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Abstract

It is shown that geometry of Minkowski Gume, constructed by a met-
ric approach in terms of world function, differs from usual geometry of
Minkowski Gu, constructed as a Riemannian geometry on the basis of the
linear vector space, although world functions of both geometries are the
same. In Gue amplitude of the tachyon world chain wobbling is infinite,
and a single tachyon cannot be detected. Tachion gas in Gme has very
large pressure and can form halo of the dark matter around some galaxies.
Tachyons do not exist in the space-time geometry Gum. Such cosmological
problems as dark matter and dark energy (cosmological antigravitation)
appear to be solved freely on the level of the space-time geometry without
any additional suppositions.

1 Introduction

Space-time geometry is a ground of particle dynamics. But the boundary
between geometry and particle dynamics is mobile. For instance, motion of
charged particles in the space-time geometry of Minkowski is described as con-
ditioned by interaction with electromagnetic field which is considered as a self-
sufficient essence. In the 5-dimensional Kaluza-Klein space-time geometry [1]
the same motion of charged particles in the electromagnetic field is considered
as a free particle motion, and electromagnetic field is considered as an attribute
of the space-time geometry. The same is valid for the gravitational field which
is also considered as an attribute of the space-time geometry. Thus, the particle
motion in macroscopic fields can be reduced to a free motion in the space-time
geometry which is more complicate, than the geometry of Minkowski.

A work with one complicated essence is more simple, than the work with
several simple essences, and one may try to use geometrization of physics also in
microcosm. Unfortunately, the Riemannian space-time geometry which is used
now for the microcosm description is insufficiently general. We show this in the
example of a discrete geometry.



In the discrete geometry Gq the following relation takes place
\d(Po, P)| = ‘ 204 (Po,Pl)‘ ¢ (0,)0), VP, P e (1.1)

Here 04 (Py, P1) = 1d* (P, P) is the world function and d is the distance
between points Py, P, € Q. Here Q is the set of points (events) in the space-
time. It means that in the space-time there are no distances, which are shorter,
than elementary length \g. The value oq (P, P1) = 0 is possible, if Py = P,
or P; lies on the light cone with the vortex at point Py. Condition (1.1) is a
constraint on the world function o4, but not on the set €2, although one considers
usually (1.1) as restriction on the set Q. Considering Euclidean geometry (or
geometry of Minkowski) on a lattice, one thinks that he considers a discrete
geometry, because in this case the restriction (1.1) is fulfilled.

We shall consider condition (1.1) as a condition for the world function, given
on the manifold of Minkowski 2. In this case the simplest discrete analog Gq of
the geometry Gy of Minkowski is described by the world function

22
o4 (Po, P1) = om (PO,P1)+?Osgn(0M(PO,P1)) (1.2)

where oy is the world function of Gy. There exist three representation of
the proper Euclidean geometry Gg [2]: FE-conception, V-conception and o-
conception. Contemporary physicists use mainly V-conception which equipped
by such a structure as linear vector space £. The Riemannian geometry is a set
of many infinitesimal Euclidean spaces with structure £ on each space. A coor-
dinate system, which is an attribute of structure £, unites all these infinitesimal
spaces. Coordinateless description is impossible in the V-conception.

Generalized geometries constructed by means of the o-conception do not
contain the linear vector space L, generally speaking. In the o-conception the
geometry is described by the world function o. This structure (world function
o) does not contain any constraints. The world function o

o: OxQ—-R, o(PQ)=0c(Q,P), o(PP)=0, PQ¢Q (1.3

does not contain restrictions characteristic for structure £. In particular, the
discrete geometry description can be constructed only on the basis of the o-
representation, because one cannot introduce structure £ in the discrete geome-
try Gq. Description of G4 is dimensionless, because one cannot introduce metric
dimension n,,. The metric dimension n,, is the maximal number of linear in-
dependent vectors, which are attributes of the structure £. Metric dimension
n differs, in general, from the coordinate dimension n. which is the number of
coordinates used for labelling of points of the set €.

The coordinate dimension n. has no relation to geometry. It may be ar-
bitrary. But in the geometry of Minkowski as well as in the Riemannian one,
where there is the structure £, one chooses usually n. = ny. Then in the dis-
crete geometry Gyq which is defined via Gy by means of (1.2) one obtains the
same n. and the same coordinate system as in Gy, although in G4 there is no
metric dimension ny,. (see details in [3])



Obtained from the discrete geometry Gq in the limit A\g — 0, the o-Minkowski
geometry Gy, differs from the geometry of Minkowski Gy, constructed as Rie-
mannian geometry, although both geometries Gy, and Gy are described by the
same world function

om (2,2)) = oo (2,27) = %gik (z' —a") (2" =), g = diag(1,-1,-1,-1)
(1.4)
The difference between Gy, and Gy lies in the definition of the equality (equiv-
alence) of two vectors.
Two vectors PoPy = {20, x} and QoQ; = {2/°,x} are equivalent In Gy, if
their coordinates are equal

' =z" x=xX (1.5)
The same vectors are equivalent in Gy, if

(PoP1eqvQoQ1) :  [PoP1| =.[QoQ1| A (PoP1.Qo Q1) = [PoP1] - . [QoQ:]

(1.6)

where
(PoP1.QoQu) = o (P, Q1) + 0 (P1, Qo) — 0 (Po, Qo) — o (Fo, Qo) (1.7)
PP, |* =20 (Py, P1) (1.8)

Definition (1.5) contains four equations, whereas definition (1.6) contains
only two equations. Nevertheless for timelike vectors (o (Py, P1) > 0 ) solution
of equations (1.6) is unique and both definitions coincide. In the case of spacelike
vectors (on (Po, P1) < 0) definitions (1.5), (1.6) are different, because there are
many vectors QoQ1, QoQ} ,QoQY which are equivalent to vector PoPy, but
they are not equivalent between themselves.

What of two geometries Gye or Gy is a real space-time geometry? Consid-
ering only particles with timelike world lines (tardions), one cannot answer this
question. Contemporary theory does not consider particles with spacelike world
lines (tachyons). It is supposed that tachyons do not exist, because one failed
to detect them.

From logical viewpoint the space-time geometry Gy, is to be valid, because
it may be formulated without a reference to the way of description (coordinate
system). From experimental view point a single tachyon cannot be detected
in Gye because of infinite wobbling, when two adjacent points of the tachyon
world chain are divided by infinite spatial distance and by the temporal distance
of the same order. However, this infinite wobbling creates very large pressure in
the tachyon gas. The tachyon gas may create large galos around some galaxies.
Gravitational field of such galos is observed experimentally, but radiation of the
galos is not observed. As a result one consider that galos consist of dark (hidden)
matter. Explanation of the dark matter nature is one of difficult problems of
contemporary cosmology.

Conventional formulation of the proper Euclidean geometry Gg is pluralistic
in the sense, that Gg is formulated in terms of several fundamental quantities



(point, dimension, straight line, angle etc.). Properties of fundamental quan-
tities are formulated in the form of axioms. Properties of other geometrical
objects are deduced from axioms and definitions of these objects in terms of
fundamental quantities. However, the proper Euclidean geometry Gg may be
formulated as a monistic conception (o-conception), where there is only one fun-
damental concept world function o = %d2, where d is a distance between any to
points of the set, where the geometry is given. Such an approach is known as a
metric approach to geometry [4, 5]. However, consequent metric approach was
not formulated. At the metric approach all geometric objects and concepts can
be expressed via the world function o.

Metric approach in the Euclidean geometry admits a coordinateless descrip-
tion of geometric objects. For instance, segment 7(p p;] of the straight line
between points Py and P; is described as a set of points R, defined by the
relation

,T[Popﬂ :{R|d(P07R)+d(P17R):d(PO7P1)} (19)

Metric approach admits one to obtain generalized geometries as a result of
a deformation of the proper Euclidean geometry Gg, when the world function
op of Gg is substituted by another world function ¢ of a generalized geometry
G. This way of the generalized geometry construction is essentially simpler,
than conventional method, when the statements of the generalized geometry are
deduced from modified axioms, and the modified axioms are to be compatible.

Two regions Rq and R of the space-time may have different geometries de-
scribed relatively be world functions o1 and o5. Let a physical body, having the
shape G1 = g1 (01) in the region R; evolves as a free moving body and appears
in the region Ro with other geometry. The shape of the body is described now
as Gy = g2 (02). How are functions g and go connected? As far as the physical
geometry is a monistic construction, which is described completely by the only
quantity (world function), the only possibility may take place

91(0) = g2(0) = g(0) (1.10)

In the pluralistic space-time geometry identification of the straight segment
7p, p,) meets difficulties in the discrete space-time geometry, described by world
function (1.2).

The discrete geometry Gq may be constructed only at the metric approach.
In Gq all segments are three-dimensional surfaces. Timelike (o (Pp, P1) > A >
0) segments 7[p, p,| are tubes of radius ~\g, whereas spacelike segments 7jp, p,)
are infinite 3-dimensional surfaces. This result follows from the fact, that, in
general, one equation (1.9) generates in the 4-dimensional space a 3-dimensional
surface. If \g — 0 any timelike segment 7[p p,| turns into one-dimensional
segment in Gyis, whereas spacelike segment 7[p p,) turns to two 3-dimensional
planes. In Gy, the spacelike segment 7[p, r,) has the shape, shown in the figure

The fact, that in a discrete geometry Gq the segments 7jp p, are three-
dimensional surfaces, is incompatible with the conventional pluralistic approach
to geometry, where all segments of a straight line are one-dimensional. Blu-
mental [5], who tries to construct the distant geometry by means of the metric
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approach, could not overcome the preconception about the one-dimensionality
of the straight line. He defined the straight line as a result of a continuous map-
ping of numerical segment [0,1] onto Q. Continuous mapping cannot be defined
in terms of the world function. As a result the approach of Blumental was not
a consequent metric approach. He could not construct a discrete geometry Gg,
because he failed to overcome the preconception about the one-dimensionality
of the straight line segment.

The physical geometry G, i.e. a generalized geometry obtained from Gg by
means of a deformation (replacement of og by o), has been constructed only
in the end of the twentieth century [6, 7].To overcome the reconception on one-
dimensionality I had wasted thirty years. Arguments in favor of definition of
Tip,p, in the form of (1.9) in all generalized geometries was the fact that world
lines of annular strings are three-dimensional tubes. Besides, in the discrete
space-time geometry Gq world line of a particle is replaced by a world chain,
whose links are segments 7p, p, ). Length u =[PP, | satisfies the restriction
|| > Ao. The world chain of a particle is stochastic. It wobbles with amplitude
of the order of \y. Statistical description of stochastic world chain coincides
with the quantum description in terms of the Schrodinger equation [6], provided
A2 = h/ (be), where h is the quantum constant ¢ is the speed of the light and b
is some universal constant, connecting the particle mass m with the geometric
mass i = |PsPgy1] by means of the relation

m = bu (1.11)

This relation introduces the quantum constant as a geometric characteristic of
the space-time.

The monistic conception of the space-time geometry is more valid, than
the conventional pluralistic conception, because it is a more general conception,
which can be presented in the coordinateless form. Construction of the monistic
conception is more simple, because it does not need invention of geometric
axioms, test of their compatibility and proofs of numerous theorems.

According to the pluralistic conception the space-time geometry is a kind of
pseudo-Riemannian geometry, and general relativity is based on this supposi-
tion. In reality, the set of Riemannian geometries is only small part of possible



space-time geometries, constructed on the basis of metric approach to geome-
try. Real space-time geometry is not a Riemannian geometry, in general. A use
of the real space-time geometry in the construction of the general relativity is
conditioned by the circumstance, that formalism of a physical geometry and, in
particular, that of a discrete geometry was not known in the twentieth century.

Extended general relativity (EGR) [8] is a theory of the space-time, con-
structed under the supposition that the space-time geometry is physical geom-
etry. In reality the space-time geometry is a discrete geometry, but in cosmo-
logical scale the geometry discreteness is of no importance, whereas the metric
approach to geometry is important, because it enlarges the geometry capaci-
ties. In framework of EGR such cosmological problems as dark matter and dark
energy do not appear. Appearance of these problems in conventional general
relativity is connected with unfounded restriction by Riemannian space-time
geometries. When this restriction is removed the problem of the dark matter
does not arise.

In EGR the homogeneous dust sphere cannot collapse into a black hole
[8, 9]. Calculation [9] shows that inside the dust cloud appears the induced
antigravitation, which prevents from formation of the black hole. There are
different version of the dark energy nature [10, 11], but all these versions try to
explain cosmic antigravitation which is a real reason of the accelerated expansion
of universe. Conventional general relativity, based on the Riemannian space-
time geometry can explain antigravitation only by means of negative mass, by
negative pressure or by so-called A-term, taken with a proper sign.

One may expect, that proper cosmological model will be able to explain ac-
celerated expansion of universe on the basis of EGR. But necessary calculations
have not been produced yet.

We consider here explanation of such a phenomenon as the dark matter. The
dark matter has such properties: (1) single particles do interact with the elec-
tromagnetic field and single particles of the dark matter cannot be discovered,
(2) dark matter may form a huge halo around some galaxies. Gravitational field
inside the halo drops rather slowly, and rotational velocities of the stars do not
decreased with increase of distance from the center of the galaxy. If the dark
matter is a gas, the pressure of this gas mast be very large, in order such a gas
can form a huge halo around the galaxy. A tachyon gas has such properties,
and it may be treated as a dark matter.

Tachyon is particle, whose velocity is larger, that the speed of the light. It
is supposed that such particles are impossible. Such particles have not been
discovered. But trying to detect tachyons experimentally, one supposed, that
world lines of tachyons are spacelike one-dimensional curves. The tachyon world
line is to have such a shape at the conventional pluralistic approach to geometry,
where spacelike segment, of straight line is a one dimensional curve. At the metric
approach to geometry the spacelike segment 7|, p,) is defined by the relation
(1.9).



The world chain
C=\JTip.p.yys IPPesi|* =20 (P, Payy) = p> =const <0 (1.12)

consisting of links 7p p,_, ], defined by (1.9), wobbles with infinite amplitude,
and this wobbling is a reason why a single tachyon cannot detected. This wob-
bling is conditioned by the fact, that any segment 7/p,_p_, ] is a three-dimensional
surface. The wobbling amplitude is infinite in the geometry Gy, and in the dis-
crete space-time geometry Gq. However, gas of many tachyons may be detected
by its gravitational influence.

We are interested in pressure inside tachyon gas, because it describes para-
meters of halo of tachyon gas. The pressure P is defined by the relation

P = %p (<u2> — <u>2> (1.13)

where p is the mass density of tachyon gas, (u) is the mean velocity of tachyons
in the gas. The quantity (u?)— (u)? is the velocity dispersion in the tachyon gas.
To obtain the mean quantities, one needs to calculate the velocity distribution
in the gas. In usual gases this distribution is formed as a result of molecular
collisions. In the tachyon gas the velocity distribution is obtained as a result of
indeterministic motion of single tachyons. Dispersion of the velocity distribution
appears so much, that the tachyon collisions (if they take place) cannot change
this dispersion essentially.

2 Dynamics of tachyons and pressure of the
tachyon gas

Let us consider the free motion of a tachyon. It is described by coordinateless
dynamic equation (1.12) equipped by additional constraint that adjacent vec-
tors PsPs11 and Py 1Pgio are equivalent (PsPsi1eqvPs1Pgi0). it means
that the length of vectors are equal and vectors are in parallel. It means,
that PsPsy1 and Py 1P, 0, are equivalent for all sThe relation of equiva-
lence (PsPsy1eqvP,11P,12), which is defined by relations (1.5) - (1.8). These
equation are written in the form

0 (Ps, Psy1) = 0 (Psy1, Psy2), 0 (Ps, Psy2) = 40 (Ps, Poy1) (2.1)

Equations (2.1), are dynamic equations for a free tachyon, written in the coordi-
nateless form. Note, that these equations describe prescription for construction
of the straight line be means of only compasses. Here this prescription is applied
in Gyi, or in the discrete geometry Gq.

Solution of two equations (2.1) in the 4-dimensional space is not unique, in
general. Let us set s = 0 and chose the coordinate system in such a way, that

Py ={zo,x}, Pi={xo+po,x+p}, Po={ro+2po+ o, x+2p+a}
(2.2)



where the quantities po p are given, and 4-vector o = {ap, ¢} is to be deter-
mined as a solution of equations (2.1). The 4-vector o = {ag, ¢} is a discrete
analog of the acceleration vector. The world function in (2.1) is the world func-
tion of Gy (1.2), where instead of the world function oy one uses

x+x

o wa) = 5 (@ =2V () (o — )’ — (x—x)°), y="45 (23)

Such a world function o) appears in the extended general relativity [8, 9]
with slight gravitational field described by the gravitational potential V' (x).
For tachyons (u? < 0) dynamic equations (2.1) are written in the form

(= 2V) (po + a0)* — (p + @)® = (¢* — 2V) p§ — p* (2.4)

(*—2V) (2po + o)’ —(2p+a) =4 (2 =2V)ps —p?) —3X5,  (2.5)

After transformation these equations take the form

2ap + 35)\3
2po (¢ —2V)

'U2_ C2_ N i
(02 = (2 —2V)) (a| - 2AoP ))) ot = v=2 ()

g = (26)

(@ —2v) P pi (e 2V

where the quantity r is defined by the relation

9 A\ P
2 2 0
re =3\ — - , U= — 2.8
TIR@-@-2)) " (28)
2
ap ap ap
aH = pua o] =o— a”a Oéﬁ = ( ) ) Oé” = p2 :p2 (29)

p p? P

Here | is the component of 3-vector a which is in parallel with the vector p,
whereas a) is the components of 3-vector a, which are perpendicular to the
vector p.

Vector v = p/pp may be interpreted as 3-velocity of a particle described by
world chain (1.12). In the case of continuous geometry (A\g — 0) the quantity v
is the usual 3-velocity.

Solution of equation (2.7) is not unique. Solution of (2.7), gives (see details

in [3]
3\ N rVc2 =2V
= IU
2po (v* = (¢* = 2V)) v2 — (2 =2V)

o1 =rsinhfcosp, o« o =rsinhfsing (2.11)

o cosh 6 (2.10)

Here 6, ¢ are arbitrary real numbers, «y is defined by (2.6) The wobbling am-
plitude (the value of |a) is infinite because of functions cosh and sinh. The
wobbling amplitude is infinite even in the case of space-time geometry close to
GMo, when A\g =0 and r = 0.



Components of the tachyon velocity u are defined by relations
w Pt (2.12)
Do + oo

Averaging components of u, one assumes, that all solutions (directions) are
equiprobable. The quantities pg, p are fixed at the averaging. Then one uses the
formula

1 (S 27
(u) = lim —/ cosh9d9/ udp, N =4mwsinh© (2.13)
[SESEe) N o) 0

where symbol (...) means averaging. One obtains as a result of averaging (see

details in [3])

(02 — 2V)
v

(uh) = (uy)” = (w)?* = =) (2.15)

02
2 _ 2 2 _ 2 2
w2y = £ =2) (1;2 CHW) o =y (2.16)
According to (2.14) - (2.16) one obtains
2 _
(u?) — (u)? = (u2) = (& — 2V) (1 _c QV) <@ (217

v
In the limit v = p/py — oo

(up) =0, <UH> = <c (2.14)

(u?) — (u)? = (¢ —2V) (2.18)

In the gravitational field of a galaxy the tachyon gas may be at rest, if the
balance condition is fulfilled
VP =pVV (2.19)

where the pressure P is given by relation (1.13). According (2.17) this condition
is written in the form

1 5
3 (¢ =2V (x)) Vp= ngV (x) (2.20)
Equation (2.20) is integrated in the form
5
p= —PC (2.21)
2 =2V (x)|°

Here p, = const. If the gravitational field is not strong and V (r) < ¢?, one
obtains

GM  4nG poc®
=—+ 3 por? p(r) = 2GMO . =
VI — 29— Gy

Here G is the gravitational constant and M is the mass of the galaxy (without
tachyon gas). Thus, one can see that tachyon gas can form galos with almost
constant mass density.

Vi(r)

r
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