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Supplementary material to Quantum Hair on Colliding BHs

Lawrence B. Crowell

This supplementary segment is meant to give additional support for the foundational arguments in
my essay Quantum Hair in Colliding Black Holes. This first discusses the Ryu-Takanayagi formula
and then connects with with the mathematics of Skin and Mirzikhani. This provides in addition some
presentation of this mathematical development and how it is a geometric complement to the quantum
mechanical picture.

Given a causal wedge W1 with entanglement EW1, there is the complementary region W̄1 and entangle-
ment εW̄1

. The RT formula states for W1 bounded by the curve γW1 the function LW1 = area(γW1)/4`p,
`p the Planck length that defines entropy linear in the density ρ, Tr(ρLW1). The entropy of the wedge is
then [1]

S(ρW1
) = S(ρEW1

) + Tr(ρLW1
),

where S(ρEW1
) is the entanglement entropy of the wedge. We are interested in a causal wedge W2

containing quantum states in an entanglement with W1. This wedge has entropy

S(ρW2
) = S(ρEW2

) + Tr(ρLW2
).

We have then density matrices ρ̃Wi , for i = 1, 2

ρ̃Wi
= TrW ρ̃ = UW

(
ρWi
⊗ TrW̄ (|χ〉〈χ|)

)
U†W

Consider the Hilbert space H as finite dimensional with the tensor product H = HW ⊗ HW̄ . The
quantum error correction code is a subspace Hcode ⊂ H with a similar decomposition Hcode = Hc⊗Hc̄
then for |i′〉 a basis for Hc and |j′〉 a basis for Hc′ we construct auxiliary systems X and X̄ such that a
tensor product state

|φ〉 = (|X||X̄|)−1/2
∑
i,j

|i〉X |j〉X̄ |i′j′〉WW̄ .

The auxilliary systems have the same dimensions as the coding subspaces c and c̄, and are then represen-
tations of the coding subspaces used for normalization. The two regions W1 and W2 may have the total
Hilbert space represented according to the tensor product HW1

⊗ HW2
. For these two regions we then

have a state given by the sum of product states

|ψ(β) =
∑
j

eβEj |Ej,W1
〉 ⊗ |Ej,W2

〉

For this to be an entanglement the tensor product is restricted away from the complete Cartesian product.
For instance the Bell states

1√
2

(
|+〉|−〉 + e−iφ|−〉|+〉

)
,

1√
2

(
|+〉|+〉 + e−iφ|−〉|−〉

)
Here the four cases are taken care of with the phase. The singlet and triplet states then each lie in half
of the Cartesian product, such as HW1

⊗HW2
. Consequently with entangled wedges this Hilbert space,

label as HW1
�HW2

is more restricted. We then have that the measure of this space, say its dimension,
is then µ(HW1 �HW2) = 1

2µ(HW1
⊗HW2

).
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For the Hilbert space (HW1
⊗HW2

) ⊕HW3
with |W1| = |c| and |W3| < |c| there exists a unitary

transformation UW on H such that the states |χj〉W2W̄ ∈ HW2W̄ with

|i′j′〉 = UW
(
|i〉W1

⊗ |χj〉W2W̄

)
, |i〉W1

∈ HW1
.

This is equivalent to the following condition on any operator OW̄ and a projector operator Pcode that
PcodeOW̄ = (Ic ⊗OW̄ )Pcode [2]. Then for K ′ρW = − logρ′W

PcodeK
′ρWPcode = Kρ + IcodePcodeUW IW ⊗ lnχW̄UWPcode

with LW = PcodeUW IW ⊗ lnχW̄ .

The operators χWi are defined by the partial trace χWi = TrW̄i
|χ〉〈χ| and χW̄i

= TrWi |χ〉〈χ| so
the densities

ρ′ = UWUW̄ (ρW1W̄1
⊗ |χ〉〈χ|)U†WU

†
W̄

with the reduced densities
ρ′W = TrW̄ ρ

′ = UW (ρW1
⊗ χW2

)U†W

ρ′W̄ = TrW ρ
′ = UW̄ (ρW̄1

⊗ χW̄2
)U†

W̄
.

With Ui operators we may also be similarly define ρ′Wi
and ρ′

W̄i
. The entropy S(ρ′Wi

) = Tr(ρLWi
) + S(ρ′c)

is then such that Tr(ρLWi
) is the joint entropy S(W̄1, W̄2), but when the entanglement entropy is taken

into account with ⊗ → we then find Tr(ρLWi
) = 1

2S(W̄1, W̄2).

This connects with the geometric results of Eskin and Mirzakhani [2]. The Euler characteristic of a
two dimensional disk is χ = 1. The complex Poincare disk is a case of such as complex structures on a
surface that are equivalent under homeomorphisms that map to the identify. There is a moduli space for
hyperbolic structure homeomorphic to a ball of dimension 6g − 6. The Teichmuller space is an orbifold
that is a universal covering of the Riemannian moduli space.

The disk is a space with a boundary. However, with the Schwarzschild metric there is a pair of black
holes, which in the ER = EPR setting are entangled. We may then take the disk model and pair it with
another disk where their boundaries are then identified. This is the a sort of stereographic projection of
the Poincare disk. We think of this a a model of CP 1 ' S2 where the equator is the boundary between
two copies of the Poincare disk. The monopoles placed on the Poincare disk then have a dual component
in the other disk, or equivalently the monopoles are connected to each other by a Dirac solenoid or string.
The number of monopoles in each disk is then equal to the genus. The sphere with a charge in each disk
or hemisphere deforms this sphere into a torus. A sphere with n monopoles is then an n-handled torus.

For the Poincare strip the disk is mapped to a strip with two points sent to infinity. For the two
patches of the black hole the two strips are merged into a cylinder which in turn is converted into a torus.
The space is then the torus with g = 1 and χ = 0. We then have a similar structure as above, but
with a topology change that reflects how the boundary of the disk has been split to reflect the physics of
two black holes in the near horizon situation immediately before coalescence.

Back to the sphere. The Poincare disk is a form of the Poincare half plane H. This is the set of
all complex number with positive imaginary value. The boundary of the half plane, equivalently the
boundary of the disk as the circle at infinity, is ∂H. The stereographic projection of ∂H to C2 is the
real number line plus infinity. Hence ∂H is topologically a circle. For D the Poincare disk there are
elliptic Moebius transformations we can use. The disk has complex numbers z such that |z| < 1 and
the boundary is |z| = 1. The map f(z) = (z − i)/(iz − 1) is a bijection from H to D. Then all
transformations are Moebius or T (z) = (az + b)/(cz + d). The stereographic projection on the merged
disks, one disk inverted to fill out the entire plane, this then a form of the Moebius transformation.
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These transformations carry over the the Poincare strip. They are also linear fractional transforma-
tions or the SL(2, Z) group which defines T -duality. The transformation T (z) = (az + b)/(cz + d)
may be transformed with transformations S such that T ′ = STS−1. The transformation can be seen
as a having two fixed points with S(z) = X(z − q)(z − p) as the points p and q. These fixed points
in T mean T (p) = p and T (q) = q. Define the points z0, z1 and z∞ such that T (z0) = 0, T (z1) = 1
and z∞ =∞. We the set up the chart

T S
z0 → 0 → Xq/p
z1 → 1 → X(1− q)/(1− p)
z∞ → ∞ → ∞
p → p → 0

We identify the point q with the center of a Poincare disk and the point p with another that is mapped
from infinity to the center of the dual disk. The beginning of the section 2 establishes this system entirely
by Moebius or linear fractional transformation.

Linear fractional transformations sets up the theory of Teichmuller spaces. For S an orientable surface
the Teichmuller space T (S) is the space of Riemann structures on S equivalent up to isotopy, or equivalent
up to homotopy. Thus two structures X and Y on S are equivalent if there exists a diffeomorphism that
is holomorphic and such that there exists a continuous map between X and Y . For further discussion on
the details of Teichmuller spaces see that appendix. The index 6g − 6 − 2h defines the topology of the
complex surface with cusps defined according to Fuchsian groups. The Fuchsian group is discrete group
that defines a quotient with the projective PSL(2, R) and establishes a set of invariants in the on the
Teichmuller space that corresponds to a moduli space of curves.

The curves X̄pare closed and which have an ergodic measure. The upper right triangular matrices
define an action P on SL(2 C). These have a P -invariant probability measure on the hyperbolic surface.
The work of Mirzhakani demonstrates that these curves with P -invariant probability measure define a
topology. These curves have unipotent flows. These flows then have an extremal length, to see the role
of the length in Teichmuller spaces see the appendix, which are invariant.

The time a system spends in the subset A ⊂ X for the measure space (X, µ) is a mean within the
ergodic measure µ

µ(A)

µ(X)
=

1

µ(X)

∫
χ(A)dµ,

such that χ(A) is a measure of the path length in the set A. The integral is an Lp integral, where
for p = 2 we have a measure over Hilbert space. The ergodic flow has an invariant measure on the
set of closed geodesics of bounded length. The cusps are defined by Fuchsian groups which transform
curve functions define an invariant measure on the moduli space of closed curves. The cusp are in a
neighborhood defined by N = H+/g and are thus topological quantities.

In the case of bipartite entanglements the Hilbert space measure is halved. The two entangled wedges
then have their curves identified with each other. Two regions of entangled states A and B ⊂ X ′ with
a mean ergodic flow have ergodic measure

µ(A ∪B)

µ(X ′)
=

µ(A)

µ(X)
.

for X ′ the space of corresponding curves. The charges in each of these wedges are then identified with
each other so the length of one curve accounts for both wedges. One curve = two wedges. This is a
geometric equivalent statement.
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On the hyperbolic space we think of two geodesics separated by ε say with x and |x + ε| that dynamics
in an iterated sense is such that for ẋ = F (x) the separation of geodesics will after n iteractions bebe
|Fn(x0 + ε) − F (x0)| = εeλ(x0)t. This exponent, similar to a Lyapunov exponent is then

λ(x0) = lim
N→∞

lim
ε→0

1

N
ln |fracFn(x0 + ε) − F (x0)ε| = lim

N→∞

1

N

∣∣∣∣dFn(x0)

dx0

∣∣∣∣ .
The action of iterated function F is then

λ(x0) = lim
N→∞

1

N

n−1∑
i=0

ln

∣∣∣∣dF (xi)

dxi

∣∣∣∣ .
which for a nonzero exponent defines information.

The connection to information is straight forwards. For the probability of occurrence Pi = 1/N

= |dFxi
/dxi| we have in this equation for Shannon information S = −

∑N
i=0(1/N)log2(1/N). Assume

the function is not for a microcanonical ensemble or we have a more general ergodic system, and so
|dF(xi)/dxi| = pie

L we then have

λ(x0) = −
N∑
i=0

piln(pie
L) =

N∑
i=0

piln(pi) +

N∑
i=0

piL.

The symbol L is suggestive, but this evaluated over a wedge gives the information content of that wedge.
This means L ∝ area of the wedge. This is then a geometric occurrence of the RT formula. If two
paths are in an entanglement we may then account for both paths in a single sum. This then results in
a halving of the total information defined by geometric means.

The quantum and geometric interpretations are complementary to each other. They also can each
account for half the quantum information or phase space occupied by the system. This as analogous to the
quadrature uncertainty principle in quantum mechanics with equal spread in position and momentum
variables. In this way we then have a duality between spacetime and quantum physics, or a duality
between equivalence principle and unitarity. We may then not be able to witness nature completely
according to both sets of physical observables.
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