 

71 (secondary) infections caused by an infected and contagious individual either at the start of an 

72 epidemic or at any given time point (t).  Several studies have sought to estimate the number of 

73 basic reproductions of the SARS-CoV-2 virus worldwide [2–6]. Numerous methods for estimating 

74 the reproduction number have been documented. However,  the application of mechanistic 

75 methods to transmission [5,7–9] is limited by specific assumptions tied to the context, complicating 

76 their generalizability. Similarly, statistical methodologies [10–14], may produce estimates that vary  

77 accordingly on the selected time interval.

78   The current approaches rely on the assumption that the case counts from surveillance data are 

79 both complete and accurate.  Effective epidemic response depends on a well-informed and 

80 efficiently managed surveillance system for early detection of cases, intervention planning, and 

81 impact evaluation. Such data support the real-time adjustment to strategies based on epidemic 

82 trends and facilitate the coordination of efforts among various stakeholders involved. 
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83 Here, we present a method that fits a model to available data to estimate the reproduction number, 

84 suggesting a capacity to account, to some extent, for observation bias. The objective of our method 

85 was to estimate Rt each time and R0 using smoothing methods based on generalized additive models 

86 (GAM). The distinctive feature of this method was its ability to not only estimate the reproduction 

87 number but also to assess the initial epidemic phase, essential for estimating R0, in a straightforward 

88 manner.

89 2. Materials and methods 

90 2.1. Methods for Estimating the reproduction number

91 2.1.1. The basic reproduction number and the effective reproduction 

92 number

93 There are several methods used to estimate reproduction number (for further details, see [16–27]). 

94 Over the last decade, significant advancements have been made in statistical methods for estimating 

95 reproduction numbers using surveillance data [10–13,15,29], starting with the pioneering work of 

96 Wallinga and Teunis [28] and later by White et al. [21].

97 A recent work, inspired by the work of White et al. [10,21], has been specifically designed for joint 

98 estimates of the effective reproduction number and the serial interval without relying on additional 

99 contact tracing data. The likelihood function L(Rt, p|N) for Rt and p (the serial interval distribution) 

100 is constructed on the assumption that the total number of cases reported each day follows a Poisson 

101 distribution, with subsequent infections following a multinomial distribution.

102 L 𝑅𝑡,𝑝∣𝑁 =
𝑇

𝑡=1

𝑒―𝑅𝑡𝑂𝑡(𝑅𝑡𝑂𝑡)𝑁𝑡

𝑁𝑡!
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103 where 𝑂𝑡 = ∑min(𝑘,𝑡)
𝑖=1 𝑁𝑡―𝑖𝑝𝑖

104 The Rt value is represented as a function of time using an interpolation technique, namely the 

105 Adaptive Weighted Neighbour (AWN) method, with the objective of capturing the fluctuations 

106 observed throughout the course of the epidemic.

107

𝑅𝑡 =
n

𝑖=1
𝑤𝑖𝑟𝑖

𝑤𝑖 =
∑n

𝑖=1 𝑑𝑖

∑n
𝑗=1 𝑑𝑗

𝑑𝑖 = 𝑒―|𝑐||𝑡―𝑡𝑖|

108 with ti  ≥ 0, ri  ≥0, n ≥ 2, i = 1,2,⋯,n

109 The Robust Adaptive Metropolis (RAM) algorithm is applied to perform an MCMC procedure for 

110 the estimation of the target distribution of Rt and p.

111 2.1.2. Estimation using the Poisson regression by Obadia et al. [30]

112 The exponential growth (EG) hypothesis, as developed by Wallinga and Lipsitch [27], serves a 

113 foundational method in this context. In this method, the number of new cases, I(t), at time t is 

114 modelled as following an exponential distribution:

115 𝐼(𝑡) = 𝐼(0)𝑒𝑟𝑡

116 where r is the exponential growth rate, defined as the per capita change in the number of new cases 

117 per unit time. The reproduction number is then obtained by the formula: 

118 𝑅0 =
1

𝑀( ―𝑟)

119 In this context, M represents the moment generating function of the generation time distribution. 

120 In a subsequent development, Obadia et al. [30] proposed estimating r through a Poisson regression 
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121 of the incidences using the classical logarithm for the link function, with maximum likelihood 

122 resolution. For this application, the R library « R0 » was developed. In this work, we will refer to 

123 this method as the «exponential growth method».

124

125 2.1.3. Estimation using the renewal process by Cori et al. [14]

126 In the absence of multiple introductions into the transmission process, Bettencourt and Ribeiro 

127 [17] used an exponential growth model to estimate the incidence of  cases over a period τ :

128 𝐼(𝑡 + 𝜏) = 𝐼(𝑡)𝑒𝜏𝑘(𝑅𝑡―1)

129 Where 1/k represented the average infectivity period and Rt the effective reproduction number of 

130 time interval t. 

131 Cori et al. [14] postulated that the distribution of infections was independent of generation time. 

132 Consequently, they modelled the infections produced by an infected individual at a specific point 

133 in time during a specified period using a Poisson renewal process. In this model, I(t) represents the 

134 incidence at date t, while Θ𝑡 = ∑𝑡
𝜏=1 𝐼𝑡―𝜏is represents the total number of cases up to and including 

135 date t. The effective reproduction number at time t, Rt,τ  is then estimated under the assumption 

136 that the prior generation time 𝜏 follows a Gamma distribution with parameters a and b. The 

137 posterior mean and standard deviation are expressed as follows:

138
𝑎 + ∑𝑡

𝑠=𝑡―𝜏+1 𝐼𝑠

1
𝑏 + ∑𝑡

𝑠=𝑡―𝜏+1 Θ𝑠

 𝑒𝑡 
𝑎 + ∑𝑡

𝑠=𝑡―𝜏+1 𝐼𝑠

1
𝑏 + ∑𝑡

𝑠=𝑡―𝜏+1 Θ𝑠

139 The research team developped a R library, called  « EpiEstim ». For clarity, this method will 

140 henceforth be referred to as the «renewal process method».

141
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142 2.2. Estimation by real-time smoothing

143 Previous methodologies assume a complete and accurate representation of case data, which is 

144 seldom achievable in practice. Therefore, it is proposed that the reproduction rate be estimated 

145 using data smoothing techniques. 

146 To this extent, time series of new infections for a specific disease per time unit Yt,t ∈ ℕ can be 

147 analyzed using a generalised additive model (GAM). The formulation for this model is presented 

148 as follows [31] :

149 𝑔(𝐸(𝑌𝑡)) = 𝑏0 + 𝑓1(𝑥1𝑡) + 𝑓2(𝑥2𝑡) + … + 𝑓𝑚(𝑥𝑚𝑡)

150 Where g represents the link function, E(Y) denotes the expected value of the dependent variable 

151 Y, b0 is the intercept parameter and 𝑓𝑖(𝑥𝑖𝑡) are smoothing functions for the explanatory variables 

152 𝑥𝑖𝑡. In this context, these smoothing functions are defined as cubic spline functions. The cubic 

153 spline function for a variable can be expressed as follows:

154 𝑓(𝑥) =
𝑘=3

𝑗=1
𝑏𝑗𝐵𝑗(𝑥)

155 Where Bj(x) are cubic spline basis functions and βj are the coefficients to be estimated.

156 The use of cubic splines is justified by their piecewise continuous nature and the continuity of their 

157 first and second derivatives, which ensures the robust estimation of relationships between variables 

158 even in the presence of noise. One method to estimating the smoothing parameters is to select 

159 them in a manner that aligns ρ as closely as possible with the true E(Y). An appropriate measure 

160 of this closeness could be the expected mean squared error (MSE) of the model. Thus, it is 

161 reasonable to choose the smoothing parameters that minimise an estimate of this expected MSE 

162 to minimise the unbiased risk estimator (UBRE) [31,32]. 

163 UBRE =
1
n

n

i=1
(yi ― yi)2 ― σ2+ 2

σ2tr(A)
𝑛

 . CC-BY 4.0 International licenseIt is made available under a 
 is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity. (which was not certified by peer review)

The copyright holder for this preprint this version posted July 6, 2025. ; https://doi.org/10.1101/2025.07.05.25330940doi: medRxiv preprint 

https://doi.org/10.1101/2025.07.05.25330940
http://creativecommons.org/licenses/by/4.0/


9

164 where the term n represents the number of observations, yi denotes the observed value, yi signifies 

165 the predicted value, σ2 is the error variance.

166 The objective is to minimise the UBRE score, which requires modifying the model by adjusting 

167 the number of spline nodes. This ensures an optimal balance between model adjustment and 

168 generalization.

169 Once the GAM has been fitted, the smoothed function can be derived with respect to time t , 

170 enabling examination of the epidemic growth at each point.

171 Let F be this function.

172 𝐹′(𝑡) =
𝑑
𝑑𝑡 𝐹(𝑡) =

𝑑
𝑑𝑡 𝑓1(𝑥1𝑡) +

𝑑
𝑑𝑡 𝑓2(𝑥2𝑡) + … +

𝑑
𝑑𝑡 𝑓𝑚(𝑥𝑚𝑡)

173 𝑓′(𝑡) =
𝑑
𝑑𝑡 𝑓(𝑡) =

𝑑
𝑑𝑡

𝑘=3

𝑗=1
𝑏𝑗𝑡𝐵𝑗𝑡(𝑥) +

𝑑
𝑑𝑡

𝑘=3

𝑗=1
𝑏𝑗𝑡𝐵𝑗𝑡(𝑥) + … +

𝑑
𝑑𝑡

𝑘=3

𝑗=1
𝑏𝑗𝑡𝐵𝑗𝑡(𝑥)

174 Let r represent the tangent at each time point t of the smoothing function. This tangent represents 

175 a local approximation of the epidemic's speed at each time point. The Rt are related to r by the 

176 moment generating function M of the generation time distribution. The generation time 

177 distribution describes the temporal interval between the onset of symptoms in an index individual 

178 and the subsequent onset of symptoms in those they have infected.

179 𝑀(𝑟) = 𝐸[𝑒𝑟𝑋] =
∞

―∞
𝑒𝑟𝑥𝑓(𝑥)  𝑑𝑥

180 The moment generating function M(-r) of the generation time w(t) is modelled according to a 

181 gamma distribution with mean 𝜚   and standard deviation σ :

182 𝑀( ―𝑟) = 1 +
𝑟𝜎2

𝜚

―𝜚2

𝜎2
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183 The effective reproduction number Rt  is then defined as the inverse of this moment generating 

184 function:

185 Rt =
1

𝑀( ―𝑟) = 1 +
𝑟𝑡𝜎2

𝜚

𝜚2

𝜎2

186 To estimate R0, we consider the initial phase of the epidemic up to the inflection point, which is 

187 defined as the point at which f’(t) is maximal. Subsequently, R0 is estimated as the median of the 

188 values of Rt during the initial phase.

189 R0  = median(Rt) 𝑓𝑜𝑟  𝑡 ∈ [ 1,𝑡𝑖𝑛𝑓𝑙𝑒𝑥𝑖𝑜𝑛]

190 Where tinflexion is the time corresponding to the inflection point, at the epidemic onset.

191 𝑟𝑡inflection = max(𝑟𝑡)

192 To estimate R0, for a given scenario, the median of the medians of the Rt for each simulation is 

193 calculated, with the 2.5% and 97.5% quantiles of the associated estimates serving as the bounds of 

194 the tolerance interval at the 95% level (TI95%). In this work, we will refer to this method as the « 

195 splines smoothing method».

196 The supplementary file (S4 File) document provides a comprehensive illustration of this method.

197 2.3. Data and simulation

198 2.3.1. Simulation scenario

199 The data presented here were derived from an epidemiological simulation, which illustrates the 

200 spread of measles. The duration of the epidemic varied between one and two years, depending on 

201 the scenario under consideration. Three distinct scenarios were established. To ensure a precision 

202 of 0.01 and a variance of 0.09, in accordance with best practices in simulation  [33,34], a total of 
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203 3458 simulations were performed for each scenario. Each simulation was conducted on a 

204 population of 20 million individuals.

205 The infection process was modelled using a SEIR method, as illustrated in figure 1 (Fig 1).

206 Considering the clinical knowledge available regarding measles, the transmission dynamics can be 

207 described by the compartmental model presented below:

208

209 Figure 1: Transmission model
210 The figure represents a schematic of the SEIR model, in which 𝑆 represents susceptible individuals, 𝐸 represents exposed 
211 (infected but not infectious) individuals, 𝐼 represents infectious individuals (who can spread the pathogen), and 𝑅 represents 
212 Recovered individuals (who cannot be infected anymore). The arrows indicate the transitions between the population states, with 
213 the corresponding rates. 𝛢 The inverse of incubation time ;  γ the inverse of infectivity time ; µ natural mortality rate ; δ measles 
214 mortality rate ; Π recruitment rate ; birth rate ; Λ no infectious infected people.

215

216 The SEIR compartmental model was transformed by the addition of a stochastic component to 

217 the system of ordinary differential equations, with the objective of simulating several given datasets 

218 on the measles epidemic. The stochastic simulation model, which was the subject of our subsequent 

219 analysis, was as follows:

220

221

𝑆(𝑡 + 1) = 𝑆(𝑡) ― 𝑃 β
I(t)

𝑁(𝑡) S(t) +  𝑃(ν𝑁(𝑡)) ― P(μ𝑆(𝑡))               

𝐸(𝑡 + 1) = E(t) + 𝑃 β
I(t)

𝑁(𝑡) S(t) ― 𝑃(αE(t)) ― P(μ𝐸(𝑡))              
𝐼(𝑡 + 1) = I(t) + P(αE(t)) ― P(γI(t)) ― P((μ + 𝛿)𝐼(𝑡))           

𝑅(𝑡 + 1) = R(t) + P(γI(t)) ― P(μ𝑅(𝑡))                                             
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222 The specific parameters are outlined in Table 1.

223 Table I : The parameters of the transmission model

Parameters Description

S Susceptible

E Exposed

I Infected

R
Recovered

N= S + E + I + R Total population

α Incubation time

γ Infectivity time

µ Natural mortality rate

𝜈 Birth rate

c The rate of encounters in the population

p
Probability of contamination following an encounter with an infected 

person

δ Disease mortality rate

Π=  𝜈 ∗ N Recruitment rate

β = cp  The transmissibility of the disease

Λ=  βS
𝑁I Non-infectious infected people

224 In this context, the variable P represented a standard Poisson processing procedure. The 

225 supplementary file (S2 File) describes the simulation algorithm.

226 During the simulations, the number of new infected cases per day was recorded for each scenario. 

227 The number of knots of the spline were measured on a single data set per scenario, randomly 

228 selected, were extrapolated to the others after a sensitivity analysis.

 . CC-BY 4.0 International licenseIt is made available under a 
 is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity. (which was not certified by peer review)

The copyright holder for this preprint this version posted July 6, 2025. ; https://doi.org/10.1101/2025.07.05.25330940doi: medRxiv preprint 

https://doi.org/10.1101/2025.07.05.25330940
http://creativecommons.org/licenses/by/4.0/


13

229

230 2.3.2. Evaluation criteria

231  To assess and compare estimates and methods, four performance indicators were used, as 

232 recommended [33,34]. These indicators are measured across all the provided datasets within each 

233 scenario. The supplementary file (S3 File) offers a detailed description of the characteristics and 

234 specifications of each indicator: the estimated bias (Bias(R0)) , the mean square error (MSE), the 

235 coverage rate (CR), the significance rate (SR) and the false negative rate (FNR). 

236 2.3.3. Transmission model parameters

237 The parameters used in this model are listed in Table 2, which includes their descriptions and 

238 sources.

239 The supplementary document (S1 File) contains a detailed account of the determination of the 

240 basic reproduction number considering the compartmental model based on ordinary differential 

241 equations. The expression of 𝑅0 is determined as follows: 

242

243 𝑅0 =
𝛼β

(𝜇 + 𝛼)(𝛾 + 𝛿 +  𝜇)
244

245 Since the only unknown variable in this equation is β, we adjust its value to achieve the desired R0 

246 for our different scenarios.

247 In a systematic review on measles R0, stratifying by birth rate, median measles R0 was 10.4 in low 

248 birth-rate settings and 12.9 in high birth-rate settings [35]. The study’s R0 values was obtained by a 

249 uniform random draw from the interval with two values at the end of the epidemic.

250

251 Table II : Transmission model parameters

Parameters Values Description
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𝑅0 11.52; 2.88; 1.06

A uniform random draw from 10.4-12 with two values at the end of the 

epidemic. In a systematic review on measles 𝑅0, was 10.4 in low birth-

rate and 12.9 in high birth-rate [35].

α 10 The incubation period for measles is typically 10 days [36,37]. 

γ 8
The contagious period is defined as starting four days before the onset 

of the rash (14 days) and continuing until four days afterward [36,37]. 

N 20 millions A total population of 20 million is considered.

µ 9.7 The natural mortality rate is 9.7 per 1000 people.

𝜈 10.1 The birth rate is 10.1 per 1000 people.

δ 4.2

Some individuals may die from complications associated with measles, 

though such cases are rare and unlikely [36,37]. The measles mortality 

rate is estimated to be 4.2% [38]. 

T 365 jours We will simulate an epidemic lasting one year (365 days).

252

253
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254 3. Results

255 3.1. Data

256 The change in the number of new infected cases over time (in days) is shown for each scenario.

257

258 Figure 2 :   Evolution of the median daily infected cases from the simulation data, with the 
259 inter-quartile ranges included. The change in the number of new infected cases over time (in days) is shown for each 
260 scenario. Each value corresponds to the median number of cases per day calculated based on the simulations carried out in the 
261 scenario in question. This makes it possible to present the dynamics of the epidemic in a synthetic way, considering the fluctuations 
262 observed in the different simulations, while at the same time providing an overview of the main trends. The number of cases is 
263 represented on the x-axis, and the time in days is represented on the y-axis.
264

265 A total of 10,000 one-year time series were generated for each scenario. After excluding simulations 

266 that did not exhibit sufficient epidemic dynamics (defined as an epidemic duration of less than 15 

267 days or data with constant values throughout the epidemic period), the remaining 8,900 series were 

268 retained for further analyses.
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269 Figure 2, panel a (scenario 1, R0 =11.52 illustrates a sharp increase in the number of cases, peaking 

270 around day 100 with approximately 6 million cases. Following this peak, the number of cases 

271 declines steeply, reaching a low point around day 200 (Fig 2). This distribution indicates an 

272 epidemic characterized by a rapid initial spread followed by an equally swift resolution.

273 Figure 2, panel b (scenario 2, R0 =2.88) depicts a distribution similar to scenario 1, but with a 

274 delayed and lower peak of approximately 2.5 million cases around day 200, followed by a return to 

275 near-zero levels around day 300 (Fig 2).

276 Figure 2, panel c (scenario 3, R0 =1.06) depicts a more irregular curve, exhibiting multiple minor 

277 peaks throughout the 365-day period. The number of cases fluctuates between 1 and 4 suggesting 

278 that the epidemic may have been characterised by sporadic transmission or successive waves of 

279 low-intensity transmission (Fig 2).

280

281 3.2. Estimations of R0

282 • Scenario 1, R0 = 11.52

283 The figure illustrates the estimated value of R0, as determined by the three different methods used 

284 in scenario 1. For the renewal process method, the median estimate of R0 is approximately 12.78, 

285 with a tolerance interval of 10.48 to 17.48 (Table 3, Fig 3). This estimate has a bias of 1.69, with an 

286 MSE of 5.65. The splines smoothing method gives a median estimate of R0 of approximately 12.33, 

287 with a tolerance interval from 8.34 to 18.03, a bias of 1.19 and an MSE of 7.31(Table 3, Fig 3). The 

288 exponential growth method provides a median estimate of R0 for of approximately 13.90, with a 

289 tolerance interval from 10.39 to 33.47, a bias of 4.17 and an MSE of 47.41 (Table 3, Fig 3). For the 

290 coverage rate (CR), the renewal process method achieved 75.55%, the splines smoothing method 

291 97.04%, and the exponential growth method 56.29% (Table 3). All estimates from these methods 

292 were statistically significant (SR = 100) with a false negative rate (FNR) of zero (Table 3). 

293
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294

295

296 Figure 3 : Estimation of R0 with its associated tolerance interval in scenario 1 (R0=11.52). 
297 The figure depicts the estimated value of R0, along with its associated tolerance interval, obtained through the application of 
298 three distinct methodologies. Each data point represents the median value of R0, calculated from the respective simulations, while 
299 the upper and lower bounds represent the quantiles at 2.5% and 97.5% of the estimated values, respectively. The grey horizontal 
300 line denotes the actual value of R0 utilized in the simulations.

301
302 Figure 4 illustrates the distribution of R0 estimates derived from the three distinct methods in a 

303 scenario where R0 is set to 11.52. The three estimation methods (splines smoothing method, 

304 renewal process method and exponential growth method) produce distributions of R0 estimates 

305 with comparable shapes, exhibiting a slight asymmetry towards the right. The exponential growth 

306 method appears to yield slightly higher estimates on average (15.69) than the other two methods, 

307 with values of 13.20(renewal process), and 12.70 (splines smoothing). Despite these differences, 

308 the dispersion of the estimates is similar across all three methods. These findings suggest that while 

309 the methods perform comparably in capturing underlying trends in the data, minor discrepancies 

310 in average estimated may occur (Fig 4).
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311

312 Figure 4 : Distribution of the R0 estimate in scenario 1 (R0=11.52). The figure illustrates the 
313 distribution of R0 estimates derived from the three methods. The horizontal axis represents the estimated R0 values, while the 
314 vertical axis corresponds to the density of the estimates obtained. The vertical grey line denotes the actual value of R0 employed 
315 in the simulations.
316

317 • Scenario 2, R0= 2.88

318 Figure 5 illustrates the R0 estimates derived from the three methods for scenario 2. The renewal 

319 process method yielded a median estimate of R0 of 2.51, with a tolerance interval from 2.02 to 5.29 

320 (Table 3, Fig 5). The splines smoothing method yielded a median estimate of R0 of 2.33, with a 

321 tolerance interval of 1.56 to 3.56 (Table 3, Fig 5). For the exponential growth method, the median 

322 estimate R0 was 2.29 with a tolerance interval from 1.08 to 7.6 (Table 3, Fig 5). The observed biases 

323 for these estimates were -0.02 for the renewal process method, -0.45 for the splines smoothing and 

324 -0.27 for the exponential growth method, with MSE of 0.7, 0.47 and 2.10, respectively (Table 3). 

325 In terms of CR, the renewal process method achieved 89.70%, the splines smoothing method 

326 47.43%, and the exponential growth method 38.03%. The SR were 73.00% for the renewal process 
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327 method, 99.63% for splines smoothing and 80.37% for the exponential growth method (Table 3). 

328 The FNR was zero for both the renewal process method and splines smoothing, while it was 0.11% 

329 for the exponential growth method.

330

331 Figure 5: Estimation of R0 with its associated tolerance interval in scenario 2 (R0=2.88). The 
332 figure depicts the estimated value of R0, along with its associated tolerance interval, obtained through the application of three 
333 distinct methodologies. Each data point represents the median value of R0, calculated from the respective simulations, while the 
334 upper and lower bounds represent the quantiles at 2.5% and 97.5% of the estimated values, respectively. The grey horizontal 
335 line denotes the actual value of R0 utilized in the simulations.
336

337 Figure 6 illustrates the distribution of R0 estimates obtained using the three methods applied to 

338 scenario 2.  There are slight differences in uncertainties and biases across the methods. The point 

339 estimate values exhibit slight variability across the three methods with the splines smoothing 

340 method producing distributions with more concentration around the true value. Both the renewal 

341 process method and the exponential growth method display a rightward skew, with the exponential 
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342 growth method showing an even more pronounced tail than the renewal process method. Overall, 

343 it can be observed that all estimates are slightly below the true value (Fig 6).

344
345 Figure 6: Distribution of the R0 estimate in scenario 2 (R0=2.88). The figure illustrates the distribution 
346 of R0 estimates derived from the three methods. The horizontal axis represents the estimated R0 values, while the vertical axis 
347 corresponds to the density of the estimates obtained. The vertical grey line denotes the actual value of R0 employed in the 
348 simulations.
349

350 • Scenario 3, R0 = 1,06

351 Figure 7 illustrates the estimated value of R0 derived from the various methods applied in scenario 

352 3, where the actual value of R0 is 1.06 (illustrated by the grey dotted line).

353 The renewal process method yielded a median estimate of R0 of 1.91 with a tolerance interval of 

354 1.23 to 3.98 (Table 3, Fig 7). The observed bias is 1.04, and the MSE is 1.52. For the CR, the 

355 renewal process method achieved 93.92%, with a SR of 7.37% and a FNR of 0% (Table 3). The 

356 splines smoothing method yielded a median R0 estimate of 1.31 with a tolerance interval from 0.77 

357 to 3.19 (Table 3, Fig 7). The observed bias is 0.48, and the MSE is 0.66 (Table 3). The CR is 92.96%, 
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358 the SR is 9.29%, and the FNR is 0.43%. The exponential growth method yielded an estimated R0 

359 at 1.64 with a tolerance interval of 0.39 to 5.56 (Table 3, Fig 7). The observed bias is 0.44, and the 

360 MSE is 1.64. The CR was 68.51%, and the SR was 15.09%, with a FNR of 15.11% (Table 3).

361

362 Figure 7 : Estimation of R0 with its associated tolerance interval in scenario 3 (R0=1.06). The 
363 figure depicts the estimated value of R0, along with its associated tolerance interval, obtained through the application of three 
364 distinct methodologies. Each data point represents the median value of R0, calculated from the respective simulations, while the 
365 upper and lower bounds represent the quantiles at 2.5% and 97.5% of the estimated values, respectively. The grey horizontal 
366 line denotes the actual value of R0 utilized in the simulations.
367

368 Figure 8 illustrates the distribution of R0 estimates obtained from the three methods used in 

369 scenario 3, all of which display a general bell-shaped pattern. The splines' smoothing method has 

370 concentration around the true value, suggesting relatively consistent estimates. The renewal process 

371 method appears to yield slightly higher estimates of R0 than the splines smoothing method. 

372 Meanwhile, the exponential growth method’s distribution is somewhat broader than the other two 

373 methods (Fig 8).
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374

375 Figure 8 : Distribution of the R0 estimate in scenario 3 (R0=1.06). The figure illustrates the distribution 
376 of R0 estimates derived from the three methods. The horizontal axis represents the estimated R0 values, while the vertical axis 
377 corresponds to the density of the estimates obtained. The vertical grey line denotes the actual value of R0 employed in the 
378 simulations.
379

380 3.3. Model performance measures for R0

381 Table 3 summarizes the performance of the different methods for R0 estimation across the three 

382 scenarios. The renewal process method, the splines smoothing method, and the exponential growth 

383 method yielded varying estimates of R0 highlighting distinct performance characteristics across the 

384 scenarios.

385 The R0 estimates from the renewal process method are relatively close to the true value, with 

386 narrower tolerance intervals. This method demonstrates a moderate MSE and a slightly elevated 

387 bias. The CR is generally high. This method has a zero FNR.
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388 The splines smoothing method has wider tolerance intervals than those from the renewal process 

389 method. It generally has lower MSE and bias. The FNR for this method is zero in all scenarios 

390 except in scenario 3 (0.43%, Table 3).

391 The exponential growth method produces estimates with considerable variability. The mean square 

392 error is higher compared to the other methods. Additionally, the bias is moderately elevated. The 

393 CR is lower. Furthermore, the FNR is non-zero in scenarios 2 and 3, reaching 15.11% (Table 3).  
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394 Table III : Performance indicators for estimating R0

Scenario Methods R0 R0 median TI95% MSE Biais CR SR FNR

1 splines smoothing 11.52 12.33 [8.34-18.03] 7.31 1.19 97.04 100.00 0.00

1 renewal process 11.52 12.78 [10.48-17.48] 5.65 1.69 75.55 100.00 0.00

1 exponential growth 11.52 13.90 [10.39-33.47] 47.41 4.17 56.29 99.83 0.00

2 splines smoothing 2.88 2.33 [1.56-3.56] 0.47 -0.45 47.43 99.63 0.00

2 renewal process 2.88 2.51 [2.02-5.29] 0.73 -0.02 89.70 73.00 0.00

2 exponential growth 2.88 2.29 [1.08-7.6] 2.10 -0.27 38.03 80.37 0.11

3 splines smoothing 1.06 1.31 [0.77-3.45] 0.66 0.48 92.96 9.29 0.43

3 renewal process 1.06 1.91 [1.23-3.98] 1.52 1.04 93.92 7.37 0.00

3 exponential growth 1.06 1.07 [0.39-5.56] 1.64 0.44 68.51 15.09 15.11

395 Highlight those with the best indicators. the mean square error (MSE), the coverage rate (CR), the significance rate (SR) and the false negatives rate (FNR).

396 TI95%: 2.5% and 97.5% quantiles of the associated estimates serving as the bounds of the tolerance interval at the 95% level.
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397 3.4. Estimation of Rt by splines smoothing and renewal 

398 process methods

399 The change in the number of new infected cases over time (in days) is shown for each scenario, 

400 with the median of the different quartiles of the epidemic duration corresponding to the three time 

401 points used for Rt analysis (Fig 9 in appendix).

402

403 Table IV : Performance indicators for estimating Rt

Scenario Quartile Methods R0 Rt median TI95% SR FNR

1 Q1 splines smoothing 11.52 9.14 [1.73-12.44] 99.2 0.8

1 Q1 renewal process 11.52 4.28 [0.92-11.22] 96.78 3.21

1 Q2 splines smoothing 11.52 0.31 [0.3-0.32] 0 100

1 Q2 renewal process 11.52 0.30 [0.29-0.31] 0 100

1 Q3 splines smoothing 11.52 0.31 [0.24-0.41] 0 99.85

1 Q3 renewal process 11.52 0.25 [0.13-0.31] 0.15 98.89

2 Q1 splines smoothing 2.88 2.34 [2.25-2.42] 99.58 0.04

2 Q1 renewal process 2.88 2.30 [2.14-2.36] 99.85 0

2 Q2 splines smoothing 2.88 0.69 [0.5-1.30] 9.19 90.40

2 Q2 renewal process 2.88 0.64 [0.49-1.14] 5.16 94.64

2 Q3 splines smoothing 2.88 0.47 [0.43-0.51] 0.01 99.57

2 Q3 renewal process 2.88 0.44 [0.34-0.47] 0.44 99.24

3 Q1 splines smoothing 1.06 1.21 [0.25-3.95] 17.78 3.37

3 Q1 renewal process 1.06 0.36 [0.01-1.61] 69.87 0.71

3 Q2 splines smoothing 1.06 1.01 [0.2-3.77] 8.37 8.57

3 Q2 renewal process 1.06 0.32 [0.01-1.39] 60.13 1.75

3 Q3 splines smoothing 1.06 0.87 [0.18-4.03] 4.78 16.85

3 Q3 renewal process 1.06 0.22 [0.01-1.19] 53.35 2.33

404 SR: the significance rate, FNR : the false negatives rate, Q1 : median of first quartiles, Q2 : median of second 
405 quartiles, Q3 : median of third quartiles. The different quartiles correspond to the quartiles of the epidemic duration 
406 in each simulation. TI95%: 2.5% and 97.5% quantiles of the associated estimates serving as the bounds of the 
407 tolerance interval at the 95% level.
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408 In general, the two methods demonstrate comparable performance. However, for the first quartile 

409 of scenario 1, corresponding to the ascending phase of the epidemic, values below 1 were observed 

410 for the renewal process method (Table 4).

411

412 4. Discussion

413 The three methods yielded varying estimates of R0 each accompanied by different tolerance 

414 intervals and distributions across the three scenarios. Each method demonstrated unique strengths 

415 and limitations regarding precision, variability, bias, and the ability to detect the presence of an 

416 epidemic. These findings underscore the importance of selecting an appropriate method based on 

417 the specific epidemiological context and the attributes of the available data.

418  The renewal process method offered relatively accurate R0 estimates, with tighter tolerance 

419 intervals. However, this was accompanied by a slight increase in bias and a moderate MSE, which 

420 may indicate a risk of systematic deviation and underestimation of extremes in epidemic dynamics. 

421 The exponential growth method generates estimates with considerable variability and a higher 

422 MSE, indicating greater uncertainty in the estimates. The bias is moderately high, which may 

423 indicate a tendency to overestimate R0 in the estimates. The CR is lower, suggesting that the 

424 tolerance intervals are less frequently aligned with the true value of R0. Moreover, this method is 

425 unable to correctly identify the presence of an epidemic, particularly in cases where the R0 is low. 

426 The splines smoothing method struck an effective balance between bias, MSE and CR, 

427 demonstrating its capability to capture epidemic dynamics. It generally exhibited low MSE and bias, 

428 providing good precision in its estimates. By utilizing splines to model non-linear relationships 

429 between variables, this method can accommodate intricate fluctuations in the data set [31].

430 Both the splines smoothing method and the renewal process method demonstrate comparable 

431 levels of uncertainty and efficacy in epidemic detection, with minor discrepancies in their respective 
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432 biases and false-negative rates when estimating Rt. It is evident that neither method exhibits a 

433 distinct superiority across all contexts. Their efficacy varies depending on performance priorities. 

434 The choice of method may depend on the emphasized criteria, such as minimizing the MSE or 

435 reducing the FNR, particularly in scenarios where R0 is low, like scenario 2 and 3. The efficacy of 

436 the renewal process method, developed by Cori et al. [14,39], has been demonstrated by Gostic et 

437 al. in comparison with other methods [40]. Similarly, the exponential growth method, developed 

438 by Obadia et al., has also demonstrated its efficacy in detecting epidemics [30].

439 Furthermore, the spline smoothing method has demonstrated an ability to identify the initial phase 

440 of an epidemic more effectively. The initial phase of an epidemic crucial for estimating R0, 

441 regardless of the method used [14,30,39,40]. This period is characterised by transmission occurring 

442 in a manner that is most akin to its natural dynamics, prior to the implementation of interventions 

443 that have the potential to significantly impact the spread of the disease. In the event of an 

444 inadequate identification of this phase, the resulting estimates of R0 and Rt may be subject to bias 

445 or imprecision. The renewal process method identifies the initial phase implicitly by selecting the 

446 time window over which the first incidence data are analysed. It is typically incumbent upon the 

447 user to specify this period. The renewal process method permits the calculation of Rt over a series 

448 of successive time windows. Consequently, the user can modify the specified time window to 

449 encompass the initial phase of exponential growth. To ascertain the exponential growth method, 

450 it is necessary for the user to manually select the portion of the epidemic curve that represents the 

451 initial phase. This is typically accomplished by examining the exponential component of the 

452 incidence curve. In contrast to the renewal process method and the exponential growth method 

453 which frequently necessitate explicit or manual identification of the initial phase, the splines 

454 smoothing method offers a greater flexibility in modelling the initial phase without imposing 

455 constraints on the duration or characteristics of this phase. The smoothing properties of the splines 

456 smoothing method enable flexible identification of the inflection point of the epidemic, which may 
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457 be used as the end of the period of exponential growth. In this context, the phase is defined up to 

458 the inflection point, where f’(t) reaches its maximum.

459 Furthermore, as it is founded upon the principles of smoothing, the splines smoothing method 

460 affords the flexibility to utilise disparate smoothing techniques contingent upon the attributes of 

461 the data, thus facilitating a comprehension of the epidemic's dynamics. In contrast to the renewal 

462 process method and the exponential growth method, the splines smoothing method can adopt a 

463 range of distributions, including the Poisson distribution, the negative binomial distribution, and 

464 the Gaussian distribution, in accordance with the specific characteristics of the data and the 

465 epidemiological context [31,41]. Furthermore, the splines smoothing method could also 

466 incorporate covariates to adjust estimates [31,42,43]. For instance, covariates such as public health 

467 interventions, seasonal variations, and other contextual factors can be integrated into the model, 

468 thereby facilitating a more comprehensive analysis that is tailored to the specific circumstances of 

469 the epidemic. 

470  

471 5. Conclusion

472 The study introduces an effective method for calculating R0 using a smoothing technique. The 

473 findings have significant implications for public health and methodology, particularly concerning 

474 surveillance, intervention, and epidemic management. The spline smoothing method can adapt to 

475 data from various contexts with differing epidemic dynamics, which is essential for effective 

476 surveillance in environments with fluctuating transmission rates. The precise yet straightforward 

477 identification of the initial phase by the spline smoothing method supports proactive adjustments 

478 in control and prevention measures, representing a noteworthy contribution to the study of 

479 epidemic dynamics. The ability to use different smoothing techniques based on the data's 

480 characteristics allows for a deeper understanding of epidemic dynamics.
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613 Supporting information

614 S1 Fig : Evolution of the median daily infected cases from the simulation data, with the 

615 inter-quartile ranges included

616

617 Figure 9 :   Evolution of the median daily infected cases from the simulation data, with the 
618 inter-quartile ranges included. 

619 The change in the number of new infected cases over time (in days) is shown for each scenario. Each value corresponds to the 
620 median number of cases per day calculated based on the simulations carried out in the scenario in question. The number of cases 
621 is represented on the x-axis, and the time in days is represented on the y-axis. The different points correspond to the median 
622 of the quartiles of the epidemic duration in each simulation.
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623

624 S1 File: A mathematical analysis of the transmission model: This section offers a 

625 comprehensive account of the mathematical model employed for the analysis of disease 

626 transmission. 

627 S2 File: Model algorithm for generating simulation data: This section outlines the algorithmic 

628 method employed for the generation of synthetic data, which is subsequently employed for the 

629 assessment and validation of estimation methodologies. 

630 S3 File: Definition of judgement criteria: This section provides a comprehensive account of the 

631 criteria employed to assess the efficacy of the model and estimation techniques, including the 

632 estimated bias 𝐵(𝛽̂), the mean square error (MSE), the coverage rate (CR), the significance rate 

633 (SR) and the false negatives (FNR).

634 S4 File: Method implementation: Sample R code is provided for the purpose of enabling users 

635 to reproduce the results or apply the method to their own data. The code includes the principal 

636 steps for fitting the transmission model and estimating the parameters with the proposed method.

637

638

639
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