3.4 Reflections of Functions )

A
A coordinate grid is superimposed on a cross section of the Great
Pyramid, so that the y-axis passes through the vertex of the pyramid.
The x-axis bisects two opposite sides of the square base. The two B c
sloping lines in the cross section, AB and AC, are altitudes of two 0 x

triangular faces of the pyramid.

Web Connection
www.school.mcgrawhill.ca/resources/
To find more information about the Great
| Pyramid and other Egyptian pyramids, visit
the above web site. Go to Math Resources,
then to MATHEMATICS 11, to find out where

INVESTIGATE & INQUIRE to go next. Wr!te a br|e1-c report about the
construction techniques used.

1. Copy and complete each table of values and
sketch each pair of graphs on the same set of axes.

a)};:\/; y:—\/; b)y:xz y:—x
X y X y X y X y
0 0 -2 -2
1 1 -1 -1
4 4 0 0
9 9 1 1
16 16 2 2

2. In question 1a), for equal values of the x-coordinates, how do the
y-coordinates of y = /x compare with the y-coordinates of y = —x?
How are the graphs the same? How are they different?
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3. In question 1b), for equal values of the x-coordinates, how do the
y-coordinates of y = x* compare with the y-coordinates of y = —x*? How
are the graphs the same? How are they different?

4. Make a conjecture about the relationship between the graphs of y = £(x)
and y = —f(x).

5. Test your conjecture by graphing each of the following pairs of graphs

on a graphing calculator.

ayy=yx—landy=—-yx-1

b) y = (x +3)*and y = —(x + 3)°

6. Copy and complete each table of values and sketch each pair of graphs on
the same set of axes.

a y=x+2 y=(=x)+2 by y=2x—-4 y=2(-x) -4
X y X y X y X y
-2 -2 -2 -2
-1 -1 -1 -1
0] 0] 0] 0]
1 1 1 1
2 2 2 2

7. In question 6a), for equal values of the y-coordinates, how do the
x-coordinates of y = x + 2 compare with the x-coordinates of y = (—x) + 2?
How are the graphs the same? How are they different?

8. In question 6b), for equal values of the y-coordinates, how do the
x-coordinates of y = 2x — 4 compare with the x-coordinates of
y = 2(—x) — 47 How are the graphs the same? How are they different?

9. Make a conjecture about the relationship between the graphs of y = f(x)
and y = f(—x).

10. Test your conjecture from question 9 by graphing each of the following
pairs of graphs on a graphing calculator.

a) y=xand y = |—x b) y=(x—4) and y = (—x — 4)°

11. In the cross section of the Great Pyramid, one altitude can be modelled
by the equation y = 1.27x + 146. Which altitude, AB or AC, can be modelled
by this equation? Explain.

12. What is the equation of the other altitude? Explain.
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Exampie 1 Comparing y = f(x) and y = —f(x)

a) Given the graph of y = f(x), as shown, graph y = —f(x) (-3,2) Zy
on the same axes. \ (4,1)
b) Describe how the graph of y = —f(x) is related to the RS \G\'/Z/A\ =%
graph of y = f(x). JJo.-1)
[ y=f(x)
(6!_3)
SOLUTION

a) Use the given graph to complete a table of values for the function y = f(x).
Then, complete a table of values for the function y = —f(x), and draw the
graph.

y=f() y=~f(x) y (6,3)
X y X y (=32 ]
-3  f(3)=2 -3  f(3)=-2 @y ©l ?= —f(x)
0] f(0) = -1 0] —f(0)=1 | ) I pA g x
4 f@)=1 4 —f@)=-1 /\0\(0,_1) (4.21)
6  f(6)=-3 6  —f(6)=3 (=3.22) 2] Y = )
(6,-3)

b) The graphs of y = f(x) and y = —f'(x) are congruent.

If y = —f(x), then y = =1f(x), so each y-value on the graph of y = —f(x) is the
corresponding y-value on the graph of y = f(x) multiplied by 1.

The point (x, y) on the graph of the function y = f(x) becomes the point

(%, —y) on the graph of y = —f(x). For example, (-3, 2) becomes (-3, —2),
and (6, —3) becomes (6, 3).

The graphs have the same x-intercepts.

The graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.

As noted in Example 1, the two graphs have the same x-intercepts. Points
that lie on the x-axis have a y-coordinate of 0, so they are unaltered by the
transformation of y = f(x) to y = —f(x). Points that are unaltered by a
transformation are said to be invariant.
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In general, the point (x, y) on the graph of the function y = f'(x) becomes

the point (x, —y) on the graph of y = —=f(x). The graph of y = —f(x) is a

reflection of the graph of y = f(x) in the x-axis. Points that lie on the x-axis

are invariant, because their y-coordinate is 0.

The window can be adjusted

using the
in the

If, in Example 1, y = f'(x) were defined
by an equation, such as f/(x) = x — 1,
then y = —f'(x) would be defined by the
equation y = —(x —1)or y=-x+1. The
graph of y = —f(x) would be a reflection
of the graph of y = f(x) in the x-axis.
The x-intercepts of the two graphs would
be the same. There would be one
invariant point, (1, 0).

Example 2 Comparing y = f(x) and y = f(—x)

Let f(x) = 2x + 1.

a) Write an equation for f(—x).

b) Graph y = f(x) and y = f(—x) on the same axes or in the same viewing
window of a graphing calculator.

c) Describe how the graph of y = f(—x) is related to the graph of y = f(x).

SOLUTION

a) Substitute —x for x in 2x + 1.
2(—x)+1=-2x+1

SO f(—x) = 2x+1

b) Graph both functions using paper and pencil or a graphing calculator.
y=2x+1 y=-2x+1

4
4
S y X y
-2 -3 2 -3 A
-1 -1 1 -1 y==2x+1
0 1 0

1 . .
4 2 /0

1 3 -1 3

2 5 -2 5 =21
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c) The graphs of y = f(x) and y = f(—x) are congruent. Note that there is one

- _ - invariant point, (0, 1).
The point (x, y) on the graph of y = 2x + 1 becomes the point (~x, ) on 'F”()Vrag';t?flf’noe'g fEmctizms,
the graph of y = —2x + 1. For example, the point (2, 5) becomes the point e domain and range are
(=2, 5). The point (=1, —1) becomes the point (1, —1). the set of real numbers.
The graphs have the same y-intercept.

The graph of y = =2x + 1 is the graph of y = 2x + 1 reflected in the y-axis.

In general, the point (x, y) on the graph of the function y = f'(x) becomes
the point (—x, y) on the graph of y = f(=x). The graph y = f(-x) is a
reflection of the graph of y = f(x) in the y-axis. Points that lie on the y-axis
are invariant, because their x-coordinate is O.

The results for reflecting graphs of functions in the x-axis and the y-axis
can be summarized as follows.

Reflection in the x-axis Reflection in the y-axis

The graph of y = —f(x) is The graph of y = f(—x) is

the graph of y = f(x) reflected the graph of y = f(x) reflected
in the x-axis. in the y-axis.

ExampLe 3 Reflecting a Radical Function

If £(x) = x — 2, write an equation to represent each of the following
functions, describe how the graph of each function is related to the graph
of y = f(x), sketch each graph, state the domain and range, and identify
any invariant points.

a) y=—f(x) b) y = f(=x)

SOLUTION
a) Fory=f(x) For y = —f(x)
)/:\/X_z _)/:—\/X_Z

The graph of y = —f(x) is the graph of y = f(x) reflected in the x-axis.
Both graphs have the same x-intercept, 2.

For y = f(x), the domain is x = 2 and the range is y 2 0.

For y = —f(x), the domain is x = 2 and the range is y < 0.

There is one invariant point, (2, 0).
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)4
i = % -2
|
0 4 6%
-2
—fx) =-Vx -2
b) For y = f(x) For y = f(—x)

y= \/m y=yXx-2
The graph of y = f(—x) is the graph of y = f(x) reflected in the y-axis.
For y = f(x), the domain is x = 2 and the range is y = 0.
For y = f(—x), the domain is x < -2 and the range is y = 0.
There are no invariant points.

4
‘ 4- 1|
f(-x) =/—x-2 f(x) =x -2
\ - %’
6 -4 2 0 2 a4 6%

ExamvpLe 4 Reflecting a Quadratic Function

If £(x) = %" + 1,

a) write an equation for y = —f(x) and y = f(-x)

b) describe how the graph of each equation from part a) is related to
the graph of y = f(x), and sketch the three graphs on the same axes

SOLUTION
a) Fory=f(x) For y = —f(x)
y=x2+1 _)/=_X2_1
For y = f(x) For y = f(=x)
y=x+1 7= +1

y:x2+1
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b) The graph of y = —f(x) is the graph of y = f(x) reflected in the x-axis.
Since the graph of y = x> + 1 is symmetrical about the y-axis, replacing

x With —x has no effect on the graph. So, the graphs of y = f(x) and

y = f(—x) are the same.

Example 5 Reflecting a Quadratic Function

If £(x) = x° + 6x, write an equation for each of the following functions,
describe how the graph of each function is related to the graph of y = f(x),
sketch each graph, and identify any invariant points.

a) y=~f(x) b) y=f(=x)

SOLUTION

a) Fory=7£(x),y= X" + Bx.
The graph of y = x” + 6x is a parabola that opens up.
Since x° + 6x = 0 has roots x = 0 and x = -6, the x-intercepts of
y=x"+6xare 0and —6.
The vertex lies on the axis of symmetry, so the x-coordinate of the
vertex is —3.
When x = =3, y = (-3)° + 6(-3)
=9-18
=-9

So, the coordinates of the vertex are (=3, —9).
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Sketch the graph of y = £(x) using the points (0, 0), (-6, 0), and (=3, -9).

For y = —f(x)
y=~(x"+6x)
= —x* — bx

The graph of y = =f(x) is the graph of y = f(x) reflected in the x-axis.
For y = f(x), the domain is all real numbers and the range is y = -9.
For y = —f'(x), the domain is all real numbers and the range is y < 9.
Both graphs have the same x-intercepts, 0 and —6.

There are two invariant points, (0, 0) and (=6, 0).
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b) For y = f(-x)
7= (=x)° + 6(~x)
= x* — 6x
The graph of y = f(—x) is the graph of y = f(x) reflected in the y-axis. For both
y = f(x) and y = f(-x), the domain is all real numbers and the range is y = -9.
The graphs intersect at (0, 0).
There is one invariant point, (0, 0).

GRAPHING CALCULATOR

Key Concepts

* A function and its reflection image in the x-axis or y-axis are congruent.

* The graph of y = —f(x) is the graph of y = f'(x) reflected in the x-axis.

* The graph of y = f(—x) is the graph of y = f(x) reflected in the y-axis.

» Points that are unaltered by a transformation are known as invariant points.

Communicate Your Understanding

1. If £(x) = /x — 3, describe how you would find the equations of y = —£(x)
and y = f(—x).

2. If f(x) = x” + 8x, describe how you would find the equations of y = —f(x)
and y = f(—x).

3. If fi(x) = x” — 4x, describe how you would find any points that are invariant
under a reflection in

a) the x-axis b) the y-axis
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Practise

LA

1. Copy the graph of y = f(x) and draw the
graphs of y = —f(x) and y = f(-x) on the
same axes.

NE
a) 2. 1) 2 y =f(x)
Ve
&/ 2 0 2 4
(_41 _1) 2
(4! _2)
b) (3,3 7
\ 24y 1R 2
' ' (1, 0) (5,'0)
4 2 2 6 X
4(_1, _1)\9/ 4
c) 7 (4, 4)
2] / ;>f(x)
=1 1)/— @1
4 5 0 2 4 X
32 7

2. The blue graph is a reflection of the red
graph in the x-axis. The equation of the red
graph is given. Write the equation of the blue
graph.

2-/

4 X

—2-\

M\
y=x%2-3
AT

4'/y:&(

of 2 4 e 8~*

yEscomaREE

i
K—
2.
y'=2x-2
2 of/\2 4*
-2
/
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3. The blue graph is a reflection of the red
graph in the y-axis. The equation of the red
graph is given. Write the equation of the blue
graph.

b)
3
A '
c) J
6 —4\2\0/\/4 6 X
2] y:\&—Z
d) y
4.
2.
% 4 2 o] 2 4 &=

4. Graph f(x) and sketch the specified
reflection image.

a) g(x), the reflection of f(x) = x + 1 in the
x-axis

b) A(x), the reflection of £(x) = /x +5 in the
y-axis

¢) g(x), the reflection of £ (x) = x* — 4 in the
x-axis

d) A(x), the reflection of £(x) = /x +5 in the
y-axis
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5. a) Given f(x) = 2x — 4, write equations
for —f(x) and f'(—x).

b) Sketch the three graphs on the same set
of axes.

c¢) Determine any points that are invariant
for each reflection.

d) State the domain and range of each
function.

6. a) Given f(x) = —3x + 2, write equations
for —f(x) and f'(—x).

b) Sketch the three graphs on the same set
of axes.

c¢) Determine any points that are invariant
for each reflection.

7. a) Given f(x) = x> = 4x, write equations
for —f(x) and f(—x).

b) Sketch the three graphs on the same set
of axes.

c¢) Determine any points that are invariant
for each reflection.

8. a) Given f(x) = x> — 9, write equations
for —f(x) and f'(—x).

b) Sketch the three graphs on the same set
of axes.

c¢) Determine any points that are invariant
for each reflection.

9. a) Given f(x) = (x+ 4)(x — 2), write
equations for —f'(x) and f'(-x).

b) Sketch the three graphs on the same set
of axes.

c) State the domain and range of each
function.



10. a) Given f(x) = X+ 4, write equations
for —=f(x) and f(—x).

b) Sketch the three graphs on the same set
of axes.

c) State the domain and range of each function.

Apply, Solve, Communicate

12. A coordinate grid is superimposed on a cross y
section of the Great Pyramid, so that the y-axis passes through the

vertex of the pyramid. Two opposite vertices of the square base are on
the x-axis. The two sloping lines in the cross section, AD and AE, are

opposite edges of the pyramid.

11. a) Given f(x) = \/x + 4, write equations
for —f(x) and f'(—x).

b) Sketch the three graphs on the same set of
axes.

c) State the domain and range of each function.

a) In the cross section, one edge can be modelled by the equation D E_
y =0.9x + 146. Which edge, AD or AE, can be modelled by this 0 x

equation? Explain.

b) What is the equation of the other edge? Explain.

13. Communication How are the graphs of y =

related. Explain.

x2—2xandy=2x—x2

14. a) Given f(x) = x> — x — 6, determine the coordinates of the points

where the graph crosses the y-axis and the x-axis.

b) Use the points you found in part a) to sketch the graphs of y = —f'(x)

and y = f(-x).

15. The diagram shows a set of coordinate axes

superimposed on the cross section of a sloping roof of height 1
h metres and width w metres. The equation of one half of the h

cross section is y = =0.7x + 1.9.

a) What is the equation of the other half of the cross section?

b) What is the height of the roof, /?

¢) What is the width of the roof, w, to the nearest tenth of a metre?
d) State the domain and range of the function that models each half

of the roof.
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16. a) Copy the graph of y = f(x),
as shown. Sketch the graph of each relation obtained after a

reflection in the y-axis followed by a reflection in the x-axis. 5 /
b) Copy the graph of y = f(x), as shown. Sketch the graph of ©, 1)

J‘>‘<

each relation obtained after a reflection in the x-axis followed
by a reflection in the y-axis.

2 0 /6

—21

17. Inquiry/Problem Solving When a function y = f(x) is reflected in the
x-axis, and its image is reflected in the y-axis, the same point remains invariant
for both reflections. Identify the point and explain your reasoning.

18. a) Given £(x) = yx — 3, write equations for —f(x), f(—x), and —f(—x).
b) Sketch the four graphs on the same set of axes.
c) State the domain and range of each function.

19. a) Given f(x) = (x + 1)°, write equations for —f(x), f(—x), and —f(-x).
b) Sketch the four graphs on the same set of axes.
c) State the domain and range of each function.

20. Application In the sequence =7, —4, 1, 8, ... the number =7 is in

position 1, the number —4 is in position 2, and so on.

a) Determine the equation that relates each number, n, to its position, p, in the
sequence.

b) Repeat part a) for the sequence 7, 4, -1, -8 ....

c¢) How are the graphs of the two sequences related?

d) State the domain and range for each sequence.

21. a) Given f(x) =25 - x°, write the equations for y = —f(x) and y = f(-x).
b) Graph the three functions in the same viewing window of your

graphing calculator.

c¢) Determine any points that are invariant for each reflection.

d) State the domain and range of each function.

22. If the graph of £(x) = x* — 3 is transformed into the graph of £(-x), how
many points are invariant? Explain.

23. If aline is not horizontal or vertical, how is the slope of the line related to
the slope of its reflection image in each of the following? Explain.
a) x-axis b) y-axis
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Y ATl <rowledge/Understanding _ Thinking/Inguiry/Problem Solving CommunicationApplication |
! A property of a billiard table is that the
ball bounces off the side at the same

= angle that it strikes the side. To find

| where to hit the ball on the side of the
table, you aim for the reflection of the
ball you want to hit, as shown.

(% )

I

I

I

I

I

i a) Show on graph paper where ball 1
. should be hit so that it bounces off the
| bottom side and hits ball 2.

* b) Show on graph paper where ball 1
! should be hit so that it bounces off the left
I

I

I

I

I

I

I

right
left side and hits ball 2.
¢) Show on graph paper where ball 1
should be hit so that it bounces once
off the top or bottom side and then
once off the left or right side and hits
ball 2.
d) If the table is placed on a grid with the origin at the bottom left corner, then
ball 1 is at the point (5, 6) and ball 2 is at the point (11, 3). Find the coordinates
of the point where ball 1 bounces off the bottom side in part a). Label it point H.
e) Find the equation of the path ball 1 takes to the bottom side at H.
f) Find the equation of the path ball 1 takes from point H to ball 2.

| g) What is the relationship between the slope of the line from part e) and the

. slope of the line from part f)? Explain your answer.

bottom
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