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The cosmological constant, within the Einstein field equation (EFE), is the leading method to
account for the discovered accelerating expansion of the universe, whether or not an underlying
cause is understood. The Einstein tensor within the EFE has proven to be the only tensor that
meets a number of properties (divergence-free second rank tensor, etc.) as derived from the Riemann
curvature tensor and the metric g. We point out however, simply from summation of tensors and the
fundamental theorem of calculus, that this uniqueness of properties does not extend to a differential
equation with a non-zero constant of integration. It is important to fully understand why these
properties are required to maintain our current cosmological model of attractive gravity. If this
were in error it would raise profound questions of how the accelerating expansion relates to not only
a gravitationally repulsive cosmological constant, but to our entire understanding of physics.

I. INTRODUCTION

In 1916, Einstein introduced his general theory of rel-
ativity as a geometrical theory of gravity [1] resulting in
the Einstein field equation (EFE),

Rµν −
1

2
gµνR = Gµν =

8πG

c4
Tµν . (1)

It has been well documented and studied that the EFE
did not predict a stable static universe, as it was theo-
rized to be at the time [2]. The equation, however, did
accurately predict gravitational redshift, magnitudes of
gravitational lensing and account for Mercury’s precess-
ing orbit, which the Newtonian equation could not. In
order to manufacture an equation that could account for
a static universe, but still be empirically accurate, it is
often stated that Einstein ad hoc threw in another con-
stant Λ which is known as the cosmological constant.
This would have been placed back into the EFE with the
metric gµν as

Rµν −
1

2
gµνR+ gµνΛ = Gµν . (2)

Once it was discovered that the universe actually ap-
peared to be in a decelerating expansion mode, Einstein
quickly removed the Λ term. Today, though, there is
empirical evidence that a very small magnitude Λ exists,
but some quantum field theorists estimate it as being
over 120 orders of magnitude smaller than their calcula-
tions, “probably the worst theoretical prediction in the
history of physics” [2]. In addition, it is now thought that
the effective observed value, Λeff , requires an extremely
high level of arbitrary fine tuning “for no good reason”
and is a “cosmologist’s worst nightmare come true” [3].
This transformation from a minor but rich interest ex-
ploded (5000 papers submitted to date [4]) near the end
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of the past millennium due to a startling simultaneous
discovery of positive acceleration from two teams [5, 6].

The source of this unforeseen positive acceleration has
come to be known as “dark energy”. The lack of progress
in explaining this phenomena led to the creation of a
Dark Energy Task Force in 2006 which stated in a report
[7]:

“Dark energy appears to be the dominant
component of the physical Universe, yet there
is no persuasive theoretical explanation for
its existence or magnitude. The accelera-
tion of the Universe is, along with dark mat-
ter, the observed phenomenon that most di-
rectly demonstrates that our theories of fun-
damental particles and gravity are either in-
correct or incomplete. Most experts believe
that nothing short of a revolution in our un-
derstanding of fundamental physics will be re-
quired to achieve a full understanding of the
cosmic acceleration. For these reasons, the
nature of dark energy ranks among the very
most compelling of all outstanding problems
in physical science.”

This dark energy is currently expected to contribute
over 73.4% [8] of the mass-energy of the universe, and
there is no sound logical theory for what it is. Con-
sider that this leaves some type of mysterious never-
observed particle known as dark matter to contribute
another 22.2%, leaving only 4.4% for the normal mat-
ter we are familiar with.

II. UNIQUENESS OF THE EINSTEIN TENSOR

It is well known that the Einstein tensor, Gµν , has
been proven to be the only divergence-free (a mathemat-
ical requirement for physical conservation of momentum-
energy) second rank tensor that can be formed from the
Riemann curvature tensor and the metric g [1]. What
does not appear in the literature, and perhaps is too sim-
ple to be obvious, is that this tensorial uniqueness is only
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true if the Λ term is set to zero, as in Rµν− 1
2gµνR = Gµν

(and thus Exercise 17.1c on pg.407 of [1] leads to a very
incorrect conclusion). Although the physical meaning of
Λ has a long and varied history, it is known in a pure
mathematical sense as simply a constant of integration
[9], so by this we mean:

Let Gµν be the normal Einstein tensor. Let a constant

gµνΩ = Gµν + Lµν , (3)

such that

Gµν = gµνΩ− Lµν . (4)

This simple equation brings up some disturbing founda-
tional questions:

• What requirement of Gµν can we not also say about
Lµν (which are not necessarily of equal magni-
tudes)? Is Lµν not also divergence free, symmetric
and linear in the Riemann?

• From simple addition properties of tensors, what
characteristics does gµνΛ+Gµν possess that gµνΩ−
Lµν does not?

• Although Gµν is often stated to be defined as
Rµν − 1

2gµνR, why does the cosmological constant
not affect this definition? As Gµν → 0, wouldn’t
Lµν → gµνΩ?

• Does an a priori need to conform to the human
physical senses, from which we derive our under-
standing of Newtonian gravity, mechanics and en-
ergy, require us also to choose one over the other
even if the local effects would be indistinguishable
to said senses?

• If curvature must go to zero with no presence of
matter, would this not give gµνΩ−Lµν precedence
over gµνΛ +Gµν?

• Is the internal consistency of GR important?

III. THE FUNDAMENTAL THEOREM OF
CALCULUS

One of the main theorems within mathematics (and the
foundation of classical gauge theory), is the Fundamental
Theorem of Calculus (FTC). It states how derivatives
and integrals are related and demonstrates how functions
can be identical, save for a constant of integration. If one
considers “measuring the area under the curve”, it also
states that two different functions can measure the exact
same area. If f1 = C−f2 for a given range x1to x2, then

df1
dx = −df2dx and

x2∫
x1

f1dx =
x2∫
x1

(C − f2)dx. Graphically

this can be seen through Fig.1 and Fig.2 (example only
shown for a single dimension). Although the graph does

FIG. 1. Function with zero constant of integration

FIG. 2. Negative function with constant of integration

not necessarily translate to a non-Euclidean coordinate
system, the analogy does.

Jumping to vector analysis, and skipping a hypothesis
on how this would affect the definitions of mass, energy-
density and momentum, we can instead present the main
point of this essay. For a spherical mass M and a test
mass of 1kg the well known result is the gradient equiv-
alent for Newton’s field equation of

~g = −∇Φ = −GM
r2

~̂r, (5)

(without Λ). Adhering to the symmetry of the equations,
the terms of gµνΩ−Lµν should result in a near identical
field equation of

~g = −∇Φ = −Λvacc
2r

6
~̂r +

GρresV

r2
~̂r. (6)

The vector field results of both can be visually under-
stood through the gradients of Euclidean two dimensional
scalar fields as in Fig.3. Multiplying both by a -1, the top
represents a generic attractive gradient which is equiva-
lent to the second gradient of the bottom (the first scalar
field of the bottom may be more appropriate as a lin-
early increasing circular gradient centered on the point
but still illustrates the concept). The lack of uniqueness
of the EFE would bring up these questions:

• If any one gradient can be formed from two very
different scalar magnitudes, how can we tell a
gravitational attraction that increases as distance
decreases from a gravitational repulsion that de-
creases with the same decrease in distance?
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FIG. 3. Equivalent Gradients of Two Dimensional Scalar
Fields

• How could Einstein predict a Λ effect from a vac-
uum property that wasn’t originally noted until
over a decade after his death (Zel’dovich [10])?

• If dark energy is correctly modeled as a constant
of integration, is it a hidden repulsive gravitational
energy or simply the point where gravitational re-
pulsion is no longer reduced?

• Does it matter if we cannot directly observe Ω if
we also cannot directly observe 95% of the energy
in the universe?

• If the Einstein tensor is truly not unique and the
majority of gravitational effects in the universe are
repulsive, are we being rational in preferring to add
a constant Λ to the top gradient so that we can
approximate the bottom?

IV. CONCLUSION

The questions within this essay are ultimately a result
of the inherent risk that science in general must accept
when using calculus to calculate answers, i.e. it is always
possible that the speculation on the underlying processes
which produce those answers is not only wrong but com-
pletely backwards. Although the possibility of this error
raises more questions than can possibly be answered in
an essay, we maintain that little progress can be made
until it is understood that General Relativity does not
trump its own foundations.
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