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A recent Dutch study showed that AI diagnosis of 
prostate cancer using MRI was as good as that of 
human radiologists

AI diagnosis - prostate cancer

Source: Litjens et al 2015, Eur Radiol. 25, 3187–3199, http://tinyurl.com/prostate-ai 



A recent Stanford study showed 
that AI could diagnose lung cancer 
using microscope images even 
better than human pathologists

AI diagnosis - lung cancer

Source: Snyder et al 2016, http://tinyurl.com/lungcancer-ai



A recent Google DeepMind study 
showed that AI could diagnose 50 
retinal diseases from optical 
coherence tomography as human 
optalmologists

AI diagnosis - blindness

Source: De Fauw et al 2018, Nature Medicine, 24, 1342–1350



Input amino acid sequence:  
TDELLERLRQLFEELHERGTEIVVEVHINGERDEIRVRNISKEELKKLLERIREKIEREGSSEVEVNVHSGGQTWTFNEK

Protein shape predicted by AlphaFold: 
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Our focus: Intelligible Intelligence



YOU?
Our focus: Intelligible Intelligence

Risky to install impactful 
AI systems that we don't understand!



Toward an AI Physicist for Unsupervised Learning
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(Dated: October 25, 2018)

We investigate opportunities and challenges for improving unsupervised machine learning using
four common strategies with a long history in physics: divide-and-conquer, Occam’s Razor, unifi-
cation, and lifelong learning. Instead of using one model to learn everything, we propose a novel
paradigm centered around the learning and manipulation of theories, which parsimoniously predict
both aspects of the future (from past observations) and the domain in which these predictions are
accurate. Specifically, we propose a novel generalized-mean-loss to encourage each theory to spe-
cialize in its comparatively advantageous domain, and a di↵erentiable description length objective
to downweight bad data and “snap” learned theories into simple symbolic formulas. Theories are
stored in a “theory hub”, which continuously unifies learned theories and can propose theories when
encountering new environments. We test our implementation, the “AI Physicist” learning agent, on
a suite of increasingly complex physics environments. From unsupervised observation of trajectories
through worlds involving random combinations of gravity, electromagnetism, harmonic motion and
elastic bounces, our agent typically learns faster and produces mean-squared prediction errors about
a billion times smaller than a standard feedforward neural net of comparable complexity, typically
recovering integer and rational theory parameters exactly. Our agent successfully identifies domains
with di↵erent laws of motion also for a nonlinear chaotic double pendulum in a piecewise constant
force field.

I. INTRODUCTION

The ability to predict, analyze and parsimoniously model
observations is not only central to the scientific endeavor,
but also a goal of unsupervised machine learning, which
is a key frontier in artificial intelligence (AI) research
[1]. Despite impressive recent progress with artificial neu-
ral nets, they still get frequently outmatched by human
researchers at such modeling, su↵ering from two draw-
backs:

1. Di↵erent parts of the data are often generated by
di↵erent mechanisms in di↵erent contexts. A big
model that tries to fit all the data in one environ-
ment may therefore underperform in a new envi-
ronment where some mechanisms are replaced by
new ones, being inflexible and ine�cient at combi-
natorial generalization [2].

2. Big models are generally hard to interpret, and may
not reveal succinct and universal knowledge such as
Newton’s law of gravitation that explains only some
aspects of the data. The pursuit of “intelligible in-
telligence” in place of inscrutable black-box neural
nets is important and timely, given the growing in-
terest in AI interpretability from AI users and poli-
cymakers, especially for AI components involved in
decisions and infrastructure where trust is impor-
tant [3–6].

To address these challenges, we will borrow from physics
the core idea of a theory, which parsimoniously pre-
dicts both aspects of the future (from past observa-
tions) and also the domain in which these predictions

Strategy Definition
Divide-and- Learn multiple theories each of which

conquer specializes to fit part of the data very well
Occam’s Avoid overfitting by minimizing description

Razor length, which can include replacing fitted con-
stants by simple integers or fractions.

Unification Try unifying learned theories by introducing
parameters

Lifelong Remember learned solutions and try them
Learning on future problems

TABLE I: AI Physicist strategies tested.

are accurate. This suggests an alternative to the stan-
dard machine-learning paradigm of fitting a single big
model to all the data: instead, learning small theories
one by one, and gradually accumulating and organiz-
ing them. This paradigm suggests the four specific ap-
proaches summarized in Table I, which we combine into a
simple “AI Physicist” learning agent: To find individual
theories from complex observations, we use the divide-
and-conquer strategy with multiple theories and a novel
generalized-mean loss that encourages each theory to spe-
cialize in its own domain by giving larger gradients for
better-performing theories. To find simple theories that
avoid overfitting and generalize well, we use the strat-
egy known as Occam’s Razor, favoring simple theories
that explain a lot, using a computationally e�cient ap-
proximation of the minimum-description-length (MDL)
formalism. To unify similar theories found in di↵erent
environments, we use the description length for cluster-
ing and then learn a “master theory” for each class of
theories. To accelerate future learning, we use a life-
long-learning strategy where learned theories are stored
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Total parameters: 867488

First kernel on the first layer (0.03% parameters):



Total parameters: 867488

First kernel on the first layer (0.03% parameters):

INTELLIGIBLE 
INTELLIGENCE

Preferable:



Total parameters: 867488

First kernel on the first layer (0.03% parameters):

The power of deep learning comes 
not from inscrutability 

but from differentiability

Claim:
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Problem: Predict next point rt from past points 
Standard ML solution: Train feed-forward neural network 
Result: Works OK, but would be nice if  
• more accurate  
• more intelligible  
   Here’s the “explanation”:



Problem: Predict next point yt from past points 
Standard ML solution: Train feed-forward neural network 
Result: Works OK, but would be nice if  
• more accurate  
• more intelligible  
• less data-needy 
   

Q. Can we do better?

A. Yes:
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Description length (bits):
•Natural numbers: 

•Integers 

•Rational numbers 

•Real numbers 

•Vectors 

•Model+data 
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Description length (bits):
•Natural numbers: 

•Integers 

•Rational numbers 

•Real numbers 

•Vectors 

•Model+data 



MDL:L = r2 L = max[0, log r]MSE:

Two universal loss functions:



Julius Caesar, arXiv:49BC.0001 Galileo Galilei, arXiv:1581AD.0001



LOSS FUNCTIONS:

“Harmonic loss”



Environments

Master theories Symbolic theories

AI-physicist

Theory Hub

TheoriesPropose new 
theories

Occam’s RazorUnification

Divide and conquer  
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• What is symbolic regression? 
• Finding a symbolic expression that matches data from an unknown function



• What is symbolic regression? 
• Finding a symbolic expression that matches data from an unknown function

𝑟 =
𝑎(1 − 𝑒2)

1 + 𝑒 cos(𝜃1 − 𝜃2)
Took Kepler 4 years to figure out, 

but was worth it!



• What is symbolic regression? 
• Finding a symbolic expression that matches data from an unknown function

• One can use brute force to find a solution: 
• Try each combination of allowed mathematical symbols 

and variables and see if they match the data 
• Use reverse polish notation: 

  𝑎 ∗ 𝑏 → 𝑎𝑏 ∗ ,  𝑎2 + 𝑏 → 𝑎𝑎 ∗ 𝑏+



• What is symbolic regression? 
• Finding a symbolic expression that matches data from an unknown function
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and variables and see if they match the data 
• Use reverse polish notation: 

  
• The search space grows exponentially with the number 

of symbols 

•
    years 

𝑎 ∗ 𝑏 → 𝑎𝑏 ∗ ,  𝑎2 + 𝑏 → 𝑎𝑎 ∗ 𝑏+

𝑓 =
𝑒− 𝑥2

2

2𝜋
→ 𝒙𝒙 ∗ 𝟎 ≫ /~𝑬𝑷𝑷 + 𝑹 / → ~30
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1 + 𝑣

𝑐

1 − 𝑣2

𝑐2

𝜔0 →  ~106



• What is symbolic regression? 
• Finding a symbolic expression that matches data from an unknown function

• One can use brute force to find a solution: 
• Try each combination of allowed mathematical symbols 

and variables and see if they match the data 
• Use reverse polish notation: 

  
• The search space grows exponentially with the number 

of symbols 

•
    years 

•
  years 

•   years  age of Universe  

𝑎 ∗ 𝑏 → 𝑎𝑏 ∗ ,  𝑎2 + 𝑏 → 𝑎𝑎 ∗ 𝑏+

𝑓 =
𝑒− 𝑥2

2

2𝜋
→ 𝒙𝒙 ∗ 𝟎 ≫ /~𝑬𝑷𝑷 + 𝑹 / → ~30

𝜔 =
1 + 𝑣

𝑐

1 − 𝑣2

𝑐2

𝜔0 →  ~106

𝐼 =
ℏ𝜔3

𝜋2𝑐2(𝑒 ℏ𝜔
𝑘𝑇 − 1)

→ ~1017 ~107



• Previous approaches used genetic algorithms   Eureqa (M. Schmidt, H. 
Lipson, 2009) 
• Our approach: Take advantage of the properties of functions of 

practical interest: 
• Symmetry 
• Separability 
• Compositionality 
• Units of the variables 
• Smoothness => NN 

• Break the function apart into smaller parts and solve each part 
independently using brute force. 
• Use 100 equations from The Feynman Lectures on Physics to test the 

performance of out algorithm.

→



𝑚 =  
𝑚0

1 − 𝑣2

𝑐2

F =
𝐺𝑚1𝑚2

(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 + (𝑧1 − 𝑧2)2

𝑓 =
𝑒− (𝑥 − 𝜇)2

2𝜎2

2𝜋𝜎2
𝐾 =

1
2

𝑚(𝑣2 + 𝑢2 + 𝑤2)

𝑟 =
𝑚1𝑟1 + 𝑚2𝑟2

𝑚1 + 𝑚2

𝐿 = 𝑚𝑟𝑣sin𝜃 

𝑥 = 𝑥2
1 + 𝑥2

2 − 2𝑥1𝑥2cos(𝜃1 − 𝜃2)  

𝑃 =
𝑛𝑘𝑏𝑇

𝑉
𝐿 =

ℏ𝜔3

𝜋2𝑐2(𝑒ℏ𝜔/𝑘𝑏𝑇 − 1)𝑥 = 𝑥1(cos(𝜔𝑡) + 𝛼cos(𝜔𝑡)2)

𝐸 =
3

4𝜋𝜖
𝑝𝑧
𝑟5

𝑥2 + 𝑦2

𝑃 =
𝑛𝛼

1 − 𝑛𝛼
3

𝜖𝐸

𝑃 =
𝑝𝐸
ℏ

sin( (𝜔 − 𝜔0)𝑡

2 )
2

( (𝜔 − 𝜔0 )
2 )

2

 

𝐸 = 2𝑈(1 − cos𝑘𝑑)





Methods
• Dimensional Analysis 
• Brute Force  
• Polynomial Fit 
• Neural Network 
• Check for symmetry (e.g.  ) 

• Check for separability (e.g.  ) 
• Make 2 variables equal 

• Apply unary transformations on the variables 

𝑓(𝑥, 𝑦) = 𝑓(𝑥 − 𝑦)
𝑓(𝑥, 𝑦) = 𝑔(𝑥)h(𝑦)



Dimensional Analysis
• Many physics equations can be simplified by requiring the units 

of the two sides of an equation to match. 
• The number of independent variables can be significantly 

reduced. 
• Represent the units of each variable by a six dimensional 

vector: Variables Units m s kg T V

Acceleration 1 -2 0 0 0

Angular momentum 2 -1 1 0 0

Force 1 -2 1 0 0

Boltzmann constant 2 -2 1 -1 0 

Capacitance 2 -2 1 0 -2

Electric Charge 2 -2 1 0 -1



Neural Network
• Train a fully connected neural network able to predict the 

output of an equation for a given input. 
• Parameters: 
• 6 layers with 128 neurons 
• Softplus activation function 
• Learning rate = 0.005 (1cycle policy) 
• Batch size = 1024 
• Training/Validation set size = 100,000/20,000 
• Adam optimizer  
• 100 epochs 
• RMSE loss ( )10−3 − 10−5



Checking for symmetries using the NN
• For a given function   calculate, using the neural network: 

   

• If   =   to within a precision  , given by 
the neural network error    depends on   and   only through their difference. 

• Replace   and   by  . 

• Do the same for    and  . 

•
Example:  

𝑓(𝑥1,  𝑥2, …, 𝑥𝑛),
𝑓(𝑥1 + 𝑎,  𝑥2 + 𝑎, …, 𝑥𝑛)

𝑓(𝑥1,  𝑥2, …, 𝑥𝑛) 𝑓(𝑥1 + 𝑎,  𝑥2 + 𝑎, …, 𝑥𝑛) 𝜖
⇒ 𝑓  𝑥1 𝑥2

𝑥1 𝑥2 𝑥′�1 ≡ 𝑥1 − 𝑥2  ⇒ 𝑓′�(𝑥1′�,  𝑥3, …, 𝑥𝑛)
𝑥1 + 𝑥2, 𝑥1𝑥2,  

𝑥1

𝑥2

𝑓 =
𝑒− (𝑥 − 𝜇)2

2𝜎2

2𝜋𝜎2
→ 𝑓 =

𝑒− 𝑥′�2
2𝜎2

2𝜋𝜎2



Checking for separability using the NN
• Check if a given equation   can be split into two parts with no variables in common: 

  

• If   =   to within a precision  , given by the neural network error     is 

multiplicatively separable. 

• Define   and   and try to find the symbolic expression of each of them. 

• Do the same for additive separability:   

•
Example:  

𝑓(𝑥1,  𝑥2),
𝑓(𝑥1,  𝑥2) = 𝑔(𝑥1)h(𝑥2)

𝑓(𝑥1,  𝑥2)
𝑓(𝑥1, 𝑐2)𝑓(𝑐1, 𝑥2)

𝑓(𝑐1, 𝑐2)
𝜖 ⇒ 𝑓

𝑦′� ≡ 𝑓(𝑥1, 𝑐2) 𝑦′�′� ≡
𝑓(𝑐1, 𝑥2)
𝑓(𝑐1, 𝑐2)

𝑓(𝑥1,  𝑥2) = 𝑔(𝑥1) + h(𝑥2)

𝐼 = 𝐼0

sin( 𝜙
2 )

𝜙
2

sin( 𝑁𝛿
2 )

sin( 𝛿
2 )

2
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• Polynomial Fit 
• Neural Network 
• Check for symmetry (e.g.  ) 
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• Make 2 variables equal 

• Apply unary transformations on the variables 

𝑓(𝑥, 𝑦) = 𝑓(𝑥 − 𝑦)
𝑓(𝑥, 𝑦) = 𝑔(𝑥)h(𝑦)



�  
𝐺𝑚1𝑚2

(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 + (𝑧2 − 𝑧1)2

 

𝑚2

𝑚1

( 𝑥2

𝑥1
− 1)

2
+ ( 𝑦2

𝑥1
− 𝑦1

𝑥1
)
2

+ ( 𝑧2

𝑥1
− 𝑧1

𝑥1
)
2   

𝐺𝑚2
1

𝑥2
1
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Dimensional Analysis
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𝑥1
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𝑎
(𝑏 − 1)2 + 𝑔2 + h2

Dimensional Analysis

Translational Symmetry 
(c-d  g)→Translational Symmetry 

(e-f  )→ h
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Dimensional Analysis

Translational Symmetry 
(c-d  g)→Translational Symmetry 

(e-f  )→ h

Multiplicative 
Separability
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Dimensional Analysis

Translational Symmetry 
(c-d  g)→Translational Symmetry 

(e-f  )→ h

Multiplicative 
Separability

 (𝑏 − 1)2 + 𝑔2 + h2

Inverse function 



Results

• Our algorithm discovered all 100 equations, with a run time 
between 10 seconds and 1 hour for each equation. 
• The Eureqa software discovered 71 equations.

𝑓 =
𝑒− (𝑥 − 𝜇)2

2𝜎2

2𝜋𝜎2
F =

𝐺𝑚1𝑚2

(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 + (𝑧1 − 𝑧2)2

𝑥 = 𝑥2
1 + 𝑥2

2 − 2𝑥1𝑥2cos(𝜃1 − 𝜃2)   𝐿 =
ℏ𝜔3

𝜋2𝑐2(𝑒ℏ𝜔/𝑘𝑏𝑇 − 1) 𝑃 =
𝑝𝐸
ℏ

sin( (𝜔 − 𝜔0)𝑡

2 )
2

( (𝜔 − 𝜔0 )
2 )

2

 

𝐸 =
3

4𝜋𝜖
𝑝𝑧
𝑟5

𝑥2 + 𝑦2



Results
• Adding noise 
• Gaussian noise with standard deviation   

• 95% of the equations get solved for   

• 40% of the equations get solved for   

• Reduced data 
• 82% of the equations get solved using 10 data points 
• 95% of the equations get solved using 100 data points 
•   data points needed for equations involving the neural 

network

𝜖𝑦𝑟𝑚𝑠
𝜖 = 10−4

𝜖 = 10−2

102 − 105



Removing Dimensional Analysis

• 93% of the equations get solved. 
• Solved examples: 

• Unsolved examples:

𝑡1 =
𝑡 − 𝑢𝑥

𝑐2

1 − 𝑣2

𝑐2



 Test on harder equations
• Pick a new set of 20 equations and test the performance of the 

code.
𝑑𝜎
𝑑Ω

=
𝑍1𝑍2𝛼ℏ𝑐

4𝐸sin2 𝜃
2  

2

1
𝑟

=
𝑚𝑘
𝐿2

1 + 1 +
2𝐸𝐿2

𝑚𝑘2
cos(𝜃1 − 𝜃2)

𝑟 =
𝑎(1 − 𝑒2)

1 + 𝑒 cos(𝜃1 − 𝜃2)𝑣 =
2
𝑚 (𝐸 − 𝑉 −

𝐿2

2𝑚𝑟2 )

𝑡 =
2𝜋𝑎

3
2

𝐺(𝑚1 + 𝑚2)

𝑒 = 1 +
2𝐸𝐿2

𝑚(𝑍1𝑍2𝑞2)2

𝐻 =
8𝜋𝐺

3
𝜌 −

𝑘𝑐2

𝑎2
𝐸′� =

𝐸

1 + 𝐸
𝑚𝑐2 (1 − cos𝜃)

𝑃 = −
32
5

𝐺4

𝑐5
(𝑚1𝑚2)2(𝑚1 + 𝑚2)
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𝜃0 = arccos(
cos𝜃𝑠 − 𝑣

𝑐

1 − 𝑣
𝑐 cos𝜃𝑠 )
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𝜙
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sin( 𝑁𝛿
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𝑞
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1 + 𝑣
𝑐 cos𝜃
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𝐻 =
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2𝑚
𝑝2 + 𝑚2𝜔2𝑞2(1 +

𝜖𝑞
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3

8𝜋𝐺 ( 𝑘
𝑅2

0
+ 𝐻2

0)
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1
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𝑅2

0
+ 𝐻2
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𝜔
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𝜔
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 Test on harder equations

• We discover the exact expression for 18 out of 20 equations. 

• Eureqa is able to discover only 3 out of the 20 equations.

𝑃 = −
32
5

𝐺4

𝑐5
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𝑞
4𝜋𝜖𝑦2

(4𝜋𝜖𝑉𝑎 −
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8𝜋𝐺

3
𝜌 −

𝑘𝑐2

𝑎2 𝐻 =
1

2𝑚
𝑝2 + 𝑚2𝜔2𝑞2(1 +

𝜖𝑞
𝑞0 ) 𝜌 =

3
8𝜋𝐺 ( 𝑘

𝑅2
0

+ 𝐻2
0)



Ideas for further improvement

• A fine tuning of the hyperparameters can give significantly better 
results. 
• A genetic algorithm can be combined with our algorithm. 
• Using natural units could improve the performance of the algorithm. 
• Use the a power symbol “^” or a square symbol “Q” in the brute force 

code. 
• Other properties of the functions can be included (e.g. rotational 

symmetry). 
• Other 2 (or more) variables combinations can be searched for (e.g. 

 ).𝑥𝑦3,   
log(𝑥)
cos(𝑦)



Conclusions
• We took advantage of the properties of functions of practical interest to 

build a new algorithm for symbolic regression. 
• Using the dimensions of the variables and breaking the functions apart 

using a neural network allow us to find the expression for complicated 
function. 
• We obtained significantly better results than previous methods, based 

on genetic algorithms. 
• The code gives good results even with a significant amount of noise or 

little data. 
• We look forward to the day AI discovers a useful new physics equation!



AI 
for 

physics

Physics 
for 
AI



Thank you!
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Dimensional Analysis - Algorithm
• For each equation   build a matrix M whose   column is 

the u-vector corresponding to   

• Define b as the u-vector corresponding to  . 

• Solve   for  .  
• Build the matrix U, having as columns a basis for the null space of M. 

• Define a new mystery:   where: 

  ,   ,    

• By construction,   and   are dimensionless and the number of variables is 
equal to the dimension of the null space. 

•
E.g.     

𝑦 = 𝑓(𝑥1,  𝑥2, …, 𝑥𝑛) 𝑖𝑡h

𝒙𝒊 .
𝑦

𝑴𝒑 = 𝒃 𝒑

𝑦′� = 𝑓′�(𝑥1′ �,  𝑥2′�, …, 𝑥𝑛′�′�)

𝑥′�𝑖 =
𝑛

∏
𝑖=𝑗

𝑥𝑈𝑖𝑗
𝑗 𝑦′� =  

𝑦
𝑦∗

𝑦∗ =
𝑛

∏
𝑖=1

𝑥𝑝𝑖
𝑖

𝑥′�𝑖 𝑦′�

𝑚 =  
𝑚0

1 − 𝑣2

𝑐2

→
𝑚
𝑚0

=  
1

1 − 𝑣2

𝑐2

→ 𝑦 =  
1

1 − 𝑥2



Polynomial fit
• Try to fit a polynomial to a given equation. 

• Polynomials are simple, but require many symbols   too difficult to use brute 
force. 
• Many functions in physics are represented by low order polynomials: 

�  

   or contain parts that are polynomials: 

�

• Pick a maximum degree and a maximum value for the MSE of the fit.

⇒

𝐾 =
1
2

𝑚(𝑣2 + 𝑢2 + 𝑤2)

F =
𝐺𝑚1𝑚2

(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 + (𝑧1 − 𝑧2)2



Brute force
• For a list of symbols, try all the mathematically allowed combinations of the 

symbols and variables until the fitting error dropped below a certain threshold 
  or after a maximum runtime   has been exceeded. 
• Use reverse polish notation (doesn’t need parentheses).   

•     

• Increase complexity by adding more symbols to the list. 

• Ignore multiplicative or additive numerical constant:  . 

• Avoid overfitting by picking the solution with the smallest description length: 
 , with  - brute force error,   and N - 

rank of the symbols string.

𝜖 𝑡𝑚𝑎𝑥

𝑎 − 𝑏 ∗ 𝑐 + 1 ⟶ 𝑎𝑏𝑐 ∗ − 0 > +  

1
4𝜋𝜖

𝑄
𝑟2

→
𝑄
𝜖𝑟2

𝐷𝐿 ≡ log2[𝑁 ∙ 𝑚𝑎𝑥(1,
𝜖
𝜖𝑑

)] 𝜖  𝜖𝑑 = 10−15



Old majority view:  

• 100% security impossible 

• Formal verification methods 
useless in practice 

New hope:  

• DARPA HACMS project 
demonstrated conclusively that 
"certain pathways for attackers 
have all been shut down in a 
way that's mathematically 
proven to be unhackable"



Old majority view:  

• 100% security impossible 

• Formal verification methods 
useless in practice 

New hope:  

• DARPA HACMS project 
demonstrated conclusively that 
"certain pathways for attackers 
have all been shut down in a 
way that's mathematically 
proven to be unhackable"

We'll never need to  install security patches for sel4. Ever.


