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Dear Ben, 

 

I am sorry for being late in my reply but I got knocked out by the flu for a week. You have posted 

same good questions (particularly by 4 and 6).  

 

Here are my answers. (I'm sorry for writing verbosely.) 

   
����1. Just to be sure, on page 1, by “length,” do you always mean “spacetime interval with respect to 

the Minkowski metric?”   

 

You must ignore the first two sentences (in the abstract and the first paragraph) about the "length of … 

world lines". By “length,”  I do mean "spacetime interval with respect to the Minkowski metric" in the 

sentences: "the ratio of the length … of world lines " on the lower part of page one. 

 

����2. Similarly, when you write,“all world lines of this set lead from event A to event B and (secondly) 

the number of time units determined by counting time units along one random of these world lines is 

different from the number of the time units determined by counting time units along any other of these 

world lines,” do you mean counting proper time units along each world line (I think this is what you 

mean), or time units in some arbitrary fixed frame? 

 

Yes, I do mean counting proper time units along each world line. 

 

 

����6. Equation 2 worries me, essentially because of the “twin paradox.” The “spacelike components” of 

the light paths are equal as measured in any chosen frame, but not necessary as measured along the 

worldlines. For instance, suppose A and B are pure timelike-separated in a given frame (e.g. A is my 

desk at 5 PM and B is my desk at 8 PM). The light path for a light clock that remains in this frame will 

be 3c long measured in this frame, but the light path for a light clock that travels outward near the 

speed of light and then returns will be shorter as measured on the “travelling” worldline. In the ratios 

L_i/n_i and L_j/n_j, it seems that L_i and L_j have to be measured in a single frame, but n_i and n_j 

are measured along worldlines. I don’t know if I’m making any sense here… 

 

short version of the question:  
Why does it only matter that the spatial paths Li und Lj are of equal length (so that Li/Lj=1) ? 

  

 

A way to learn about the relative lengths of the time units 

in two different inertial frames is to have a look at two 

light clocks moving at a constant speed with respect to 

each other.   

You can compare the spatial paths L1 a light signal S1 

(serving as timekeeping element) traverses for a single 

time unit between the mirrors of its light clock with the 

spatial path L2 a light signal S2 (also serving as 

timekeeping element) traverses for a single time unit 

between the mirrors of its light clock. 

(The relative lengths of these two spatial zigzag-paths L1 

and L2 gives us the equation of time dilation.)  

 

Now let us visualize how the zigzag picture looks like after 

more time units have passed. 

(Just because you have a better overview I will draw it as 

seen from a different inertial observer.)   
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We know that L(1) and L(2) have to be "simultaneously" 

actually of equal length. But this simultaneity does not 

exist when looking at different inertial frames. (We 

are not able to get to know which events in different 

inertial frames happen simultaneously.) Due to this 

fact we can't know how many time units (or zigzags) 

have been counted with the help of one light signal 

at the precise instant that, let's say, n time units have 

been counted with the help of the other light signal. 
 

This means that we would be able to determine the actual ratio of the lengths of the time units of the  

two inertial frames (of two spatial zigzag-paths L(1)/n and L(2)/m), if we would know this precise 

instant. 
   

 

We could know the precise instant, if we would have a signal with infinite speed. 

But there is no such signal !   

 

But we have something that is almost as good as this. 

 

 

For we can know the precise instant when Lj (former L(1)) 

and Li (former L(2)) are of equal length, if we "are willing" 

to give up to ask what the numbers (m and n) of time units 

counted (beginning at event A) in two different inertial 

frames till a precise instant are. (Only this would let us 

know the relative lengths of the time units of two different 

inertial frames.)  

The spatial paths Li and Lj are of equal length  

 

(Li/Lj =1),                                (I) 

 

if they meet again at a common event C after they both have been emitted at the event A ! 

 

 

 

To achieve this we have to add a third light clock that 

takes over the light signal Sj (former S1) at event B and 

carries it to the event C. Through this approach we 

know that (starting with event A) till a given moment 

(event C) ni time units (or Zigzags) have been counted 

with the help of the light signal Si (former S2) precisely 

when nj units have been counted with the help of the 

light signal Sj. (And all this without the need of a signal 

with infinite speed.)  

 

 

Now we can do something that we could do comparing the spatial paths the light signals traverse for 

single time units in just two inertial frames, if we would have a signal with infinite speed. 

 

If we would like to come to know something about the ratio of the lengths of the time units (or zigzags) 

of one inertial frame to the mean lengths of the time units (or zigzags) of two inertial frames, we 

can determine the ratio of Li/ni to Lj/nj, which is the ratio of the length of the spatial path the light 

signal Si has to traverse for a single time unit between the mirrors of its light clock to the mean length 

of the spatial paths the light signal Sj has to traverse for single time units between the mirrors of its 

light clocks. 
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Doing this [considering (I)] leads to: 
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����4. When you say, “we must be allowed to assume that time units counted along these different 

world lines are actually all of equal length,” the immediate question is “in what frame of reference?” 

If you started with two identical clocks y and z ticking at the same rate in a particular frame X, then 

boosted each into different frames Y and Z, the rate of y measured in Y would be the same as the rate 

of z measured in Z, but the rates of y and z in a third frame, for instance, X, would be different. 

 

 

short version of the question:  
Why (or in which sense) should all time units in fact be of equal length?  

  
 

When I say "we must be allowed to assume that time units counted along these different world lines 

are actually all of equal length" I am not talking about what you can see or measure. I am referring to 

(what Giovanni AMELINO-CAMELIA called "space-time abstraction") the conception of space and 

time as a four-dimensional manifold equipped with Minkowski metric (Minkowski space). If we want 

to define a metric on a set (here: on a union of space and time), we need a notion of distance between 

two points (here: Minkowski norm). And this notion of distance will automatically give us "lengths" 

units of length 1 (by definition). [Where "length" units is meant to be the general notion for time units 

and length units.] 

So it is - using the just mentioned notion of distance - a necessary condition for the validity for the 

existence of a Minkowski metric of space-time that the reverse triangle inequality has to be true.  

 

And this claim is equivalent to my claim:  "In order for that to be true, we must be allowed to assume 

that time units counted along these different world lines are actually all of equal length." 

 

 

at least: But you can't "see" these time units ("length" units) as a four-dimensional (invariant) entity. 

[entity ?] If observers of different inertial frames (they all are moving along one strait line) measure 

the time that elapses between two events (on this strait line), they all will see a projection of the four-

dimensional (invariant) entity. Only the observer for whom the events will happen at the same place 

will directly measure the four-dimensional (invariant) entity with his clock (He will "see" it on one 

clock). All others have to use two clocks but none of them will see that number of time units elapsed 

on his clocks that could be called four-dimensional (invariant) entity. Each of them has to measure the 

distance between his two clocks to be able compute the four-dimensional (invariant) entity that will be 

the same for all of them. 

That's what Giovanni Amelino-Camelia means, if I understood him correctly, by saying: "But in some 

sense we never actually “see” spacetime, we never “detect spacetime” …". 

 

 

Kind regards,  

 

Frank Ullmann 


