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Physical meaning for Mandelbrot and Julia sets
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Abstract

We consider the dynamics of a kicked charged particle moving in a double-well potential and a time-dependent magnetic
field. In certain cases the stroboscopic dynamics reduces to the complex logistic map, thus providing physical meaning for
the Mandelbrot set. In other cases we obtain iterated function systems consisting of the inverse complex logistic map, thus
providing physical meaning for Julia sets. Our approach can be generalized to complex mappings with a maximum of orderq.
c©1999 Elsevier Science B.V. All rights reserved.

1. Introduction

Mandelbrot and Julia sets represent some of the
most beautiful examples of fractal structures generated
by nonlinear dynamical systems [1–6]. They form an
important class of fractals where applications of the
multifractal approach and the thermodynamic formal-
ism can be tested [7–13]. Despite the importance of
the mathematical theory of these sets, there appears
to be a lack of true physical applications for them.
Only one physical application has been reported so
far, which relates to the zeros of partition functions of
certain hierarchical spin systems [13–15]. These hier-
archical spin systems are interesting from the point of
view that renormalization group transformations can
be performed exactly. However, they do not possess a
realization in nature.

In this paper we want to show that there are appli-
cations for Mandelbrot and Julia sets in physics. We
will show that certain classical particle dynamics pos-
sess the complex logistic map as a stroboscopic map-
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ping. The basic ingredients to obtain the dynamics are
rather natural. In a sense, we will study the determin-
istic version of a typical Langevin problem. We look
at the movement of a charged particle in a double-well
potential. Rather than considering random kicks on the
particle, we look at constant kicks of fixed strength at
variable deterministic time points. In addition, there is
a time-dependent magnetic field, which is constant in
space.

Though we will usually call the dynamical variable
in our equations the ‘velocity of a particle’, our ap-
proach is much more general. Double-well potentials
have many applications in physics, in subject areas
as diverse as chemical kinetics, nonequilibrium ther-
modynamics, elementary particle physics and cosmol-
ogy. Thus our dynamical variable may also be inter-
preted as the concentration of a chemical substance
or as a quantum field. Independently of the physical
interpretation, a dynamics in a double-well potential
can lead to fractal structures and complex behaviour
if the random impulses (Gaussian white noise) of the
ordinary Langevin equation are replaced by determin-
istic impulses.
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This paper is organized as follows. In Section 2,
we will rather generally look at the dynamics of a
charged particle moving in some arbitrary potential
and a magnetic field under the influence of kicks, and
derive the corresponding stroboscopic map. In Sec-
tion 3 we will consider a specific example of such a
dynamics, namely the movement of a charged parti-
cle in a double-well potential and a spatially constant
magnetic field. For particular choices of the time dif-
ferences between kicks and the time dependence of
the magnetic field, this leads to the complex logistic
map and a physical interpretation for the Mandelbrot
set. We will generalize our approach to movements of
particles that are described by stroboscopic mappings
with a maximum of orderq. In Section 4, we will
consider iterated function systems given by the two
branches of the inverse complex logistic map. Also
this dynamics can be interpreted as resulting from the
movement of a charged particle in a double-well po-
tential, which has opposite sign compared to Section
3. Now there is a randomly fluctuating magnetic field,
which leads to an iterated function system and a phys-
ical interpretation for Julia sets. Again it is possible
to generalize our approach to iterated function sys-
tems consisting ofq branches. Some further interest-
ing dynamical systems are studied in Section 5. Our
concluding remarks are given in Section 6.

2. The class of models

Let us specify the type of dynamics we are inter-
ested in. As already mentioned, it is most convenient
to interpret the dynamical variable of our ‘determin-
istic’ Langevin problem as the velocity of a particle,
though other interpretations are possible as well. Let
vvv(t) = (u(t), w(t)) be the velocity of a charged parti-
cle in the(x1, x2)-plane. Define the complex variable
z(t) by

z(t) = u(t) + iw(t). (1)

We may write

z(t) = v(t)eiϕ(t), (2)

wherev(t) = |vvv(t)| = |z(t)| denotes the absolute value
of the velocityvvv andϕ(t) ∈ [0, 2π) is an angle in the
(x1, x2)-plane. Consider the following dynamics.

(i) A force A depending onv = |vvv| is acting on the
particle invvv-direction.

v̇vv = A(v)eeev. (3)

Here eeev denotes the unit vector invvv-direction.
Clearly, the simplest example would be a linear
damping forceA(v) = −v, but we will study
more complicated forces such asA(v) = −v+v3

arising from a double-well potential. These are
typical potentials studied in a Langevin setting.

(ii) At variable time pointstn the particle gets a kick
of constant strengthc = a + ib. a is the kick
strength inx1-direction, b that in x2-direction.
Consider the velocityvvv−

n = (u−
n , w−

n ) andvvv+
n =

(u+
n , w+

n ) immediately before and after the kick.
We have

u+
n = u−

n + a, (4)

w+
n = w−

n + b, (5)

or, equivalently,

z+
n = z−

n + c. (6)

The index± always labels quantities immedi-
ately before(−) or after(+) the kick.

(iii) There is a time-dependent magnetic field inx3-
direction, which is constant with respect to space.
At the time pointstn the field changes its value,
for t ∈ (tn, tn+1) it has the constant value

BBB = (0, 0, Bn). (7)

Thus, between kicks, not only the forceA(v)eeev

but also the Lorentz forceFFF = qvvv × BBB is acting
on the particle, withvvv = (u(t), w(t), 0).

(iv) The time differenceτn = tn+1−tn between kicks
is a deterministic function of the velocityvvv+

n .

τn = f(v+
n , ϕ+

n ). (8)

(v) The strengthBn of the magnetic field is a deter-
ministic function of the velocityvvv+

n and the time
differenceτn.

Bn = h(v+
n , ϕ+

n , τn). (9)

Let us integrate the equations of motion. Letg(t, v0)

be the solution of the initial value problem

ġ = A(g), g(0, v0) = v0. (10)
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Between two successive kicks the velocity of the
particle obeys the following dynamics:

v−
n+1 = g(τn, v

+
n ), (11)

ϕ−
n+1 = ϕ+

n + ωnτn. (12)

Herev−
n+1 andϕ−

n+1 denote the absolute value and the
angle of the velocity immediately before the next kick.
Independently ofv, the angleϕ rotates with Larmor
frequency

ωn = −qBn

m
. (13)

We consider a particle with chargeq = −1 and mass
m = 1, which means thatωn = Bn. Putting Eqs. (8)
and (9) into Eqs. (11) and (12) we end up with the
following discrete-time dynamical system:

v−
n+1 = g(f(v+

n , ϕ+
n ), v+

n ), (14)

ϕ−
n+1 = ϕ+

n + h(v+
n , ϕ+

n , τn)f(v+
n , ϕ+

n ). (15)

At time tn+1 a kick of strengthc is acting. This changes
z−
n+1 to z+

n+1 according to Eq. (6), which we may write
as

v+
n+1eiϕ+

n+1 = v−
n+1eiϕ−

n+1 + c. (16)

Putting Eqs. (14) and (15) into Eq. (16), we obtain
a recurrence relation for the complex variablez+

n =
v+
n eiϕ+

n .

v +
n+1eiϕ+

n+1

= g(f(v+
n , ϕ+

n ), v+
n )

× exp{i(ϕ+
n + h(v+

n , ϕ+
n , f(v+

n , ϕ+
n ))f(v+

n , ϕ+
n ))}

+c. (17)

Clearly, all kinds of discrete-time dynamical systems
can be constructed in this very general way. In the
following section we will choose special examples
of functionsA, f, h that will ultimately lead to the
complex logistic map.

3. Mandelbrot sets from kicked particle dynamics

Consider the forcingA(v) = −v + v3. The force is
formally produced by a potentialV(v) = 1

2v2 − 1
4v4,

which is plotted in Fig. 1. The solution of the initial

Fig. 1. The potentialV(v) = 1
2v2 − 1

4v4.

Fig. 2. Dependence of the time differenceτ on the velocityv for
q = 2, 3, . . . , 10.

value problem Eq. (10) is

g(t, v0) = v0

(v2
0 + (1 − v2

0)e
2t)1/2

. (18)

In addition, a magnetic field is acting. Between suc-
cessive kicks, the equation of motion is

v̇vv = −vvv + |vvv|2vvv − vvv × BBB. (19)
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Fig. 3. Mandelbrot set of the mapzn+1 = z
q
n + c for q = 2 (a), q = 3 (b), q = 4 (c), q = 5 (d), q = 6 (e) andq = 20 (f). The sets

describes the range of kick strengthsc where the velocity of the particle remains bounded.

For a constant magnetic fieldBBB = (0, 0, B) we can
write this as

ż = −(1 − iB)z + |z|2z, (20)

which can be integrated to give

z(t) = z0eiBt√
|z0|2 + (1 − |z0|2)e2t

. (21)

Now consider time differencesτn between kicks that
are large if the velocity is small and small if the ve-

locity is large, and that do not depend on the angleϕn.
A possible example is

τn = f(v+
n , ϕ+

n ) = 1

2
log

(
1 + 1

v+2
n

)
. (22)

Putting these time differences into Eq. (18), one ob-
tains after a short calculation

g(τn, v
+
n ) = v+2

n . (23)

Moreover, consider aB-field that is large for large
anglesϕ and large for small time differencesτn (a
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Fig. 3. Continued

Fig. 4. The double-well potentialV(v) = − 1
2v2 + 1

4v4.

small time difference implies a large velocityv+
n ). A

possible simple choice is

Bn = h(v+
n , ϕ+

n , τn) = ϕ+
n

τn

. (24)

We then obtain

v−
n+1 = g(τn, v

+
n ) = v+2

n , (25)

ϕ−
n+1 = ϕ+

n + Bnτn = 2ϕ+
n , (26)

Fig. 5. Time differenceτ as a function ofv as given by Eq. (43)
for q = 2, 3, . . . , 10.

which can be written as

z−
n+1 = z+2

n , (27)

and Eq. (16) becomes

z+
n+1 = z+2

n + c. (28)

The result is that the stroboscopic velocityz+
n im-

mediately after the kick obeys the recurrence relation
of the complex logistic map. Consequently, the Man-
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Fig. 6. Julia sets obtained as attractors of the recurrence relation (Eq. (42)) forq = 2, c = 1.4 (a), q = 2, c = 0.6 + 0.6i (b), q = 3, c = i

(c), q = 3, c = 1.2i (d), q = 10, c = 1 (e), q = 10, c = 1.2 (f). The sets describe the attractor of the velocity of the kicked particle.

delbrot setM of the complex logistic map has a con-
crete physical meaning in terms of the above classical
particle movement. For all kick strengthsc ∈ M, the
velocity of the particle remains bounded, whereas for
c /∈ M the velocity asymptotically diverges – the par-
ticle ‘falls of’ the potential well in Fig. 1. Not only the
Mandelbrot set, but also the Julia sets have physical
meaning. For eachc, they describe (in velocity space)
the closure of the union of all possible unstable peri-
odic orbits of the particle. For example, forc → 0 we
obtain the (trivial) case of an unstable rotation with

v = 1 on top of the potential. In Section 4 we will
see that Julia sets can also arise as stable attractors of
a suitable dynamics, rather than as unstable periodic
orbits.

Our approach can easily be generalized to obtain
complex mappings of the form

zn+1 = zq
n + c, (29)

whereq ≥ 2 is an arbitrary integer. In this case one
chooses the time differences between kicks as
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Fig. 6. Continued

τn = f(vn, ϕn) = 1

2
log

1 − v
−2q
n

1 − v−2
n

(30)

and theB-fields as

Bn = h(vn, ϕn, τn) = (q − 1)ϕn

τn

(31)

(we have suppressed the upper index+). This choice
results in the recurrence relation Eq. (29) for the ve-
locity immediately after the kick. The functionsτ(v)
as given by Eq. (30) are plotted in Fig. 2 for various
values of the parameterq. Note that all functions have
a smooth, monotonously decreasingv-dependence. A
monotonously decreasing functionτ(v) is physically
reasonable. Imagine that the kicks are produced by
collisions with fixed scatterers, then a larger velocity
of the particle implies a smaller waiting time until the
next collision happens.

For kick strengthsc in the Mandelbrot set of order
q, the velocity of the particle remains bounded. These
generalized Mandelbrot sets are plotted in Fig. 3 for
some values ofq. Note that they consist ofq − 1
identical selfsimilar bubbles, centered atq − 1 lines
with angles

αk = 2πk

q − 1
q even

αk = 2π(k + 1
2)

q − 1
q odd, (32)

where k takes on the valuesk = 0, 1, . . . , q − 2.
The reason for the symmetry in Figs. 3(b)–(f) is the
fact that the dynamics Eq. (29) is invariant under the
coordinate transformation

z → z′ = eiαk z, (33)

c → c′ = eiαk c. (34)

Only the classical Mandelbrot set (q = 2, Fig. 3(a))
does not have the aboveαk-symmetry.

For largeq the bubbles group along the unit circle
(Fig. 3(f)). In the direction of the above anglesαk,
the size of the selfsimilar structures scales withδ(q),
whereδ denotes the Feigenbaum constant for a real
single-humped map with a maximum of orderq. For
q → ∞ it is known [16–19] thatδ(q) does not diverge,
but converges to the finite valueδ(∞) = 29.6.

4. Julia sets from kicked particle dynamics

We may also consider the motion of a particle in a
double-well potential with opposite sign compared to
the previous section. This means, the force on the par-
ticle is A(v) = +v − v3 and the potential is given by
V(v) = −1

2v2 + 1
4v4 (Fig. 4). These types of poten-

tials occur in many applications [20,21]. Again,v need
not to be a velocity but can be any suitable dynamical
variable (e.g., the position of a particle in overdamped
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movements [20], the concentration of a chemical sub-
stance [20,21], or a field in quantum field theoretical
applications [22,23]). The solution of the initial value
problem (10) is now given by

g(t, v0) = v0

(v2
0 + (1 − v2

0)e
−2t)1/2

. (35)

Again we assume that there is also a magnetic field,
and that the particle gets kicks of constant strengthc

at variable time differences.
Consider time differencesτn between kicks that are

given by

τn = f(v+
n , ϕ+

n ) = 1

2
log

(
1 + 1

v+
n

)
. (36)

Putting these time differences into Eq. (35), one ob-
tains after a short calculation

g(τn, v
+
n ) =

√
v+
n . (37)

In contrast to the previous section, we may consider a
B-field that – besides some deterministic ingredient –
has also some random fluctuations. The simplest case
would be aB-field that switches randomly between
two possible values. Consider the following simple
example.

Bn = h(v+
n , ϕ+

n , τn) =




− ϕ+
n

2τn

,

+2π − ϕ+
n

2τn

,

(38)

where each of the two values is taken on with equal
probability 1

2. It follows

ϕ−
n+1 = ϕ+

n + Bnτn = 1
2ϕ+

n + σπ, (39)

whereσ is either 0 or 1. Hence we obtain

z−
n+1 = v−

n+1eiϕ−
n+1 =

√
v+
n ei(ϕ+

n /2+σπ)

= ±
√

z+
n = ±

√
z−
n + c, (40)

where the sign± is chosen randomly. We obtain a
recurrence relation that generates the Julia set of the
complex mappingzn+1 = z2

n − c. In fact, Eq. (40) can
be regarded as an iterated function system consisting
of the two preimages of the complex logistic map.
It is well known that instead of iterating the entire
branching process, one can iterate just one trajectory

with the ± sign chosen randomly. This generates the
same attractor as the branching process of the original
iterated function system [4].

We thus see that Julia sets have physical meaning.
Asymptotically, they describe the possible values of
the velocity of the above kicked particle immediately
before the kick. The velocity immediately after the
kick is distributed in a Julia set that is shifted byc.

Again, our approach can be easily generalized to
obtain Julia sets of a complex mapping of the form

zn+1 = zq
n − c, (41)

whereq ≥ 2 is an arbitrary integer. The Julia sets are
attractors of the iterated function system

zn+1 = ei(2πik)/q(zn + c)1/q, (42)

wherek is a random variable taking on the possible
values 0, 1, . . . , q − 1. The values ofk represent the
q possible values of the complex root. Let us choose
time differences between kicks given by

τn = f(vn, ϕn) = −1

2
log

1 − v
−2/q
n

1 − v−2
n

(43)

Fig. 7. Velocity (u(t), w(t)) of the particle as a function of time,
as obtained forq = 2 and c = 1.4. The trajectory is plotted for
a time interval corresponding to the first 200 kicks. The initial
velocity is (u0, w0) = (0.1, 0.1).
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Fig. 8. A typical trajectory of the position(x1(t), x2(t)) of the particle, obtained for the same parameter values as in Fig. 7. The particle
starts at(x1(0), x2(0)) = (0, 0).

and fluctuatingB-fields as

Bn = h(vn, ϕn, τn) =
(

1

q
− 1

)
ϕn

τn

+ k
2π

qτn

(44)

(again we have suppressed the upper index+). The in-
tegerk takes on the values 0, 1, . . . , q − 1 with equal
probability. With this choice the kicked movement in
the double-well potential is stroboscopically described
by the iterated function system Eq. (42). Hence the
Julia sets are attractors (in velocity space) of the stro-
boscopic dynamics of the kicked particle.

The functionsτ(v) are plotted in Fig. 5 various
values of the parameterq. Again τ(v) is a smooth
monotonously decreasing function. Some Julia sets,
obtained for various values ofq andc, are shown in
Fig. 6. All mathematical results proved for Julia sets
appear to have a physical meaning for the above par-
ticle dynamics. For example, it is well known that the
Julia set (the velocity attractor) is connected for values
c (kick strengths) that are in the Mandelbrot set.

5. Further dynamics

So far we mainly dealt with stroboscopic values of
the velocity, but certainly we can also deal with the
velocity of the particle for continuously varying time.
The velocity changes discontinuously at discrete time

points tn in the direction determined byc. Inbetween
successive kicks, it evolves according to

z(t) = zneiBnt√
|zn|2 + (1 − |zn|2)e−2t

, (45)

wherezn is the initial velocity immediately after the
kick at time tn. An example of a velocity trajectory
(u(t), w(t)) = (Rez(t), Im z(t)) is plotted in Fig. 7. If
in this figure we only plotted the trajectory immedi-
ately before the kick, we would obtain the Julia set of
Fig. 6(a).

We can also determine the position of the particle as
a function of time by integrating the velocity. A typical
trajectory is shown in Fig. 8. The particle slowly drifts
in c-direction, in diffuses orthogonal to this direction.

In more general models, we may vary the time dif-
ferencesτ and magnetic fieldsB independently of each
other. For example, a simple possible generalization
of our model is to choose two different values ofq in
Eqs. (43) and (44). We may look at time differences
given by

τn = −1

2
log

1 − v
−2/q1
n

1 − v−2
n

(46)

and magnetic fields given by

Bn =
(

1

q1
− 1

)
ϕn

τn

+ k
2π

q2τn

, (47)
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Fig. 9. Attractors of the iterated function system (Eq. (48)) forq1 = 2, q2 = 6 andc = 1 (a), c = i (b), c = 2 (c), c = 2i (d), c = 2.2 (e),
c = 2 + 2i (f). The sets describe the velocity attractor of the particle for various kick strengthsc.

wherek randomly takes on the valuesk = 0, 1, . . . ,

q2 − 1. The result of the kicked particle movement in
the double-well potential is a stroboscopic mapping of
the form

zn+1 = ei(2πik)/q2(zn + c)1/q1. (48)

Attractors of this system obtained forq1 = 2 and
q2 = 6 are shown in Fig. 9 for various values ofc. The
attractor can now also be space-filling, and beautiful
complex patterns are generated.

Finally, we may further generalize and consider also
random walk-like models. That means, the particle
does not get kicks of fixed strengthc, but kicks of
strength±c. The sign± is either chosen randomly or
is a deterministic function of the velocity. The sim-
plest models of this type already make sense on the
real line (a magnetic field is not needed). Consider a
particle moving in the potentialV(v) = 1

2v2 − 1
4v4

with time differences between kicks given by Eq. (22).
At discrete time pointstn+1 the particle gets kicks of
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Fig. 9. Continued

strength±c. Typically, a fixed scatterer gives an im-
pulse in oppositev-direction, so we may study a model
where±c = −sign(vn)c, wherevn denotes the veloc-
ity immediately after the previous kick. Putting Eq.
(22) into Eq. (18) and taking into account that now the
real variablevn can take on negative values as well
we get the recurrence relation

vn+1 = vn|vn| ± c. (49)

In particular, for the choice±c = −sign(vn)c we get

vn+1 = sign(vn)(v
2
n − c), (50)

which means that – up to a sign – the velocity of
the particle obeys the recurrence relation of the (real)
logistic mapvn+1 = v2

n − c. For c ∈ [0, 2], v0 ∈
[−1, 1] the motion of the particle remains bounded in
velocity space, for other values the particle ‘falls off’
the potential well. Increasing the kick strengthc from
0 to 2, we observe the well-known period-doubling
and intermittency scenarios. The factor sign(vn) only
slightly modifies the standard scenario of the logistic
map. Eq. (50) generates a period doubling cascade
where the numberN of existing stable periodic orbits
of length 2n switches betweenN = 1 andN = 2 for
eachn, depending onc. However, these are only trivial
modifications of the original attractor with a± sign.
Thus our simple model yields a physical interpretation
for the real logistic map in terms of a kicked particle
dynamics.

Actually, we may generate the dynamics (49) and
(50) by an even simpler random walk-like model,
where a potentialV(v) = 1

2γv2(γ > 0) just generates
the linear damping forceA(v) = −γv, and the time
differencesτn between kicks are given by

τn = −γ−1log|vn|. (51)

In this case the solution of the initial value problem
Eq. (10) is

g(t, v0) = v0e−γt (52)

and one again obtains Eqs. (49) and (50) for the stro-
boscopic velocity of the kicked particle. Thus differ-
ent physical settings can lead to the same stroboscopic
map. More complicated random walk-like models in
the complex plane can certainly also be considered.

6. Conclusion

In this paper we have shown that complex nonli-
near mappings can arise as stroboscopic mappings of
certain classical particle dynamics. We have studied
examples that were specially designed to reproduce
the complex logistic map or its inverse, respectively
a map with a maximum of orderq. But many other
dynamical systems can be constructed. The choice of
functionsA, f and h is determined by the physical
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problem under consideration. For more realistic phys-
ical applications, other functionsA, f andh may be
of relevance. One may also consider random functions
f andh, or at least systems that are deterministic but
where some noise is added. More realistic models for
physical applications, however, may lead to dynamics
of similar complexity as that of the ‘simple’ examples
studied in this paper.
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