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Why is it so easy to generate complexity? Because essentially every non-trivial system is universal,
that is, capable of exploring all complexity in its domain. In this sense there is Universality Everywhere.
Automata, spin models and neural networks are the best understood examples of systems that jump to
universality, and I also discuss some more speculative ones. One crucial consequence of universality is
that it allows for self-reference and negation, which gives rise to paradoxes such as ‘I am a liar’. The
truth of this statement cannot be established — it is undecidable. The liar paradox is at the core of the
undecidability results in automata, provability theory, set theory, truth theory and epistemology. It is
a very powerful paradox which cannot be fixed in a finite way. Undecidability is thus an inescapable
consequence of the expressive power of the system, that is, of universality. In this sense, Universality
Everywhere implies Undecidability Everywhere. I discuss some conceptual and practical implications
of undecidability, as well as perspectives of overcoming these limitations. I also argue that universality
is a statement about the power of simulation, that is, of how much a system can reach with the help of
additional variables, and I discuss the relation of this notion of universality with emergence.

1 Universality Everywhere

It is remarkable how easy it is to generate complexity: the astonishing complexity of the biosphere is written
in an alphabet of four elements (the genetic code), a literature masterpiece is written in an alphabet of a few
tens of symbols (if it is based on sounds), arithmetic uses only a few symbols and rules, and extremely simple
cellular automata generate incredibly complex patterns. In physics, simplified models of condensed matter
systems, called spin models, exhibit many complex macroscopic phenomena. In computer science, very
simple machines can run any possible algorithm. In machine learning, feed-forward neural networks with a
single hidden layer can approximate any continuous function, and, similarly, restricted Boltzmann machines
with a single hidden layer can approximate any probability distribution. These are only a few examples — you
can probably think of more. In fact, many research programs assume that complex macroscopic phenomena
can be reproduced by simple microscopic mechanisms. Why do simple systems and simple rules suffice to
generate so much complexity?

This has been wonderfully explained by David Deutsch: as systems become gradually more complex,
they suddenly undergo a very large change in functionality, called the jump to universality [Deu11]. This puts
them at the beginning of infinity, because they can suddenly explore all complexity in their domain. This
jump to universality is characterised by the following facts:

(i) The complexity threshold to reach universality is very low;

(ii) The jump to universality encodes some insight about the system that explains why it can reach
universality (some examples below); and
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(iii) The jump to universality only happens in digital systems, because analogue systems are incapable of
doing error correction.

Feature (i) implies that essentially every non-trivial system is universal. In this sense there is Universality
Everywhere.1

1.1 Systems that jump to universality

Automata

Spin models Neural networks

Universality

Fig. 1: Automata, spin mod-
els, and neural networks jump
to universality.

There are three well-understood systems that jump to universality: automata,
spin models, and neural networks (Fig. 1). In my opinion these universality
notions are intimately related, but their connections are yet to be established.
I believe that doing so will not only shed light on the phenomenon of univer-
sality (with conceptual and practical implications), but also on the scope of
undecidability (see below).

The best understood example of a system that jumps to universality is found
in automata: An automaton jumps to universality when it is capable of reading
the description of any other automaton and simulating it, that is, of interpreting
it.2 The machine thus becomes universal, as it can compute any (computable)
function. The paradigmatic example is that of a universal Turing machine.3

This elucidates why simple rules suffice to generate so much complexity: the automaton itself is simple, yet
because of the wonderful idea that programs can be fed as data, this simple program can run any computation.4

Universality in automata is not only conceptually a fundamental idea, but also practically, as it has led to the
very distinction between software and hardware.

The jump to universality for automata showcases the features mentioned above: (i) the complexity
threshold to reach universality is very low, as the machine only needs to be capable of reading the source code
of other machines; (ii) the key idea is that programs can be put at the same level as data; and (iii) everything
is digital (and finite) — the alphabet, the set of instructions, etc.

Fig. 2: Some spin models are
universal, meaning that they
contain all other models when
seen in the appropriate light.

On the other hand, spin models are toy models for complex systems, con-
sisting of classical degrees of freedom and a cost function that assigns an energy
to every spin configuration. It has been shown that some simple spin models
(like the 2D Ising model with fields) can simulate all other spin models in their
low energy sector [DC16] (Fig. 2). In this sense they are called universal, as
they can explore all hamiltonian complexity. This phenomenon of universality
has been shown to hold for classical spin models [DC16], quantum spin models
[CMP18], and translationally invariant versions thereof ([KC19] and [PB20;
Koh+20], respectively).

This jump to universality again features that (i) essentially every spin model
is universal; (ii) the key idea is that the energy function of any spin model can be
mapped to the low energy sector of the universal model (at least in [DC16]); and
feature (iii) suggests that only digital models can reach universality, although
this was not explicitly shown in [DC16].

Similar universality results hold for neural networks. By virtue of the universal approximation theorem
[Csa01], feed-forward neural networks with a single input layer, hidden layer and output layer can approximate
any continuous function with certain regularity conditions. In this sense they are called universal. Similarly,
(restricted) Boltzmann machines are universal approximators, meaning that the probability distribution of the
visible units can be arbitrarily close to any probability distribution [LB08]. This jump to universality shares
the features above:5 (i) it happens for networks with very simple architectures, (ii) the idea of the proof of the
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universal approximation theorem seems to be the same as that of [DC16, Thm. 15]; and feature (iii) again
suggests that universality can only be achieved in digital systems.

Remark that the above notions of universality concern classical models — classical computation, classical
spin models, classical machine learning... It is likely that their corresponding quantum models and notions of
universality exhibit similar connections, but first the classical connections need to be rigorously established.

Beyond these well-understood examples, there are many more systems where small improvements entail
enormous changes of functionality. In the following examples, the very notion of universality has not been
formalised yet, but I believe it could be. To start with, a writing system could be said to be universal if it can
express any possible word of a language using a finite pool of symbols.6 Writing systems based on pictograms
(such as Chinese) are not universal, because new words generally require new symbols;7 whereas writing
systems whose characters represent sounds (such as this very alphabet) are universal, because new words
can be written with existing symbols. In this case, the jump to universality features that (i) few symbols are
required to express any possible word; (ii) the key idea is to associate symbols to sounds, not to concepts; and
(iii) language, as a code, is digital.

On the other hand, universality in natural languages should mean something like ‘capable of expressing
all possible meanings’. Since texts can be translated between any pair of languages, presumably every natural
language is universal in this sense. But every translation loses some nuances, and, in my eyes, meaning is
something private and untransferable of every user of the language (the evocations of a poem are unique to
every reader). Hence perhaps natural languages ought to be treated differently.8

We could also consider universality in biology, where it should mean ‘capable of exploring all biological
complexity’, that is, ‘capable of adapting (or surviving) in any environment’. Presumably the genetic code
should be universal in this sense. But this is obviously contingent on a definition of ‘all biological complexity’.
In computation, the statement that every possible computation is captured by a Turing machine is the content
of the Church–Turing thesis — we would need a similar thesis for biology.

The actual theme of [Deu11] is the universality in the generation of good explanations. Having a critical
mind — acknowledging that we may always be mistaken, and trying to correct errors — puts us at the
beginning of infinity, as it allows for an open-ended generation of knowledge. This is to be contrasted with
knowledge given by authority (religious, political or otherwise), which is clearly bounded, i.e. not universal.

1.2 Universality Everywhere and the Power of Simulation

Universality is a statement about the power of simulation: it says that, if a system is provided with additional
variables, the remaining variables can behave in all possible ways. The additional variables will encode the
description of the system that is to be simulated (Fig. 3). The power of simulation is well-known in computer
science: vastly dissimilar formalisms of computation (Turing machines, λ calculus, recursive functions, ...)
are computationally equivalent, which essentially means that they can all simulate each other. The power of
simulation is also something very familiar in physics. It says that the behavior of a system, when restricted
to some relevant subspace, can be completely different from the entire system. The universality results for
spin models are just one extreme example thereof. In artificial neural networks, for example in restricted
Boltzmann machines, we again find that, after tracing out the hidden units, the probability distribution of the
visible units can be arbitrarily close to any given distribution.

As a matter of fact, Stephen Wolfram has put forward the Principle of Computational Equivalence,
which says that all processes which are not obviously simple can be viewed as computations of equivalent
sophistication [Wol02]. In my view, this is (one aspect of) the principle of Universality Everywhere.

Note that here a finite number of variables is added in order to simulate the target system, since the latter
admits a finite description (be it an algorithm, spin model or function). In an FQXi Essay for this year’s
contest, Flavio Del Santo argues that the behavior of a theory can change radically if it has access to an
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Fig. 3: In the notions of universality in spin models, automata and neural networks there are actual and auxiliary
variables, and the description of the original model is encoded in the auxiliary variables.

infinite amount of variables (or rather: to variables with an infinite amount of information) [Del20]. These
have the power of determining the (in)deterministic nature of the theory — in particular, classical mechanics
becomes an indeterministic or deterministic theory when given access to variables with finite or infinite
information content, respectively. Therefore, both results highlight the power of additional variables, and it
would be interesting to study Del Santo’s viewpoint as a limiting case of the universality results.

1.3 Universality in the sense of Turing versus Emergence

We have defined universality as the ability to explore all complexity in a given domain. Let us call this Turing-
universality, as universal Turing machines are the best example thereof. This should not be confused with
another use of the word ‘universality’, by which many different models behave similarly in a certain regime.
The best understood example of the latter is found in spin models: many different models behave similarly
around criticality, and admit an effective description in terms of so-called critical exponents, which describe
how fast several quantities diverge. This notion is intimately related with (weak) emergence: there exists an
effective description at the new level only if there is a ‘universal’ mechanism at work. This is characterised by
the fact that the new high-level description generally bears no resemblance with the microscopic description.
For this reason, let us call this emergent-universality. Research in biology [SG00], or in natural languages
[HJF20] often use ‘universality’ in this emergent sense.

What is the relation between the two notions of universality? Turing-universality should imply emergent-
universality. For example, universal spin models can exhibit the behavior of all universality classes. However,
in my view, stating that a system is Turing-universal is useless in order to discover anything about emergent-
universality — it is useless both practically and conceptually. Emergent-universality provides a high-level
explanation which lets us understand the system, identify its relevant variables, and make predictions.9 I
believe that the best example to investigate the relation between the two notions of universality are spin
models, as both universal spin models and universality classes are understood.

Finally, remark that ‘universal’ has other meanings in different contexts. For example, in a ‘universal
algebra’, it is used similarly as in Turing-universality, as it means that a family of algebras can specialise to
any other algebra.

2 Undecidability Everywhere

Universality has one crucial consequence: since a universal system can be fed the description of any other
system, it can also be fed its own description.10 Self-reference is one step away from self-reference and
negation, which gives rise to paradoxes such as ‘I am a liar’. This sentence is true if and only if it is not true,
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so the usual conclusion is to declare this sentence’s truth undecidable. Undecidability results11 for automata,
provability theory, set theory, truth theory and epistemology, among others, are based on self-reference and
negation (see below).12 Moreover, this attack is very powerful, and cannot be ‘fixed’ in a finite way: if one
complements the system with the problematic sentence, one can devise a new paradox which is insoluble
within the system, and so on ad infinitum. In addition, simple counting arguments show that undecidable
statements are not rare, but are the rule: most questions in many domains are undecidable.13 This is the long
reach of undecidability.14 Undecidability is thus an inescapable consequence of the expressive power of a
system — it is the other side of the coin of universality. Universality Everywhere, thus, implies Undecidability
Everywhere.

2.1 ‘I am a liar’ in many domains

Let us see how the paradox of self-reference and negation is constructed in the domains mentioned above.
In automata, universality is reached by putting programs at the same level as data, as we saw above.15 This
allows for self-reference (a program can run its own source code), and for self-reference and negation: assume
there is a machine that can decide the halting problem, then feed it its own source code, and negate the result.
It follows that the machine halts if and only if it does not halt. We conclude that the machine that solves
the halting problem cannot have existed in the first place, and thus the halting problem is undecidable. In
this case, the long reach of undecidability is embodied in Rice’s Theorem, which says that every non-trivial
property of a recursively enumerable set is undecidable [Koz97].16 The proof consists of a reduction from the
halting problem.17

In provability theory, Gödel’s first Incompleteness Theorem constructs a sentence that says ‘I am
unprovable’. In this case, self-reference is achieved by Gödel’s numbering, which assigns a unique number
to every sentence of the formal system, and thereby puts sentences and numbers at the same level. More
precisely, for any consistent formal system F which contains elementary arithmetic, Gödel constructed the
sentence GF which says ‘The sentence with the Gödel number corresponding to this sentence has no proof’.18

One concludes that GF is true but unprovable in the system, and thus the system is incomplete. This limitation
cannot be resolved by the inclusion of additional axioms, as all extensions of the theory result in formal
systems which are axiomatizable, and thus also incomplete — this is the long reach of undecidability. It
follows that there cannot exist a formal proof procedure by which an arithmetical sentence can be proved to
hold or not. In other words, truth cannot be captured by any finite description, and thereby ‘true’ becomes a
bigger notion than ‘provable’.

In set theory, Russell’s paradox is also based on self-reference and negation: it considers the set of
elements that do not contain themselves, and asks whether it contains itself. One concludes that the set
contains itself if and only if it does not contain itself. Thus, this set should not have existed in the first place
(more on this below). The structure of this argument is shared with Cantor’s diagonal argument: assume that
there is a set with the same cardinality as its power set, so that they can be put in one-to-one correspondence.
For all i, consider the ith element of the ith set (self-reference), and remove / add it if it was / wasn’t there
(negation). The new set is not in the list, but it is an element of the power set. This contradiction shows that
the one-to-one correspondence could not have existed in the first place.19

In truth theory, Tarski showed that the liar paradox is formalisable in any theory extending first-order
arithmetic and containing the so-called Schema T, which says that for every sentence φ, φ holds if and only if
the sentence ‘φ is true’ holds. It is clear that this principle allows for self-reference and is thus vulnerable to
the attack of self-reference and negation. It follows that any such theory must be inconsistent. This is called
Tarski’s Theorem on the undefinability of truth, and it implies that it is not possible to give what Tarski called
an adequate theory of truth.

In epistemology, the liar paradox takes the form ‘This sentence is not known by anyone.’ More formally,
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one can formalise ‘knowability’ into a set of axioms20 and Montague’s Theorem says that any formal theory
extending first-order arithmetic and containing these axioms is inconsistent. This is a generalisation of
Tarski’s Theorem. Similar paradoxes can be be built in semantics — for example, Grelling’s paradox has the
same structure as Russell’s paradox [Bol17].

Beyond these well-understood cases, establishing the connections between the universality notions of
Fig. 1 will allow us to explore the reach of undecidability in other domains, such as spin models and neural
networks. In physics, the role of undecidability is being recently explored [VB08; WCP11; EMG12; KGE14;
Bau+18; De +16; CMP18], but there is much room to explore its long reach. Similarly, for neural networks,
some results in this direction have been proven [Ben+19], but much is open.

2.2 Implications of Undecidability Everywhere

Conceptually, undecidability implies that the obvious definitions of what is computable, what can be proven,
what is a set, what is true, or what can be known are flawed, because they lead to inconsistencies. For
example, the intuitive definition of a set is to say that, for any property, there exists the set of entities that
satisfy that property. But this definition is not sound, as it gives rise to Russell’s paradox (where the property
is non-self-membership).21 Similarly, the intuitive definition of truth leads to inconsistencies by Tarski’s
Theorem, and the same holds for epistemology for what is knowable.

The commonly adopted solution is to declare that computable, provable, true, knowable, etc, are partial
predicates, that is, not defined on all cases.22 In particular they will be undefined in problematic sentences
such as ‘I am a liar’. For example, computable functions are partial functions, and this feature will be
included in any reasonable definition of computability. To increase the expressive power of the system, one
then carefully adds the problematic sentences, typically building an explicit or implicit hierarchy in order to
prevent self-reference [Bol17]. For automata, this gives rise to the arithmetic hierarchy, which consists of a
tower of imagined machines with access to "oracles" that solve the halting problem [Koz97]. This is also the
setting of Kripke’s theory of truth [Kri75], and the theory of types of sets devised by Russell and Whitehead
to circumvent Russell’s paradox. Similar stratifications have been proposed for epistemic paradoxes [Bol17].
But one should keep in mind that these hierarchies are infinite, and thus the solution to the problem is only
found in some limit.

2.3 Perspectives to overcome these limitations

In summary, simple systems with simple rules are very powerful, because they quickly become very expressive
— namely, as soon as they become universal, they can explore all complexity in their domain. This is good, as
it allows to compress information — that is, simple systems and simple rules provide a finite description of a
generally infinite and non-trivial set. For example, arithmetic can be generated by a set of simple axioms
(like the Peano axioms), or computability can be investigated with the simple definition of a Turing machine.
Since compressing often means understanding, the expressiveness of simple systems is a very powerful and
useful fact.23 But the reverse side of the coin is that, as soon as a system become universal, it can ‘bite its
own tail’, that is, produce paradoxes of self-reference and negation.24 These paradoxes are very persistent
and thorough, and there is no easy way to fix them. Moreover, they permeate disparate fields of knowledge
such as computability, epistemology, set theory, etc.

Can these limitations be overcome? Perhaps computable, provable, true, etc could be defined in a
completely different yet-to-be-discovered way, which would rid them of the paradoxes. According to
[DEL00], this will not work: they argue that undecidability is a physical limitation, because computation,
and hence mathematical proof, are subject to the laws of physics, and hence a proof must be regarded as a
physical process. It follows that undecidability is a feature independent of the definition of computability,
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proof, set, truth, etc. Another possible way out would be to use some other logic. This has been explored,
e.g., in paraconsistent logic, which lacks the ‘explosive rule’, by which if a statement and its negation hold,
then anything follows. So ‘I am a liar’ can be true and false at the same time, and this does not imply that
anything follows and the theory is trivial.

One may also wonder whether knowing (from a human perspective) transcends the concept of proving.
That is, whether we can know (mathematical) things which we cannot prove. The best example, in my
opinion, is the P , NP conjecture in computational complexity theory.25 We all seem to know that P , NP,
and for this reason we have built a theory with hundreds of complexity classes and theorems based on this
assumption. Yet, no one can prove it. Some have argued that it follows from Gödel’s Theorem that we can
know things that we cannot prove. The alleged reason is that we see that Gödel’s sentence GF is true, but it
is unprovable within the system. But Gödel’s Theorem actually says ‘If F is consistent then GF’, and thus
requires the human mind to see whether F is consistent before concluding whether GF is true. The former
seems very implausible [Raa05].

In summary, the power of simple rules is also its demise, and it is unclear whether one can separate the
expressive power of a system from its paradoxes in any context. What is clear is that progress must come
from looking at universality and undecidability as the interdisciplinary and multidimensional phenomena
they are.
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Notes

1. The phrase is borrowed from [MM11], although here it is used with a much broader meaning — in [MM11] it refers to the universality
of the different models of computation.

2. By ‘automaton’ I mean the models of computation presented, e.g., in [Koz97]. Namely (in order of increasing power) finite-state
automata, pushdown automata, linear bounded automata, and Turing machines. Turing machines are the ones that reach universality.

3. Rigorously speaking, the statement that the universal Turing machine can compute any computable function is contingent on the
Church–Turing thesis. The latter says that every effective computation can be carried out by a Turing machine.

4. Note that there are notions of universality for all conceived computational models, not only for Turing machines.

5. That spin models and artificial neural networks show similar universality phenomena is not surprising inasmuch as the latter are, in
many cases, spin models (usually even Ising models).

6. This example is borrowed from [Deu11], but the formalisation attempts (and therefore any mistakes) are mine.

7. To be precise, the majority of characters in the Chinese script actually include both a semantic element, which represents or hints at
their meaning, and a phonetic element, which shows or hints at their pronunciation. The point here is that amount of characters
needed to express any possible concept is not bounded.

8. My use of the words ‘private language’ is completely unrelated to Wittgenstein’s (see e.g. S. Candlish and G. Wrisley, Private
language, Stanford Enclyclopedia of Philosophy, 2019). I thank Bernat Corominas-Murtra for pointing this out to me.

9. For two good examples as to why high-level explanations are the useful ones, see [Deu11]. One is the question of what a copper’s
atom is doing at the tip of the nose of Churchill’s statue, and the other one is an algorithm to decide primality implemented with
domino pieces. The latter is borrowed from Douglas Hofstadter’s I am a strange loop (Basic Books, 2007).

10. For a visual representation of the paradoxes of self-reference, imagine the drawing hands by M. C. Escher.

11. In this essay undecidability has the same meaning as uncomputability, as I understand that deciding a problem means devising some
finitistic means of computing it.

12. Note that not all paradoxes are based on self-reference and negation — there are paradoxes with self-reference without negation
(such as Curry’s paradox) and without self-reference (such as Yablo’s paradox). In addition, not only cyclic structures of reference
can lead to a paradox, but also certain types of non-wellfounded structures [Bol17]. Note also that paradoxes of self-reference and
negation can be formally brought to a common structure called the Inclosure Schema [Bol17].

13. Note that it is still possible that most interesting questions are not only decidable but also effectively soluble. This is related to the
Principle of Optimism, which says that all evils are due to insufficient knowledge [Deu11].

14. In honor of Richard Dawkins’ The extended phenotype: The long reach of the gene (Oxford University Press, 1982).

15. In other computational models, such as λ calculus, this is built into the formalism, as λ-terms act as both programs and data.

16. I am implicitly identifying automata with the formal language they recognize [Koz97].

17. A simple counting argument also shows that there are uncountably many decision problems f : N→ {0, 1} (2ℵ0 ), but only countably
many Turing machines (ℵ0).

18. In fact Gödel’s first Incompleteness Theorem says that if first order arithmetic is ω-consistent then it is incomplete. ω-consistent is a
stronger condition than consistency.

19. More formally, Cantor’s paradox considers the set of all sets, called the universal set U. Since U contains all sets, it will in particular
contain all elements of its power set, p(U). Thus p(U) must be a subset of U and must have a cardinality which is less than or equal
to the cardinality of U. But this contradicts Cantor’s Theorem, which shows that the cardinality of every set is smaller than that of its
power set.

20. The axioms are (A1) All knowable sentences must be true; (A2) this principle itself must be knowable; (A3) all theorems of first-order
arithmetic must be knowable; and (A4) knowability must be closed under logical consequences.

21. This is called the inconsistency of naive set theory. It states that any theory containing the unrestricted comprehension principle (i.e.
the fact that ‘for any property there is the set of those entities that satisfy that property’) is inconsistent.

https://plato.stanford.edu/entries/private-language/
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22. There are other ways out. One is to conclude that our concept of contradiction is flawed, i.e. that there can be ‘true contradictions’
(this is called Dialethism [Bol17]).

23. But compressing does not always mean understanding, as we mentioned in Section 1.3 in relation to the usefulness of high-level
explanations mentioned in Section 1.3. For example, there are emergent (or: not microscopic) phenomena which can be fundamental;
this point is made, e.g., in David Deutsch’s The fabric of reality (Viking Adult, 1996). Signs of Life [SG00] is also full of wonderful
examples against reductionism in the biological world.

24. The structure of ‘I am a liar’ has been called a strange loop [Hof79; Hof07]. A strange loop is a sequence of hierarchical levels
in which the highest level ends up controlling the lowest one. For example, a formal system F is given by a set of axioms and
transformation rules (the lowest level), with which one derives theorems (the higher levels). In principle the lowest level has all the
power on the highest levels, as the axioms and rule determine what is or is not a theorem. But if F is expressive enough, it can produce
Gödel’s sentence GF ‘I am unprovable’, which makes a statement about the limitations of F. Thus, a set of strings of meaningless
symbols (the theorems of F) end up saying something meaningful about the properties of F (that F has limitations). Hofstadter has
called this the emergence of semantics from syntax. He argues that a strange loop is the key to a theory of consciousness, as the
system says something about itself and thereby becomes ‘self aware’.

25. P (NP) is the class of decision problems that can be solved in polynomial time by a (non-)deterministic Turing machine. Proving that
P , NP is one of the most important open problems in science of our time.
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