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ABSTRACT OF THE THESIS

KNOWLEDGE REPRESENTATION IN MATHEMATICS
A CASE STUDY IN GRAPH THEORY

by Susan Lynn Epstein

Thasis Director Professor N. S. Sridharan

In this dissertation we prasent our waork on represantational languages for
graph theory. Wa have shown that a knowledge rapresentation can be structured 10

provide both expressive and procedural power.

‘Qur major research contributions ara three. First we have defined
representations of infinite sets and recommended that mathematical concepts be
consicderad as sets of objects with relations among them.  Second, we have
demonstrated haw- a carefully controiled hierarchy of representations is available
through formal languages. Third, we have employed a recursive formulation of
concepts which snables their application to many of the behaviors of a research
mathemstician

Two major familisea of representations are described edge—sat languagas
and recursive languages The edge—set languages have finite expressive power and
an interesting patqnﬁai for hashing digraphs. characterizing claszes of graphs and
detecting differsnces among them The recursive languages hava axtansible
expressive power and impressive procadural power. Recursive languages appear to
be an axcsilant implementation technique for artificial imallighcn programs in
mathematical research '

Qur resuits snable us to compars the compiexity of mathematical concapts



(via floors). Concepts representsd in our languages can be inverted (to test for the
pressnca of a property) and marged (to combine propertias).  Conjectures are
available through simple search, and most theorsems sasily proved under the

raprasantation.
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CHAPTER 1
ARTIFICIAL INTELLIGENCE AND GRAPH THEORY

«If the science of numbar were merely analytical, or could be
ariytically derived from & few symthetic intuitions, it sesms that a8
sufficiemt!y powerful mind could with a sing/e glance perceive all its
truths; nay one might aven hope that sorme day & language would bLe
invermmed simple enough for these truths to be made svidert to any

person of ordinary imtelligence,
~=Poincare

1.1. Overview

"G is a line graph.” says Thecrem 8.4 in Harary's graph thecry textbook, "if and
only if nona of the graphs in Figgru 11 is an inducad subgraph of G Wa do not
nead to understand the terminoclogy of the theoram to have the pictures arouse our
curiosity. What do those graphs have in common with sach other? Why precisely
those and no othwrs? Consider too Statement 2.1.5 from Bondy and Murty's text
"Let G be a graph [on v vertices] with v—=1 edges. The following statements are
sguivalent

# G iz connectad

b G is acyclie

{© G iz a trow”

What intertwines those properties? Are any others related to them? What other
sets of properties are so commingled? Graph theory abounds with such questions.
The chailenge for a mathematician is to identify. discover and dascribe such
propertias and thée raistions among them  Agsume we wish to address some of

these gquestions with a computar. How. would we go about it?



Figure 1-1: Forbidden §ubgraphs for a Line Graph

We reflect first on the process of mathematical research. The guestions
posad above are those a mathematician might poss while doing research
Confronted with a mass of data (axioms, definitions, examples. theorems, aigorithms),
the resaarch mathematician focuses selectively on an interesting subsat [Pascai
64, Hardy 40], intuitively conjectures additional dsta [Poincars 701 and then
attempts to satisfy the demands of rigor with formal definitions and proofs How
can we aven bagin to computeriza a process o laden with value judgemants and

vaguenass?

-Cansidor the diverse roia of Ilsnguage in mathematical research, The
mathematician carefully formalizes a research resuit in the language of definitions

and proofs The promulgation of the result, howavar, is more likely to be in natural



{spokan, non—-tachnicall language with racourse to vernscular and analegy to other
fields. Yat the language (or languages! in which the focusing and conjecturing taka
placa, we suspect is quita differant from the other two languages. (Recali tha
tfremendous assistance a diagram offers to the construction of a proof in plana
gecmaty, or the powar functional analysis derives from viewing certain problems in

the context of series)

This multiplicity of representations, and the facility with which a mathematician

" moves from one representation to another, i3 significant f we ares interested in

exploring graph theory on a computar, we require some way of representing graph
theory to the machine. Until now, representation of mathematical knowladge for
computers has been tailored to a single specific purposa. Example generation

utilized one represemation, and thesorem proving another.

It is ohr thesis that # s/ngl/e reprasemation can support many of the behaviors
obsarved in mathemstical research. This dissertation explorss the thesis in the
domain of graph theory. Wae consider many represantations for graph theory and
evaivate them. Qur evaluation is both theorstica/ (calculating the power of the
rapreunt:tioﬁ based only on its definitional structure) and empirical (ohserving the

portions of the representation actually applicabie to and of interest in graph theory).

In the course of rasesrch. a mathematician hopes to deepen her understanding
ot objects and relations among them. Understanding a concept means, among othar
things. being abie to apply it Imagine that 2 machine is presentsd with graph
property p as an algorithm for genaersting the set of graphs with that property.
Now the machine is confromtad with an arbitrary graph. Can it determine whathar
or not that graph bas property p? Suq.-.:h behavior, creating a testing algorithm from
a generating aigorithm, we wiil call “inversion” Inversion is an sxample of rmachine
learning and of automatic programming, both of substantial intersst in computer

$Ciance.



We hiave sketched a complex and challenging series of problems Qur next
step is to define the segments we will axaming. This chapter provides a framework
for our study. First we place the task in jt8 contaxts: artificial intsilliganca,

knowladge representation, mathematics and graph theory. In 3 subsaquent section

~ we defina graph theory and formulata criteria for evaiuating its reprasantation.  We

then describe our approach to knowladge representation based upon formal
languages. We peoge the central questions and indicste, informaily, where the
answers lie. The basic terminclogy required for graph theory and its representation

in formal languages completas the chapter.

In Chapter 2 we analyze a family of representations called the edge—set
languagws. They are used, in turn, as a foundatian far the recursive languages. in
Chapter 3 we prasant stementary concepts for racursive languages as a graph
reprasantation and begin an empirical examination qf these recursiva languagaes.

Chapter 4 axpiores their power in grsater depth. Chapter 5 congiders the resuits.

1.2. Baokground

In this section we pisce the dissertation in the context of artificial intslligenca.
particularly knowledga representation, and justify our focus on mathermatics and
graph theory as objects of study.

Artificial intalligence simuiates intelligent behavior on a computer.  Wa may
hypothasize intelligance as movemant through a search space. A point in the search
space is the currsntty known sat of objects and relations among them. The
operators in the search space defing the moves availabie from one point to the
rext The rules for selecting and applying these operators guide the search The
ssarch is the dynamic, procedural aspact of intaligence. Essential to such search is

the ability to use symbolic raprasentation.

The sgymbolic structures we create and manipulate are for large amounts of
divarse knowiedge [Newell 787. Each time wae manipulati knowladge with a



computer, we need a way 1o represent the objects invoived Thase objects may be
chess pieces, cannibals or viruses. A fundamental problem in the choice of a
representation is its grain or fineness of detail. The omission of some significant
detail about an object may hamper our ability to reason about it A compisete
description,  howaver, (including. perhaps, molecular structurs and  historical
background) wouid probably he overwheiming, imposgsible and irrelavant to the task
at hancd The number and idantity of the detsiis chosen for a representation typically

depend upon the intended task

Symbolic representations are raquirad “fcu*‘ rnot only‘-thu objacts, but also the
relations amaong them, and the operators and rules of the search space. The ability
to extract and apply data about details with heuristic significance is an important
feature of inteiligence [Minsky 63, Naweil 7%].  These difficuit probiems in
symboiic repressntation have limitad artificial intelligence sxploration to tay domains:
m:thurl'i-atical p;.:zzin, -garnes and theoretical tasks far from the real, physical, human
worid The objects have been finita in number and the featuras ‘“chcsén as saliant
have baen reiatively obvicus. Evan such simple domains have pressntsd rich and
challanging questions. The search, and a reprssentation for the asaarch spacs, have
been the major chaﬂdngu. Research is now meating these challenges. Many
game—playing programs have begun to surpass their human opponents. Theoretical
resuits can often predict or bound tha campl-xity of the search in question. New
challenges ars raguired |

Between the wall-plumbed toy domains and the ill~understood physical world,
liss snother rich problem arex mathematics. Thousands of years of human thought

have structured 3 complex web of objects and relations beyond the scope of any

_-garne designer.  Yat, becsuse pecpie discoversd mathematics and require no

ingtrument (Beyond 3 wall-tuned mind) to study it mathematics should be a fertile
domain for research in artificial inteliigence. Logic and thecrem proving wers among
the earliest tergets of artificial intelligence study and remain as active areas of

sxploration.  Initial afforts in calcuius [Slagle 83, Moses 7%5] were challenges in

- formula manipulation.  Only recentty has the focus for mathematical domains shifted



to 'tha detaction of (presumably existenmt) underlying patterns. Particularly noteworthy
and raievant tc; this disgertation are the work of Mitchell, Lanat and Michener.
Mitcheil's LEX [Mitchell 83] formuistes heuristics for the application of integration
formulae in calculus. an example of a machine learning "unwritten” rules. Lenat's AM
[Lenat 76] modeiled mathermatical rasearch in sat theory, making observations and
conjectures on ita discoverias. Michener [Michener 78] designed a set of thres
spaces (examples, results and concepts) to modal a mathematician's understanding of
mathematics. Mathematics is not a new domain for artificial inteligencs, but an

uncier—explorad one.

To make the task mors manageabie, in this dissertation wa restrict our focus
to a single arsa of mathomaticé. graph thaory. Graphs are an excasilent subject of
study because: , -

* There ars represantations for graphs which display much of the

graphs’ structure. ' ' '

e There are representations for graphs which readily display a graph's

reiation to other graphs ‘

¢ Graphs are pav;crful repreasentational  dats ‘structuress for many

computaer science problems, encoding semantic information syntacticaily.
in contrast, whether or not a group is cyclic is not immediately discarnibie from its
operation table. nor would ﬁomornarphi:m betwean two groups be readily apparent
The maximum degree of a vertex in a graph, or whether two graphs share a
particular vertex, is transparent in an adjacency list raprasentation

Ancther resson to study graphs., particularly digraphs, is their importance in
artificial intelligence.  Any problem sesrch space is traditionally thought of as a
graph [Nilsson 80]. Graphs have been used to reprasent real~worid knowladge
[Fahiman 77. Quillian &7], meaning.in natural language [Sowa 79]. hierarchical
structures and plaming [Sridharan 801, axioms and default ruies for default
reagoning [Sridharan 81], abstraction hisrarchias for reasoning by anaiogy [Winston
801, psychologicai modeis of memory [Anderson 73, Winston 80, Schank 78], and

concept dascriptions [Winston 75]. Graphs have also been ugsed to deveiop



rasolution plans for thecrem proving [Chang 79] and sign:l‘ understanding

{Feigenbaum 77]. In the social, biclogical and environmental sciences, graphs have
proven  constructive  for such diverse probilems as gemetic  subswucture,
archaeclogical serigtion, trait developmant in  child psychology. traffic flow
management, food webs, garbage collection, siectrical energy demand, heaith care
delivery, phosphorus in a pasture ecosystem. and mathematical modeis of learning
[Roberts 781

In computer science, graphs are both the classic reprasentation of a search
space [Nilsson 80] and, increasingly. the symbolic structurs for objects of stucly
[(Roberts 78], Computer scientists hava axpiorsd the explicit representation and
search of graphs. Now we have & vast body of (ll-organized! mathematica
knowledge ("graph theory”) and sorms well~entrenched data structures (matrices, lists)
for repragsanting graphs on a computer. If wa are to explore this materiai on a
computer, a ﬁaint' in the search space will be our knowiadge of graph theory at
that “instant, the rules will fogus au:" attention and the operators will construct
“discoveriss.” Such a search is opan—ended Wae require a clearar definition of our

goal and soma criteria to evaluate owr performance.

1.3, Graph Theory and it3 Repressntation

This section defines graph theory and posits criteria for its avaluation

Tha avolving body of mathematical knowledge known as graph theory includes
definitions, axamples, theorsms, algorithms, conjecturss and proofs. Wa adopt tha
definition of graph theory as forrmulated by experts, representad in three ganaral
taxts One [Ore .62] is a classical cdevelopment in slegant mathamatical fashion
The second [Harary 72] encompasses a broader range of topics, presentad as
definitions and theorems. The third [Bondy 76] takes an algorithmic approach.
Together, thase texts are our benchmark; me-ir contents are assumed to be graph
theory and their contents "of imerest’ to graph theorists. We cbserve from them
that typical thecrems in graph theory dascribe the relations among graph properties.



For sxample:
* If a graph has property p and property q, then it has property r.
s A graph has property p if and aonly if it has property g
® It is not possible for a graph to have both property p and property
g

Cnce we deiineate graph theory, we naed a formal representation for it How
do we evaluate such a faprusunfatinn? Wae identify two criteria: |

*® axpressive powaer ‘

= procadural power
A representation’'s exprassive power is maasured by its' ability to dtscribulcnrructty
properties. and objects of interest in graph theory. “Connected.” "complate’ and
‘acyclic’ are exampies of propertias. Specific graphs are sxamplas of objects. A
representation with axpressive power can be used. 1o mphnizu significant festuras
and deliberately oblitarate irrelevamt cnes. Wa gauge the exprassive power of a
representation against the texts we have chosen as 3 benchmark. It is somewhat
more difficult t¢ gauge a rapresentation's procedural power. imagine a
mathernatician doing research in graph theery. We have descriped in 1.1 the
judgmental and imuitive nature of such woerk. Wa will ‘thtruforn not concarn
ourselves with reproducing or quantifying the methods of the mathematician, but
only with simulating the behaviors of the mathematician Examples of such behavior
are formulating a conjecturs, testing a graph for a property and proving a thecrsm.
All these behaviors are intanded to add to the body of mathematical knowledge.
We gauge procedural powsr by the number of such behaviors supperted by the
representation and the adaquacy of their performance.

1.4. Lsnguages for Graph Theory

This section cutlinas our §onaral approach to graph theory reprsssntation based
upon formal languages. .

Consider the following fundamental aspects of graph theory:



s An cobject in graph theory is a finite graph, whose segments may be
viewed as details in its description A particular graph can be
significant in graph theory as an example or a counteraxample. Thus
an object in graph theory is a set containing a single graph. There are
infinitaly many such objects.

¢ By extension, a graph property iz a sat of graphs For many
properties of intarest in graph theory, a graph property is an infinite
S8t

® Thacrams in griph theory, as we cbserved in 1.3, ara assentially about
graph proparties. Thus important mathamatical resesrch behaviors (such
‘as conjecturs and proof) can be expressed with respect to sets of
graphs.

* Mathematicians and scientists build graphs and then manipuiate them
with asigorithms.  Many aigorithms are only applicable to graphs with
‘spm:i;fic propertias. To reason about the spplicability of an algorithm

© wa must be able to describe 3 set of graphs

The first two arguments address expressivea power. The second two are relevant
to procadural power. Wa conclude, then, that a good knowiedge reprasentation for
graph theery will focus upon both finite and infinite sets of finite graphs. The
explicit listing of all graphs with property p, each as a list of vertices and sdges.
would be impossible for an infinite set and inefficient in most finite cases We

require an alternstive, a language in which to repressnt graph theory.

A grawrar is an acceptad way 1o represemt a language. f we describe a
language formally, we can explore its sxpressive power and construct from it a
hierarchy of languagas of incraasing expressive power. In this dissertation, sach of
our reprssentations is & grammar whose terminal strings may be int-rpl;utnd as
graph properties (sets of graphs). Our study procseds from the simple to tha
complex. The sdge—set languagas of Chapter 2 are highly restricted An edge=-set
language property describes graphs in terms of their edge sets and opearations
interpreted on those edge sets Thase languages can express oniy finitely rmany

graph properties. The nesd to rapresent infinite sets and axpert cobgervation that
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pattern recognition is essentially rscursiva in nature [Poincare 70, Minsky 63], laads
us to asubstantial exploration (in Chapters 3 and 4) of languages with a rescursive
procecural interpretation. These languages are not finita and nave graatar expressive

powaer,

- We distinguish twe kinds of representational languagss: declarative and
procedural. A declarative language constructs daescriptions in terms of objects, thair
axistenca and their propartiss. For example, "a graph has property p if there ex/sts
some subgraph.” or “every graph with property p has property q A declarative
language is 6riantnd {0 exprassive powar. A procedural langusge, on the chuf
hand, is structured to simplify the specification of algorithms.  In this dissertation
we present languages which are sgimultanecusly dectarative and procecural. The
languages of Chapter 2 axpress i well-structurad finite set of graph groperties
with‘ natural and efficient aigorithms for them The languages of Chapters 3 and
4 smbody recursive algorithms ‘withiri thu formulation of aach property.

Work in problem transformation has indicated that a relation betwesn the
reprasentational and reasoning aspects of 3 search space can provide substantial
problem solving power (See. for example. [Amarsl 81]) By designing our
languages to facilitate implementation, we should makas ‘coding easy and produce
sfficient aigorithms  We deliberately impose upon our languages this procedural
orientation,

1.5, Quaations and Anawars

We have now assembied enough background to state the key questions in this
work, and point to the answars. . '
® To what sxtent can exprassive and praéndural powear ba incorporated
into a singie reprasantation?
- The sdge-set languages of Chapter 2 have a surprigingly limited (finite)
axprassive ability but impressive procedural power. This highlighvts their
potential for representing infinite sets, for hashing graphs and for
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discovering commonalities and differences within 2 sat of graphs.
Unfortunately, a finite language's idea of an interasting property is
unlikely to appear in a graph theory taxt The recursively=formulatad
languages of Chapters 3 and 4 batter meat the benchmark for
exprassive power. Much of graph theory seems representable in a
consistent and unified fashion in this recursive formulation  Even
better, the languages readily adapt to extensions (such az labelled
graphns) and are amenable 1o procedural goals isuch as inversion).

* How can we compare the expressive power of two reprasentationa?
We base comparisons of exprassiva power on hierarchias of formai
grammars with identical semantic intarpretations.

* How ¢an we evaluate the cormplexity of a proparty?

We introduce, in the contaxt of recursive languagas, the floor of a
property. Informally, this is the least powerful language in which the
propaerty ix expressibie. |

This dissertation is not about algorithmic compiexity, although it effactively
isolates it within esch representation Nor is it about formal languagwes. although
thay support its exploration. Rather, this dissertation is about compact and slegant
knowiedge representation which draws its power from its descriptive focus and its

dependency upon recursion

1.8. Some Fundamental Detinitions

This saction formulates the most basic definitions we use in our work Wa
begin with the familiar classical definitions from graph theory. Next wa construct
our own dafinitions for a graph property. a graph characteristic and a graph
description.  Finally we explain how this terminclogy effects our formal language
formulation  Additional, more special definitions will be. introcduced as neaded,

throughout the dissertation

-
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1.8.1. Basia Graph Terminology

We begin with the basic definitions for graph theery:

® Lat V be 3 finite set of siemants called nodes or vertices.

¢ Lot | be the Cartesian product V X V, | = {ixy) | xy « v}

e If E is any subsetr of | the ardered pair <V.E> is used as the standard
reprasantation of a graph,

* If (xy} & £ such that x and y are distinet, (x.y} is called an edge and is
abbreviated as xy. f x,y € V and xy ® E, vertices x and y are said to
be #d/jacent. and « is said to be a neightor of .

e A graph G = <V.E> is undirected when xy ® E if and only if yx ®
E Otherwisa the graph is directed.

o If (x,x)} @ E (xx) is callad a /gop and is abbrevisted as xx Every
slement of | is either an edge or a’loop and not both. The set of ail
possible loops on V is 1 = {(xx) | x & V}. .

* The cardinality of a set S is the number of distinct siements it
containg and is denoted by |S|. We define |V| = nand |[E| = m

#lfn=0tenm=0and G = <4.¢> is defined to be the empty gragh.

e Twa graphs G, = ﬁV.l,E’b and ('32 = ﬂVZ.Ezh are /somorphic to sach

1

other if thera exists a one-to—one mapping « - v, -=> \/'2 such that xy

« E, if and only if mximy) E,, The mapping = is called an

i somarphism.
By now the reader will be grateful to learn that Appendix | is a reference table of
symbols and their definitions. Thera is also an index (immediately following the
referances) citing all definitions and aigorithms in this document Definitions labelled
‘thesis specific’ are our own twrminclogy. Al others are drawn from the
benchmark texts b Aigorithms appear in all capitai letters. The drdersd pair <V,E>
is the standard raprasentation of a grlqh G, all subsequent semantics will be given
in terms of this standard representation, '
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1.6.2. Graph Properties, Characteristics and Descriptions

Let U ba the set of finite graphs closed under isomorphism. A gragh
property p is a function mapping U intc some range S of valuss. A graph proparty
is said to be boo/ean it § = {true.faise}. (eg. planarity. completeness); it is said to
ba numeric if S is the set of non—negative integers (g, chromatic number,
circumfarancel Two graph propertias P, and p, are e#ual if and only if p1(G) =
Po{G for all Gell

Graph theory includes

» the definition of graph properties

¢ theorsms astablishing necessary and sufficient conditions for thase
propartias to assume particuiar values

* algorithms to calculate the value of a property on a specific ‘graph

A characteristic of a graph is an ordered pair (p.s) whers p is_a graph
property with range S and s & §.

A description d is a set of such characteristics

A dmscription d = {(p1,31},(;.:2.32},...(3:“3")} is sat/sfied by a graph G if and onty
if PG = s for i = 1,2..k It is possible for a description to be unsatisfiable with
respect to U (satisfiad by no members of U. a5, “salf-complementary and n = 37,
unique (satisfied by exactly one isomorphism class of members of U, ag.
“self-complementary and a cycle”), or genera/ (aatisfied by mors than one

isomorphism class of members of U, a.g, “cyclic™.

Let D be a finite set of descriptions if for avery two descriptions cit,{:l2 «D
and griph G & U, either G does not satisfy d, er G does not satisfy d,. then D is
said to be murual/ly exclusive. 1t for every G ® U, there exists some ¢ & D such
that G satisfies d, D is said to ba co//ectively sxhaustive. A set D of descriptions

which is mutually exclusive and collectively exhaustive partitions U into asquivaiencs
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classes. (for example. D = {{icyclic.rum},{lcyclic.fals®}}). A major objective in
Chapter 2 is to formulate languages whosa semantic inmterpretations are graph
characteristics from which @ D may be crestad whose partition of U is describable

by a concige syntactic form or signature for asch class.

1.6.5. Graph Tnl;minolo:gy and Graph Grammars

This section axplains the intaraction bstween a formal language reprasentation
and graph theory,

in Chapters 2, 3 and 4 we define a sat of graph grammars.  Each gramrmar
will generats a language L of l-exprassions. (For example, 'm = 3" might be a
terminal string in language L) The semantic interpretation of each L—exprassion will
be a graph characteristic. we call such a8 characteristic an L-charactaristic of a
graph.  {(Continuing the exarmpie, the semantic interpretation of "m = 3" might be "the
number of- adges in the graph iz 3" Two L—expressions in a language L are
equivalent it and only if their semartic imnrprumiéns ara the samis. ([For axample,
in-language L, 'm = 3" and "2 < integer m < 4" might be shown to be ecuivalent)
Equivalence of semantic interpretation defines a set of equivalencs ciasses on
L-expressions. (Thus “m = 3" and "2 < ineger m < 4" will both ba in the same
scquivalenca class of L—expressions) An eguivalence class of L-sxpressions
designatazs a subget of U, namely, the set of all those graphs in U satisfying that
L~characteristic. Among  others, G, = <{12,3}.{121323}> and G, =
<{1.2,3.4.5}.{12,34.25}> satisfy ‘m = 3" and are in the same subset of U) The
number of distinct equivaience clisses of L-sxpressions is exactly the number of
distinct L—characteristics. Another aspact of the asquivaience of L-expressions is
that there may eéxist a finite set T of equations on L-expressions such that A and B
are equivaient L—expressions if and only if one is derivable from tha other using T
a5 a raplacement system  Mambers of T for adge-set languages are displayed in
Chapter 2, and consideration of a way to demonstrate su@h‘ equivaience appaars in
the discussion of subsumption in Chapter 4.
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If a sat P of L-charactaristics designates a partition of U such that ail the
subsets are non—empty, P is said to be an l-property. By restricting our dafinition
1o non-smpty subssts., we reguire that L-—charactaristics be satisfiéd by some graph
in U (Continuing the example, {the number of sdgas in the graph is 0, the number
of edges in the graph is 1. the number of adgas in the graph is 2. .} would
partition the set of all finite graphs) The sats formed by an L-property partition
the set U into equivailence classes. The language L allows us to nama thess
equivalenca classes and describe the ona containing any given graph in U (n ouwr
sxampie, the classes could be named 0.1,2.., and any finite graph would belong to
that class whose name was equal to the number of adges in the graph) Thus if
there are precisely k distinct L-properties, the [-characterization of a graph G is
the L-description of langth k which G satisfies: this is as much as L can say about
3 given graph An L—characterization is the most deuiled description possible within
L The set of all satisfiable L—characterizations partitions the szat U into ecuivaience
Classes: we call each such class an L-c/ass. Any element in a class can serve as a-

rapresentative or signature for its corresponding L-class of graphs.

As we postulate and expiore languages for graph theory representation, wa will

focus on the praceding definitions. In particular:

* An L-characterization may or may not be satisfiabie. The number of
satisfiable L—characterizations is a way to measurs the exprassive
power of the language.

* An L-characterization may or ri-uy not be unique. Tha number of
uniqus characterizations is a way to messurs the exprassive power of
the language. When an L-characterization ia genersl, some graphs will
be indistinguishabie from aach other. ‘

® There may be finitely many or infinitely many L-ciasses of rsiatively

| &qual or unequal cardinaiity. The avenness with which U is distributed
among the L-classes is another way to measurs the exprassive power
of the languagﬁ

A representation’s procadural power wil be measured by its ability to generata



16

examples, to test cbjects for propertisas, to construct algorithms, to hypothasize, to
prove thecorams, and to perform any other research behaviors observable when a

mathematician thinks about graph thaory. Methodology (e.g. focusing, intuition} is not
part of procaedural powsr.

We have now laid the framaweork for describing classes of graphs and
mogelling graph theory in formal languages. Wa begin with the sdge—set languages.
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_CHAPTER 2
EDGE-SET GRAPH LANGUAGES

All mathamaticians ... would be of nirmble discernment if they had
good sigit. for they do not argue falsely upon principles familiar to
them; and discerning minds would be mathematical if they could turn

their aye towards the unfamil/iar princip/es of methematics.
——Pascal

This chapter deveiops the first of two major. interretated famiiies of janguages
for graph thnpry. The first saction is an overview of the saven edge-set languages
and their salient features. The next four nc.tions. descripe sdge—sat languages in
detai. The last section is an assessment '

2.1. Ganeral .Ovmilw

A family of languages is a collection of languages whose grammars and
semantic interpretations are hierarchical and rmutually consistent A  family of
languages is always based on a (not necassarily explicitly defined) bounding language.
The bounding language contains the underlying set of “symbols, tarms  and
expressions in the family. A hierarchy is defined by graduslly including more
symbois, terms and expressions in each new language, without aiiminating those in

the precading languags. The evolution of this hisrarchy is motivated by a desire to

- increase the expressive power of a language.

In extending a language to formulste more exprassive ‘Imguagus_ in the
tisrarchy, we poituiuta tha following principles:
s Each ianguage extension should be a r-findm-nt of that which prncidns
it. praventing loss of expressive capability,
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. Additional exprassive capability shouid partition many praviously—existing
Classes, rather than a  few, and particularly the  largest
praviously-existing classes.

¢ Finiteness in the number of classes is a proparty to be pressrved as

long as possible.

This section describes. briafly and informally, the seven edge-set languages.
which become a cornerstone of the rscursive languages in Chapters 3 and 4 Tha
worms jn the grammars are always edge sets.  Traditional set theoratic relations
betwean | edge sets are L-characteristics. These relations are selectad =20 that
properties are fraquently booiean The number and nature of the L—classas formaed

under the partition of L-characterizations is dlways finite for fixed n.

We wouid expect these adge-—set languages to have a broad axprassive ability.

" The simplest adge—sat language is L . Lz' La. (- L,, and L,, are ail extensions of

L, and closely interrelated The inability of thess six to expresg cartain graph
properties suggests a somewhat different extension of L, to L:, the saventh
sdge-set language. More extensive details ars available in the remaincer of this
chapter.

2.1.1. Langusgs l.1 Summary

in .83 we ssid that the expressions in a formal language have ssmantic
interpretations which are graph characteristics Language L, beging with primitive
symbols whose semantic interpretations are scge~sats. The initial ddgu sots are |,
E 1 and 0. | is the Cartesian product V X V, '
| = {xy | xy « v}
E is any subset of |. 1 is the set of all ioops on V,
1= {xx | ;(_d \'; . _
and Q@ is the empty set 4. Wa introducs two unary COperastorg on #ny edge set S
reversal of the direction of all edges (dencted by §) and complementation with
respect to | (denotad by 5 Wae define the binary operations of union and
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intarsection on ;dgo sets. Finally we allow an squality relation (denotad as =) or an
inequality reiation (dencted as ¥} between any two sdge sets constructed with the
cperators from the criginal four. Some sampie L, ~axprassions follow:

ENnysg

EVE=EnFE

I=EBEUFE ui
Our interpretation of these expressions will be in terms of the standard
reprasentjtion of the graph G by <V.E» Thus the first expression is interpreted as
“the imtersaction of € and 1 is not the ampty set” or “the slaments of E include
some non-loopas” or "G inciudes at least one edge”  Similarly, the second is
interpreted as "if an edge is in E so ig its revarse,” and the third as “every adge or
its reverse is in E° Many L,—exprassions, however, are sguivalent (via this
intarprawation) to others. For sxampie, -

Eni=g4
is squivalent to '

Eniy =g
in its semantic interpretation,

Although the language contains infinitaly many L,~expressions, they have only
finitely many distinct interpretations, L,. being interpreted as only a finits number,
say p, of distinet L,=propertias, can be used to produce a description of length p
for esch graph  Because the L jTProperties are all bhoolean and appesr in
c:nmplcmunury pairs, an L -cheracterization can be efficiently raprasented as a
binary vector of length p. There are 2° such L,~characterizations and thus at most
27 L -classes for ail finite graphs. L, identifies the L, -characteristics shared by
two graphs as their matching vactor sntries. Becsuse thers are oniy finitely many
L,-classas, a given description is not likely to describe only a single‘ graph, atthough
it may be taken as a canonical form for an equivalence class of graphs whose
L,—properties are interpreted from L,~expressions. Further details on this language
ars provided in 2.2. '
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21.2. Langusge L, Summary

Language I.2 i8 an axtansion of L,f which permits the relations of cardinal

equality (denotad as ~} and cardinal inequaiity (denoted as #} betwssn two edge sets.

Because an interpratation of an L,Tsxpression does not usa integers
specifically in its proparty statnn:uunts, L, manages to remain finite in the number of
distinct properties which can be interpreted from it atthough it provides a superset
of the descriptions available in L,. Charactaristics which can be interpreted from
Lz-nxpreuians but not from Ll-nprnsians include;

. B ~E

1UEFE
Based again on the standard representation G = <V,E> the firgt axprassion is
intarpreted as “the reversal of the compiement of the edge sst has as Mmany edges
s the adge set does”, the second as "there are not the same rumber of edges in
the compiement of the adge set as there are in the edge set and ali the icops”

The statements pertaining to descriptions ang deterministic algorithms in L, are
equally appiicable to L,. Further detaiis on this language are provided in 2.3,

21.3. Language l...3 Summary

Language L3 i an esxtansion of Lz which permits the relstion of iesser
cardirality (dencted as <) instead of cardinal inequality (+). Tha imerpretation of an
La-oxpunion does not usa imegers specifically in its property statements. and "3
slsc remaing finita in the number of distinct properties which can be interpreted
from it I..3 providas 2 superset of the properties available L, Characteristics
which can be ir:nt-rpretqd from L3--xprunionq but not from Lz-nxprnsionl include:

E <E
E<1ug
Based again on the standerd representations G = <V.E>, the first eXprassion is

interprated as the “the reversal of the complement of the sdge szet has fewer
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adges than the adge set’; the second 3s “there are fewer esdges than the locops in

the graph plus the adges in the complemant”

The statements pertaining to descriptions and dsterministic algorithms in L2 ara

udually appiicabie to La‘ Further cetils on this language are provided in 2.4

21.4. Summary of Languages Lo L,, #nd L3n

Recall that n denotes tha number of vartices in the graph, We will axtand
language L. for i = 1,2.3, to language L, by permitting as expressions:

n= 1

n = 2

n=3

Each of the finitely many ecuivaience classes in L is thus spiit into finitely or

i
infinitely many equivalence classes in L, Language L., Provides a superset of the
properties available in language L. Further results on language L, are provided with

the details on language L. (See 22, 23 and 2.4)

2.1.8. Language L Summary

Language L) was motivated by the inability of the six esrlier edge-sat
lsnguages to express most properties commoniy appesring in graph theory texts,
and does enhance the expressive power of L. to a limited extent Language LY is
an extension of L which includes the symbol E*. the transitive ciosure of E E” has
a recursive dafinition: ) ‘

xy ® E" if xy @ E or if xp.py ® E*

Thus xy is in E' for G = <V.E> if and only if there is an ahernsting sequence (a
i XXV VLV VoV Y Y of distinet vertices in V and edges in B beginning with x
ind ending with y. Wa chose to intraduce the notion of transitive closurs as a

single symbol, rather than a unary operator on & term, in order to control the
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combinatorics. Some sample L} -expressions foliow:

E'nit1=4¢

= EUE U1
Using the standard representation G = <V.E» the first axpru;sion is imtarprated as
‘no slement of the transitive closure of the graph is a loop” The second is
interpratad as “svery edge is in the edge set or represents a path in the edge set”
Any L"-expression net including the symbol E* iz an L. -axprassion Further results

on this language are provided in 2.5.2.

2.2 Language I..l

This section describes, in detail, the theorstical naturs of language L , and the
ampirical resuits achieved with it

221 A Grammar for Languagse L1

The formal grammar for L. on a graph G = <V.E> is

symbok EJt]|1]0
tern symbol | {termi’ | (term) | iterm U terrm) | (term N term)
axpression term = tarm | term # term

For all the grammars in this family, we m:c:upi: the convention of avoiding
parantheses whenever a construction would be unambiguous without them

Although the grammar claarly generates infinitaly many L | Texprassions (for
example, £ = 0. € = 0, (Eff = 0, .), the semantic interpretstions we give these
L,~axpressions place them in only finitely many squivalence cizsses. Wae interpret E
a5 the edge set of the graph Wa interpret | as the Cartesian product V X V for
the vertax set V of the graph )
I= {xy | xy ® V}

Wae interprat 1 as the set of all locps on V,
1= {xx | x =& V}

and 0 as the empty set 4.
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We interpret the construction term = term as the binary relation of set
equality defined on adge sats in the customary fashion For edge sets S, and Sz'
5, = 5, if and onily if for every xy « S. xy = S, and for every xy @ S, xy ®
5,
sdges sets S, and 5,, S, # S, if and only if §. = §

Similarly, the construction term = term is interpreted as set ineguality. For
5 is false. E N1 =0isan
exprassion in L,. interpreted as "none of the aiements of E is an adge.’ Such a
graph is G, = <{123},{11}> or 'Gz = <{1,2} 4> Another example of an
expression in L, is EV E # E n E, interprated as "there is a differsnce betwasen
the set of edges whose reverses are in E and the sat of edgas in £ and its

reversa” Such a graph is (31 = «{1,2,3}.{12}> or G, = ¢.{1.2,3},{12.21.2-3}=-.

We interpret the construction (term) as the unary operator raversal, which
intarchanges the order of the vertices in aach siement of an aedge set e if S is
an edge set '

' S = {yx | xy ® S}

We interprat the construction (term) as the unary operator complameant, which
replaces an sdge set by its compiement will respect to the universal set | Thus for
any adge sat S |

S={xy | xy ®# S, xyui}

Now we begin to assembie 2 set T of valid transformations on L, “expressions.

(A transformation is valid if it 'pranrvn the semantic interpretation of an
sxpression) T inciudes the following transformations. for any ecdge set S, by
definition of reversat

USYY ==»> §

F.oam> |

T <=1

@ <=> 0
whera “<w>" maeans that one expression may be replaced by the octher without
aitering the semantic interpratation. Any odd number of successive applications of

reversal is aquivalent to one raversal, and any even number is equivaient t© no
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reverial at all

T includes the transformation “the complement of the complement of S is S
itself’, 30 any odd number of successive applications of the complemaent is
equivalent {0 one complsmentation, and any aven Pumber s aquivalent t© no
complameantation at ali. T also includes:

[ <=> 0

g <=> |

6 <=> )
The validity of the last transformation is due to the fact that both (B’ and {E) ars
{xy|yx & E}.

Wae interprat the constructions (term U term) and (term N tarmi as the bimary
operations of union and idrcqsmian. in the traditional set operations. For adge
sats 51 and Sz. _ , ) |

S,uS,; = {xy [ xy® S, orxyesgy} .

S, NS, = {xy| xy & § mdxyisz}

T includes the following transformations from set theory:

AnB<=>auB |

AuB <=>ANB
and

AnNg «<=>ANB

(A UB) <=>AUPB )

These, along with our earfier observations about Ewcrnl and complemantation, make
it possibie to restrict both those unary operators to symbols rather than terms,
without loss of expressive ability. That is, under this restriction, the same

equivalenca classes will be formed Thus the following grammar will have the same

L,~propertias, aithough its exprassions are a subset of the first grammar's N
~ symbok: E|J!'[1]|O0|EF|E]|E |1
term symbol | (term U term) | (term N term)

axpregsion: term = term | term # term
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This is the grammar we will use for L v

Wa are now interested in simplifying strings such as

s, HSZ)U...)H(_.J
From set theory we have. for any edge sets 5,8, Sy

(S, Sz) n 53 <=> {8, N Sgu (Sz n s,

8, "5} u $; «=> (5, U 53) niE,u S,
"t remains, then, only to simplify such pairings from among the aight symbolz. For
any set 5

U5 <= |

NS <m» §

QU S «<=>§

0NsS«<=>0
Thus we nesd only consider exprassions of the form S, VUS,and s n 5 where
S, and S, we chosan from :mong EE1LLE and EE We also know that T
inciudesx

SUS <= l

|8n 5 «<=> 0
for any gat S What distinct sets of graphs will L1 describe? Fortunately, set
theory provides us with a classical probiem transformation the Vernn diagram. For
2l possibie unions and intersactions of sets 51'52""'Su and their compierments with
respect 10 a superset |, the Venn disgram draws k intersacting circles in a ractangle.
Every L tcrm corresponds to exactly ane of the finitely many regions in tha
diagram. Thus L, has only finitely many terms and, therefors, finitaly many
expressions. How many such expressions are there?  We must consider undirected
and directed graphs separately. Since undirected graphs are combinstorially simpler,
wa lock at them ftrst.
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222 L; for Undirectad Graphs

For an undirected graph. the symbols E and E refer to the same adge set as

do E and E. A Venn diagram for an undirected graph appears in Figure 2-1.

Figure 2=t A Venn Diagram for Undiracted Graphs
The symboi | is, by dafinition, the union of the others
|=Eu1uou§'u?_ . )
and the symbol FuA. as the smpty .s-t.‘ requires no expiicit description on a Venn
diagram. Compiements with respect to | have a natural reprasentation in a Vern
diagram. Thus Figure 2-1 is justified in explicitly lsbelling oniy the symbois | E and
1 Observe that | is partitioned into four subsets, which we call regions . We have

labelied thess regions with a shorthand to be used throughout this chapter

& danotes E N 1. the non-ioop sdges not in the graph
C denctes.E N 1, the non-locop ecges in the graph
d denotes E N 1, the loops in the graph

f denctes £ n 1. the locps not in the graph
The interpretation of any term in L, for undirected graphs is either the smpty set
or the union of some of these. four regions. Any L -expression is intor'*pratad as a
statement of set equaiity or inequality batween two such tarms. There are only 24
= 16 distinct intarpratations of L,~terms. Since these relstions are symmetric and
compisemantary, thera are at most 2(12 ) = 240 L1-ch¢ract|ristics. Becauss thesa

Characteristics represent the truth cor faisity of a boolasn relation {sat equality), there
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are at most 240/2 = 120 L,~propertias and at most 2'2%  different

L . ~ciiaracterizations,

L,=properties. however. are far more managesbly finite than that We need
only test for sat equality, bacause ail the properties are boclean Since the ragions
a.c.d and f partition the space, the correct interpretation of a statement of aquality
batween L,-wrms is really a list of ampty regions, those appearing on only ona
side of the equal sign For axample, the L,~exprassion 1 = 1 U E is viewed in the
Venn diagram representation as a U ¢ = a U d U { Because we always have a = 3,
tﬁo non—trivial portion of this is ¢ = d U f but since ¢, d and f are digjoint, the
equivalent statement is that c.d and f are all empty, which we denota as simply c¢df.
(Note that this impiies [V| = n = O and the only graph with this particular proparty
wil be the empty graph) Thus there are really only 4 non-trivial distinet
L;prapnrtint

* 3 i3 empty

*Cis Il'l'lp!y

¢ d is ampty

* f i3 ampty

The L -charactsrization of a finite undirectad graph therstore consists of four
characteristics, one for sach bocisan property. There are 2° = 16 such
L, —characterizations. Wa dencts sach L,~characterization by the list of ragions it
decisres t© be empty, Four of thase L,~characterizations (df. adf, cdf and acdf)
e satisfied only by the empty graph <4,¢> and are consolidsted as acdf, The
characterization ac is squivalent to saying |V] = 1. Since there are only two such
graphs, one satisfying doscﬁptian acd and the other satisfying description acf, the
L, —characterization ac is eliminatad The 12 remaining L, —characterizations partition
the set of all finite graphs and may be regarded as signatures for thair respective
classes In Tabie 2-1 the 12 L,~classes of undirected graphs are listed The
signatura of a class is a cmnnic;i form given as a list of empty regions. in the

table's intarpretations "adge” continues to dencte a non=loop and “some”’ denctas a
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non<empty proper subset Subsequent languages will have signature computations
performed by machine; thess were performed by hand

Class Signature |mterpratation
1 - none some edges and some loops
a alt possibie edges snd some locps
[ no sdgas and some loops
d some edges and no loops
5 f some edges and all possibie loops
8 ad alt possible adges and no ioops
af ail possible edges and all possibie loops
8 cd no edges or loops but at least two vertices -
ef ho sdges and all possible locps
10 - acd Va {1}, E=ny
1 _ act V={1} BE= {11}
12 acdf V=g Euwyg

Table 2-1: Equivalence Classes for Undirected Graphs in L,

What appesred to be a rich language is really quite coarse. Three of these
signatures, (acd, acf and acdf) are for unique characterizations. Four more (ad. af,
ed and cf) would describe a unique graph, up to isomorphism, if accompanied in L
by a vaiue for n Spacifically, all members of ciass & ars compiete graphs of the
form <V,1>; all members of class 7 are complete graphs with all their loops <V, I»;
all membars of class 8 are of the form <V.$>; and all members of class 9 are of
the form <V,1>. A potential of 2120 classes has been recduced to 12, of which 8
will hold the majority of the graphs. It is t‘o the credit of L1. however, that its
interpretation is able to dascribe three graphs without sxplicitly stating the elements
of aither V or E L., is able to characterize the 8 finite undirscted graphs uniquely
for n = 2 For sach fixad n > 2 and ubh of the first 9 classes, there iz at least
one graph.
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2.2.3, L1 for Dirmcted Graphs

For a directed graph we return to the original seven symbols in the L
grammar:  E, |, 1, 0 E,L E E, 1. Once again E E. 1. { and 0 have inharent
intarpratations in the Venn diagram, lsaving us with tres sets E 1 and E) to

axplore in Figurm 2-2.

r

Figure 2-2 A Venn Diagram for Directed Griphs
This tima | is partitioned into eight subsets. The following calculstions, howaever,
show that the two starred subsets of Figure 2-2 are always ampty:
Fer the »* ragiomn fxy® ENENTNthen xy s 1and x =y, If xx & F
t!wnxxlE'aﬁdxxlg. Thus € N E n 1) is empty.

Fﬂrtﬁeﬂr-giorr fxy«a ENENNthan xy s Tand x =y, If xx € E
then xx &« E and xx ® E, Thus [E N § N 1) is empty.

Thus we are left with the six labelled regions in Figure 2-2 The labelling is
interpreted as follows ) |
®adenctes E N E n 1 the non-locop edges not in the graph whose
reversas are ndt in the graph sither |

e bdenotes EN E n 1 the non—loop edges in the graph whose reverses
ars not in the graph
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e ¢ denctas E N E N 1 the non—loop adges in the graph whose reverses

are in the graph

d denotes (E U E) n 1, the loops in the graph
a8 denctes E N E n 1 the non—-loop adgas not in the graph whose

reverses are in the graph

- f denotes (E U E) N 1, the lcops not in the graph

The interpretation of any tarm in L, for a directed graph is the union of some
of these sgix ragions Any L,~expression is imerpreted a3 a statement of set
equality or inequality betwesn two such terms. Although thm_"e are potentially 2% =

64 irterpretations of L,—terms, at most 2(5'; ) = 4032 L -charactaristics and at

most 22015 L

jTcharacterizations. the number of distingt L ,~Properties can be
recucad using the same reasoning as in the undirected case. The ampty graph this
time has signature abcdef, subsuming classes which would have had the signatures
df. adf, cdf. scdf. bdef, abdef snd bedef. The reistionship between E and £
requires that b ~ @, 30 b is empty if and only if & is empty. The sim-'abco
mesns n = 1 and is subsumed by abcde and abeef. This rasuits in only &
L -properties and 24 ecquivalence clasges for finite directsd “graphs based on
L,~properties. The classes and their signatures are listed in Table 2-2 with an
interpretation  Note that the undirected case is squivalent to both b and a being
smpty, which occurs in exactly 12 instances A "one~way edge” denctas either xy in
Eor yxin E and not both, A gr;ph G = <V.E> is said to be weskiy-compiete if
and only if xy « E ar yx « E for every distinct pair x,y % V. in the Venn diagram
represeriation. G is weskly—complete if and only if a is empty. In the table a
"two—wiay edge” denotes both xy and yx in E The calculstions for the table wers
performaed- by hand

Thus L,=properties may be used fc: partition all finite directed graphs into 24
equivalence classes. Agsin 3 signawres are for unique characterizations and 4
describe a unique graph. up to isomorphism, if accompanied in L. by a value for
n. The rermaining 17 might be a useful categorization technique for small undirectad
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Class Signature Wasakly=- One~way Two=way Loops
Compiwte Edgas Edges

none ne . aoma Soma some
2 a yas sama some somse
3 c ne soma none some
4 - d no | some some nona
5 ‘ f no some some all |
8 ac yas some none soma
7 ad yas some some none
8 af yes soma some all
8 cd no somae none none
10 cf ro some none o all
1 be ne nene some some
12 aba yas nona ail SGMe
13 o acd yas some none none
14 act yas some none all
15 ‘ bes no none none some
18 bde no none some nong
17 bet no none some all
18 - abde E=1}
19 abef E=|
20 bede " E=0
21 . beaf E=x1
22 . abceie .V ={1},E= 4
23 abcet V={1} E= {11}
24 abcdef V=g E=§

Table 2-2: Equivalence Classes for Directad Graphs in L,

graphs. For n > 2 there is at least one graph in each of the first 21 classes. For
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n = 2 thera ara 7 finite non—isomorphic directad graphs. & of which have distinct
signatures in L. and two of which (<{1.2}.{12,11}> and «<{1,2}.{12.22}> are

mambers of the same class (with signature ac).

22.4. An L, Graph Generator

A graph gensrator accepts an L-description and producss an arbitrary graph
which satiafies that L-description 5ince undiracted graphs are a subset of directed
graphs, in L. we can writs a single graph gensrator for them both Since there are
enly 5 L 1—propur1i¢s for directed graphs, any l..1-dnat:ription may ba given as a
five—piace vector specifying whether a region is empty (1), not empty (Q), or its
contents are undefined (ul. where tha second region is b and a taken together. To
use the generator wa write a "front-end aigorithm” which takes an L, ~description
2 input (@g, <1 0 u u u» and chooses, N a non—determinigtic fashion, a mora

detailed version of the signature. replacing the us with O's or 1's, to creata and

" autput an L:'—charact'nrizaﬁon

FRONT-END

Dimension S (5}

For k = 1 to §

Read 5 (k)

If S5(k) = u then S(k) <= 0 or §(k) <~ 1

Next k

Print §

Now we can write a gumrafor which accepts an L -characterization from
FRONT-END and creates a graph which satisfiss it L1-GENERATOR lsbels the
relationship between sach unorderad pair of vertices by the number of edges they
will share. ‘Find’ may be interpreted as “check to sea that there exists” Only
or—isbeis (eg. "1 or 27 or u (undefined) labels may be changed The aigorithm
embodies, in its case statemant, knowlldgn of the minimal number of vertices
possible in a graph misfy_ing sach L, —characterization The options permit all
graphs to be accessible through the genarator: the choice of the number of
verticas ("do for a while"), the choice made when labelling. the eliminstion of

or—-igbels at the end, and the final edge choica for a vertex pair labelled "1". The
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algorithm's worst time complexity is quadratic in the inmtermally generatad (not input)

viiue of n
L1=-GENERATOR

Read L ~characterization §

Case: /*minimal case knowladge¥/
abéd:f in 5: output <4,s>,
abe in 5: V= {1} |
ab or ac or be in 5;: V= {4
alse: V= {1,2,3}

Do for a while
add a vertax to V

Create all loops and edges and labe’

If ain$
then label all edge pairs "1
elin find ar label soms sdge

f B in§ i
then labsi ;ll‘adgn pairs "0
alse find or label! some edge

If ce in § '
then label al) wdige pairs "0
alsa find or label some edge

It din3§
then labal all loops "f¢
else find or label some loop

I1f £ in s
then label all leops '™

‘ else find or label some loop

For. each edge pair labaelled u, ru}ab

For sach idqllplir labelled "1 or 2"

For aach edge pair labelled ") or 1Y

For each adge pair labelled "0 or 2"

For each edge pair xy labelled "1",

halt

»2}

them u

or 2"

pa i r lloll

ar 1"

p.i * llzll

ar 2

p"' r II1 it

HTII

ﬁF"
el as "0 or "1" or
» relabel as ‘1" or
» relabal as "0 or

» relabel as 0" or

Rl 2“

"2“
ll1ll
1o

place only one of xy or yx in E
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For sach edge pair xy labelled "2", place xy and yx in E
For #ach loop labelied u, relabel as "T" por 'F¢
For each jocop xx labelled “T", place xx in £

Output <V,E>

- A28, An L, Tasting Algorithm

A testing algorithm for language L accepts an L-description and a graph. and
returns “true’ if the graph satisfies the L-description and "false” if it does not
Since an L,~description may be written as a S—place vector, the testing algorithm

L1-TESTER is a3 follows:
L1-TESTER

Read graph G = <V, E»
Read L, ~description §
Create ali loops and edges and labal them u
Dn‘far ebch Ay ® E, x and y distiﬁct

Relabe] adga xy “TV
Do for each xx @ E

Relabal loop xx '"T!
{f (3 xy. distinct i and y, labelled u and yx labsiled u, a in §)
or (3 xy, distinet x and y, labelled u and yx iaballed T, ba in §)
or (3 xy. distinct x and y, Taballed T and yx laballed T, ¢ in §)
or (3 xx laballed u and f in §)
or (3 xx labelled T and d in §)

- then print. "false"
else print "trus"

This testing aigorithm is quadratic in n.
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2.2.8. Transition from "1 to L2

We have demonstrated that L, 18 a very limited languaga, contrary to our
axpectations  For undirected graphs, L, i8 coarse in that it does not distinguish
many disjoint subsets of L. L, fares somewhat better for directed graphs. The
graph generator and testing algorithms for L. are quadratic in the number of
verticas. A description composad of values for all the propertias partitions the set
of all finita graphs inte 12 ciasses for undirected graphs and 24 clagses for
diracted graphs. in threa of these classes the signature is for a unigque
characterization. L, has 5 properties for undirectad graphs, 6 for directed graphs,
and creates infinitaly many classas. There are four L 1-prop§rtiu whuch can becormne

unique characterizations in L n

With the principles of 2.1 in mind, we will procead to language L.,

2.3. Language L,

This section describes. in detail, the theoraticai nature of language L, and the
ampirical resuits cbsarved for it on tha DEC-20.

2.3.1. A Grammar tor Language L2

The formai grammar for L, o a graph G = <VE> is

symbol Ejr|j1]o
term symbol | {terml | (term) | (tarm U term) | (term N term)
BXPression term = term | term # term | tarm ~ term | term # tarm

. Wae imterprat the canatructiqn tarm ~ term as the binary relation of equa/ set
cardinality. For edge sats S, and §,. S, ~ S, if and only if [$,1 = IS,].
Similarly, the construction term + term is interpretead as /reguality of set
cardinallty, For adge sets S, and 52, 5, * S:z if and only if s, ~ S, is false.
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Since the grammar for L, differs from the grammar for L, only in its use of
st cardinality, we may reformuiate it, as we did the grammar for L,. without loss

of expressive capapility, to ba:

symbot: EJl1|J1|O0]|]E|JE]E |1
tarn symbol | (term U term) | {term N term)
expreasion term = term | term # term | term ~ term | tarm # term

Once again we will consider undirectad and directed graphs separatsly.

232 "2.‘ for Undirected Graphs

Every L,~property iz an Lz-prapcﬂw With L2 we can supplement the Venn
diagram rapresentation by stating that certain regions, or unions of ragions, have the

same number of slements By reasoning similar to that for L,. we can show that

thera are st most 2{’5) = 240 L 5 ~Characteristics which irn interpratations of

-nxprnmms involving the reiation ~ or 4« Many of these L —charactaristics,

howevaer, are oquwal-nt to L =gharacteristics For example,

EUl~ENnNUENY ‘
is, in the Vann diagram,

laveud| =|aud
or, more briefly,

|acd| = |ad]
Because regions are disjoint, this suggests an equation in integer unknowns:

lal «{c| + |d| = {a] + |q|
which we will abbraviate as

a+c+d=a+d .
This provides no more information about the nature of G than does || = 0, which
iz aquivalent to the L,—e;xprussion C is ampty. Az in L, all -praptrtius ara boolean
and thus we may restrict our attention to only = and ~ Sinca d + f " nand a + ¢
= nin=1)/2, the property d ~ acf implies d = ni—1/2 + n = & Sinca d i3 ho
largar than n, we have n < 4 Since ac ~ df implies n = 3. and it is not possible
ford~actitn=1orn=2 the property d ~ acf is redundant and is axcluded.
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as is f ~ aed in a similar proof. After these esliiminations, only 27 Lz-propm'tius

remain; they are listad in Tabie 2-3

Number Property Number ' Property
1 a 15 af ~ ¢
2 c 8 _ aft -~ d
3 d 17 cd ~ a
f 18 e ~ f
a~c 18 cf ~ a
a~d 20 cf ~d
a~+f 21 . df - &
c~d 22 df ~ ¢
c~f 23 ac -~ df
10 : d~f 24 ad ~ cf
11 ac ~d 2% af - cd
12 - ‘ ac ~ T 26 a ~- cdf
13 M~ . 27 ¢ ~ adt
14 . ad ~ f

Table 2-3: Properties of Undirectad Graphs in L,

The caiculations for Table 2-3 waere performad by hand, but hers the manual
labor ends. Cardinal sst inequaiity does not readily lend itseif to an slegant proof
of the number of distinct characterizations possible in Ly Thus we chose to creste
a FORTRAN program i(called L2 and on view with its rasuits in Appendix I) to
sxplora exactly how many of thosa 227 possibie L_-characterizations ever occur.
"Ever” is a long time in an infinite class, so we ran L2 until we despaired of ever
finding & new signsture. L2 examined avery graph for which n < 28 and found
only 106 distinct L,=characterizations. The last new one occurred at n = 12
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Manual computations indicate that among the 106 signatures for these classes,
8 ars unique (in the sense dafined in 1.6.2) descriptions and ara listed in Table 2-4.
All edges ara undirected and only listad ance. Tha first three of thess were alse
available in L.

Signature v ’ E

acd {1} H ¢

act : {1} {11}

acdf ¢ é

ac~d~f {1.2} {1211}
ca~d~f {1.2} {11}

ad, ¢~ f {1.2,3} {12,13,23}

at, ¢ ~ d {1,2,3} {12,13,23,11,22.33}
¢ed, a~ f {1.2,3} X ¥ .

cf,a~d ' {1.2.3} . {11,22.33}

‘Table 2-4 Unigua L, Characterizations for Undirected Graphs

An LG graph testing algorithm requires only the number of sisments in each of
a4, d and n in order to generats the L,-characterization for 2 graph Wae call such a
vaius triple a case. The material in Tabie 2-%5 is drawn from machine—generated
computations. For a fixed number of vertices. the table compares the number of
L —characterizations which actuslly occurred for a given n to the number of ‘
possible cases. Since d + f = nand & + ¢ = nin=1)/2, we have (n+1)31+nir—=1)/2)
pessibie cﬁn for a graph on n verticas The signature which satisfiss none of tha
27 properties is by far the largest class for n > 5. The initially declining value of
the percentage of cases in the largest class is attributable to the relatively few
cases for n <. 5, The class with signature "none” is increasingly more popuisted as
n incraases, espacially for prime n, whera none of the module-criented restrictions
apply. '

Two finite graphs which have the same vaiues for a. d and n will bae

indistinguishable from each other via their L,=characterizations and wiil lis in the
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Largest Largest
n Casas Churncterizations Ciasz Size Claaz Percam
0 1 1 1 100
1 2 2 1 50
2 ] & 1 17
3 16 12 2 13
4 as 33 2 6
5 66 28 8 i2
& 112 42 24 21
7 176 29 a8 27
8 281 50 76 29
=] 370 34 198 53
10 506 36 272 54
11 ' 672 . 3% 400 &0
12 e 58 B 1F 89
13 1106 30 792 72
14 - 1380 38 960 70
15 1696 43 1268 75
16 2087 80 1460 71
17 2468 30 1984 80
18 2928 40 2276 78
19 3440 ' 35 2808 82
20 4011 50 3136 78
21 4842 34 3964 8%
22 . %338 © 36 4400 82
23 6096 3% 5236 86
24 8925 58 5732 83
2% 7828 30 8912 88

Table 2-5: Resuits of Program L2 on Undirectsd Graphs

same L. —class. For n = 2, however, sach 2 and d vaiue pair defines a unique (p
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to isomorphism) undirected graph and thus the Lz-charm-rizm:ion i3 unigue, ia, no
two  non-isomorphic  undirected graphs on 2  vartices have the same
Ly=characterization. For n = 3 tha cases are spread among 12 classes, with never
more than 2 in & clags. For n = 4 the cases ars spread among 33 classes, with
never more than 2 in a class. For fixed n > 7, a minimum of 30 different
Lz-charactnrizntiuns occur, but as n increases the grain of this partition coarsena
Forty—sight of the signatures turn out to be applicable to only a single valuas of n,
and 16 mora restrict n to values modulo some integer. Thesa resuits are due to
the fact that an L,=characterization is interpreted as a system of squations and
ifequalities in non—negativa integer unknowns (3, ¢, d and f) which may be scived
for n The following are always a part of thizs system:

a+¢=nn-1y2 '

d~+f=n

Gsdsxn

Dsfxn

055 nin-102

0 5 c 5 nin-11/2

For example, consider the L,—description ¢ ~ f and ¢f ~ d This may be rewritten
2 .

c=1f
c+f=d
or
26 = d
which, by substitution, vieids
3f = n

S0 n is congruent to O modulo 3. This example is intended to demonstrate the
strengths and weaknesses of L
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3.3, L2 for Directed Graphs

For directad graphs in L2 the same six—ragion Venn diagram is appiicabie.
Using the astabiished reasoning pattern we make initial estimates of 2° = g4
imterpretations of L, -terms, 4('3;) = 8064 L,—characteristics and at most 24032
szcharactnrimiona We have airaﬁdy shown, howavar, that 2(5;) of thesa result in
only 5 properties using = The other 2(5;) properties arising from =~ are recducible.
by manual caiculations, to 197. The program L2DI (on view with its output in
Appendix ) explored how many of thesa possibis characterizations occur up to n
= 2% (Limiting values for n are based upbn space "and time limitations) Tha
material in Table 2~6 is drawn from L2DI output 4849 distinct signaturss were
found; 2572 of them for more than a singie valus of n Tha last new signature
aﬁpurud atn=25 Forn=1andn=2, L2 provides no finer a partition than L,
For n > 2 the partition is & substantial improvement aver L., of increasing
refinement until n = & A minimum of 811 classes appear for n > 7.

2.3.4. Algorithms for Generating and Testing in sy

The coﬁm:tion of an arbitrary graph satisfying an L,—description raquires the
soiution of a system of linesr inequalities in the non—negative integer variables b, ¢,
d and n The same six equations from 2.3.2 form the basis for this system Each
of the 27 booiean properties without a u value in the signature contributas another
squation For axample, af ~ d is interpreted as a + £ = d

The approach of L 1-GENERATOR, where we reset u values to 0 or 1 would
be inefficient here, bacause so many properties ars incompatibie with each other,

Instead we ssarch for the constraints on the variables first and then sst their valuas

- arbitrarily. (There is, therefore, no consideration of a minimum case) GENERATOR

reads in the dimension of the signature and then the signature itseif, constructing
the relevant uq:.iatinns and inequasiities. GENERATOR then calls a package (such as
IBM's Mixed Integer Programming) [ 75] to scive the system of inequalities
established GENERATOR then selacts arbitrary values for a ¢, d. f and n consistent

with tha soiutionn. The construction of a graph with these valuas is similar to that
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Largest Largmst
n Casas Charscterizations Clazs Size Class Percent
a] 1 1 1 100
1 2 2 1 50
2 8 ] 1 17
3 24 20 2 8
a4 80 78 2 3
5 216 141 8 4
8 804 336 24 5
7 1088 484 48 ]
8 202% 856 78 4
g 3610 911 196 5
10 8Q72 1085% 418 7
11 §744 1048 . 108e - 1
12 15028 - 17%0 2496 ‘ 17
13 22400 | 998 5748 26
14 32430 1098 97%8 30
1% 45792 1584 161568 a5
18 83257 1785 23%08 37
17 85698 o268 40284 47
18 114114 1438 55838 49
19 - 148840 1104 ) 77874 L)
20 1938368 1851 101792 53
21 247192 1255 15080 81
22 312156 1107 189318 81
23 390144 1081 250384 64
T 24 - 48302% T 2104 308816 83
25 592826 1108 413382 70

Table 2+-8: Rasuits of L2D] on Directed Graphs
for L1=-GENERATOR. The aigorithm follows:



GENERATOR
Read k

Dimansion 5 (k)

-+

5

o O O O QO O O o
[ T - T . .Y

£

1
d

f

a
b
¢

+h+ec+ e <= nin=-1)/2

oy
An
2 h
s n(n=1)/2
2 nin-1)/2
S n(n=1)/2
% nin=1)/2

For | = 1 to k

Raad 5 (J)

Write equation (inequality) based on 5{(j)

Next |

Call Mixed Integer Prpgramﬁing to solve system

Chooss va]uns for b, ¢, d and n consistent with the solution
e == b ’

a<n{n-1)/2 -b ~¢c=a

f <= n-4d

Call Haap's program to construct graph G

Append d locops to G

Qutput G )
The last steps of GENERATOR call a package iperhaps Heap's program from the
National Physical Laboratory at Middiesex) to construct a graph G with the b, ¢ and
N values specified, and then appends d loops bafors outputting tha graph
Alternativaly, the tupie <ab,c.de.fn> may be output Although this form of the

graph is one to which we are unaccustorned, it is really all L,

about G
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is capabie of saying

Tha L, graph testing algorithm is a simpiistic procedure. It reads in the graph

and the L, -—signature, and then confirms each of the properties flagged as trus



{denotad by 1)
TESTER

Read k
Read grapgh G = <V, >
Caleulate a, b, ¢, d, &, f and n
For | = 1 ta k
Read S{I1)
If S(1) = 1 and interpretation(3(1)) is falise
then print FALSE and hait
«]s& continue
Next |
Print TRUE
Tha testing is quadratic in n.

. 23.8. A Comparizon of L. and L,

Clearly Lz is an axtension of L, and fits the criteria for extension suggested in
21. L -chesracterizations subdivide each of the 9 non-unique classes of the
partition of all finite graphs formed by L -characterizations, as shown in Table 2-7.
L -characterizations offer further information on the vaiues of a and d without
explicitly stating them. There ara still & finite number of L,=classes.

L, dopesrs to extend L1 in tha dasirad fashion, concamtrating much of its
precision where L, was weskast For undirected graphs with n less than 7 or 8,
L,—characterization may be an adequate categorization

L2 is certainly an improvament on L " it provides substantially more
squivalence classes and refines the largest L, classes. The graph generator is based
upon a problem transformation into 2 gystem of linear inequaiities. Both the
exploratory program and the graph tester find the numerical values of a, b, ¢, d, 'e.
f and n an adequate description of G A description composed of values for the
L —properties appesrs to partition the set of all finite grapha inte 106 classes for

undiracted graphs and at least 4849 ciasses for directed graphs L,, has 28
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L, Signature Number of L, Subdivisions
nons 70
a
e
d 10
.10
ad . 2
af 2
od 2
cf 2

Table 2+-7: Refinement of L, by Lz )
proparties for undirected graphs, no mors than 202 properties for directed grapns,
and crestes infinitely many ciasses in the spirit of 2.1 we will now sxpand our
edge—~sat language hisrarchy once again )
2.4. Language L3
Thig saction daescribes, in detail, the theorstical naturs of language L, and the
empirical results achievad with it

24.3. A Grammaer for Language L.

The formal grammar for Ly on a graph G = <V.E> is

symbok Ef{1|1]0
terrrr symbol | (tarmf | (term) | (term U term) | (term N term)
sxpression: term = term | term ¥ tarm |. term ~ term | term £ term |

tarm < term

Wa interprat the construction term < term as the binary relstion of /esssr
cardinality batween sets. For sets S5,and 5, 5, « 5, if and only if |S | is less

than [S,|. Since the grammar for L, differs from the grammar for L, only in its
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inroduction of lesser set cardinaiity (a5 dencted by <), we may raformulate it (with
the T transformations as we did the grammars for L, and L)) without loss of
axpressive capability, 1o be

symbok E|1|]1|0|E|EJE |1

terrm: symbol | (term U term) | (term N term)

axpression term = tarm | term = tarm | term ~ tarm | term ~ term |
term < tarm

Language L, is an axtension of L, which permits the relation of lezser cardinality
hatwm two sets.  The imterpretation of L, does not specifically use integers, and
i.3 dlso partitions U into finitely many clagses. Properties which can be intarpratad
from L,~exprassions but not from L,—exprassions include:

E«<FE

I1NE=<E
The first may ba intarpreted as “the compilement of the edge set has fmnr odg-;

- than the raversal of the adge set’; the second as ‘there are fewer locps in the

graph than thers aﬁ adgas in the compisment of the reversal of the udgo aat”

Wa will again consider undirected and directed graphs separately.

242, L, for Undirected Grapha

L3 includes  all L,-properties and L,~properties. in  addition to the

L —expression term / tarm, L, uses term < term. There are 2("32) = 240
L,—characteristics which are imerpretations of La-*uprmimn: involving the

asymmatric reigtion < The L,—exprassions term. < term, and tarm, < term, are

1 1

refinementa on the Lz-uxpuniun tarm, ¥ term Some of these. such as ac < a,

} F4
wouid be mathematically impossible. If we rastrict term , < tarm, so that term, is

not a proper subset of tarm.. we have a potentisl of only 17% La—charamarisﬂt:s

invalving <

The count of La—-characturistics is therefore 54 L,~characteristics pius 175
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characteristics new to Ly for a total of 229, suggesting a potential of 2228
diffarent La-ﬁh:racturizationm We can reduce this estimata substantiaily by
cbserving that many such characterizations wouid be mathematically unaccaptatile. L
still has a valid transformation as a system of aquations and inequalities, but a set
of La—uxprnuians such as

ax<ce

c=d

d«<a
would he entirely unacceptable Wa cbserve that the most compiate and consistant
sot of statarmants La couid formulate about a graph would be an ordering of the
distinct non—empty subsets available as unions of the four ragions in Figure 2-1.
(This also indicates that the introduction of the reistions > = and = would not
increass the number of L-classes and should not be congsidersd) There are 2% -1
= 15 such subsets and in any such ordering we could force acaf w0 be the last
There are thersfors 141 permutations of the subsets Between svery pair of
subsets in a permutation sither = or < must appear, in order. to consmuct an
ordering. Cur bound on the number of Lz-charactorintiom has now impl_'uved 1o
23141 « 259

We crested a FORTRAN program (called L3 and on view with its results in
Appendix iV} to explora how many of those 2'314 possible L,—characteristics ever
ogeur. L3 examined every graph for which n < 28 and found only 259 distinct
L,—charactarizations. The iast new one (as with L, cccurred at n = 12 Of thess,
187 were for mors than a single vaiue of n The 102 signatures restrictsd to &

single value of n occurred only for values of n less than 8.

The material in Table 2—8 is from L3 cutput For a fixed vaiue of n, the tabie
campires the numbar of Lé—charm:tnriuticms which actually occurred for a given n
o the number of posaible cases For fixad n, 7 < n < 28, Lan separates graphs
into at least 108 equivalance classes. with no class containing more than 17% of
the cases. For n = 1, 2, 3 and 4, L3 was able to uniguely characterize svery case
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21

22
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16

35
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112
178
281
370
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672
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1380

1696
2057
2488
2926
3440

4011
4842
5336

- 8096

8925
7826

Table 2-8:

Charactarizations
1
2
&
16
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62
20
86
129
112
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120
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108
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112
122
120
183
108

Characterizations for Undirectad Graphs in Ly

43
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2.43. L, for Directed Graphs

For directsd graphs in L3 the same six—ragion Venn diagram remains applicabis.
This time we have 2567 mathematically acceptable La-"t:hirutnristics. There are now
25 - 1 = g3 subsets to parrmute. and a bound of 2%%g3 <« 272 possible
Ls;characturizatians. The program L3DI (on view with its output in Appmdix- V)
explored how many of these possible characterizations occur up to n = 13 (The
lirviting value of 13 was bagsed upon space constraints) The material in Table
2-9 is drawn from L30I output

Largast Largest
n Casas Characterizations Class Size Class Percent
o] 1 1 1 100
Q 1 1 1 1C0
1 2 _ 2 1 50
8 8 1 17
24 24 1 4
80 g0 1 1
L] 216 200 2 1
6 504 476 4 1
7 1058 874 6 1
a 20258 1670 2]
g 3810 - 2734 16
10 8072 4080 28 0
T 9744 5848 50 1
12 15028 7809 73 0

Table 2-8: Results of Program L3Di on Directad Graphs

20,001 distinct. signatures were found: 5191 of them for more than a singls valus
of n The last new signature occurred at n = 13  Because the program axhausted
its space constraints and never completed n = 13, it is lkely that thers are far
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more than 20,001 distingt signatures and that fewer than 5191 of tham are
restricted to a single value of n Forn = 1 and n = 2, L, provides no finer a
partition than L, or Lz‘ For n > 2 the partition is a substantial improvamesnt over
L of incraasing refinement at least untit n = 13.' For n > 3, no class containg more
than 1% of tha cases.

2.4.4. Algorithms for Genersting and Testing in L3

The construction of an arbitrary graph satisfying an La—duscription requires the
solution of a systemn of linear squations and inequalities, just as it did for L, For
undiractad graphs thers are five integer variables {a.c.d.fnl three of which are
indepencdent (a.d,n). For directed graphs thera are seven integar variables
abecdefn. of which four (ab.dn are indspendent Each boolean L,—property
contributes an inequality or an equation to the basic system of six If we sst the
dimension of the signaturs to 258 for undirected graphs, or 2567 for directed
graphg. the ‘algorithm for gererating graphs" with L,—proparties is | identical to the
GENERATOR in 234 The L, graph testing aigorithm is also a reproduction of
TESTER in 234,

2.4.5. A Comparison of !"3 with L2

L, is definitaly an improvement on "z‘ Tha prablo;'n rransformation into an
ordering of the subsets in the Venn diagram provides a much greater bound on the
number of distingt sigmﬁ:rns. For n > 2, the density is substartially reduced for
both directed and undirected graphs. L,—cheracterizations offer further .inform:tiun
on the values of a b and d without axplicitly stating them.  Thera ars still a finits
number of La-vcllss“.

L, appears to axtend L, in the desired fashion, concentrating much of its
pracision where L, was wesk. For undirected graphs with n less than 16 or 17,
Laﬂchractnrizaﬁan may be an adequate characterization For directed graphs with n
lass than 13, this is certainly trus, and the vaius of n may even be higher.
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I.3 provides a remarkabie number of aquivaience classes it appesrs 1o
partition the set of all finite grapha into 259 classes for undiracted graphs and

more than 20,000 for directed graphs. L. has at most 229 properties for

3n
undirectad graphs, at most 2567 for directsd graphs and crestes infinitely many

classes. In the spirit of 21 we will now expand our edge-set language hierarchy

once again,

2.5. The Langusge I.':

This saction describes. in detail. the thecrstical nature of language L' and
makes some ampirical chsarvations on it

25.1. A Grsmmar for Language L*;

The formsl grarwmar for L': on & graph G = <V.E> is

symbot E|JE" [1]1]a
termT symbol | (term) | (term) | (term U term) | (term N term)
axprassion term = term | term # tarm

Wae interprat the symbol E- as the transitive c/osure of the edge set

E" = {xy | xy « E or xp.py = EM}
Note that we have not introduced i:ranlitiv- closure (") as a unary oparator on adge
sots, but instead have introduced a new symbol (E), effsctively limiting transitive
closure to E alone. This introduction of a naw edge set symbol makes analysis of
the language more mansgeable Language L7 is an extension of L, which permits
consideration of paths existing in the gragh Wa may reformulate the grarormar for
L'; without loss of exprassiveness so that the unary operators are restricted 1o
aymbols

symbot E]E'[I|1|o[E’|§|E|1|E"|§:[E“‘

termm symbol | (term U tarm) | (term N term)
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axprassion torm = tarm | tarmn # term

Properties which can be interpreted from L: —axprassions but not from
L,—expressions include:
‘ e -0

E'n1=8
The first may be intarpreted as "the complement of the transitive closurs of tha
edge sat is empty”. the second as "all the non-icops in the transitive closure of the
ecdge set are in the adge set aiready.” For L'; wea will explore onily the undirected

graphs

2.5.2. L‘; for Undirected Graphs

If there is a path from x to y in the undirected graph G = <V,E> then there is
also a path from y to x, is., '

EY =t
For undirected graphs we still have S = S for any adge set and thus a Venn
diagram need only represent the relationships among the seven symbols E, E*, I 1, 0,
1 and E.  Using our traditionsl arguments we arrive at Figure 2-3. in order. to
interpret Figure 2~3 inteliigibly, it helps to think about what effect the transitive

.Glosurs of E has on G = <V.E> E is siways a subset of E* In E* every vertax

lying on a cycle will have a loop. Alse in E* avery cormacted compansnt of G will
become a compieta subgraph Thus the Isbelling in Figure 2-3 is interpreted as
follows

* 2 denotes E” n 1, non—loops not in the transitive closure of the edge
sat

¢ ¢ denotes E N 1, edges in the graph

* d denotes E A 1. lcops in the graph )

o f denctes .E° n 1, loops neither in the graph nor in the transitive
closure of its adge set

*p denctes E' N E n 1, edges not in the graph but in the transitive
clogsure of ity esdge st |
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_Figure 2-3 A Venn Diagram for Undirected Graphs in L]

. -q denotes E" n E N 1 loops not in the graph but in the transitive
closura of its edge sat

The interpretation of any term in L] for an undirected graph is the union of
some of these six ragions. Any L’;-axprnsian is interpreted as a statermnent of sat
ecuaiity between two such terms. There appear to be 2% = 84 distinct L:*tlrms.
Using the same analysic we applied to L, we see that an L’ -cheracteristic is a
statement as to whether or not 2 subset is empty. This suggests thn‘ poasibility of
as many as 63 L) -signatres Wa interpret the first six on G = <VE> to aid our
analysis: | '

® 2 15 empty means (G is connected or n < 2.

* c is empty means G contains no edges .

e d is empty means G is loopfree

- f is empty means thers are no iscisted vertices in G

® p is empty means every connected component in G is completa
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¢ § is empty means avery unisclated vertex in G has a loop in G

Given these interpretations we can now make some obsarvations wihich
substantially reduce the number of L"-signatures. Wae abbreviate by omitting “is
ampty™:

L If aq then f or o

Expianation  f the graph is connectsd (@ but no new lpops are
derivable {q), then eithar all loops were aiready in the graph (f) or no
sciges were possibie (ac) or n < 2 (acp or acdfpa).
i. if ¢ then pa,
Explanation I the graph contsined no edges (), then E" wili be the
same as E (pal.

ii. It dfg then acdfpq _
Explanatian if no loops are possible (dfg then we have the empty
'graph {acdfpq). '

iv. If adg then acdfpqg or acdpq
Explsnatiorr If adq then (by i) adfg or acdg If adfq then (by iiil
axdfpg  If acdg then (by i) acdpq and n < 2 (acpl |
v. If & then f or cp.
Explsnatiorr If G is connectsd (a) then every locp is in E or E" (f) or
n<2 (scp or acdfpq)

vi, If dg then g
Explanstiort If every unisolated vartex is locped (g) and G is loopfree
(d) ther every vertex is isolatad (c).

These interpretations leave us with only 22 signatures for undirected graphs in L';.
shown in Table 2-10.

The values for ac.dfp.q and n are ‘'vary closaly reisted In particular, we can
show that

‘d+t+g=n

a+¢c+*p=nn1y2
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Smallest

Claas Signature n Vaius Interpretation

1 d 4 disconnactad. some eadgas, loopfraa,
some isolatad vertices,
not every connectsd component complete,
not every unisolatad vertex has a loop

2 ' Tt 4 disconnectad, some sdges, some loops,
ne isolsted vertices,
not every connactad component complate,
nat avery unisolated vertex has a loop

3 [+ 3 disconnacted, somes sdges, some loops.
some isolated vaertices.
svary connected component compiete,
not avary unisolatad vertax has a loop

4 | q 4 disconnected, some edges. some loops,
‘some isolated vertices,
not every connacted camponsnt complets,
avery unisclated vertax has a loop

5 af 3 cormectad, some edges. some loops,
no isolsted verticas,
not avery cornectad component complete,
not every unisolsted vertax has a loop

- of 5 disconnected, soms adgas, loopfree,
no isoluted vertices,
not avery connected componert compiets,
not avery unisolstad vertsx has a loop

7 dp 3 . disconnectad, some adges, loopfree,
some isolated vertices,
svary ;:am.ctndl compaoanent complete,
not every unisolated vertex has a loop

Table 2-10:  Undirected Graph Signatures in L}



Clans

10

11

12

13

14

Signaturs
fp

fq

Pq

adf

afp

afqg

¢pq

Smallast

n Valus

3

Intarpratation
disconnectad. some adges, soma loops,
nc isclated vertices,
every connected componant compiets,
nat avery unisolated vartax has a ioop
disconnectsd, soma adgas, some [oops,
no isolsted vertices,
not evary connected component complata,
evary uhisolated vertsx has a loop
disconnected, some edges, soma lcops,
some isolated vertices,
every connectad component compiate,
avery unisolated vertex has a loop
connected. some edges, lodpfres,
no isclated verticas,
not avery connectad componesnt complete,
not every unisolated vertex has a loop
commectad. soms edges. some locps,
na isolated vertices,
avery comacied component complete,
not every unisocisted vartax has a loop
connacted. some adges, some loops,
no isolated vertices,
Aot svery connectsd component compiete,
svery unisclated vertax has a loop
disconnectad, edgeless, soma loops,

some isoiated vertices,

-every connacted cormponent completa,

every unisolated vertex has a loop

Table 2-10: Undirectad Graph Signatures in L‘;, continued
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1%

18

17
18
19
20
21

Signsture
dfp

fpq

adfp

afpq

cfpq
acdpq
acfpq

acdfpq

Smailust
n Vaiye
4

N KN K

—

1
0

Interpratation
disconnectad, some adges, loopfres,
no isolmed vertices,
avery connectad componant complata,

not every unisolsted vertex has a loop

disconnected, some adges. some loops,

no isclated vertices,

avary ::unn.ctld componant complats,
avery unisolated vertex has a loop

1

!

1

<{1hLg>

<{1}.{11}>
<g, b

Table 2-10: Undirected Graph Signatures in L. continued

ifc=1then f < n=2

-

if kk=1/2 < ¢ £ kik+1/2 then f s n=k for k = 2,34,

0 5 q 5 mini2c.n—d)
= f
Q=sps=xs{ 2 }
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From these we cbasrve that the values for c.d and n are independent variables and

will determine the possible vaiues for the dependant varizbles a.fp and q

2.5.3.

Evaluation of L’;

L] is a good refinement on L, for undirected graphs. For directed graphs,

however, wa wiil also have to consider the sets E. E, E” E” E", and E* These

lead to the unpleasant Venn diagram of Figure 2-4. The interpretations of the

regions in the diagram become challenges to Engiish grammar and ressmbia few

Properties appsaring in graph theory texts. This awkwardness, couplad with a

desire to explore recursive formulations, causes us to abandon further axploration
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Figure 2«4 A Praliminary Venn Diagram for Directed Graphs in
. L'; . |

of L';. The idea, howeaver, of warking. with trangformations (such as fransitive adge

closure) producing properties appearing in graph theory texts will not be abandoned.

It motivates. as a2 matter of fact the recursive formulation of graph theory

discussed in Chapters 3 and 4.

2.8, The Edge-Set Languages: » Review

We conciude our sxploration of the edge—sst languages at this point Each
anguage refines the partition of the set of all finite graphs. The operations chosen
for the grammars reflect our initial need to find similarities and differshces in a set
of grsphs The similsrities and differsnces among graphs are readily avsiiable
m;'nugh their signatures. The fact that only finitely many, and far fewer than
axpacted, properties appesr, suggests that a primitive form of hashing based on the
signature of a graph in an edge—set language. may be an acceptabie solution for
graphs of reasonable size (say n < 17), ' ‘
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Thare is no difference between the procedurs for producing a graph with
several specified edge-set language charactaristics and that for only a single
characteristic; both use the same generator.  Similarty, testing for a sat of
charactaristics uses the same procadurs as testing for one. The sdge—sat languages
describe very faw of the graph properties custormarily dealt with in books on graph
thaory. 'Thu recursive ianguages will attack this problem in the naxt two chaptars.
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CHAPTER 3
RECURSIVE LANGUAGES

w0 prove even the smallest theoram [we] must use reasoning by
recurrance, for that is the only instrument which anabl/es us to pass

from the finite to the infinita.
~—=Poincare

This chapter examines the fundamental concepts we use in the racursive
description of graph propertias. It begins with an explanation of incremental graph
construction. Recursive graph grammars are defined and their components examined '
in detai. A minimality notion, the floor of a graph property, is discussad Wa
define inversion and prasent a tachnique for automated inverss construction. Finally,
twanty threa elementary recursive graph properties are described at length

3.1. Graph Construction

This section introduces construction of graphs by a gradual, iterative process
The algorithm CONSTRUCT iteratas tonard a specific graph; the algorithm GENERATE
iterates toward an arbitrary graph The definition of a graph property (edgeiessness)
through a recursive algorithm maﬁvﬁn the rermainder of the chapter

A graph consists of finitely many vertices and finitely many edges We

- therefore envision the crestion of any graph as a construction process, in which we

add one slement (a vertax or an sdge) at a time Assume first that we have a
specific goal. a graph we wish to copy. An algorithm to produce such a copy may
be formulsted recursively, and appears in Figure 3-1. CONSTRUCT has a target -
graph G, = -:VT..ET: which it is attempting to build from G = <V,E>. Termination is
guaranteed if CONSTRUCT is initially called on (<VoE>K,), begiming with the
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CDNSTHUCT(<V1_ET>,¢V.E>)
Either V <— V u {x} for x eV x eV
or E <= E u {yz} for VeV yzaE yzaE
If G= G,
then hait

alze CDNSTHUCT{<VT.ET>,'=V,E>)
Flgure 3-1: An Algorithm to Recursively Construct a Target Graph

smallest possible graph. (The empty graph will be studiously avoided) Each iteration

adds to G aeither a missing vertex in V or a migsing edge in £ between vertices

diready present in V. CONSTRUCT terminates when G is isomorphic to G. A trace
of CONSTRUCT could bg encoded as a s'aqu-nr.:ing of the set Vo U EL in which
each edga xy is (not necessarily immaediataly) preceded by both x and y. There aras
many such construction sequences for any target graph G,

CDNS‘I'HUCT could be modified to producl an arbitrary graph.  Rdther than
cCompars thc prognn of the algerithm against a target, we could "randomize’ the
process as in Figura 3-2

GENERATE(<V E>) '
Either V <= V U {x} for x & V

or E<=EU {yz} for yzeV, y2eE
Either output <V E>

or GENERATE<V.E>
Figure 3-2: An Algeritwm to Recursively Generata Graphs

The initial c;:ll to GENERATE is on K,- GENERATE arbitrarily adds vertices and sdges

until it decides to hait There is no guarantes that GENERATE will twrrminate, but at

the and of each iterstion its "current product’ is a graph, and its output, if any, will

always be a graph Figurs 3-3 show the iterative steps in "building” & graph during
2 sample run of GENERATE

An giternative, racursive definition of graph might be: “A graph is K, or any
output from GENEF{ATE(KT).“ This definition enumerates the sst of ail graphs The

snumeration is in no particular order and may wali be redundant because of tha
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Figurs 3-3: A Sampis Run of GENERATE
many possible construction gsequencas. Yt since evary graph is constr;.lctnblu ]
this sense, the definition is equivalent to that given in Chapter 1.

A graph property is. a3 we have said, a partition of the set of all graphs into
two classes thosa graphs (Gp) which have the property and mc?n which do not
Thus one way to define a graph property is to list 2l the graphs possassing it For
axample “sdgeissanass” could be defined ax

Gy = {<1>0),(<1.2>4)(<1,2,3>9)...}
or if we lat E = <{1,2.3.k} ¢> more concisely, ax

Gg = {E, | x an intager, k 2 1}

An aiternative listing could be in the form of an algorithm which generated precisaely
that set "Edgelessness is K, or any output from EDGELESSIK,)." The aigorithm
EDGELESS appears in Figurs 3-4. Figure 3-8 shows the iterative staps in a sample
run of EDGELESS. | -

Lat O sdguiess JONOME the set of all possible graphs output by EDGELESS. Since
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EDGELESS(<V E»)
V <—- VU {x} for x & V
Either output <V.E>

or EDGELESS(<V E>)
Figure 3-4 An Algorithm to Gensrate Graphs without Edges

Figure 3-53: A Sampla Run of EDGELESS

EDGELESS never changes E E will remain empty, l"ld‘Wll'V slement of O edgmivss will
be of the form <V,> ie, edgeless. Thus the aigorithm produces only sdgeisss
graphs and Q ecgelass & G Since iny €1,2,3,_ k> ¢> in GE may be constructed by
inserting 1, than 2, and so on, up to k, EDGELESS procduces all edgeiess graphs, ie.,
GE &0 edigeless’ Therefore GE = O. douiess and we have demonstrated the scuivalence
of the two definitions for edgeiessness. EDGELESS is an example of a oraph
property definition in a recursive Iﬁgmgn.
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3.2 Rsourzive Graph Grammars

Now that we have clarifiad iterative graph construction as a definition
technigua. this section defines recursive graph grammars to implement it
GENERATE and EDGELESS are reformulated in this context

A recursive grammar for graph properties has conciss terminal axprassions
whose semantic intérpretations are algorithrms similar to GENERATE and EDGELESS.
There are three key components in such a grammar

* the primitive operations permitted on the graph (such as adding an

adge)

* the seed graphs on which the algorithm may be calied initially (such as

K1)
* the selector conditions under which choices are made during sxecution
(such as "for x # ), '
‘More farmally, lst a recursive graph gremmar R bes an ardered tripie R = <P L D>
where P is the language for primitive operators permitted on the graph, L is a seed
language used to specify the seed set (graphs on which the algorithm may be callad
initially), and I is a seiector language in which the selector conditions are formulatad,
A terminal R—axpression will be of the form p = <f.5,0> where f is a terminal
P-expression, S is a terminal L~expression and ¢ is a terminal § axpresgion Tha
semantic interpratation of this R-expression is an algorithm which iterstes an
unspecifiad number of timas. On each iteration the se/ector o chooses one or more
vertices and/or edges with respect to the curremt graph G, and then f modifies G
using those choices, to produce a new G initially G is a seed graph ssiectad from
the sat of graphs which is the semantic interpretation of the exprassion 3. More
formally, an R-property is the following semantic interpretation of the tripla «<f.S, o>
25 a recursive algorithm cailed on any graph described by &
fG " = G if snough
= fIG) where G = #{G) using slements from G or new to it
selectad by ¢ in order 1o apply f '
Any G for which S is true has the R-property., and any output from the algorithm
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on such a G has the R-property. In the event that no vertices or edges satisfy o,
or the algorithm "decicdes” to hait. "enough” is true If G is any ssed graph, the
triple may be written grammatically as (fo)(G), ie. "zero or more successive
applications of f 10 G, each subject to selection criterion ¢ Thus an R-property p
is & graph gemerator which may be stappqd aftar any iteration, yielding a graph
The sat of such possible outputs defines the graph property p. For example, if G is
a sesd graph, G. f(G), f°IG) and f''(G) under ¢ may all ba said t© "have” the
property p = <f. 50> Thus a variety of graphs having propQr'ty p may be produced
by varying G within the set described by S or varying the number of timds f is
applied Even if those are kapt constant, the seiector o makas arbitrary choices. 5o
that several executions of (G} for fixed k and G will not necessarily produce the

same graph, although all outputs will have property p.

A generator is said to be correct it every graph output by the generator rmust
h:vc property p. A genarator is said to .1} dﬂmplﬂ' if avery graph with.property p
has an imaginable construction under sami exgcution of the genetrator which makes
approprigte selections on each iteration. (No attempt has been mads, howsver, to
pravent recundancy. A given ganerator may produce isomorphic graphs in different
application sequences) The triple <f,S,0> is a valid syntactic represantstion of sama
graph property p if and only if the generator interpreted from the triple is correct
ind compiete with raspect the sat of all graphs having property -3

Lat us rasxamine GENERATE‘ and EDGELESS now within thesa dafinitions
Clasrly the only seed graph for GENERATE is K, and the primitive cperations we
wish to allow are “add a vertex x*, which we shall denote as A . hd "add an sdge
yz'. which wa shall denote as A“. Then GENERATE is merely

B A )'(K.)whurexlv. yz®V, yz o E
The "+ sign dnnotn the optlun of choosing eaither AL or A on each iteration
We chserve the addition of an elerment aiready in 2 set to that set can affect no

change. and therefore revise GENERATE (and our recursive definition of a graph) to
be

A+ Ayz)'(K ;) whera y,z & V
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Here f is A+ Av:’ Sis {K,} and o is "yz & V"

3.3. The Componanta of a Recursive Language

Although we have now established the nature of the tarminal expression, it

remains to identify the language R in which it iies. Thus we expiors in this saction

tha nature of the R—components P, L and .

For the primitive language P we postulate some prirﬁitiw operators, listed in

Tabla 3-«1. Each priru;titiva aperator i3 intended to modity a graph and return that

maodification,
Primitive
N

xy

LA N

KW‘I.qu

i

Effeot

Na changﬁ

Add vertax X

~ Add adge xy

Delata vertax x
Daiete adga xy
ldentify vertices

Fragmemt vertax x

into vertices x and y
Loop on ail vertices

Unicop on alt vertices.

Rapresentation
N<V.E> = <V B>

Ax-:V,E:- 2 <\uU{x} E>
Axv'tV.Eb = :V,EU{x\.:}:-
quv,E:- = <\V={x} E>
ny-:V,E:- 2 <V E={xy}>.

Ly 1...vk“‘"'-E" = ‘:Y_ {v} E| ems

F <V.E» = <Vuiy} E|
k

>
Xyv l -V xvi - :-wi

L<V.E> = <\VE U 1>

L<V.E> = <VE N 1>

Table 3-1: ° Primitive Oparators for R=Grammars

A primitive cperator makes no assumptions about its ability to perform itz operation
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meaningfully; x and/or y may or may not be present in V and xy may or may not

be pressnt in E Qperators are provided for addition and deletion of a vertax (Ax,

D) or an adge ALy D) for the marger of k+1 vertices “""1""’uL for the splitting

of one vertex into two (wa , » and for the introduction (L} and removal L of
: 1%

loops on ail the verticas.

Now we postulate some possibie P's for the R—grammar <PLI> Each P has a
sot 1 = {r .7} of terminal symbois and the following grammatical ruies
F=>1+1]11
b=>7 [ 7 |« ]| 7
This P grammar permits both primitive operators (members of M) and composite
operators constructad from thermm  With this grammar understood. it is sufficiant to
define a P language by its tarminal symbois. In particular we define
= {A.A_ N}
=P, U {Dx.. D“}
=P, v {L L}
4 " pZ v {'xy' F:v}
p= P,V {Iw, va}
Note that P, will be adequate for GENERATE

Composits operators are introcduced for conceptual and notational convenisnce.
Each is axpressible as a combination of primitive cperators.  For operators f and g,
the composite fg means "firgt nppiy g and then apply f" For operators f and g,
the composite f + g means "apply axactly one of f or g° The function for a graph
property could involve both kinds of composition, svolving forms such as ff + gg
or (f + fliig + ¢} We have found some composite cperators to be so useful in

developing graph properties that we have assigned tham their own symbois These

appear in Table 3-2

We stress again that no operator, primitive or composite, is assumed to be
applicable to an arbitrary graph Tha salection conditions in ¢ (such as "distinct
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Composite Effect Equivalencs
wa Subdivida adge xy ny‘AvavyAv
by vertex v
Branch from x to y A A
=y - . Xy Yy
F: Fully connect vertax x AV1!szx...AvﬁxAx
to A
Y"'r““u Add cycla U Uyl U u1u'2 uguy” ”k—1"'uA"'u"'1A"'1A"‘zmA"‘u
Y v v ]
L Delete cycia U Ul Uy DulDuz...D " |"1uzl:JMzM3...!::%“1“\‘DukhI1
where D’i = Di if degras of i s O
' = N alza -

Table 3-2 Somu Compasite Operators for R—-Grammars
U,y " 1O guarantee that a Cycle is simpie) place restrictions on the bindings of
the variables referred to by the operator. The complexity of any algorithm is
depencent both on the matching required by ¢ and the rascurces needed to update
the graph

. For L in the Regrammar <P.LL> we csn use any graph property langusge. In
particuiar, the languages Ly Ly by Lo Ly, and L, of Chapter 2 are excellent
candidates. It is also permissible for L itseif to be a recursive graph property
languags. (We staull have more to say about this later) We will aiso reluctantly
permit Lo, the language which precisely lists the vertices and adges of a graph

The I in the R-grammar <P.LI> wil affect the complexity of the aigorithm.
Any constructive algorithm to produce a specific graph will be at least O(max(m,n)
as iong as m+n ig increasing from one iteration to the next and the selector is not

of greater order. (We empioy the traditional definitions for the order of an
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aigorittyn  throughout) Thus we focus whaeraver pu:_tnibll on  simple ssisctor
languages (preferably of O(1) or Q). leaving the data structure implicit In T
vartices are ViV
following selector languages with their generating grammars. Many others are, of

and adgas ars ordersd pairs of vertices We offer the

course, possibie

L

A formal grammar for L. is

| > LI | vertax sign V | edge sign E
vertex >, fvy [ vy |-

edge ~> (vertax,vertax)

sign >4 | &

Selector exprassions such as
N
or
"yz ® E _
are possibie in .. Note that we could produce the selector for GENERATE in L
as follows:
| => 1)
=> vertex gign V, vertex sigﬁ \'
->»ya&V zuVy

L
A formal grammar for L, is
| => |} | vertex sign V | edge sign E | vertex # vertex |
adge * adge
vartex v vy | vy -
sdge => {(vertex,vertex)
sign > a | =

22 containg all the terminal eaxpressions of Z,I. In addition, selector ngp}ussions
such as

XEV yEV xuy _
ara possible in )','2, but not in T 1’. Tha sxpression # will be interpreted semantically

as 'is distingt from" The esxpression x ¥ y would therafors mean x and y ara
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digtinct vertices. The axpression "yz # vw" for undirected graphs means that neithar
"y ®vand z % w nory = w and z = V' is rue. The expression “yz #+ vw" for
diractad graphs maans "y #* v and z #* w."
23
A formal grammar for 23 is .
I «» Ll | vertex sign V | edge sign E | vertax # vertax |
odge # edge | divertex) rei number

vartax >V ! v, | Vq | -
adge “> (vertex veriax)
sign ->a | =

rel —:-=|=-|z|<|s
number ~=>0{1]2].

23 contains all the terminal axpressions of L. and 22. In addition, selector
axpressions such as

x'®V, dx) > 1
;lru .posaibin in }:3. but not in T, or }:2. Wa define N(xl‘. the neighborhood of a
vartax, to be the st of vertices adjacent to x, other than x itself, Le.

Nix} = {xy | y® V, xy @ E x # y} _
Wae then define tha Jegree of a vertex x to be the cardinality of Nix} with the
stipulation that the degres is nonzero (say, one half) when the neighborhood is
empty but thera is a loop on x, ie, xx &€ E This emphasis on loops is intentional
and will be clarified in Chapter 4 The expression dix) will be intarpretad
semantically as the degree of vertex x.
Ly

A formal grammar for 1‘,‘ is

I => |1 | vertax sign V | edge sign E | vertex » vertex |

adge » adge | divertax) rel number

vertax —=-v1|v2|v3|_.
edge ~-> (vertex,vertax)

sign > % | &

rol "I‘-\-ll}'Zl{l:t

number ~>max |[n|] O | 1]2].
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L 4 contains all the terminal expressions of 31, 22 and Za. in addition, selsctor
axpressions such as
X €V, dix) = max
are possible n L 4 but not in 21, Xz or ):3. The expression max will be interpreted
semantically as the maximum degree of a vertex in G The expression n will be
imarpratad semantically as the cardinaiity of V. |
&s
A formal grammar for EE is
; => ~lj | LI | vartex sign V | edge sign E |
vartex * vertax | adge # edge |
divartax) rel number |divertax) rel variable sum number |
| {vertaxset} n V| rel number |
| {acgeset} N E| rel number | variable rel number |

| {vertexset} | = |V|

vertex > v, vy vy .

“adge => (vertex,vertex)

sign > e | o

rel ->=|>|;|¢|s

number -»>n}j0]t}2]-

vertaxset => vertex | vertexvertexset | (vertex|l}
odgasst —> sdge | edgeedgesat | {edge|i}
variable =>i]jlk]-

sum -+ | =

The exprassion =~{) is interpratad semantically as "not |" providing tﬁ- nagation of
any exprassion The expression |A N 8| is interpreted semantically as the
cardinality of tha intersection of tha sets A and B An .nxprhssicn of the form
varisble k 2‘n is intanded to refar to the index numbers on the vertices. (See the .
prnborty EULERIAN for an exampia.) }:5 conﬁint ail the terminal expressions of 21,
L, and 23. but not L, because I, lacks max. Selector exprassions such as

k=8

ar

[{xy.2} n V| a2
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ars possible in I, but not in I, L, I, or Z,
L
A formal grammar for 25 is the Es grammar with one additional production:
| —> gtatement
"Statement” is any English language santenca. 25 is a deliberate catchall, to be usad,

like Lo when ail sise fails.
in the event that the selector makes no restrictions at all, I is designated as 4.

We have now assembied the raw material from which to construct
R-languages. Wa have arbitrarily rmentioned five primitive languages P, aight seed
languages L. and six selector languages I (The reader is invited to define additional

appropriate languages.)

3.4. Tha Floor of a Graph Property

Pat of the challenge in writing a graph property racursively is choosing an
appropriate recursive language. This saction expiorss a minimality condition for
R-properties. GENERATE and EDGELESS are again used as examplas

Wa ratun now to GENERATE. which we had ida;'ltifi-d as

(A, + A UK, whera y.z @ V
Cloarly f = A+ A“ couid lie in any of the s, S = K, in any of the L's and y.z =
V in any of the T's.  Since the power of the languages we define is a primary
concern,’ it seams reascnable to seek 3 minimal R—-language for sach property.
implicit in their definitions were partial or full orderings for the P's, the L's and the
Zs. Diagrams of these orderings are picturad in Figure 3-8 Arrows point from

less powerful languages to the more powaerful cnes which contsin them

We define. & floor of a graph propsrty p = <f 50> to be an R—grammar
<P.LE> such that for every other R—grammar <P'L'I'> in which p is a terminal

axpression, either P' > P or L' > L or L' > 1 Note that. because of the partiai
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-
|
J_ | L'\L/Lm

Figure 3-8: Orderings for Property Languages
arder, a graph praparty may have mors than ona floor. Intuitively, we are
identitying the weskest possible grammarls) enabling the property. For GENERATE
we have indicated that P, and 21 are adecusta. Since the expressions En 1 = 0
and E = 0 in L, are simuitanecusly satisfisd only by graphs isomorphic to K. L, is
also adequats for GENERATE Thus the floor for GENERATE is <P L I >
Similarly, EDGELESS may be written compactly as |
A MK ) | . _
Hers the floor is <P L ¢> because no seiector at all is recuired As more
complex graph properties are intraduced, other floors will be required It is
interesting to note that EDGELESS hag a lower floor than GENERATE Although the
property of being an sdgeless graph is a special case of being a graph, the minimal
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R—grammar raquired to achiave it is (counterintuitively) /ess complex.

3.5 Inversion

Now that we understand the naturs of a racursively-cefined graph property.this
saction defines the inverse of a graph property and the implications of its automatic
ganstryuction.

if a graph may be constructed ons edge or vertax at 2 time, it may aso be
dismembered in the same fashion. Given algorithm p = <f.S,0> which generates
precisely those graphs with property p, under certain circumstinces it is possibie to

calculste an inverse, call it p~ .

This new algorithm mathodically attermpts 10
dismember an input graph until it is again a sead for p. Each testing algerithm may
ba stopped after any iteration, yielding a graph with the same truth value for the
property being tasted as each of the preceding graphs For exampie, if pis the
property of ‘bning Eulerian and the graph G is not Eulerian, then the graphs f"{Gl_ :
and %G, it they axist, will -also be hun-Eul:llt.'im More fortrally, a termiral
R~expression. p~' = <f 50" '> is said to be the /nverse of ancther terminal
1

raturns ﬂ'leE" on all outputs of the generator which is the R-property defined by
p, and "FALSE" on ail other graphs. The testing semantic interpretation of p”! =
<t”150"'> is the following recursive aigorithm
(! = TRUE if G is described by S
= £ 1G@) where G = (G using slemants from
G selected by o™ in order to apply £
= FALSE if G is not described by S and o~ ' is
not applicabie
Nota that .every ssiection suiting the raquirements in ¢ guarantees the correct
results, not simply some selection If G was a product of p, its dismembermant
sequence and seed graph need not mirrer its construction sequence and seed graph,
since there are likely to be many such correct choices. If G has property p, and

onty if it does, repeated applications of £~ will return it. in seme fashion, to some
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seed graph of p. A concise grammatical representation of p” s TG The
seed set S is implicit in this repressantation Thus # o™ MG s interpreted as
"apply ' untit an answer is reached. ie. G is descrived by $ or £~ cannot be
applied because o' fails” The number of iterations raquired for testing may vary

with ¢~ ' and is not in general predictable.

Certain graph proparties have inverses which may be computed automatically
from p. It is thosa properties which we examine in this chapter. It may be argued
that a computer which is taught t© generats objacts with a given proparty, and can
then calculate a2 procedurs to test input cbjects for that property, has understood
the naturs of the property and has /earrsd it Thus we argue that this computation
of a testing algorithm from a generator algorithm is both automated daduction and

machine laarning

<X % Autnmltid inversion

'Hwing axplained the significance of an invarss, in this sectian we present a
mechanism for its construction Not every R—property will be invertible via this
machanism  In particular, consider an R-«property whose formulation includes lxv, the
primitiva operator which identifies or merges vertex x with vertax y. leaving only
the revised vertex x in the graph and assigning all the adjacencies of y to x Aftar
such a merger occurs there is no indication of which vertex is the revised one, let
alons which adges incident with x were attributabie to x, to vy, or to both of them
Thus a property whose formuiation includes I“ will not aslways be suscaptible to
inversion.  Similarly, an R-property which employs the primitive cperators L or L.
looping or unlooping all thes verticas, will obscura the prior loop status  For
properties which exploit loops, such inversion also presents a problem.  This loss
of information frequently causes difficulties for inversion, some of which are deait

with in Chapter 4. Properties whose floor raquires P, or higher are rarely

3.
congidered in this chapter,.and a formulation of a given property with the lowest

floor is always preferrad
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=1 froam p. We

Hera is the tschnigue for the automatic construction of p
arvphagize that this techniqus is guaranteed only for H-propertias whose floor
includes P or F, and that, under certain circumstances. it may neot be applicabie

aven to thoss.

Bach of the fiva primitive operators under consideration should have a fairty
obvicus inverse, for example, ws expect A;T =D Recall, however, that the
formulation of EDGELESS was originally

AK ) whers x & V

=
and was maodified to
-

A K)

If wa were to undo each step in the construction of some edgeless graph G we
migtt  find an instance of inverting the “addition” of some vertex that was in the
graph prier to the “addition” Since the second addition made no change to the
graph, the inverss of that addition shouid also maka no changs. Thus we have

At =D if x # V before A
x x
= N oize
and ‘
AT . =D if xS E bafora A
xy xy xy
= N sise

Rather than engage in axistential debates, we preafer to inver: the iess elagant, more
constricted algorithm formulation which avoids ineffectual hterations. Thus, aithough
GENERATE is mora concisa as |

(a_+ Ayf(l(,) whera y,z € V
it is easier to invart as

A +A )(K}whcr- x®EV yreV yzxEE
A may be applmd to a graph G = <V.E> whather or not x is in V. Invurtmg a
particuiar application of Ax is an uncertain procedure bncau;n wa have no way of
knowing if A was effective ie, changed V. Similarly, Axy may be meaningfully
dpplied ag long as x and y are in V, whether or not. xy is in E Again we have no

way of knewing whether Axy was effective. With the deletion operators D and
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D_, any meaningful application (x ® V or xy & V, xy ® E} must also be effective.
=y

-

. R 1 =1

Hetce we do not have the same tentativeness associatad with |:Jx and ny. Wae also

nota that the inverss of the null operator N is itself. Wa now jigt five rulas for
- - =1

the automatic congtruction of an inverss p ! = <f 1,S,a > from an R—property p

1

= <£$.0> The initial ruiss are designed to construct £ from f.

RULE 1

Every primitive operator in P, has an inversa. The inversas are

AT'=D
= x

-1
A = va

=y

D '= A

% x
o} = o,
N =N
The inversion of the other primitive oparators usually entails loss of information and
is not discussed here.
RULE 2
The inverse of a sequential composite is the inverse of its slements. in the
ravarse order, ia. -
. (g = g~ ¢!
Eor axampie,
@ AN =atlari=nD
RULE 3 _
The inverse of an additive composite iz the sum of the inverses of its
alaments, in the same crder, ie, |
i + g,--l = . 9_1
For axample,
A+ A=A A TeD 4D
RULE 4
The inverse of an uncertain addition is a tentstive deletion, ie, if it is not
known whethsr dix) = O when ' arrives at D_ use
A= =D if dx) = 0

= N slze
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! from o is a bit more complex. i iz here that the

The construction of ¢
inversion technique may fail The major inversion heuristic is that the vertices and
adges nvalved in the f iteration just completed are either immadiately identifiable, so
that fiGl may be retumed to G. or belong to a set of possible choices, any of
which will move (G back correctly towsrd soms seed §raph of p or FALSE
without necesaarily returning to G at all. We define tha profi/e of a variable to be
2 (not nacessarily exhaustive) list of its distinguishing features in a selection
tanguhgn. for axample "x & V, dix) = 1" A pra-profile is a profie immediately
bafore the application of an operator. Although ¢ initially constitutas a profile, wa
exparnd ¢ Tore This new pre—-profile axcludes ineffectual (equivalent to N)
opsrationa O, %0 includes the propertias of the seed pressrved under f A
post-profi/e is a profila immediately after the application of an operator. For most

1

cases, the construction of ¢ ' from ¢ is embodied in

Let ¢ be a pre—profie of thosa variables involved, Expand ¢ to % ew

Compute the changes to o o Caused by f. The new dascription, ¢ |, is in 2‘. o

P
is now 2 post-profile of the variabies after f. (If the sslector language for p is L's

or L, the new description must aiso be constructed in Iy in Lg)

In other words, p singles out a varisble x by its raistionship to G and then
applies f to it, changing in some fashion the naturs of x with respect to G This
new description of x enabies us to select it for inversion. What aspects of x lor
xy) are significant? Most of the graph properties in this chapter find membership
with respect to V and E, distnctnass, degree of a vertex and maximum degres of
any vertex in the graph to be an adequate perspective. hence the choice of T s 0t
is important to recognize that the flcor may shift during inversion, ie, the inverss
may be stated in @ mora or less complex R-ianguage. | |

Throughout this document, inverses whose floors are based on I, I I, or

X 4 re computed autornatically . As simple exsmpiss, we compute the inversas of

- EDGELESS and GENERATE  (More compiex exampies are available in subsequent
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sactions.) For EDGELESS we have
7'z ATe D
x E
In this axample the initial pre—profile o is empty. We expang o to Ty = % &V to
exclude the ineffectual operation of adding an aiready present vertex. Immadiataiy
aftar A  we know that x @ V and dix} = 0. Thus we set o 1o x &V, dx = 0
Since the maximum degree of a vertax in G could not be aitersd by the addition of

a vertex of degree zero, the max is not mentioned in o~ .

Thersfors, tha following
aigorithm tests to see if an arbitrary graph is edgeiess:

k<! TRUE if G is K,

f"(Dx(G)) where x & V, dix) = 0
FALSE if G is not K1'

and thers does not axist x & V such that dix) = 0

This odgelessness taster deietes vertices of degree zero until it arrives at the empty
graph (success and the input graph was sdgeless) or all verticas are of degree
grullfnr than zero (faiiure and the input graph was not edgeiess). In Figure 3-7 we
show the algorithm operating on a graph G & Gp and a graph G » Gp.

TRUR

EALBN

1 2

Figure 3-7: EDGELESS™' in Operaton
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For GENERATE wa have
A v AT = AT ALl=D_+ D,
The pre—profile o is yz € B which we expand t© x # V, yz « V, yz & E The
past-profile o~ is xy.z ® V, yz ® £ dix) = 0. Sinca the maximum degree of a
vertax in G couid not be aiterec by A_ and ig unpradictable under A". the max is
not maentionad in ¢~ . This yiolds the following aigorithm for testing to asse if an
input ordersd pair of sats (V.E} is a graph
t G = TRUE if G is K,
= +7(D, + DG where xy.z ® V, yz @ £ dix) = 0
= FALSE it G is not K, ,
and there doss not axist x & V such that dix) = 0
and there do not axist y.z2 & V such that yz ¢ £
Note that the selector variables are grouped for convenience of notation, byt that
they need not all be successfully bound in order for ¢ ' to succeed, ie. we nead

“to find x or yz but not both, as distinguished by separate lines in the FALSE

sslector a”t. n Figure 3-8 wa show the algorithm operating on a graph G = Gp

and a graph G . Gp.

- - e o
VAR

TRAUR
6
<{1.21.{1213}> «{1.2}.{13}> <{1},{13}> FALSE
1 2 3 4

Figure 3-8: GENERATE™' in Operation

From now on we will describe invarses mersly by stating £, Toca and o7

We obsarvs that in both of these sxamples the floor shifts for the inverse.
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For GENERATE the ficor was <P i I > and for GENERATE ' it is <P, L, J.> For

EDGELESS the floor was <P L. 4> and for EDGELESS™' it is <P L,Z,> Because
the post-profile is constructad with respect to } 4 Whenaver possible. we expect
the floor for p_1 to invoive 24, regardiass of the L used in p. To the extant that

faatures of L, are not appiicable, lower T's will appesr for p~'. Thus a shift in the
floor suggests that perhaps the "trus” context of a pi'npcrty resides in the more

powerful of the two R—languages We will pursue this further in Chapter &

-3.7. Readily invertible Graph Propertias

All the fundamentai concapts in our recursive formulation of graph theory are
new established Each of the segments in this saction deals with a specific graph
property. Each segmaent begins with the necessary definitionis) from graph theory.
The R-property is formulated, proved corract, inverted and proved completa. Many
graph properties hava mbr! than one ,'fmm" within a given R=-grammar. . In
some instances, mors than one valid formulation is- provided, with relevant

axplﬁﬁont

In order to prove that an R~proparty is compiete, we need ‘cnly show that its
inverse is correct The situation is pictured in Figure 3-8, For p = <f.S.0> f maps
G ® S into G, and f maps G, into G, where G_ is the set of all graphs with
property p. For the invarse p~' = <f S0 ' ¢! maps G & G, into G, and
eventually back into S. Assume that f~' only maps G = G, into G & G, ie,
is correct Let G = Gp. Since ' is defined on G and f~' is correct, thera axists

some sequence of applications £~ "

{G) which is a "trail” back to some seed graph H
€ 5. We need only autematically invert these applications into M) to creats a “trail”
from H to ‘G Thus G is "reachable’ via f and p is compiete.. Our c:omplctnnus

proofs will therefora consist in showing that the “automnatic” inverse is correct

Fraquently there are several possible formulations for a graph property,

Qccasionally we will show more than one. In constructing the properties in this
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=UN+A LIN+A A F )™
1

Ve XY MWLy

N+ A LN+ A A A

1 s=k+Z  eopez Wiy

-1
F )
wWI w:t.‘...l:'_._.r

= I“'nytl\l + D“r)—-(.N + D“1) +

. D D =D N+D |

WE W Wl "Miaake3 Wk +2
N + DM1)
o = diatingt xv, @V, y &V xveE
k=1 2 r § dix) - k+1, dix) > k—1, div) > k=1
distinct w,t & V, z & V, wte E s = diw) — k+1,
diw) > k-1, ait) > k=1
o = distingt Xy.v, & V., xy. YV, YV, & E.
k=1 =r < dix) — k + 1, dix) > k=1, dly) > k—1,
- dtv) > k=1,
[{_pvi'| PEE pv eE pexps#yl| > k-2
i=12_.r

distinet Wzt & V, wz, z'c1,..*.zt'.wt wt LI -

s—k+37 e

2= dw) - k + 1, diw) > k=1, d{z) > k=1,

Hpt | PeEE pteE pew pwz]>k-2

ae) > k=1, i=1,2...8
The floor remains constant Now the inversion procedurs has noted that the degree
of aach v, i‘l:il is &t lsast k, and that each v, (ti) will be adjacent to at ieast k-1
vertices othear than x and y (w and z. Figure 3-81 shows K-CONNECTED™'
up-ratinganagrath!GpmdagrnphGlefc:rk=a A graph is
k~connected if and only if thers exist at lesst k edge-disjoint paths betwesn any
two verticas. K-CONNECTED™' collapses adjscent vartices x and y of dagree at
lsast k—1; any path available through x or y will now be availabie trough the
resulting merged x. In particular at most one xg—path (for any q & V) used the edge
xy and that path -aftur .tho mnr@nr will be available directly from x Thus
K~CONNECTED ™' porfcrmi properly on G ® Gp and will eventually reduce it to
Ky f G = Gp. there are k-1 points which disconnect it  This ability to



Figure 3-81: l::3--'\t:CINNl.':'f:"l"l'."t':)_1 in QOparation

disconnect the graph is rotaihcd under contraction (possibly resulting in aven fewer
vertices capable of disconnecting the graph), and must uitimately causa failure

because contraction creates no mora edge—disjoint paths than previously existed

Thus K=-CONNECTED ' is correct and K-CONNECTED is complate.
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Figurs 3-9: The Behavior of f and f~ ' on the Set of All Graphs

chapter and the next. we strive t0 work in the simplast floor possible. Bacause our
selection languages } ars rasasonably limited jag. there is no notion of a path

bafora }:a). such construction may require considerable ingeruity.

1.7.1. Acayalic Graphs

A waik of a graph G is an alternating secuence of vertices and sdges.
ViV Vg Voo Vo VgV, _ oV o1V, Deginming and ending with vartices. in which each
edge is incident with the two vertices immedistely praceding and following it (Wa
will use the abbraviated form V.Vy-V, ) A walk is c/osad if v, = v . otherwise it is
open. A cyc/e is a closed walk on k vertices, all distinet, with k 2 3. Wa will

describe such 3 cycle as C, v
S ™
simply C:k. A graph is acyc/ic if it containg no cyclas, ia, svery wilk is open

An arbitrary cycie on k vertices is written as
Saveral éxmplos of acyclic graphi appear in Figure 3-10.

The R=property ACYCLIC is
(Em, + A Ve where x &V, y &V
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Figure 3-10: Some Acyclic Graphs

Tha seed set is intenced not to inciude <¢.¢> Figure 3—11 shows tha iterative
steps in a sampis run of ACYCLIC

Since precisely all graphs of the form <V.é> other than <¢ ¢> are identified in
L, by E = 0, and since va = Avax' we have a2 floor for acyclic graphs of
<P .L.LI>

Clearly ACYCLIC iz correct the only ecges it adds are loops (which do not
ocour as part of cycles or qualify as cycles) or sdges from a vertax in the set V
to one praviously outside and of degres zero which has just been creatad Thus no
sdge can, by its addition. compiete a cycle. (Was observe that, for the last edge in
the construction of a cycla, the vertices involved must already both be of degres at
isast ons) Loops may be added at any time. A logpfree version is

B,, (<V.$>) where x « V, y # V

The inverse of ACYCLIC is computed fromr
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Figﬁr-- 3-1: A Sampile Run of ACYCLIC

-
]
-

[ ]

-1
‘ (Bxy - An)

-1 =1

= B + A
=y X

= (A“Av)”' - A““*

= A" A"+ AT
Yy ny X

=DD_ +D
Yy xy Iz
Tore =x®V yaV
zeV, 228 E
a !  mxyeV, Xy & E diy) = 1

eV s E
There is a shift in the floor to <P L Z.> In Figura 3-12 we show
Acvcuc™! operating on a graph G « G, and & graph G GpA ‘I order to show
that an inverse is correct. we must demonstrate that it behaves properly both on G
(] Gn and on G‘ [ Gp. fGs Gp, p'_‘1 will detach and delete only vertices of degree
one. Thus sny walk will be decimated from its endpoints inward, and any acyelic
graph will be reduced uitimately to a set of isolated verticas <V.¢> with one
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FALSE

1 2

Figure 3-12  ACYCLIC™' in Operation
elsmant ramaining in V fo; aach mutually, accessible sat of vertices criginally in V. If
G#G.p ~! will decimate any acyclic protrusions. What remains will be a graph in
which avery vertex has dagree at Isast two. Such a2 graph must contain a cycle,
and o~ will not be applicable on it Thus p~' is correct and p is compiets.

3.7.2. Traes

A graph is connected if avery pair of verticas are joined by a path. A traee is
a2 comnactad acyclic graph.  Several exampies of trees appear in Figure 3-13. The
R=property TREE is '

®  + ALK where x & V. y &V, z & V
Figurea 3=14 shows the iterative staps in a sample run of TREE

Since the only graph matching the L, characterization E U 1 = 0 is K, the
floor for traes is <P L I >
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I I

Figure 3-13: Some Trees

PN

S

5 N - 7 8

Figure 3-14: A Sample Run of TREE

Clearty. TREE is correct the only adges it adds are loops or adges which
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cannot complate 3 cycle and are part of a single connectad component

The invarse for TREE has the same f ' and ¢ ' as ACYCLIC. namaely
-1
f = Dvav +D,,
g ! * xy &V, xy @ B diy) =1
zeV, z & E
Again there is a shift in the floor to -=P1.L1,23>. This kinship is not accidental and

will be discussed at length in Chapter 4. Figure 3-1% shows TREE™' oparating on
agrathleandngrnthle.

ok
RAAA -

Figure 3-15: TREE™' in Operation

TREE™' reduces any tree to, ultimately. a single, isolated vertax isomorphic to

K- TREE™! on a graph which is not a tree will ramove all tree—iike protuberances -

1

and then ¢ ' will fail leaving a graph composad of disconnected and/or cyclic

graphs, which is not isomorphic to K., Thus THE_E" is correct and TREE is
complete,
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A loopfres form of TREE is
B '(K)whornxlv,ylv
xy H
Although loops are useful and even significant in the formulation of certain
properties. their presence in a graph normally does not add or detract from the
presence of that property. Thus wa will pay our dues to loopfree once, in the
hext subsaction, and then write all our properties in a format which does not add

exiranecus ioops

3.7.3. Loopfras Graphs

A graph is /oopfree if it containg no edge from a vertax to itself. Several

sxamples of loopfree graphs appear in Figure 3—-18.

® *—e
o O *—O

Figure 3-18: Some Loopfres Grlpl:m
- Tha R-property LOOPFREE is
A+ An')(l(i) whare vy, 2 @ V, y # 2
Figure 3—17 shows the iterstive steps in a sample run of LOOPFREE. The floor for
loopfree graphs is <P, L 1,22:».
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Figure 3-17: A Sampis Run of LOOPFREE

LOOPEREE is correct; it adds vertices and non—icop eciges oniy. The inverse is
computed as

f-1 1

=(A + A )
® yz
=A'ea ™
A b
qu+D“
_‘_ap"‘ = x ¥ V |
yI® YV yzuE ywz
o ! = x @V, dix) = Q

yz eV, yzeE y»gz

Thera is a shift in the floor to ~=P1,L1,):3=-. Figure 3=18 shows LOOPFREE™'
operating on a graph G « Gp and a graph G = Gp.

LOOPFREE™ ' deletes all isolated vertices and non-loop edgas ‘of 3 lcopfroe

graph until a graph isomorphic to K, is achieved A graph with 2 loop will. after no

more than m + n applicstions of f hava'En1!DandE‘ﬂ1=wD.‘ and
LOOPFREE™' will return FALSE Thus LOOPFREE™' is correct and LOOPFREE is
complete.

-
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Lo laas

® & © r---
4 5 6
Figura 3-18: LDGPFHH"’ in Qperation

3.7.4. Chains

A chain is a graph consisting of a single open psth on at laast two vartices
The length of a chain is one less than the number of its vertices, is, n - 1
Several sxampies of chains appear in Figure 3-18,

o—o 000 *—o
‘ *—+o

o—o

Figure 3-1%: Some Chains
The R=property CHAIN is
5" (K.zj whare x.y @ V, v & V, xy & E

xvy
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Figure 3-20: A Sampie Run of CHAIN
Figure 3—-20 shows the itarative steps in 8 sampia run of CHAIN

S vy ® D:yAvawAv

of K,isEN1=0and EnN1=0 Ths is also the characterization of any other

20 P2 is sufficient for CHAIN In L1 the characterization

loopfres complets graph; so L, is insdequate to precisely describe iK1 in L., the
charactorization of K‘.z is the same as in K. In L, howaver, K, has the fallowing
charactarization

Eni=go

En1=a0

1} < [l
Since [1| = nin = 1/2 and |E| = n we have nin = 1/2 < n so, given that n 2 1
we must have n = 1 or n = 2 - Howaver, the only other graphs satisfying n = 1
and n = 2 have characterizations distinct from that of Ky Thus L, is adequate to
descrine {K,}, as is L, . in which K, is

Eni=gy

Ent1=4
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n=2
Therefore the floors for CHAIN are <L, H,Eﬁ and <P,L L >

CHAIN is correct; it rapiaces any adge xy with a chain of two asdges, xv and
vy, increasing the chain by one adge. aithar in the canter or on tha end, in each

iteration. Because K2 containg no loops, x # y is unnecessary.

The inverse is computad by

-1 R
f = wa

=0 A A A)]
Xy XV Wy v
A—1A_TA-.1D—1
v vy =Y Xy

=DD D_A
vVovy xv xy
Tre ® ¢ =xyS\V veEV xy eE
-1

o = RYVEV, xv,'yv R E xy # E div) = 2

There is a shift in the floors to ‘-:FZ,LM,Ba:- and <P L. L.> Figure
3-21 shows CHAIN™' oparating on a graph G = Gp and agraph G = Gp.

CHAIN™' contracts chaina to length one and simpie cycles to c, without
collapsing tham. Any vertices of degree graster than two will always remain in a
graph under application of CHAIN™'. Thus CHAIN™' is correct and CHAIN is

complete.

Hers is another forrmuiation, CHAIN,, for the property of baing a chain

a;yuczy whare x & V, y ® V, dix) = 1
Figure 3-20 couid alsc be the iterative steps in a sample run of CHA!NZ.

The floors are Pl Iy> and <P LT.> . CHAIN, is correct: it grows a
chain by branching from an sndpoint, adding one terminsl link on each itaration
CHAIN;‘ is computable from:

£ =g
xy
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600 0600 0 0
1 2

T

FALSEH
5
4
Figurs 3-21 CHAIN™' in Operation
=Db0,
Tore = x &YV, yEYV dx) = 1
! =xy®V, xy«E dlyl =1, dix) = 2

The fioors remain constant Figurs 3-22 shows (.':l--IAIN;1 operating ©n a graph
G'Gpmdagrathle.

CHAIN;’romovn terminal adges (to a vertex of degree one) in a chain until the
chain is of length one. On a non-chain, CHAIN; 'retains simpie cycies and vartices
of degres greater than two. Thus CHAIN;'is correct and CHAIN, is complate. We
have shown two formulations for the property. of being a chain, one with a lower

floor than the other,
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O O 0 00 0 0O O O ~us

1 2 3 4
® 0 © y
1 . 2
FALSE
5
3

'Flgur-“ 3-22: CHMN;1 in Operation

3.7.5. Cycles

Severai exampiles of cycles appear in Figure 3-23

) e
./Hb ‘ :/o

—e |

Figure 3-23: Some Cycles
The R-property CYCLE is
S:vv(l(a) where x.y ® V, v # V, xy @ E
Figure 3-24 shows the itarative steps in. a sample run of CYCLE



Figure 3-24: A Sampie Run of CYCLE

In L1 the characterization of K3 is the same as Kz. in L

howeaver, {Ka} is

uniquely defined by ’

Eni=g¢

Ent=28

|En1| = |En _
It is also possibie to reach K, In L a8 EN1=0EN1=0andn =2 Thus the
floors of CYCLE are <P, L L,> and <P L T,>

CYCLE is corract; on asch iteration it replaces one adge in a cycls with a chain
of length two. The inverse for CYCLE has the same ™' and o' as CHAIN. namely
! =DD D A
ot =xyveV xv, yws E xy #E divl = 2
Again, this is not accidental Thers iz a shift in the floors ta <P2,Lz,23=- and
:Pz,l.m,zaa-_f Figure 3~2% shows CYCLE ' operating on a graph G & G, and a

gaph G = Gp.

CYCLE™! will contract any simple cycle umtil it is isomorphic to Ky  Any
non~cycle will have its chain—iike portions contracted by CYCLE™' 1o length one and
its simple cycles to C,, laaving the remaining graph umouched Thus CYCLE™' is
corract and CYCLE is complete.



96

TRUR
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Figure 3-28: CYCLE™' in Operation

3.7.8. Stars

A bipartite graph G is a graph whose vertex set V can be partitioned into sets
V, and V, such that every edge of G is between a vertax in V. and a vertex in
Vy, tE=V XV, then G is a comp/ete bipartite graph. If [V | = a [V,| = b
the compiate bipartite graph on V = V_ U Vo, where V, 0 \.I2 = ¢, iz denoted i(w_
A star is a compiets bipartite graph K, for n 2 3. Several examples of stars
appesr in Figura 3-28. The R-property STAR is

a:v(K1_3) where x € V, y # V, dix) = max

Figure 3—27 shows the iterative steps in a sarhpie run of STAR,

in L; K, , is characterized by E n 1 = 0. but so are all loopfres graphs. In

L, K, 5 is characterized by E N 1 = 0 and |E| = |E|. but so is any graph with half
its possible edges and no locps. In L. K, a has the same signature as a chain of
langth threa. Here is our first sxample of a seed graph which defies definition in

any of our preferred languages. The ficor for star graphs is <P, L.E,> It is
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o le &

Figura 3-28: Somsa Star Graphs

o0 .—,'. ;
l A a
\ {
@ o0 |
1 2 L N

Figure 3-27: A Sample Run of STAR

possibia to define star so that K1.2 or KL 1 is consicderad a starr This would
require some o statsment about the maximum degrea vertex being unique or about
all vertices other than the ane of maximum degres being of degree one, neithar of
which is available in any I postulatad thus far. Thiz is an example of the potential
tradeott between L and L |

We call the vertex of maximum degree in a2 star its center. STAR adds one
spoks (dagraa one vertex and edge from the cemter to it} at a2 time STAR is
corract The inverse is computed fromc

-1 -1
f = va
= D‘ID?’W
Tore = x®V yEYV dx)= max

0! = xy 4V, dx) = max, dy) = 1

The floor ghifts to -=F'2.Ln.2 4> Figure 3-28 shows STAR™' operating on a



Figure 3-28: STAR™' in Operation
grathiGpmdagrathlGn. -

On a star graph, STAR™' will deiete the spokes one at a time until arriving at

K,5 OR anon—star graph, STAR™' will repestedly deiets spoke—iike constructs A
chain will contract to K, under STAR™' and thereby fail Thus STAR™' is correct

and STAR is compieta

3.7.7. Whaeis

A whee/ W _is a graph in which n 2 3 and
V= {vv vo,v} '

E= {vv =1.2.n=1} U {v,v} U {w, | i= 1,2.n}

et |

A whaal is composad of a +im (Cv v v) and an additional vertex (the Aub vi which
1°237°m

is adjacent to ail the othar verticaz Several axamples of whaels appear in Figura

329, The H—hropcrty WHEEL is



Figure 3-29: Some Whaeais

(A_S MK, where distinct x.y.z 8 V, vl V, xy @ E, diz) = max
VT MWy 4

Note that K, is merely another notition for W, " Figurs 3—-30 shows the iterative

staps in a sampla run of WHEEL

A A

Flgure 3-30: A Sampla Run of WHEEL
Wea usa “"distinct x.y.z" here as an abbrevistion for the Zz notation "x ¥ y, x # z, y
¥ z" In L.1, K4 has the same charactarization as any other loopfree compiete graph

This is also true in L, and L, In L, . however, {K,} is precissly specified by:
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Thus the floor for wheels is <P2.L'n.24>.

WHEEL is correct; it replaces any rim edge with a chain of two edges
connecting the new vertax to the hub. Bacause K 4 containg no loops, x # y ig

unnacassary.

The inverse is computed by:
- =1
f = {szsxw)
-t A-1
xvy 2V

=DD D A D

Vv ¥y XV XY By
g =g = digtinet xyz ® Vv & V, xy ¢« E diz} = max

distinct v.x,y,z'% V xv, vy & E, xy # E d{z) = max,
‘ divi = 3 i )
The floor remains constant Figure 3-31 shows whHes, ™" operating on a graph G

Q
n

€ G, and a graph G & .Gp.

Figure 3-31: WHEEL™' in Operation
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WHEEL™' contracts the rim of a whee! until the graph is isomorphic 1o K g On
a non-whesel. any verticas of degree other than 3 ar n — 1 will ramain urtouched,
with the whesi~like portions collapsing into K, Thus WHEEL™' is corract and
WHEEL is complets.

' 3.7.8. Compiste Graphs

CA gl'iph is comnplete if and only if E = {xy | x.y ® V, x # y}. The complete
graph on k varticas is denotad Kk. Saveral sxampies of compiete graphs appear in
Figure 3-32 '

Figure 3-32 Some Compiets Graphs
The R-property COMPLETE ia
FiK,) whers x & V, distinct v, v,..v, @V, [{v.v, v }| = |V]
Figure 3—33 shows the iterative steps in 2 sample run of COMPLETE Since Fx =

HTA_WZ.;.AWHAX. the floor for complete graphs is <P L I,>.

COMPLETE is correct it comnects a new vertex to svery vertex currenty in

the graph

The invarse is computad by:

f-.i = F_1
x
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¢ el

Figurs 3-33; A Sample Rumr of COMPLETE

= =1
- (Axv Axv '"Axv Ax)

1 2 n
A-iA-1A-‘I ...A-]
X KV AV P
n n=1 1

=DD D D
X Mw Xy xv
n a1 1
Te * C = x &V, distinct v, v,V & V. [{v v v ] = [V
-1 = diati =
a = distinct x,v .v,..v_ &V, |{xv v ..v}| = |V], dx = n

The floor shifts to <Pl L> Iéiguru 3-34 shows COMPLETE™' operating on a
gﬂthlemdagrathle.

COMPLETE™' deletes only fuly connected vertices from a graph If G initially
has n vertices. COMPLETE ' must deiete I ' i = nin=1/2 = }) distinct edges to be
succesaful; thus G must have been compiets. COMPLETE ' is correct and
COMPLETE is complete,

3.7.9. Graphs with sn Even Numbar of Vertices

Several examples of graphs with an sven number of vertices appear in Figure
3=-3%. The R—proparty EVEN=-N iz

Ay * ALAJE,) where xy & V,
‘ wilV wez
Figure 3-36 shows tha iterative steps in a sﬁpin run of EVEN-N. in L, the graph
E2 . has the characterization of most edgeless graphs, E = 0. in Lz the |
characterization remaing the same. In L,. however, the characterization is E = 0 and

EN1<EN1L These properties imply nin -~ 1)/2 < n which requires n < 3. Sinca
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Figure 3-34: COMPLETE™' in Operation

Figure 3-3%: Some Graphs with an Even Number of Vertices
all the other graphs for which n < 3 have characterizations differant from E)'s L3
describas {Ez} wniquely.  Alternatively, in L, . €, is cheracterized by € = 0 and n =

2 The floors for graphs with an even number of vertices are thersfors <P1,L3,}:2:- _
and ¢P1,L1n,22>.

EVEN-N is correct; it adds arbitrary legal adges singly and vertices two at a
time.
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AR

Figura 3-36: A Sample Run of EVEN-N

The inverse is cormputed by:

f"1

A+ A AT
Xy W I
=a" '+ A"
xy W I
s A e AT
. xy z w
-D“:rDsz
L mxy®V xy sV
wi YV, wez
o = xy®YV, xy®E

WISV wdz dwh =0 dz)=20

There is a shift in the floors to -:Pz,Ls.}:g:r and <P, L T.> Figure
3-37 shows EVEN-N"' opersting on a graph G « Gp and a graph G = Gp.
EVEN-N"' deletes the scges of a graph with an even number of verticas and
remaves the isolated vertices two at a time until the graph is isomorphic to E, A
graph with an cdd numbar of vertices will go from E3 to ET and then fail Thus
EVEN-N"' is correct and EVEN-N"is complate.

-
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Figure 3-37: EVEN-N"' in Operation

3.7.10. Graphs with an Odd Number of Verticas

Several. examples of graphs with an odd nwnbi} of vertices appesr in Figure
3-38. |

Figure 3-38: Some Graphs with an Odd Number of Vertices
The R—proparty ODD-N is
(A + ALAINK,) where xy & V,

wzEV weg
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...HH. o
e o ..

2 - 3 5

Figure 3-3%: A Sample Run of ODD-N

Figure 3—-39 shows the iterative steps in a sample run of ODD-N. .Tha floor for
graphs with an odd number of vertices is ‘P:-le"' lowear than that for graphs

with an aven number of verticas because of the simpier seed graph

ODD~-N is correct it adds single arbitrary legal edges and vertices two at &

=1

time. The inverse for ODD-N has axactly the same £ and ¢~ as those for

EVEN=N. namely,

-t =
f D“ + D‘Dw
|_".r-1 =xy 8V xyaeE

wi®Y, wezdw =0 dz=0Q

Tha floor shifts to -:Pz,L1,X3=-. Figure 3-40 shows ODD-N"' opersting on a
graph G « Gp and a graph G = Gp, ODD-N"" is correct: it deistes the adges of a
graph with an odd number of vertices and removes the isolatad vertices two at a
time until the graph is isomorphic to K. A graph with an aven number of vertices
will go from Ez. o <g.¢> and then fail Thus QDD-N is compiete.

3.7.11. Graphs with sn Even Numbaer of Edges

Saveral examplas of graphs with an even nurmber of adgas appear in Figure
3-41. Tha R=property EVEN-M is '

A+ A“Am)'(l(1) where v,w,y.z & V, yzvw # E, yz # vw
Figure 3-42 shows the iterative steps in a sample run of EVEN-M  The floor for

graphs with an even number of adges is <P, L T >
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4-00/20 ... ® rrue

5
<k, gl FALSE
8 -9

Figure 3-40: ODD-N"' in Operation

ST E

Figure 3-41: Some Graphs with an Even Number of Edges

EVEN=M is correct; it adds vertices singly and legai edges two at a time. The
inverse is computed by: | ’
£ a A A
x YT vw

AT a A T
= ¥ wvwwy
x YW VR

. =D +D D
A x

VW YIZ
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1
®. 0.0 0,
5 6 7
Figure 3-42: A Sample Run of EVEN-M
anrn =x &YV
VWYyZ &V, yzyw 8 E yz ¥ yw
o} " x @V, dixi =0

vwyz 4 V, yzvw & V, yz # vw
The floor shifts to <P,L,LI,> Figus 3-43 shows EVEN-M"' operating on a
graph G = Gp and a graph G Gp. EVEN-M""' deietas singly the isolated vertices
of & graph with an even number of ecdges and removes the adges two at a time
until the graph is isomorphic to K, A graph with an odd number of edges will
recuce to K, and fail Thus EVEN-M"' is corrsct and EVEN=-M is complets.

3.7.12. Graphs with an Odd Number of Edges

Several exampies of graphs with an odd number of adges appesr in Figure
3~44. The R-property ODD-M is

A AA)(K)whurcvazIVyz,vleyzﬂvw
Figura 3-45 ghows the iterativa steps in a sampie run of ODD-M  The floors for
graphs with an odd rumber of ecges are <P L T > and <P L, >

QDD-M is correct; it adds vertices singly and legai edges two at a tima. The
inverse for ODD-M has exactly the same f ' and o~ as those for EVEN-M,
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900 o000 o ? - TRuE
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Figure 3-43: EVEN-M"' in Operation

Figure 3-44: Some Graphs with an Odd Number of Edges

riarmaly
£ =D _+D D
® vw oy
o = x ®V, dix) =0

vwyz &Y, yzyw & V, yz & vw
The fioors shift to <P L, T.> and <P,L,I.> Figure 3-46 shows ODD~M"'
‘operating on a graph G @ G, and a graph G « G ODD-M"' deletes singly the
isclated vertices of a graph with an odd number of sdges and removes the edges
twe at 2 time until the grﬁph is isomorphic to Kz. A graph with an even number of
edges will recuce to a graph isomorphic to <¢ 4> and then fail Thus ODD-M"' is
corract and ODD-M is compiate.
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Figure 3-48: A Sampie Run of ODD-M

AV P N
e

. . . . . . Lyl y &) FALSE

5 8 7 8 9 10

Figure 3-48: ODD-M"' in Operation



3.7.13. Eulerisn Grapha

A walk is a trai/ if all its adges are distinct and a pat if all its vertices are
distinet A closed walk which traversss asach edge of a graph exactly once and
passes through every vertex at least once is called an fu/arian walk. An Eulerian
graph s ona for which an Eulerian wailk exists. Saeveral examples of Euierian

graphs appear in Figura 3-47.

| Figure 3-47: Some Eulerian Graphs
Tha R=property ELULERIAN is

S _+Y ") where wz € V, v E V., wz @ E
Wz ") 3

1"2%
fvivov i nv| 2, |
Vv, SE vv  #Ei=12_ k-1 distinctv, i = 1,2k k z 3

Figura 3-48 shows the iterative steps in a sample run of EULERIAN,

LR,

Figure 3-48: A Sampis Run of EULERIAN

The aigorithm aither subdivides an existing adge or appends a cycle C, . . This
_ P
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cycla must have at least one vertex and no edges in common with the current

graph. Since Y = A A A A A A _A and K, is describable
V Vg, Vivy Vo¥a© Ve ViV Y vy 2

in Ln-. ar Lz' tha fioors for Eulerian graphs are {PTL 1n'25’ and ‘Pz'Lz‘ s

Given a graph G which is Eulerian, there is an Eulsrian walk for it Where the
edge wz occurred in that walk, we substitute wv.v.vz and the walk will remain
Eulerian. In any one location where v, ® V occurrad in the Eulerian walk, we
substitute the cycle

v.V.v ‘l'vi

Vi Vv V¥V, V.,V V \ll'z,....\l'i

1" a1 Y T2 ‘
and the walk will remain Eulsrian. Thus cycle additions are closed path “detours’

appahded to the original Eularian walk, We have shown that EULERIAN is corrmct

The inverse is computed by;
£ =5 sy )~

wWvz VoV oY

- '..1 - ]
=8 ' +Y
wWv g "1"2"&
-1
a5 " +Y
WYX —v1v2mvk
=DD D A +Y
v WOxY xy —v1vz..vk
a = g =wz®V wzeE
|{v1v2_vk} nv|zi, v,v, 8 E

vv.,, ®E i= 1,2 k-1, distinct Vo i F 12k,
kz3 '
o . = distinct v.w.z @ V, wvvz @ E, wz # E, div) = 2
distinct v,.v,..v, & V,
vv, ,SEi= 12 k-1, v.v, SE k 23
not all v .v...v, of degree 5 2
The floors shift to the less powarful Pl > and <P L T > Figure
3-49 shows EULERIAN™' operating on a graph G G, and & graph G # G_. Note

our first application of tentative deletion Rule 4} in £~} via Y, . - ltis not clear
127k
whathar all (or even any) of tha verticas V VgV, Were present before the cycle

was added After the sdges of the cycle are deleted, howasver, thoses vertices of
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A R
Sbae i

mALSE
5 8

‘ Figure 3=49: BILERIAN"' in Oparation
degree zero will cissrty be the ones introduced by the éycte and deleted afterwards
I¥ all of VMgV, were introducad to the graph by the cycle addition, they would
all be of degree two on its completion, hence the "not all” statement

On an Eulerian graph EULERIAN™' detaches ciosed path "detours’ from the
undertying Eularian walk without ever delsting the entire graph whan it i3 a cycle,
thanks to "not all ViVamaV, of degree £ 2" Once the Eulerian graph baing tested

has no further closed path “detours”, it is a simpie cycle. to ba contracted by S;'l:
until it is isomorphic to K, On a non-Eulerisn graph EULERIAN"' aiso bshaves
correctly. There is a wall known theorsm in graph theory: "A graph is Eulerian if
and only if each vertex is of sven degres.’ A non—Eulerian graph will contain at
least cne vertex v of odd degree. Since the deistion of a cycle reduces the
degres of each vertex by two, and the contraction of a subdivision deletas a
degres two vertex, Iuvinﬁ all other degreas unchanged, v will ramain of odd degrea
and a non=Eulertan graph will never become isamqrphic to K, under repeasted

application of EULERIAN™'. Thus EULERIAN™' is correct and EULERIAN is complete.
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3.7.14. Graphs with K Vartices

Several examples of graphs with k = 3 vertices appear in Figure 3-50.

Figura 3-530: Some Graphs with 3 Vertices
The R=property K-VERTICES is:
*»
Axv{Ek) whare x.y & V

Figure 3-51 shows the iterative steps in a sample run of K-VERTICES for k = 5.
® . @ ®
. . 2 3 ®

Figure 3+51: B&-~-VERTICES in QOperation
'I.1. L2 and I‘a would charactarize Ek and any other edgeiess graph aa E = 0. A
pracise description of Ek is first availabie in L in 38 E=0and n =k The fioor for

graphs with k vertices is <P_L__T >

- K-VERTICES is correct. it only adds edges and cannot change n on any
iteration. This algorithm i3 capable of rupning indefinitely, aithough eventually its

additions are likely to be repstitive, since a graph on k vertices has at most k2



115

adges

The inverse is computed by
-1 = a—1
f = Aﬂ
= xy

O = xy &V xy¥E

-1

g

xy @V, xy & E
The floor shifts to <F_L T > Figura 3-52 shows K-VERTICES™' operating on a
grathleandagrathle for k = 4

Cesdiii

5
o o
—©O O @ rass
2 | 3

4

Figure 3-82: 4~VERTICES™' in Operation

K-VERTICES™' is correct it deletes all edges and then tests for isomarphism
between two sets of isclatad vertices. Thus K-VERTICES is complata.

3.7.18. Graphs with K Edges

Several exampies of graphs with a fixad number of edges k = 3 appear in

Figure 3-53. Wae define M = "{"1-Vz-'--vzg}-{"1"2-"3"4'"""2k- \Vai> to be the

k
matching graph on 2k vertices. Mk congists of 2k vertices and k edges such that
sach vertex ig "matched” via an adge with wexactly ona other vertex.  The

R-property K—EDGES is:
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Figure 3-53: Some Graphs with 3 Edges

(A&, + 1 )M} whers distinct y.z ® V, yz # E, diy) > O, dizt > O,
~{w & V, yw.zw # E]
Figurs 3=54 shows the iterative steps in a sampie run of K—EDGES for k = 8 For
k > 2, iM} will not be uniquely describabie in any language but Ly Thus the ficor
for graphs with k edges is <P 4"':1'25:" *

Figure 3-34: 5-EDGES in Operstion
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K-EDGES is corract; it adds isolated vertices and merges unisoiated ones. An
edge could be lost during such a merger oniy if the verticas baing mergad had a
common neighbor: "there does not exist w € V such that yw.zw € E' prevents thig.

We prevant the transformation of an adge into a loop by “yz ® E"

Although we have never required it expiicitly, a sead graph has besn empioyed
until now as a2 minimal case of a property p. Thus far this minimality has beaen
diracted to the values m and n In K—EDGES., however, an intuitive incramental
approsch such as

»

A, + A D NS
for some S with minimal n will not be readily invertibie, because it will ba possicle
for the inverse

O +A D)

x YWy vz
1 churn in place, exchanging adges, indefinitaly. in the formulation of an
R-property we must strive for a monotonic function on the graph sequence to

"insure terminztion of the inverse in the ‘case of K~EDGES, ’thi: function is

decreasing in the number of connected componants, a topic to ba dafined and
discussed later in this chaptar.

The inversa is computad by:

! a A+ | )
x vz
= A"“_'_ |'1
x  yz
=D +F
x YAV Ly
ap" = x & V

distinet vz « V, diy) > 0, diz) > Q, yz & E,
~lw & V, yw,2w « E]
L § =xI-V. dix) = Q
. _ YEV.ZHEV yw &E i= 12 k 2 s diy), diy} > k )
The floor remains constant The use of the fragmentation technique ' Fvw

1Yk

requires some explanation An arbitrary vertex y is subdivided into two vertices, y
and z. which between them share all edges previously belonging to y without
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duplication. {In particular z gm the adjacencies to Vyw¥, )  Normaily, merger and
fragmentation are inadequate inverses for each other because of the logs of
information discussed in 34,  In this instance praviously mergsd verticas are
identifiable by their degrse, and merger is invertible. Figura 3-55 shows
K-EDGES ™' operating on a graph G & G, and a graph G o G, fork = &

/

Figure 3-88: 4-EDGES™' in Qperation
On a graph with k edges, K=EDGES™' ceistes isclated verticas and detaches the
edges from one ancther until reaching M. On a graph with m # k adges,

K—EDGES™' will creats Mm and then fail. Thus K-EDGES™' is correct and K-EDGES
is compiata. )
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3.7.16. Graphs of Minimum Dagres K

The minimym degree of a graph is the smallest degree of any of its vertices.

Savaral exampias of graphs with minimum degres k = 3 appear in Figure 3-56.

Figurs 3«58: 3Some Graphs of Minimum Degrae 3

The R—property MIN-K ix
A +A A _A AVK

=y VH1 V:z Vﬂk v
cistinet XX

(s Where distinct xy.w & V, diw) = k

g%, V. VEYV

Tha purpose. of vertex w is tO reserve ot least one vertex which is always axactly
of degres k. Figure 3-57 shows the iterative ateps in a sample run of MIN-K for k
= 2 Although {K .} is uniquely describabie for k = 1, k = 2, and k = 3 in L.,
Ly and L, respectively, for k > 3 {K __.} is precissly describabie only in L, . Thus

the floor for graphs with minirmum degree k is <P1,L1n.23>.

. Figure 3-87: MIN-2 in Oparation
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MIN-K is correct it adds only superfluous (degres—increasing ecges or new
vertices of degres k to a graph. Vertax w pruvoﬁts at least one vertex of degree

k from a degree increase by a new adge.

The invarse is computed by:
! =A_ +A A _A AT
xy 1 vxz vxk v
-1 -1
- Axv + (Avx1Avx2'"AvxkAv)
= AT+ AT A A7)
ny v ka vxk_ll vx,l
=D +DD D -2
xy

¥ VX

vx

Kk V!k_1 vx,l

Oore = distinct xyw & V, xy # E, diw} = k
distinct w,x1,x2 ..... x, = V. vEV

al = distinet x.y,w € V, xy € E dix) > k. diy) > k. diw) = k
distinet VX, X x @ V., XV XV, XV, & E divi = k

Tha ficor shifts to <P, L.> Figurs 3-88 shows MIN-K™' operating on a
grathlemdagrathlefork-&

On a graph with mm:mwn degree ik, MIN=K™' deletas vertices of axactly
degree k pressrving a single dagree k vertax and reduces the degres of vartices of
degrae larger than k, until oniy K.y Tomaing  If a graph has a vertex z of degree
less than k, MIN-K™' cannot deiets z nor increass its degree, and the graph will

never be isomorphic to K If a graph has all vertices of degres greater than k,

! K+ 1"
MIN-K™" can delete neither a vertex nor an edge. becsuse no correct v or w & V

can be found Thus MIN=-K™' is correct and MIN=K is compiate.

3.7.17. Graphs of Maximum Dagree K

The maximum degres of a graph is the largest degree of any of its verticas
Several axampias Ic:f graphs with maximum degres k = 3 up#oar in Figure 3-%9
Thé R=property MAX-K ig

(A, + A)IK, ) where distinct x.y ® V, dix) < k, diy) < k



Figure 3-88: MIN~-4~" in Oparastion

Figure 3-353: Somi Graphs of Maximum Degrae 3
Note that the seed graph is a star.  Figure 3-80 shows the iterative steps in a
sample run of MAX=K for k = B. The floor for graphs with maximum dagree k is

<P ) 'Lﬂ'xa >,

MAX-K is corract it adds only isoisted vertices z and sdges xy which will not

incruase the degrae of vertax x or y bayond k.



Figure 3-60: MAX~8% in Operation

The inverse is computed by:

f*1

c'|:m|

-1

The fioor shifts to <P2,L9,23=-.

= -1
A, T A)

=AT s AT
xy }
D +D
xy H
= distinct w,x,y ® V, xy & E
dix) < k., Hy) < k, z &V, diw) = k
eV

= distinct w,xy € V, xy 8 E dix) S k, diy) S k. diw) = k

zeV, gz =0

Note that o ore incorporates propertias of Ky

preserved under f to deduces that some vertex of degree k will atways be prasent

Figure 3-61 shows MAX-K™' aperating on a graph G

k = 4

L Gp and-a graph G o Gp for

On a graph with maximum degres k. MAX-K™' deletes isclated verticas and

reduces the degres of verticas only of degras no larger than k. preserving a single
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rlgu}- i=61: MAX-4"' in Operation
. degres k vertex until only K.u romaing. If a graph has a vertax z of degres
graster than k, MAX-K™' cannot delete z or aven reduce its degres, and the graph
will naver be isomorphic to K“‘. If a graph has all vertices of degree leass than Kk,
ne vertex dagrae will aver incresse under MAX-K™' and isomacrphism to K1.k wrill

never occur. Thus MAX-K™' is correct and MAX-K is completa.

3.7.18. Pinwheals on Hubs of Size k.

A pinwhee! Wh.r is a graph in which, for r 2 3
Vo=V VeV W W W }
E=dvy, | isjij=12.hbuiww,  |i=12_r-1}uv
fwowlufvw | i=12.hj="12_r}
that is. a pinwheel is composed of a r/m m"‘ﬁ“’z"‘“’r) and & complete graph (the
hub) on Vi VoV, Each vertex on the rim is adjacent to every hub vertex. A
wheel is a special casa of a pinwhesl, where h = 1. A cycle may be thought of as

4 special case of a pinwheel whers h = 0. Several sxamples of pinwheeis appear
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‘h=2
r= 4

h=3

r=5
Figure 3-82: Some Pitwhesis

in Figure 3-82. The R-property PINWHEEL is -
* .
(AW1AWZ...AWKSKWJ Mk.a) wharae distingt LS A e
dix) =k + 2, dlyl = k + 2, div) » max, i = 1,2k
The seed graph is the asmallest possible pinwhesi on & hub of size k, one with a

rianguiar rim. Figure 3-83 shows the iterative steps in a sample run of PINWHEEL

v €V, v AV, xyaE

for k = 4. Pinwheels are generated by gradually increasing the rim  The floor for
pinwheeis on hubs of szize k is -:Pz,L.ﬂ,Z!:-, because {W, .} is not pracisely
describable in any of our lower languages.

PINWHEEL is correct; it replaces sny rim sdge with 2 chain of two edges,
connecting the new vertex v to sach vertex in the hub. The inverse is computed

-
-1 -1
£ . = (AW1AWZ_AWkaw)

=g 'A"'a”l _A”!
XY W, Wl WYy

=DD D A D D =

¥ vy XV Xy V\l k"‘ VV1



125

Figure 3-83: PINWHEEL in Operation

T e = O = distinct X.y.v  Vo.V, @V, v &V, xy & E

dx) =k + 2, dlyl = k + 2 dv) » max, i = 1,2k
o * distinct X,y.v.v, Vv,V € V, xy # E. xvvy € E,
dix} m k + 2, dly) = k + 2, divi = k +« 2,
div) = max. i = 1,2,k
The ficor remains constant Figure 3-64 shows PINWHEEL ™' oparating on a graph

GIGpmdarathleforka‘a.'

On a pinwheel of k hubs, PINWHEEL™' contracts the rim until the graph is
isomorphic to Wm. On a graph which is not a pinwheel on k hubs, any vertices of
degrea cther than k + 2 or max will remain untouched, with the pinwheel—lika
portions collapsing into W, ,, An inadequate (incompiets) hub will ramain so and
never become isomorphic to W, .. Thus PINWHEEL™' is correct ‘and PINWHEEL is

complete.
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FALSE

Figure 3-64: PINWHEEL™' in Operation

3.7.19. Grapha with K Componants.

If for every pair of vertices xy & V thers aexists a path in E betwaen them,
the graph G = <V.E> is connecred. A graph G = <V E> is a subgraph of the graph
G =<VE>if and only if V @ V and E € E A maximai connacted subgraph of G is
a4 connected componem of G (or merely a component. Any graph G may be
partitionad into its cornacted componants ¢V1,S1>.¢V2.Sz:-,...,¢vk,sk> such that

G =, V.U, s>
where the V/'s partition V and the Si': partition E We then say that there are &
components in G Several exampies of graphs with k = 3 components appear in
Figure 3-65. The R-property K-COMPONENTS is ‘ ‘

By * By * Ay A A, +AALAALE,

where w & V, x & V -

L)
'“"t) €,

distinet x.v )

Racall that E  is the edgeless graph on k vertices. Thers are two options. The

Ny, €V, y HV, dix) >0 xv ®@E i=1,2,t

first is a simple branch from vertex w. The second option begins when assigning x's
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Figure 3-85: ' Somae Graphs with Three Componants

adjacency 1o Vi VeV, 10y instead K-COMPONENTS fragments vertax x into
vertices x and y. Then K~COMPONENTS either comnects x and y or permits tham to
both be adjacant te v,.Vv,..v, or both. Figure 3-88 shows the iterative steps in a
sampie run of K-COMPONENTS for k = 2

@ @ '
@1 @ 2 ®: @

2 J2e

5 6 ‘

Figure 3-68: - 2-COMPONENTS in Operation

The floor for graphs with k componants is <P oty la™

We now demonstrate that K-COMPONENTS is correct Let G be a connected
graph and apply one iteration of K~COMPONENTS to it fragmaenting vertex x into
vertax x and vertex y. Lst v ba another vartex other than x and y, in G Wa must
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show that thers exists an xv path and a yv path. Prior to fragmentation thera was
an xv path xw.v. After fragmaentation sither xw or yw is in E, say yw. It remains
to construct an xw path,  |f th)W ware part of the iteration, them xyw.v will be a
vaiid xv path, else thers is some v, which is adjacent to both x and y. so that
XVYW.V i$ 3 valid xv path. In aither case, G is connectad and K~COMPONENTS is

corract

The inverse is computad by
Il =B +(A +A A LA +A A A A )
WE xy ny 7 XV

AT LA Yy ®v 2 RV,

=1

xyv vy

R A +A A LA +A A A
XYV, ..V =y xv

wz 1Yy XV, xvz xV Ky 1 xvz"
AIV ’-T
t
=B+ F aTleia A A )T e A ALA, .
wWI :w‘l,ﬂ A xy . :-:v,l “2 xv‘ xy 1 xvz
-1
AKV{’ ) .
=8~ !+g! a_l+ azlatl At . AATT
wz S APT M 4 AR T LA
A™'a™Y
xv, xy
= D0 +1 B + D va ...D“-*-DVD“
T wr my Xy xv,O RV, 1 XV R
va1D“)
apu'a =weaV zay .
distinet XV Vo, ® V, y 8V, dix) > 0,
xv, & E i=12..t
0! = distnet wz €V, wit & E diz) = 1

distingt XYV, VoV, ® Y, dx) > 0, dlyl > 0O,

Xy ®Eor xv.yv. ®E i = 12 ¢t
The floor remains constant (Although "or” is not in 23.\nn aquivalent, mors complex
notation in 23 can convey the same list of possible bindings.) Figure 3-67 shows
K-—COMPONENTS"_‘ operating on a graph G ® G, and & graph G & G_ for k = 1.
On any graph, K-COMPONENTS ™ rmerges vertices which are adjacamt or have a

common neighbor, until sach component is contracted into a single isciated vertax.
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Figure 3-87: 1~COMPONENTS™' in Operation

Thus K~COMPONENTS™ ' is correct and K=~COMPONENTS is compiete.

A graph is connecteq if it consists of a single connectsd component Thus
connectedness is an R—property, a speciali case of K—-COMPONENTS, for k = 1:

. L)
“Axv + AW.,AWZ"'AWt + Avaw.lAvvz'"Awt)va) (KT)

whera distingt x.v 1 VoV, EV, y 1V, dix) > 0, xv, ® E i=1.2..1
We will ses another formulation for connectadness later in this chaptar.

31.7.20. Reguiar Graphx

It avery vertex of a graph is of the same fixed degree k, the graph is said to
be k-regu/ar or simply regulfar. Severai exdmples of reguiar graphs appesr in’
Figura 3-88 for varying k vaiues. This property must deal with k even an-d‘ k odd
in ssparata algorithms. To simplify the notation we introduce some new composite
operatars, EM om' . SomZ .

xv.l...vh VWV“-.-Vk“\IW.l... k=1 1...
om , CM . and FR )
) w Vi, e Vv,
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= 3
Figure 2-68: Soma Regular Graphs
EM . , introduces an even dagrae vertex x while maintaining the degree of
™ - )
avery vertax to which it is adjacent EM_,  deletes k/2 edges among k distinct
1Y%
vertices, and adds k new sdges 1o x, is.
Em:«:v‘j...vh = Ava'"AkaDv1v2'"ka_Tvax
oM introduces two odd degres vertices v and w while

YV 1Y e

maintaining the degree of avery vertex toc which they bacome adjacent. Thera are

R 1 : -
two ways this can be dona oM""‘"’1"‘"u-1“’1“‘wk-1 deletas (k-1)/2 edges among

k=1 distinct vertices for each of v and w and adds k-1 wdges to sach of v and w

plus the adge vw. om?2

oo deletes (k+1)/2 edges for v among k+1

1%+ 1"V 1" Wieay

vertices. permitting exactty one vertex (v__ ) to repeat, deistes (R-WZ sadges among

k1
k=1 distinct vertices for w, and "giveg” the adjscency of Vo 1@ W siso, Thus we

1
have;
om' =A A D .D A LA D

k=Y ey i k=

-D A A A

wk"‘2wk-1 VW v W



CMm
v

ome =A LA D .D A LA D -
VWV1...Vk+1W1...Wk_'$ VVT VVk V1V2 vkvk*,' 1 k“’ 1

o A A A

wk'zwk—1 \I\n’\li‘k‘h1 Yy w

1 2
oM W  moml + OM

VW\lru\Fk*‘W!._ =1 - k-1w'l"' k=1 VWV.I...VH*" 1 =1

cm acds an emtire copy of K

V1...Vk+1
cMm =A A _A A A A LA
V1...Uk+1 V,I‘U'z V,lva v1vk Vzva vivj \I'M\Ik_'._1 v1 Vk+1
adds k vertices of degree k and (k+1k/2 edges to the graph. without

on V..V to the g¢griph, ie.,

k+1 k1

1Y%

changing the degrees of any previously axisting vertices.

FR, , 'fractures” the degres k vertsx v

it 3 set of k vertices, V¥,
™% ‘

1

which form among themsaives a complete K, subgraph. Each vertax assumes one

of the adjacencies praviously assigned to v

L&, if the neighbars of v, wera

1" ]

X Xy, ‘thﬂn

FR .= A D A D -A D cM

vr..vk szz VTXZ sta v13-:3 vkxk V1Hk \l"’....\l'k

Algo for notational convenience we define the inverses
EM”! = DA, A D .D

XV i k=1"%  *1'z2 ka' xv,
T -1
‘OM"“"'V""k- 11~y 1) ) D""D"D"""A""u-z“'u- 1'_A“' 1""2D""""u— "
P 1 A"u-z"u- 1_A“ 1 'ZD‘"’u— 1"'D“’1
Z -1
(OM"""1""'k+1w1"‘"’u—1) =lkI::"""E.:’“m""""u-c-*JM""h—z""n--th"‘H"“'zl::"“""“'k«-1"'
Pow ™ 1"2D“’uqb“’ 1
-1 1 -1
QM"‘""1"‘"k+1"1""u-—1 ) mM“‘""r'""u-1“'1"“"'u-1) '
2 -1
‘DM""""I""u+1“1"“”u-1)
-1 _
CMVT"'vk-P'I h kaﬂ...Dv1kaka_Dv1vz
-1 -1 :
m"r“'k i} CM“1""’uA"_1"kD"k"kA"1“u—1D"u-1"k-1mA"1"20"2"2
Now the R—property for EVEN-REGULAR is
BV v ¥ Ayt oPr M L Dyt m'1m?k"(°“*‘) where



. digjoint copiss of K

132

distinet v, v, 21-1Yy ® E =12, k/2

distinet p.q € V, distinet Y. Yo=Y, .1 % V. pq & E

-V, ®V, x &V, vy

distinet LYE o B V. digtinet 2,252 % V., z,x, & E i=12.k

k

The sead sat Qk +q raquires some axplanation Let K! K2 Kt

A be t distinet

copies of a complete graph on k+1 vertices. Take
—_ 1 i
Qor = Wiay Koy | =123
in other words, each slsnwnt of Qk +1 18 & t component graph, composed of t
Clearty K _, ® Q _.. As EVEN-REGULAR iterstes on G,

thp rumber of connected componsnts may or may not reduce, depanding upon

k+1

whether or not the v/$ lie in the same component Figure 3-69 shows the iterative
staps n a sample run of EVEN-REGULAR for k = 4.

4

Figure 3-69: EVEN-REGULAR in Operation for k = 4

‘The adges to be used for the next iteration appear doftad in the figure. The floor

for k~regular graphs with k even is -=P2.Ln.2=:r. EVEN-REGULAR has three options.
The first adds vertex x, replacing k/2 edges with k edges. Each affactad vertex v,

ioses one edge and gains another, leaving div) unchanged The neaw vertex x is
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constructed to have dix) = k The sscond option delstes an sdge betwesn two old
vartices (p and q), adds a copy of Kk oy dola'tns an adge from the copy (y1y2) and
connacts the copy to the original graph with two adges ly,p and y,q). restering the
degree of all four verticas to k in total, k+1 new vertices and (k+1)k/2 new adges
are added to the graph The third option fragments a vertax (z,) while maintaining
the degress of its ﬁaighbars. The vertices in the fragmentation aach have degres k
k=1 sdges among each other and one "external” edge to a previous neighbor of
z,. There are k=1 new verticas created, sach of degree k. Thus EVEN-REGULAR is

1
correct

The inverse is computsd by:

=1
f = (EM + A A D CM D+
xv.l...vk vzq v,'p V1"2 V1'""k+1 pq
R )
Z,-z,
-1 -1
= EM + & A D CM D
-V Yo v,P Y4¥2 Yi¥ywy P2
FR""
Ry
-1
= EM + A LM A D D *
XY i pa LETS Y.Ivz ¥P Yzﬂ
-1
11mlk
L = distinct v, v .v SV, x £V, VoimqVg ® E

i=12,.k/2, d(vi) =k j=12_k
. digtingt p.g ® V, distinct ¥y Vgr¥yy, ® V. pq @ E
dp) = k, dig = k
distinet X Xy 2, & V, distinct Ty Zq—2, "V,

z,x @ E i= 12k d(z1) = k

1
o = distinct XN VgV, ® YV, xv ® E =12,k
v, v, BE i®»1,2. k/2 dix) =k, div) = k, i=1,2,..k
2i=1"2i i
distinct PAY Yo o, S V. PQ 8V, 127 ®E dy) =k
i=m 1,2 k+1, | = 1,2, k+1 axcept Y.Yy ‘
Y,P. ¥,q € E '
distinct x.2 ® V, xz @ E dix) = k, diz) = k, i = 1.2_k;
X2 = Eji=23-k z ®Ers=12._k
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The floor shifts to <P2,LQ.23>, Figura 3-70 shows EVEN-REGULAR"' operating on
agraph G = Gp and a graph G & G, for k = 2. The sdges to be used for the next
iteration appear cotted in the figure. Any vertex of degres other than k will be
unmodifiable and isomorphism will eventually fait in ‘a graph containing such a vertex.
Under the first option, EVEN-REGULAR™' removes a dagree k vertax x and ingerts

k/2 edges maintaining the regularity of the vi's, urmtil K is rasched in each

(T}
connected component LUndsr the sscond option, 2 copy of K1 ™XYy {the compiete
graph on k+1 verticas migsing a singla ecdge} attached to two non—adjacent vertices
(¢ and g is deleted, removing k+1 vertices of degrha- k without changing the degree
of any other vertax in the graph. Under the third option a copy of K. sach of
whose vertices has one different neighbor not in K. is replaced with a single
vertex (z,) of degree k without changing the degres of any other vertex in the |
graph. EVEN-REGULAR™! is claarly correct for k = '2 (the last two options are
instances of edge subdivisions) and we believe it to be correct for k > 2, although
a formal proof will be afﬂ;rud alslnwhor-. At this writing no G & Gp has been
shown insccessible and its bekavior on G & Gp is correct, so ‘wo will postulate
EVEN-REGULAR™' to be correct and thus EVEN-REGULAR to be completa.

TRAUN

FALSK

Figure 3-70: EVEN~REGULAR™ ' in Operation for k = 2
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The R-property for QDD-REGULAR is

oM, +A A D CM D.>FR N
1" View 1Y 1=Wymy Y29 VP Yy¥y o VY4 00 1%

Q, . ,) whara distinct v,.w ® V, distingt VoV, ® v,

k+1 r

distingt w W g, W .V v sz € E

k=1 2i=1"2ic Waj-1
=12 (k+1)/2; j =12 _(k=11/2
distinct p,q ® V, distingt y, .y v, , ® V. pq @ E
distinet Xy Kgp Xy 2, & V, digtinet 25202, "V, I,x @ E i= 12_k
CDD-REGULAR appends two vertices at a time to G because an odd regular graph
fmust have n even  Figurs 3-71 shows the iterative steps in a sampls run of

CDD-REGULAR for k = &,

Figure 3-71: QDD-REGULAR in Operation for k = 5

The edges to be used for the next iteration appear dotted in the figure and are
labelled v or w indicating their relationship to the rew vertices. Tha floor for
k—reagular graphs with k odd‘ is algso th.Ln,Ezh. QDD—-REGULAR has three options.
The first maintaing the degrea of svery vertex in G while appeanding two vertices of
odd degrea. The new vartices v and w are constructed to have div) = diw) =
k. The second and third options are identical to those for EVEN-REGULAR and
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maintain the degrae of all previously—aexisting vertices whila adding k+1 or k-1
vertices. respectively. Thus ODD-REGULAR is corract.

The inverse is computed by:
£ = (OM +
Wy

1Y+ 1V 1" e

A A c™m D+ FR t)"
Yz V.lF' Yth V1m¥k+‘ =1~} l.lmk

= OM:1 v ‘ *
M b TE MR T

-1 -1
.
(szﬂAV 1 DDV ] YICMY 1 ---Vk w1 DDQ) FHZ i --lk

LTS Rk R "R

-1
A CM A D D + FR
ST Y mYypy Yq¥y Y4B Y,A £k,

a = digtinct v.w # V, distinet V.V TV,

pra eV

2 ke
distinat X XogmaX, ) &V, div) = dix) =k,
= 1,2 _k: distinct v,,_ v, Wajm1Wa; ® E.
=12 _k+T)/2; j= L2...k=1/2
distinct p.qg & V, distinct Y Yo=Y, ., ® V. pq & E
dipl = k., dig = k .
distinct Xy XownX 2, @V, distingt 252, oV,
Z.x ®E i=12.k dz}=k
g = distingt V.V VoV, V. digtinct ww, W W, _, &V
W ww, & E i=1,2_k+1: j = 1,2,.k—1
Vai-1Y2rWaj- Wa; ¥ E =12 _k+1)/2;
J = 1.2..k=102, div) = k, diw) =k, div) = k,
i®1,2_k+1, dw) = &, i=1,2,..k~1
distinet p.q.y 1,y2._:yk_._1 TV, pqguy, v.Y; ®E dy) =k
i= 1.2 _k+1, j = 12.k+1 sxcept Y\Yy
YiP ¥, a%E
distinct x.2 € V, x7 & E dix) = k, diz) = k, i = 1,2..k
X,z ®E j=23._k z "B rs=12_k
The floor shifts to -:PZ,LQ,EE:-. Figurs 3-72 shows QDD-REGULAR™' operating on
a graph G = GD and a graph G = Gp for k = 3. The edges to be used in the next
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“2 -3

Figure 3-72 ODD-REGULAR™' in Operation for k = 3

iteration appear dottad. Any vartax of degres other than k will be unmoditiable and

isomorphism will aventually fail in a graph containing such a vertex. Under the first
option, ODD-REGULAR™' ramoves pairs of degree k vertices v and w and replaces
2k—1 adges with k—1 adges. maintaining the regularity of the vi's and thd wi's. until
Ki«7 is resched in sach connectad component The second and third options
benave as they did in EVEN-REGULAR™', maintaining the dagree of ail other vertices
while deleting k+1 or k-1 vcrticp’s. respectivaly.  ODO-REGULAR™' is clearly
correct for G « Gp‘ and has been confirmed correct for k = 3 against [Statrman
82]. We beiiave it to be correct for k > 3 although a formal proof will be

 offered sisewhere. At this writing no G Gp has bean shown inaccessible, and we

will postulsta ODD-REGULAR™' to be correct and thus ODD-REGULAR to be
completa
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3.7.21. Connacted Graphs

A graph G = <V.E> is connectad if for avery pair of verticas in V there is a
path  constructablea between therm using only adgas in E Sevarai axamples of

connected graphs appesr in Figura 3-73.

A

Figure 3-73: Soms Connactsd Graphs

There are many ways to writa an R-property for connectivity. One reascnably
cbvious form is

B® K.) where x « V

xy 1
We prefer a more compiex statement which will reiste connectivity to other
propartias  Our formulstion for the R—property CONNECTED is
*

N + A“.l)_.{N - A"“r)A""F"Wr-"r) K,

where distinct x,v. € V, y £ V, xv, @ E O Sr 3 dix
Figure 3-74 shows the iterative steps in a sample run of CONNECTED. The floor
is <P 4.L1.25=-.

An iteration of CONNECTED begins by fragmenting vertax x into vertices x and
y and forces y adjacent to x. The iteration requires y to assume r (2 O) of x's

ddjacencies to the v's and permits x to retain any or sl of those adjacencies as
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Figure 3-74: CONNECTED in Qperation

wail. Because x retaing ail its previous adjacencies through E or through the edge
xy, and because each newly—introduced vertex y has access to the remasinder of tha

graph via te adgs xy to its originaﬁng vartax x, CONNECTED is correct

The inverse CONNECTED ™' is computed by:

£ =N+ A_LIN+A JA F )
: XV1 xvr ny KW"...vr_
= Ixnyv(N *'D“r).-{N + va1)
Tore = 0 = distinct xv. ® V, y ®V, xv. € E 0 £ r < dix)
" _ = XYY, &V, xyyv yv € E O 5 rs dix

The floor rmn: constant  Figure 3=7% shows CONNECTED™' operating on a
graph G = Gp and a graph G = Gp. CONNECTED ™’ collapaas aach connected
component of 2 graph into a singie vertax. If G is connected. the result will ba K,
and success: it G is not connected the result will be a sat of at lesst two isolated
vertices, which will fail  Thus CONNECTED™' is correct and CONNECTED is

completa

3.7.22. Bleonnected Graphs

A graph G = <V.E> is biconnectsd it there is no vertax in V whose deletion
(with all its associsted edges) disconnects the grar.ih Several examples of
bicornacted graphs appnr‘ in Figure 3-78. There are saveral ways to write an
R—property for biconnactivity,. Waea chooss one closely related to the formulation
for connectivity. The R-property BICONNECTED is
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Figure 3-78: CONNECTED™ ' in Operation

R

Figurs 3-78: Some Biconnectad Graphs

wi

N+A _LIN+A A F PN AL LN A A, A

1 Vr xy :W1mvr " g+ 1

»
Fw:tr..t’_'_ 1) (KS’ .

whare distinct XV, &V, y &V, xv, @ E 15rs5 dix=1
distinct wt &V, z &Y, wt = E =& = diw)—1



Figura 3-77: BICONNECTED in Dpuraticn
Figure 3-77 shows the iterative steps in a sample run of BICONNECTED. Thn
floors are <F 2_2 > and -=P L, E >,

An iteration of BICONNECTED behaves axactly like an iteration of CONNECTED,
except that the naw vertex must receiva at least cne of the old vertex's neighbors
in the fragmentation, and the old vaertex must retain at least ona of its neighbors.
- (This is indicated by BICONNECTED's two optiona; tha first ieaves some neighbor of

x untouched. while the second sharas a neighbor t between w and z) -A graph

z+ 1
with n > 2 is biconnected if and only if every pair of vertices lis on a cormmon
cycle. After an iteration of BICONNECTED, if edge xv, is not present, xyv, may be
substituted to produce all the previously existing cycies Thus the graph will stil be

biconnectad and BICONNECTED i-s corract

The inverse BICONNECTED ' is computed similarly to that for CONNECTED:

- = '
f N+ Axv1)...(N - A""r)A"VF"Wr‘ v + N + AM1)._
N+ A A A F !
wt m‘+1 ‘wz wzt1_tl+1
-1
TN AN A AR ) N A

N+ A A A F »"

wt v\rt .1 wWIx wzt1_t’+’ .
=-' “D xv(N + D )...(N + D“1) + Iml:)Wz D Wt"M(N +D Wrts)_
N + I'.')Wt )

1

= distinct xv @ V. y # V, xv € E, 1 < r < dix) ~ 1,

dix) > 1, div} > 1, w1 2.5

O e

distinct wi €V, z 8V, wt, & E 8 = diwi=1, diw) > 1,
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dit)>1, i=1.2..3
o = diatinet xyv &V, XYYV -V € E 1=,
dix} > 1, dy) > 1, div) > 1,
|{;:wri | PEV.pv. SE psx pwyl| >0,
i=12_.r
distinct wzt &V, wzzt .zt wt  , ®E dw > 1
diz} > 1, dit) > 1, 8 = diw) ~ 1,
[{pt [P &V, pt @« E p#x psyl| >0 i=12.3+1
The fioor remains constant The inversion procedura has noted that the degres of
sach v, (t) which y (z) acquirss will ba at least two, and each v, (ti) will be adjacant
10 some vertax other than x and y (w and z). Figure 3-78 shows BICONNECTED™]
operating on a graph G « G, and a graph G ® G o BICONNECTED ™' collapses each

block of a graph inte K, A disconnacted graph will continue to raduce to a set of

T
disjoint chains, @ connacted but not biconnectad graph to a chain of length two, and
a biconnected graph 10 K. Thus BICONNECTED™' is correct and BICONNECTED is

complete,

3.7.23. k~Coinected Grapha

A graph G = <V.E> is k-connected if there is no set of k—1 verticas in V
whoss daletion (with ail their associsted edges) disconnects the graph Twao
examplas of S—connected graphs appear in Figure 3-79. Note that 1-connectad is
equivalent to connected and that 2-connectsd is sguivalent to ‘biconnmod. The
somawhat awkward constructions of the two pravious ssctions are now saan to be
special casas of the R—property K=-CONNECTED:

N + A“1L.(N + Ax r)A"VF"""T"'"r + (N + Am budN + AM JA .

v 1 s=k+1 Wiepe2

‘ L
AM=+ 1Aw:Fw:t 1._:’+ 1) (Kk-'- 1)

‘where distinct x.v, ® V, y BV, xve E k=1 S r S dix) - k+1
digtinct w.t & V, z # V, wte E, 5 = diwl = k+1
Figure 3—80 shows the iterative ateps in a sample run of K—CONNECTED for k = 4.
The ficor for K-CONNECTED is <P L, L.>
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Figure 3-78: DBICONNECTED™ ' in Operation

An iteration -of_ K-CONNECTED behaves exactly like an iteration of
BICONNECTED, excapt that the new vartex must receive at least k~1 of the old
vartex's neighbors in tha fragmentation, and the old vertex must retain at least k-1

of ita neighbors. The removal of k=1 vertices from K ., leaves K.. Thus the seed
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Figure 3-79: Some S5-Connected Graphs

Figure 3-80: 4-CONNECTED in Operation

iz k—connected. Suppose that G is a k-conhectad graph but a single iteration of
K-CONNECTED on G results in G which is not k—connected. Then G' must contain

k=1 vertices W W whose deletion will disconnect G. Cartainly the new vertex

k=1’
i$ among them or the same vertices would have disconnected G Thus there e

verticas t and u in & which have no path between them once the new vertex is
remaved The deletion of the oid vertex in G should have had the same effect,
however. Thus cur supposition is incorrect, G is k—connected and K-CONNECTED
is correct

The inverse K—CONNECTED ™' is computad similarly to that for BICONNECTED:
-1
f = (N + Am,‘).-{N + A A

Vr :vaw,l...vr
+ (N + A“""t)m(N + Am A i

s—k+2 wit wt

s—hk+3 3+ 1
-1
A F )
wE oWt .t
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CHAPTER 4
ADVANCED TOPICS IN RECURSIVE LANGUAGES

The eassermtial characteristic of reasoning by recurrence is that it
comains, condensed, so to Spesk, in a single formula, an infinite

number of syllogisms.
~—Pgincdre

This chapter considers an assortment of advancad topics in recursive graph
property languagas. Thae first section extends R-properties by access to a ragister
and contrasts )'.'-2 with 23. The seccond section expiores loop marking and contrasts
L, with L,. The third sectign discusses loop labeiling and demonstrates properties
available with it.- Subssquent sactions are devoted to graphs with more elaborate
labels, subsumption, merger an'd NF=compieteness.

4.1. Extanded Racursive Languagus

By enlarging the input and siightly modifying the interpretation, this saction
extends R-properties to R -properties, motivated by the calculation of n and m An
application to the selactor languages 22 and 23 i given

Imagine an algorithm, similar to the ones we used for R—properties, with a
register which talies the number of algorithmic iterations and outputs bhoth the
registar value and the graph Such aigorithms will be for propertias associated with

an integer valua. More formally, we define an A" -property as the following

Ssemantic interpretation of the triple p = <f.5.0> as a recursive algorithm, called on’

(G0} for any graph G described by 5
piG.k) = (G.k) if enough
= p{G.k+1) whera G = f(g) using sisments from G selectsad
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by ¢ in order to apply f
At the end of each iteration, the graph G has the R’ -property with vaiue k. Note
that % is incidemtal to p. Tha definition of an R™~-proparty is independemt of the

vaiue of k
4.1.1. Calouiating the Number of Vertices and Edges in & Graph

Ag a first axample of an R*—propnﬂy,' wa offer VERTICES to construct graphs
with a known number of vertices. In section 3.7.14 we had K-VERTICES which
aparatad for fixed k. Now we define VERTICES as:

(A:VA‘)*(-:p,qs:-,O) whare distinct x,y 8 V, z # V
Figure 4—1 shows the itarative steps in a sampla run of VERTICES.

k=0 k=1 k23

(’Iﬁ > . . . .

3

Figure 4-1: VERTICES in QOperation

Note that on each iteration any number of adgeas (inclu:iing Zero) may be added and
axactly one vertex must be added. The floor for VERTICES is *:P,,LVZT:-.

Similarly we can define the R™-property EDGES to construct graphs with a
known number of edges. In section 3.7.1% we had K-EDGES which operated for
fixed k. Now we define EDGES as

(AHAx) K,.0) where dlstmc:t vZeV yzxE
Figurs 4-2 shows the iterative steps in a sample run of EDGES. Nota that on each
itaration any number of vertices may be sdded and exactly one edge must be added
The floor for EDGES is <P ‘,L,!,Z > also.
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Figure 4-2 EDGES in Operation

Now we require an inverse for an R -property. This inverss should be a
tester which, given an input graph G and register vaiue k. attempts to restors G to
2 seed graph in 5 and k to zero, counting its iterations in the ragister. More

'> is said to be the inverse of

formally, 3 terminal R*-expression p = <f 'S0
another R —exprassion p = <£,8,0> if and only if the testing semantic intarpretation
retuns (TRUE.O) on all outputs of the gensrator which is the R™—-property defined
by p. and (FALSEk) on all other graphs. The testing semantic interpratation of p"1
= <t~ '.S.07 > is the tollowing recursive algorithrr '
p~ Gk = (TRUEQ) if k = O and G ia described by S
= -G k=1) where G = f~ (G using

1

slaments from G selected by o~ in order to apply £

= (FALSEK) if G is not deacribed by S and
o~ is not applicable

= (FALSEK) if G is not described by S and
k=0

= (FALSEK) if G is described by S and k » 0

checks to gsee if G has returned to S and k is zero, in which case the
1

First p '

algorithm tarminatss, returning (TRUE.Q). Otherwise. p~ ' attempts to iterats by
finding suitable vertices and edges for I~ If successful tarmination and iteration
ars both impaessible, p‘f terminates, returning (FALSEK). Failure is caused by G in $
with a non—zers k, by G not in S with a zerc k, or by G not in § with an

unmatchable ¢ .

The automated calculation of an inverse for the sampla R”~properties we have
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shown is complicated by their (f'g)" format In our attempt to return to S, we may
not iterate f enough. masking what shouid be succeasful results. Thus we will

define an extreme superscript e, in order to force the most iterations of §71

possicie, ie, (F~")* will be interpreted as "do f ' as many times a8 o | will permit”

This will avoid under—iterating ' Wa therefore add 2 new rule to those airaacy
exigting for R—property inversicn
RULE @

The inverse of a function occurring an unknown number of times is as many

iterations as paossibie of its inversa. (£ = (¢~

Wae construct inverses now for VERTICES and EDGES. For VERTICES™' we

have:

a* a)!
xy 3
- =]

-1
. (Aw’l

=1 a=1 &
A: (Axv)

=D D"

z xy
Oore ‘ = distinct x,y 'V, 2 # V, xy 8 E

0! = digtinet x,y.z ® V, xy € E, dix) = 0

£

= A

The floor shifts to <P_L L.> Figure 4-3 shows VERTICES ™' operating on two

graphs, one with 3 correct k value and one with an incorrect k value

For EDGES™' wa have:

- » -1
f ={A A0
. A% AT
® vz
= - ha -1
Al A“
= DD
X YE
T e = distinct y2 €V, x 8V, yz £ E
B = distinet x,y.z .V, yz @ E dix) = 0

Again the floor shifts to ‘Pz'vaa"' Figure 4~4 shows EDGES™’ operating ‘on two

graphs, one with a correct k value and one with an incorrect k value
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k=d K=3 k=2
@ ®
=1 k=0 .
® O o Q@ o rTruso
1 2 3 4 5 6
Q/L © 0 O up orasm
1 2 3 4 5
=4 k=3 =2 :K=-1

Figure 4-3: VERTICES™' in Operation
K= K=3 . K=2 K= 1
. . K=0

e TRue,(

| 5 - 8
A @ —0O @ raLsy:
k=4 k=3 | K= 2 =1

Figure 4-4 EDGES™' in Operation
4.1.2. Calculating the Degresa of a Vertex

The R*—proparty "has vertex v of degres k” is the concept used to extend I,
to 23. This proparty, DEGREE, may ba stated ax

(A A, + A z)’ﬁ'{-: {v},ﬁh,ﬂ) where distinct vw,y,z 8 V, x 8V, vw ¥ E
Figure 4-5 shows the iterative steps in a aample run of DEGREE Note that on

each iteration any numbar of vertices and aecges may be added and exactly one



K=2 =3
=0 Ko
1

2 3 4

Figure 4-5: DEGRET in Operation

edge must involva vertax v. The flaar for DEGREE is <P L 1,22:. Tha inverse,
DEGREE™ ', is computed by:
. 2 (A (A + A MN!
WX yE

-1
yw

-1
A_ + A")') A

A+ A ) hea!
x vz vw
2 aA"1e A7Tyep"T
= ¥z v
m -
(Du + Dn) Dvw

Trg * ¢ = digtinct vw.y.2 8 V, x 8 V, yzvw K E

o = distinet x,vwW.y.2 & V, yzvw & E, dix} * 0
The floor shifts to {PZ'LVE:S}' Figura 4—6 shows DEGREE™' operating on two

graphs, one with a correct k value and one with an incorrect k valuae.

Clearly any o = 23 - I‘.z referances the degres of a vertex v. Such a
procechre may ke thought of as calling DEGREE™ ! on (G.r_'l) and interprating the
output (FALSEk) to mean that v had degree n—k.  Of course such calls could be
inefficient; it might be more economical to uss O (one ragister for aach vertex)
storage and caiculats the degrse of all vertices in Q(n + mi iterations. As an
R=propearty ir; <P,L,E.3=- iterates, it could update the degress of the verticas at Ofi)
cost, where | iz the number of iterations. In the worst case, Om) = Om? and Otm
+ N o= ﬁ(nz): in the best case, m = 0 and O(m + n) = Ginl. Thus an R-property
whose floor requires 23 rather than 22 reprasents an additional compiexity of

between Oinil and Q%) for a graph on n vertices requiring i iterations for



183
v =1 =0

= [ v
e <3 k=2 . TRAUN,0
4 5
1 '. 2 3
. mALSHE,1
v oo v 3 4
K=3 k=2 K=1

Figure 4-8: DEGREE™' in Operation

generation or testing The vaiue of i is property—dependent

4.2. The Loop as Marker

R"—praplﬂinl wars one way of extending our recursive formulation In this
section we explore a different sxtension. 3 marking technique using loops. motivatad

by the caiculation of max A comparison of L, and I, is made.

4.21. Caiouisting the Maximum Vertax Dagres in a Graph

All work in this segment is for Jirected graphs only. In order to apply this
algorithm to an undirected graph G, transform every undirected edge betwaen x and
y into two directed edges, xy and yx. Any ¢ @ L, - L, references max, the
maximum vertex degrae.in the graph. In 3717 we had MAX-K wiich operated for
fixed k. Now wa define the R™ -property MAX as .

(A:cnwAw)“u"tEp,m whers distinct y.z @ V, yy ® E, yz & E
On asach iteration, MAX places a 1oop (L) oh every vertex, marking those which have
not yet had thaeir out degrees iﬁcrnnd. Then, n times, MAX selects a vertex y
with & loop on it. adds an adge from y to some other vertax z. and ramoves y's
loop. (The ssiactor operatas after the application of L) Finally, MAX adds zero or

more vertices to the graph and increments k, completing a single iteration. Figure



. Figure 4-7: MAX in Operation
4=7 shows the itura;civ. steps in a sampic- run of MAX with p = B After |
itargtions, sach of the p vertices initially in the graph wiil have cut-degree k. Thasa
verticas added on the first iteration will be of ‘out--dugrun k=1, those added on the
sscond of out-degree k-2, and so on  The floor is <P L L.> This is our only
aigorithm in which f is dnpmd-nt on the size of the grapn An alternative
formulation without loops would b- more difficuit tc follow Wa therafora parmit

this construction, albeit with ressrvations.

Wea have aiready noted that the loops are used ag uniform markers  “L° may
be interpreted as "we are going to do this to evary vertex” At any intermadiate
point, say after (DWAw)i whers i<n, thcsa vertices with oops have not yat acquired
a new out—edge. Thus the lcop marks the vertax in a2 contaxt known to the
aigorithm.  Under inversion we expect loop markasrs to continue as adequiate. The
inverssa MAX™' is computed by:

= = (ATD A L7

Yy yz
L"«D AN "ah!
L= -1 a=te
L™, A" A b
L"(A"D") (A~ e

LD A DY
Yy vy x

= distingt vz € V, x # V, yy 8 E, yz 4 E

pre -
o = distinet x.yz € V, yy # E, yz €« E dix) = 0

By dix) = 0, we mesan both the in degree and the out—degres of x are zero. The
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floor shifts to "Pa'l"t'za" Figura 4-8 snows max™! cperating on two graphs, one

with a correct k valug and one with an incorrect k value.

WK=2 =1 K=0
e ©O
| ' . . TRUR,Q
: 4
1 2 3
@ z =aLBE,2
2 ' 3

1

. K= 2
K=3 Figure 4-8: MAX ' in Cperation

In MAX™! the loops mark those vertices which have aiready had an out-edge
deleted until all (n) vertices have lcops, at which time all locps ars removed (L)
Thug the contaxtual significanca of a loop has changed (from “needz a naw
cut—edge” in MAX to "has lost an cut-edge” in MAX”). What remains constant is
the loop (or absence of a loop) as a partitioning of the vertices into “aiready
processad’ and “to ba procassad”. Any application of loops to the vertices of G
creatas a partition on V. Sugh a partition may be exploited in various ways. ‘When
all vertices are looped, and then gradually urlooped in a single iteration, we will say

that we are /oop marking.

An aligorithm using o « ):4 - 2,3 Clearly raferances max. Such a procadurs
may be thought of as caling MAX™' on (G and interprating the output FALSEK)
to mean that max = n—k+1. Of courss such calls could be inefficient; it might bae
more sconomical to ugse On) storage to mantain ﬁ. number of varticezs of each
degree. For an initial set—-up cost of Q(m) time, the value of max will be available

as long as the algorithm axecutss 24 therefors represents an additional complaxity
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of Olm + n} over 23.

4.3. The Loop as Labwei

Loops can be used as other than markers. This section demanstrates ancther
axtansion to© our rm.‘.d_rﬁiw formulation, the use of loops as labeis  Motivation is
provided frOl‘!';‘l bipartite graphs, and axamples of other logp—labelled properties are
pravided, |

4.1.1. Bipertite Graphs

Several axampies of bipartite graphs appear in Figure 4-9,

Figure 4-9 Soma Bipartita Graphs

The R=property BIPARTITE i .

A _+A A + A“)*(-t{‘l.Z}.{‘l 1}>) where y.2 & V. x & V,

| {yy.zz} n E| = 1

Figus 4-10 shows ‘mc itorative staps in a wii run of BIPARTITE In L,
<{1.21.{11}> is characterized by En 1 = 0 and E N 1 # 0, but 50 is any edgeless
graph with some loops. In L, the seed is uniquely characterized as

En1=0 ‘

Ent~EnN1

En1~Ent
In L'm the sead i3 uniquely characterizad as EN1 =2 0, EN1 v 0andn =2 Thus
the floors for bipartite graphs are <P L T > and <P L L > The seed graph

makes the partition of the vertices explicit those vertices with loops are in one
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Figure 4=10; BIPARTTE in Opsaration
clags, those vertices without loops in the othar. New verticas have their class
specified (by the presencs or absence of a loopl when they are added to V (Ax ar
A“Axl. An edge may only be added betwean a vertex with a loop and vartax
without a loep. The finai output i a bipartite graph whose partition is clearly
labailad by its loops This /oop /abeliing is differemt from the loop marking
tachnique of the previous section Loop marking is temporary, for uniform
procnﬁing within an iteration Lacp labeling is retained from one iteration to the

next

The inverse BIPARTITE ' is computed by:
= = A +A A +A )
x xx x yz

ATle (A AT e AT
X X X V2
=1, a=lp=1 -1
= A! * Ax AXR * AVI
=0 +«+DD +D
i H X MK vE
a : =yzaV x8V yzdE |{yyzz} NnE|] =1
o = xyZ®V yz&E |{yyzz} nE| =1 dix) <1,
|{p|p = V. dipi=0}] > 1,
|{p|p « V. pp & E dip) < 1}| > 1.
The floors shift to <P,.L, T.> and <P,L,L,> Figurs 4-11 sttows BIPARTITE
operating on a graph G & G, and 4 graph G G, Notice that BIPARTITE™ ! will not
accept just any graph when testing to ses if it is hipartita Each graph in the Gp
produced by BIPARTITE is loop labelled, and the only input on which BIF'AI%"I'I'I'E_"''l
will return "TRUE" is a correctly loop—labelled bipartite graph. On a non—bipartits
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Figure 4-11: BIPARTITE™' in Operation
graph or an unigbelled bipartite graph or an incorrectly laballad bipartita graph, the
taster will return “FALSE" If we imagine all poasible non=trivial Joop labellings of a
graph (thers are 2" - 1_ such labellings) the tester could perform in parallel on all
possibie labellings of an uniabelled input graph in Olm + n) time, but sequentially in
O2M time. Wa will see this potential for parallsiism throughout the labelling
properties in this chaptar. If labelling is required to construct a grapihy. then laballing
will be raquirad to test it We suspect that properties of uniabelied graphs which
can only ba implemented by labaelling ars intringically differsnt from thosa which do
not r.qdiru labelling. Each segment in the remainder of thia section describes a

spacific graph property which appears to reguire loop labelling

4.3.2 Compiate Bipartite Graphs

A complete bipartite graph K_ myny is 2 bipartite graph G = <V.E> whera V is
partitioned into V, and V,, vV, | = n, |V | = n, and all possible edges ars
present, ie. ’

E={ xy | xIV.I,y.IVz}

Several sxampies of complate bipartite graphs appesr in Figurs 4-12 K"v"z islnat
‘complete” i the full sense of COMPLETE because of the bipartite restriction The
R-proparty COMPLETE-BIPARTITE is:
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IS

Figure 4-12: Some Complete Bipartita Graphs

A A A +A _A A A V={1.2}.{11.12}% whera
VX1 V!p v WV1 W\[q Wi W

distinct x € V. vEV, xx €E i=1,2.p; |[{z | x®V, xx €§E}| =p

i
distinct y, € V. w 8 V, yy #E =12 ¢ [{z |ye®V yy®El| =g

Figure 4«13 shows the iterative staps in 2 sampis run of COMPLETE-BIPARTITE

Figure 4-13: COMPLETE-BIPARTITE in Operation

The seed ix described in L, as En1=290 and .E N1+ 0 as are all other
graphs which contain some loops and all their non—-loop edges. In L,‘ﬂ the saed is
described uniquely as EN 1 =0 E N1 « 0 and n =1 and in L, the seed is
dascribed uniguely as |

Eni=0

EN1~ENt~EnNT
Thus the floors for complate bipartite §raphs are <P L. L.>and <P L LI>

COMPLETE-BIFARTITE uses the same locp Inbilling as BIPARTITE to dencte the
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parttion on V. it adds all the appropriats adges to G when it adds a vartex. Thus
COMPLETE-BIPARTITE is corract The inverse COMPLETE BIPARTITE™' is computed

by

=1

¢! A A A +A A A _A)
vx1 v:p '] WY1 qu W Wy

== - 1 -
‘Avx 1"'Avx pAv' * (Awy 1 "'AquAwwAw)

DD D +D D DO D
VoW wy

yx W WY
s 1 "Ya

distinct x & V, v EV XX, e E

1

i

q
H
Q
It

j{z | xeV, xx«E}| =p
distinct y ® V, w 8 V, yy, & E,
l{z|vyeV yy mE}| = g
o = distingt v,x. € V, xx vx.
®E =12 .p
[{z | zeV, zzaE}| =p,
[{z | zeV, zzoE}] > 1, adv) = p
distinct w,yi &V, wy ®E
yy = E =12 _.q
|{z| zeV, zuE}| = q
[{z | ze V. zzeE}| > 1, diw} = q
Again the floors shift to ‘PZ'Lm'Es’ and ‘Pz""z'zs}' Figure 4-14 shows
COMPLETE-SIPARTITE™ ' operating on a graph G = Gp and a graph G = Gp. On a
compiate, loop-iabeiled bipartita graph, COMPLETE-BIPARTITE™' will delete one
vertax at a tme (preserving one lcoped and one unlcopsd vertax) umtili G is the
sead On a"graph which is incorractly ioop—labeiled, sorme sdge will ba unremavable
and the graph will eventually fail. On a3 graph which is correctly labelled as bipartite
but is not a2 compieta bipartita graph, the absencs of some adge necessary for
"completaness’ will prevent the deistion of both vertices associated with it, and the
graph  will ultimately fail. ~ Thus COMPLETE-BIPARTITE ' is correct and
COMPLETE-BIPARTITE is complats. | '



Figure 4-14; COMPLETE=BIPARTITE™ | in Oparation

4.3.32. K~-Vertax-Coversd Graphs

A vertax x covers an edge yz if x is y or £ Given a graph G = <V.E> a set
of vortit:t;s A S Vis a vertex cover if for avery adge yz in E either y is in A or 2
i$ in A or both If A is ‘s vartex cover for G and |A] = k. G is said to be
k-vertax-coverable. |f a graph G is k-vertex—coverable, A is its vertax cover and

A iz labelled, G is said to ba i-vertex-covered. Savaral examples of

S—vertax—covered graphs appear in Figure 4-15.

e

oo
2® %

¢

Figure 4-185: Some 5-Veartax—-Coverad Graphs
The R-property K-VERTEX-COVERED is .
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A+ A“)"(LER) where vz € V, y ¥ 2, |{yy22} nE| » 0

Figure 4=16 shows the iterative staps in a sample run of K-VERTEX-COVERED

e e % & as
@
.6 5. 046 %

% 4%

Figure 4-18: 4-VERTEX~COVERED in Operation

The seed is a graph on k vertices with no edges and all possible loops. which wa
have abbrevisted as LE:

LE, = <{12.k} {1122, kk}>
The set of all LE, 's is described in L. as

Eni=20
and

ENnt=0
but n order to distinguish a particular LE, we require L, Thus the floor for
K-VERTEX-COVERED is <P L, I.> The ioops lsbel the vertex cover throughout
the execution of the algorithm. No loops may be added and every edge is covered
by at laast ona locped vertex. Thus K-VERTEX-COVERED is correct There is no

guarantae that the loopad verticas farm a minimal cover, marely a cover.

The inverse K-VERTEX-COVERED ' is computed from
! = (A + A"
= yi
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1

A"+ A
xX vy
D +~D
x vz
a =x EV

yz&V,ysz yzeE |{yyzz} NE| =0
o = x®V, xx8E dx) =0
vzeV, ysz yzeE |{yyzz} nE| » 0
The floor shifts to <P, L, ".Es‘—‘. Figura 4=17 shows K=VERTEX-COVERED ™'
operating on a graph G & Gp and a graph G = Gu far k = 3.

Me ;4@ 4554&?

«""‘h o ’ ) ' I h

L @
5—06 a .e G a -rnu-

Y Ve VAl

Figurs 4-17: 3-VERTEX-COVERED ™' in Operation

Just as for BIPARTITE™', K-VERTEX-COVERED ' checks to see if a particuiar
vertex labelling is in fact a vertex cover for the graph. On a correctly indicated
cover, all edges will sventually be r_urnovaél. as will ail uniooped vertices, ;amrning
the graph to LEk On an incorractly indicatad cover sorme edges will remain or the
final cdgnl;ss graph will contain the wrong number of looped vertices. Thus
K~VERTEX~COVERED"' is correct and K-VERTEX-COVERED is complets,
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4.3.4. Graphs wltl'i K independemt Varticas

Given 2 graph G = <V.E> a’'sat of vertices A & V is independem if for any
xy % A xy # E ia. no two are adjacent Saveral examples of graphs with 3

independent verticeg appear in Figura 4~18.

Figure 4-~18: Some Graphs with 3 Independent Vartices
The R-property K-INDEPENDENT is
A, * A“l'(LEk) where -i:llstinct vzeV, |{yyzz} nE| =1
Figure 4-19 shows the iterative steps in a sampie run of K—INDEPENDENT for k =

3.

Figure 4-19: 3~INDEFENDENT in Operation
The seed i< again a graph on k vartices, with all possible loops and no edges The
loops label the independent sat thrbughout the algorithm. Nw;,‘ unlooped verticas

may be added Any edge may be adided, as long as it is not between two looped

(independent) vertices Thers is no guarantse that the loopad vertices form a
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maximal independent set. merely an indepsndent sat

The floor for K~INDEPENDENT is <P L, Z.> Because no adges ars ever
added betwesn tha labslled vertices, K-INDEPENDENT is correct

The inverse K-INDEPENDENT ' is computed from
! A+ AT
® VI

It

A“1* A-1
x yz

=D +D
» yz

x &V

Q
]

distinct vz « V, yz # E, |{yy.zz}l n E| 5
o mx &V dixi=0
distinct yz & V, yz 8 E, |{yyzz} N E| £ 1

The ficor shifts to <P_L, I,> Figure 4-20 shows 2-INDEPENDENT ' for &
= 2 operating on a graph G @ Gp and a graph G = Gp. On a graph from Gp all
adges and unioopad va_r':icas will be delsted On 3 graph G = Gp. sither thera ara
the wrong number of loops or loops on the wrong vertices if there are
incorractly—placed loops. some edge will have two looped endpoints and will never
be removed If thare are 100 few or too many loops, since icops are unremovable,
the graph will never ba isomorphic to LE . Thus K~INDEPENDENT™' is correct and
K=-INDEPENDENT is compieta

A.4. Labelling/Coloring Graphs

Abandoning loops for now, this saction describes a substantial axtension to our
racursive formulation, labelling graphs. Properties which require labais by definition

(such as coloring properties) and properties which are achievabie via labeis are

- considered.

lat G = <V,E> be a graph and iet c be a function defined on V. ie. clvl is
defined and unique for each v & V. Then we say that c is a /abe//ing of G. that
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@ . 5
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Figure 4-20: ° 2-INDEPENDENT™ ' in Qperation
the range of ¢, A = {civi | v & V}, is the set of /ape/s for G. and that G =
<VEcA> is a /abe//ed graph. It is important to distinguish the name of the vertax
vl from its label (clv). Wa use lower case Qreek letters for labels. Vertex names
ars distinct; vertex labels need not be. As a matter of fact,
15 |A] s |V]
A primitive form of labelling is the loop, where |A| = 2, ie, the labeis are "has a
loop” or "haz ne leop” Ona helpful way to think about labels is t© imagine them as
colors in which the verticas may ba painted, one color to a vertex. Thare al'i‘ many

graph properties which are described in terms of colors.

- A labelling of G such that no two adjacant vertices have the same lsbel is
called a co/oring of G if @V-=A is a coloring and |A| = k. c iz a k?calaring.'and
partitions V in to k classes. A grapi"l G ig k-colorable if there exist a k=goloring

for G. A graph G is k-co/orsd if it is k—colorable and ¢ is a k-coloring defined on
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it, is, it is appropriataly labsiled

In order to reprasent coloring or labelling, we must extend the definition of an
R—property. Racall that an R-proparty p = <f,8,0> had its crigin in ths ordered
friplea <PLL> We must provide first an operator to assign a label or color to a
vertex. This colering operator Z will taka two arguments, a vertax v and a color «
Z Q) will set c(x) to a leaving the rumﬁndcr of the graph unchanged More
formally, we define the primitive operator sets

P, *P U {qu} fori= 12_5
and call any F'h= a Pc-language. Whaen a vertex is added to a graph, it must always
ba labeiled separately.

Wa must alse provide Lc-language.s in which labelled graphs may be spacifiad
These languages have a "most-powerful” equivalent to Ln which wa call LZ‘ Lz is
the language which pracisely lists the varticas, adges and labels of a' labelled graph.
Wa offer the following possible amendments to the L—grammars of 3.3 |

e | —> labeis are unique | labels are not uniqua

e | => |abels range from 1 to k
The first, appended to the languages L and L will yield the L -languages L and
Lim: for i = 1.2_.8. The second. appended to the anguages L. and L. . will yield

the L ~isngusges L_and L for i = 1.2..6

Finally, § must ba augmentsd fn tagt colors, as wall ag vertices and esdges
Wa augment the original I grammars with the foilowing

! =» clvertax} = civertax) | ctvertax) s civertex) |

-> 1 < golor < k | color even | color odd

color e |pg]|r].
The axprassion # will be interpratad semantically as "is differemt from” and the
uxpros#ion = as "ls identicai to." By appending these forms to the languages }:1
through L. we produce the I -/anguages L, _ through Eac, raspectivaly. Wa now

can formaily definea an Rc-prapcfty as the semantic interpratation of the triple
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<f,5.0%, where f iz a terminal Pc—exprusiun. 5 iz a terminal L “expression and o is

2 terminal Ec-axpressian.

Bach of the segments in the remainder of this section deals with a specific
R°-proparty. Either the property is for i labelled graph or its racursiva formulation

appears to require a labelled graph to be correct and compiete.
4.4, K=-Colorad Graphs

Qur first axampla of an R -property is k—-colored  Saveral examples of

3-colored graphs appear in Figure 4-21.

o ol
oy A
o<

Figure 4=21: Some 3-Colored Graphs
The R-property K=COLORED is
A, * Z“Al)'{uk) whara xy &V, cix) % oly)
28V, 15ask

‘g

The seed is U . the uniquely colored edgeiess graph on k different-coicred vertices

Uk = Zv11zv22"zvkkEk
Note that our "colors’ are really intagers between 1 and k, inclusive. U is in LMU.
Figurs 4-22 shows the iterstive staps in a sample run of K-COLORED for k = 4.

The ficor for K~COLORED is <P t I

>
Tnug™1e

Claarly K-COLORED is correct the only edges it adds are bDetwaen



Figurs 4-222  4~COLORED in Operation

difterent—colored vertices, and each vertsx is assigned a color when it is added to
the graph.

The automatic inversion of an R -proparty raises an interesting cQuestion with
respect to the operator £ o Other than keeping a list of all previous vaiues for
cix) {a computationally appaliing prospect), we have no way of knowing what x's

label was prior to Zx « Thus inversion will be saverely limited uniess we can

© assume that the. label was )\, dencting irrelevant and/or unknown. Wae ‘will thersforas

utilize
- =
e le
with the understanding thet sorne properties may not be autornatically invertible.

The inverse K~COLORED™' is computed frome
1 =A+Z AN

=A v Z A7

- a ATz

=Dy * B2
a =xy @&V, xy £ E ¢glx) ¥ cly)

ZEV 15sas5k
o = xy @&V, xy & E g(x) # cly)
' dis-tincn: vz eV, dz) =0 cv) = ofz)

Note the post-profile statement that z's color is not unique. The floor shifts to
zu:" |

<P 2c'L Trhge’

Figure 4-23 shows K-COLORED ™' operating on a graph G = G, and a graph G
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Figure 4-23:° 2-COLORED"' in Q..pcratiun _

] Gp for k = 2 On a correctly—labailed k-colored graph. the sdges will be
removed one at at time and any degraa zerc vertex of non-unique color deietad
until U is reached If any vertex in G is improperly colored, some edge will not be
removabla. If G s Gp is colored with the wrong number of colors, thare will be no
isomorphism  with U. Note that as for loop labelling, a correct graph incorrectly
labellec will fail. For example, a six-colored graph is also seven—colorable if n z 7,
but if it is submittad to 7-COLORED™' in six colors it will fail K~COLORED™' is
correct and K—COLORED is complets.

4.4.2. X~Chromatic Graphs

A graph is said to be k-chromatic it it is k—colorsbia but not colorabie in
fawer than k colors. (This is equivalent to saying that it is k—coiorable but not k-1
colorable) |f a graph is k—chromatic. k is the smallest number of colors with which
it can bs colored Several examples of labelled k=chromatic graphs appear .in Figure
4-24 for k = 3 For clarity of pressntation we dafina two new composits
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2

Figure 4-24: Some 3—Chromatic Graphs
cperators, vawv and X 8 vawy i$ a double—subdivide cperator: it replaces
‘I 17
the adge between x and y w:th a chain of length three, ie.,

s =FDA

A
xvwy XY MV VW wy

S!my i distinguishable from the reguiar subdivide operator wa by the arity of its

subscript X, 5 v i& an exchange operator which introducas sirnilariy ~labaliad
17177 r

surrogate  vertices 8,858, for tha vertices v VgV, respectively. XV

13y
ruplacls each adge between a v, and a v, with thres edges, one between 8, nnd s

angther betweaan s, and \:rj and a third bntwnn v, and s, X, s vy Hso appenda
. 1717 r

correctly—lsbeiled vertices s ,.5,..5 t0 G
=0 A A A Z Z 4 A A _A

\FETE AR "i"j :Iwj vsl “, [ :(v) :zc(v} sc(v) =

whara D A A A occurs for nch vv & E
viv}. sivj vi’j 'i‘j b
The R°~property K-CHROMATIC] is

(zm:Ax * Ay: * Atw1Ath"'Amk_aAuw1Auwz'"Auwk_azpc(w)zqemstnﬂu

+ x\ul"l*...\l ] ’ (T ,
where x # V, 1 3 a 5 k.,

y.z ® V, cily) # ciz}

digtingt tuw & V. pq &V, tu & E distinet cfﬂ.c(u?.c{wi)

distinct v. & V, distinct s &V r2 k-1
Figure 4-2% shows the itarative staps in a sample run of K—CHROMATIC for k = 4.
Tt-m seed is T . the complete graph on k vertices with each vertex a differsnt coior.
Clearly T, is k—chromatic. for sach pair of vertices is adjacent and must be a
differsnt color. The ficor for K~CHROMATIC is P S 2“:-. There are four
property—presarving choices for an iteration of K.-CHHOMATIC. The first two,
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1 2 3

Figurs 4-2%: 4-CHROMATIC in Operation

Z A, and Ay: add a properly-labelled vertex and a legal adge. respectively. If we

had stopped here, with seed T, we would know that we had forcad k colors
Considar, howaver, the wheal W 15 To color C5 aslone requires three coiors.
Since the hub is adjacent to every vertex on the rim, a fourth color is recuiraed, and

thus W, has chromatic numbper four. How would we reach W__ from T 7 The

1.5
third choice, a double subdivision of any edge with appropriata linkage is the

answer. This not-so—obvious construction is displayed in Figure 4=28,

Eigwe 4-28: The Generation of W. e

Unfortunately, this does not soive all our problems Graph theorists have shown
that for any k > 0, thare aexist k—chromatic graphs containing no frianglq ‘(cyclc of
length thresl. A famous example of such a graph for k = 4 is the Grotzsch graph,
shown in Figure 4-27. Cartainly 'Tk is filed with triangles and we must provide
ways to cbliterata them. The fourth choice is @ surrogste procedures which enables
us to construct triangle—free graphs. The exchange selects a set of vertices {vi}

diready in the graph and appends a set of similarly-iabelled vertices {s}. Since {v}
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Figure 4-27: The Grotzsch Grapn
is not necessarily all of V, it is possible to oblitarate masny, or aven all, triangles. In
particular, the Grotzsch graph is constructable from W 15 Dy this technigue, taking

the {v} to be the rim verticas. (See Figure 4-28)

Yy
v v
2
v

2 _
Figurs 4-28: Generating the Grotzsch Graph

Having expisined the motivation for K~CHROMATIC, we now demonstrate that it
is correct If any k=1 coloring were possible for Z _A G or A G, it would have
been possible for G and thus the first two choices are correct The third choics
creates a chain of length three which altarnates calar; et and ciw) on its four
vurticﬁs. Since cft) and ofu) are distinet from c:'{wi). tha new graph will still be
k-colorable. If a k-1 coloring is possible after the third choice, it would have to

color t and u the same sinca tu is the only edge removed from G by this option,
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but then we would need two additional colors for p ad g and k — 2 more colors
for the w's, for a total of k colors Therefore G will be k~chromatic aftar the
third choica. Finally we aexamine the fourth choice. Sirce cis) = c(vi) all the adged
adges are legal If there were a k-1 coloring after the fourth choics. it wouid
have to cnlqr some v, and v, the same, for a previously axisting v Vo @ E Note,
howaver, that ¢ls,) and cfs,)) must still be distinct because $,8, is now in E and no
raduction in the number of colors needed is possibie. Since there are r = k—1
distinct surrogate colors, this will not be possible. We have, at length. shown
K=CHROMATIC to be corract

The inverse K~CHROMATIC™' is computad from
£ 2(Z A +A -+
hc- T YI

Atw 1Atw "'Atw Auw Auwz“’Auwk_3zpc{w)zqctﬂstnqu *

ry k=23 1
)-1
v,'s.',..vr:r
' -1 -1
= (L A)  + A '+ (A A _A A .
NE x vz 'cw1 th twk-.‘! uwT uwz uwk-—S

’ -1 -1
zpc(w)zqcmstpc;u) M xv 159=Y 5,

=D 2, " D“ + unquDmAtquDpqusz .

Duwk_BDuwk_‘ 4'“Duw th th '"th *

1 k-3 k=4 1
D; Ds "'Ds zs Xzs X'Zs XD:.:.DV.:.Ds.v.Av_v
r 1 7r r=1 1 [ Y

r=1 ij ot

o = x 8V, | sSask
vz eV, yz aE clyl % ¢z
distinct tuw ® V, pqQ & V, tu @ E, distinet ct).clul.ctw)
distinct v, & V, distinct s, YV, rek=1
o = distingt x,x' ® V, dix) = 0, 1 £ « £ k, gix) = ¢{x)
yay.Z €V, yryz & E cly) # ciz), cly) = cly)
clz) = o2) )
distinct p.q.tuw. ® V, distinct it clul.ctw );
clw) = ¢ip), clql = oft), dip) = k=1, dig) = k-1;
ppqq. L tusE

distingt v.s & v, c(vi) = c(si). ;8 .a:i\ar‘..\.visj a E, \.lri\\.rj ® E,

i
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c:(vi) ¥ c:wj)

The floor shifts to <P, L, I.> Figure 4-29 shows K-CHROMATIC™'

operating on a graph G e Gp and a graph G m G ferk = 2

1nug’

P . 2 1 ‘3 1 1 2 1 2
1 2 8 4 5
' EALSH
8

Figure 4-29: 2-CHROMATIC™' in Operation
G = Gp becsuse some edge has andpoints of the same color or because G has
the wrong number of colors, K~CHROMATIC™' will not change those conditions and
the graph will fail If G = Gp beacause a k—1 coloring iz possible, G cannct reduce

to T, under K—CHROMATIC™' and G will fail it remains oniy to show that G & G
wi// reduce to T .. Such a proof requires s&mﬂ'backgrqund first

An e/ememary edge comraction is defined to be l“Dx; for x,y « V, xy &« E A
graph G is contractibie to a graph H If thers exists a segquanca of slermeantary
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contragctions transforming G into H. Hadwigers Conjecture states that every
connected k—chromatic graph is contractibla to Kk" Hadwiger's Conjecture has baen
shown true for n £ 4 and aquivalent to the Four Color Theorerm for n = 5, which
this author sccepts as provan.  Since the inversa of a double subdivision may be
seen as 2 seguenca of two slementary edge contractions 1Op and (D ) and

sinca the inverse of the surrogate exchange process X is a sequence of r

v 1 1 1...V|_Sr

alemesntary edge contractions (1”!.'.)”), we assert that the completanass of
EOT

K-CHROMATIC is equivaient to the truth of Hagdwiger's conjecture which, thus far,

has heild up since 1943, Thus K-CHROMATIC appears “reagsonably complets’ ie.

within our current knowledge of graph theory.

It is intarasting to observe that an attermpt to formulate k=-CHROMATIC based
only on Hadwiger's Conjecture is doomed to failure, ie, not any sagquence of
alsmentary edge subdivisions (the opposite of .contractionsi will maintain  the
chromatic number. Notably, wac a ™ Cs, but C 4 has chromatic number tv;m and Cs
has chromatic number threa

4.4.3. Graphs with Vertex Covering Numbaer K

A graph G = <V.E> has vertax covering nurnber k if there is a k—vertex covar
for it and no vertex cover of smailer cardinality exists, (This is equivalent to saying
that no vertex cover of cardinality k—1 axists for it] A graph with vertex covering
number K is k-vertex—coverable, but not necassarily vice versa Several exampies
of graphs with vertex covering numbor fiva appear in Figure 4-30. For a graph G
= <VE>» G 2 <VE>isasubgraph of Gt V EV and E S E A subgraph G of a
graph G is a block of G if every pair of adges in G' lies on a3 common cycie and
there is no larger subgraph of G comtmning & which is also a block. .ln other
words, G is 2 maximal subgraph of G for which every pair of edges lia on a
common cycla) The biocks of G do not necessarily partition V; two biocks share
at most one vertex. The blocks of G do pﬁ'rtiop E. however, and the partition ig
finer thm‘mat imposed by connncfnd components.  Two blocks have at most ons
vertax in common; such a shared vertax is callad a cutpoint. Cutpoints batwesan
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Figure 4-30: Some Graphs with Vartax Covering Number 5

blocks of more than one adge can always De covering vartices in a rminimal vertex
cover. Every block, axcept KZ, is biconnactad The vertex covering number of a
graph is the sum of the vertax covering numbers of its connectad componants.
That is, if G has r components with vertex covering rumbers crcz,ﬁ.cr,'thn vertax
cavering number of G is I c.

Ow approach will be to construct a graph each of whose connactsd
componenms is a differant color. Within a givan component, every vertax will be
the same color. Within sach componant is a skeleton subgraph, consisting of the
largest cycle in sach block. (If the block is a single edge. that edge lies in the
skeleton) The skeieton detarmines the size k of the minimal vertex cover. Thus
thara ara two kinds of operations within the R -property we will describe
oparations g which enlarge k by .xp'mdlnﬁ the akalston, and operations h which
laave the valua of k unchanged Becauss each iteration of an R’ —property is
supposed to ingremant X by one, ‘th- R*—property VERTEX—COVER is of the form
(h'g)*: o

{[z

vc(x)sxw + z:c(wlawx ’

t &ir J Y c(r )(A * At t )E t1Br ]

:Il:z
1 111 171

+Z 2z A . B B + 2 z A S
tzc(rz) :zc(rz) 3.8, 8 21 Fady ela) deh) bh ™ abde

M zncmzhcmAnAthgang zjcmAuBu- Au1u1Au1u3]’ (T1.0)

whare x.y & V, v £ V, xy.xx,yy & E, cix} = cly)
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way zEV ww & E
pg eV [{ppagl NE | 21, ctpw = clg

r,ev, distinct $,.1 ®V, rr, € E

ry & V, digtingt sz,t2 gV, ror, EE

distinct a,e & V. distingt b,d o V, ae.aa00 « £
feV distinct gh e V, e E

eV, j®V, |V =1 |E|=C

distinet u u,u, ® V. u s usuau, @ E fvl = 3 |E] = 2

The seed is the uniquely colored complets graph T.. The floor for VERTEX~-COVER

is <P L 25.:" Figurs 4-31 shows the iterativa steps in a sample run of

1gu”

VERTEX-COVER. (All of the labels are identical and omitted)

Figurs 4-31: VERTEX-CQVER in Operation

VERTEX-COVER is of the form (h"g)", whers h has three options and ¢ has seven
The locpad vertices ars the cn_vofing vertices throughout the execution of the
algorithm.  The uniform coloring of each cornpnner;t is maintainad Each of the
thras h options for iteration safely ﬁxpmds tha graph, adding a covarsd sdge and

not adding vertices which could permit a smaller cover by their participation The
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subdivision of an adge (xy) bstween two covering vertices will resuit in two naw,
coverad adges {xv and vy), and & new vertex which, to reduce the cavaring number,
would have to replace x and y, an impossibility. A branch fram a covering vertex
(w} resuits in a coversd sdge anc a new vertex (z) which cannot possibly reducs the
vartax ‘covaring nurnber. An edge gdditicm (qu) with at lum one covering sndpoint
iz covered and cannot changs the vertax covering number. Thosa options do not
increment k and any number of them may appear in a singie itaration of
VERTEX=-COVER. These are folicwed by the seven options which will incrament
k. The first two options add chains of langth two ta a looped vertex (r)). The first
(s,) or second (t ) addad vertex bacomes a covering vertex The thirﬁ option adds
a chain of length two to a non—icoped vertax (rz). The first added vertex (s,)
becomas a covering vertex, The fourth option double subdivides an sdge batween
two loopad vartices (@ and a). The first added vertex (b} becomes a covering
vertex. Ths next option adds a triangle with one new iooped vertex (g), appending
it to a8 ]uapad vartex (f). 'i'ha last two options are applicabie only once. One aof
tham produces an appropriately locped and I;bnllind K, the other moves from a
correctly looped and labelled chain on thrae vertices 1o a corractly looped and
labelled cycis on thrse vertices. Every edge introduced by (h'gj' is coversd No
vertex introduced by b could make a vertex cover smaller by ity inciusion, and the

increment to k is carefully controlled by g Thus VERTEX-COVER is correct

The inverse VERTEX-COVER™' is computed by:

- ) . * 5
= = (Z 8wy * LactwiPwr + Apad Rt,ccr‘)zs‘acr‘)““s P
A B 8 + Z Z A B B +
BTty T3y Tplinglagclrgl wg3y 33 Mot
Z, et den™ e e * Ageitrren gg nBanlrg *

-1
Zia®iBy * Au Au1u31’

179
= [2 Zz (A
) telr.) ’1‘"1’ 5.8, LPLPNEL L P P
Z < A B
tzclrz} ’2“'2) $o3, :2t2 fa¥y
ZycwZacw™onSamde * AgeitrPneinPag BBy *

-1
zj:!i)AjjBi] * Au,lu,'Au’us] (Ezvt:(x)sxvy * zzf.'(w)sw: *

+ A B B +

=1
ADQJ )
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= [Z (A +A B B -

ra
t1ctr1) s,c(r1) 3.3, t.'t.' 51!:1 ry%,

ra A B
tz\:(fz) szclrz) LPLE 52"2 fo8a
+
zbcmzd:(a)Abbsabd- * Aga(f)Ahc(f)AgnAthgthg

-1 -
zic(i)Aijij + Au1u‘lAu1u3] (Ezvctxisxvy * ch(wIEWt

Ad !
=[0,D ,0D DO, *D,

1 Ti% Yy MY NN 1t

D D DD D z Z +
S5 fg%p ty oty 358, 52)\ :21
000D PudP P Db Zan Zen *

0.0,0.L0CnPuZinZan * PR2; % *
o D 1A DDDZ,+DD, 2, +0J°

Wiy U, XY VY KV XV

= xy ® V, v #V, xyxxyy ® E cx = cly

)zs1kzt1k *

wevV, zeV ww EE

distnct par € V, parr « E |{ppagl NE | 2 1,
cip) = cig). not{pp.pr & E, qc‘:,qr s E]

r, @V, distinct s,,t, &V, rr &aE ‘

r, @ V, distinct s,.t, ® V, rr, & E

distinct a.e % V, distinct bd & V, assaee 8§ E

feV distinctghe V, ff 8 E

iaV,jev, |[V] =1 |E| =0

distinct vy, & Vo U Ul U oy
|E] = 2

. E lVl = 3,

=1

4 = distinct t.ux,v.y # V, txuy.xxyy.xv.vy & E,

w,ttuu.xy 8 E div) = 2,
cix} = clyl = otv) = cith = olu)
distinet s.w.z e V, swwwwz ¢ E, g9.2x 4 E
diz) = 1, ciwl = clz) = cis)
distinc;t abpqgeV apbqgpqeE
agbb #E |{ppag}l n E| 21,
clp) = clg) = cla) = ¢b),
there axists a cycle containing pg

rF.5..3

distinct r1,s1,t1 -\, N

1 I1,l1t1 ¢ E t.|t1 = E
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dis,) = 2, dit)) =1, cir ) = cis)) = ctt)

distinet r s .1 ® V, r.ror.s. s.t.t, t € E 55 #E
clls,) = 2. dit J=1er ) = c(s1) = Cht )

distinet r,.s,.t, ® V, tztz rr, ®E 8.5, r 5,51, €E
dis,) = 2, dit)) = 1, c(rzl = cls,) = cft,)

distinct ab.de ® V, aabbeeabbdcde € E ddae & E,
dib) = 2, did) = 2, cla) = ¢l = cld = cla)

distinct f,gh € V, ff gg.fgghfh @« E bh # E dig) =
dht = 2, cthh = cfg) = cih

distinet i.j & V, ijjj S E, ii # E dij) = 1, |V| = 2,
Bl = 1. el) = afj)

distinet u yugUg .V, u, (Mgl gl gty @ E Uz, o E.
V] = 3. |E] = 3 cu,) = clu,) = ctuy)

The fioor ﬁhrf‘u o <P, L. .Zg.> Figure 4-32 shows VER'TEX-CDVER‘1

Yeu'

"operating on a graph G & G , &nd a graph G o G VERTEX-COVER™ ' deletes as

many adges as poszibla- which do not destroy the underlying skasietal graph It
accompiishes this by testing for other "justifying” (primed) adjacencies which would
argue for retaining the covering status of a vertex and the cornectedness of a
block. Then VERTEX-COVER™' will contract the underilying skaeletal graph. On G &
Gp VERTEX-COVER™' will return G to K, decrsmenting k as it goes. If tha cover
to be tested is not of size k. k will not ba zero on termination and G will fail. If
the cover uf the input graph iz not minimal, soma looped verticas will not be
deleted and G wilt fail. If the cover of the input graph is incorractly indicated,
soma edge will lie betwesn two unicoped vartices and never be delstad, causing
failure. Thus VERTEX-COVER™' is correct and VERTEX~COVER is compieta.

This slgorithm is an interesting construction. The skeleton could have served as
a sead szat for an H—pmpmy K-VEATEX-COVER instead. Such an elaborate snd
ut weuld require L, and has interesting connotations. to be discussed in 4.7.
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Figure 4-32 VERTEX-COVER™' in Operation

4.4.4. Graphs with Independence Number K

The cardinality of the largest incependent vertex set in a graph is its
independence number. Several sxamples of graphs with independence number 2
appaar in Figure 4=33

o -
® O

- . Filgurs 4-33: Some Graphs with Indspendence Number 3

The RE-property INDEPENDENCE-K Is:

L] L)
(Zv & 1,..J'."VH Ean ﬁAxviAu 11...A“DA,‘) (LERJ

whera x & V., y.2 € V, z is in the ith independent set,
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P = number of labsi—indicatad sets, @ are corractly constructad
labails

Figure 4~34 shows the iterative steps in a sample run of INDEPENDENCE-K for k =
3

Figure 4~34; INDEPENDENCE=3 in Operation
The floor for graphs with indepencence number k is <P L 2. > The slaborate
labels are the key to tha success of this aigorithm.  Initially, we nave a maximal
independent looped set of k vertices. On the first iteration we add a vertax x.
creating the potential for Xk new sets of k indepeandent vertices and one sat of k+1
independert vertices To pravent tha formation of k+1 independent vertices we
deliberateiy attach x to one of the iooped vertices y. Now thars ara two
incependent sets of size k. V - {y} and V - {x}. Wa labei x and relabel each v,

in V. to refiect the ‘names” of these two sets and the vs -
membership/non-mambership in sach of these two sets. (Such a label is probably a
numerical sncoding and need not be elaborated upon here We may “interpret’ the
loop numerically t© make it consistent with the notation for subsequent iterations)
On any subsequant itarstion the number and names of each extant set of k
independent vertices may be duciphirad from the label of any vertex. Wae carefully
attach the new vertex x to one vertex z) in every such set. and then to as many
mora varticas {y] a3 we choosa The loops refer to the original (but not
nacessarily the only) set of k-indepencent vertices. There may be up to (”.) new
indepandent sets of k vertices formed by this iteration; x and all of V must be
. relabelled accordingly. INDEPENDENCE-K is correct . '

The inverse INDEPENDENCE-K ™' is computed by:
£ =2, o o2, o Ty Aug Ay A

V|ﬂ1 ﬂ X xy 121 B

-1
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.=t = lp= 1 -1
ATA~ ...A (A A _) zwzw :J'.'1ﬂ=1

= Dxszp'"D::z 1 Ax iZVXZv“X._ZV 1)\

" = x#V yzeV 1 is in the ith indepandent set.
r&

p = numbar of labei~indicated sets, a.x are correctly
constructed [abals
o 2 xy.z @V, xx ® E z is in the ith indepencient set,
p -= number of label~indicated ses. o.x correctly
constructed labels, cix) indicates y is not indapandent
of x
ThI floor shifts to <P, L. .2, > Here is an axample of an automatad inverse
computation on which we must improve. In particular, the labels for V must be
racalculated to reflect the ramaining indepandent sets of size k., so that
t"'=DD . ] DulA'v g p'
This is permissible. wa argue, bccmn tho next correct iabel is computakie from 'd'_m

‘encoding.  Figure 4-35 shows INDEPENDENCE-K ™ operating on a graph G & G

mdngrathiG for k =4 On G« G mnlibolmalntmancnmdmofactm

xx may not be in E insuras a return 1o the origanal seed. On G & G, there must be

k loops, or G will fail. Given G & Gp with k loops, sither some sat of verticas
iabelled independent is not (making some edge unremovabie) or some set of mors
than k vertices is independent (making some vertax unremcovable because the
appropriate  z's cannot  be found). in eithrer case G wil fail Thus
INDEPENDENCE-K ™' is correct and INDEPENDENCE-K is complete.

4.4.5. Graphs with Labelled Edgas

In the develcprmant of R°-proparties, we specified that the labels or colors be
applied to the vertices. .If we apply labeis to the edges instead (using the operator
Zx Yﬂtn color edge xy with cd, we will call the properties A* *ﬁfgﬁcrtics. - We
immediately extend all tha definitions and terminclogy of vertex labeliing to edge
labelling, producing the languages P L. L _ L L and L, corresponding to

in ine [IE ] LT
Po Lo Yiner Liner Lipue 3 Zic, respactivaly. The only differsnce between vertex

nuc
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¢ 60 & ...

Figure 4-35: INDEPENDENCE-4~" in Operation

coloring and edge coloring is that no aquivaient of laop labelling vertices is availabie
for adges Edge labelling facilitates the construction of graphs with propertiss thus

far inaccassibie

4.4.8. Graphs with Clrcumfersnce K

The circumfersnce of a graph iz the length of any longest cycle it contains.
Several examples of graphs with circumference k = 5 appear in Figure 4-36.
Although laheln are not required for the definition of circumfersnce, they do
taciiitate the construction of graphs with circumfersnce k. We will denote the block
partitioning of E by coloring the edges uniformiy within a block.

Figura 4-37 shows a graph with four biocks. Any cycle in a graph is totally
contained within a single block. Wae will construct graphs with circumference k
using the R®-property CIRCUMFERENCE—K: |

"1
(Z:wﬂAxy + Az * quﬂapq * zv1vz¢'"zvr_1vrﬂzvrv1uyv1...vl_) (ck)

where x.y.x'y ® V, xx'yy' € E cixx') = clyy) = g



Figure 4-368: Soma Graphs with Circumference 5

ReN

Figura 4-37: A Graph and its Blocks
psV q#V aisanew color
v, ® V. v,V SV & is & naw color. r S k
The expression "z is a new color’ is an abbreviation for “ct.) # o, cit,) # u.....c:(tn) w*
e ft tz,-.t} = V" The seed CI:. is the cycle C_ with sl its” adges colorad ona.
Figure 4-38 shows the iterative staps in a sample run of CIRCUMFERENCE-K for k
= 8. The fioor for CIRCUMFERENCE—K is <P, Lo L >

Wae will prove the correctness of CRCUMFERENCE-K as we sxplain its



Figure 4-38: CIRCUMFERENCE-6& in Dpearation

workings. Thera are four options for growth First, an edge (xy) may be drawn
between any two verticas in the same biock and colored the color of their common
block. Such an adge can introduce smaller cycles than those airsacly prasant in the
block, but not larger ones. The second option is to begin a new connectad
comrponent by the addition of an isolatad vertex to the graph (Ncte that no color
is agsociated with such a2 vertex at this time) The next option is to branch from
any vertex {p) in the graph to a new vertex (q). beginning a new block and coloring
the new eadge uniike any currently in tha graph. The final option is to add a small
enough cycie (r £ k) to the graph, attaching it at v, and coloring it uniike any other
biock currantly in the graph Since each of these options mainting the
circumfacrance at k, we have shown CIRCUMFERENCE-K to he correct

The inverse CIRCUMFERENCE-K ' is computad by:
f (vaﬂA:‘w + A‘ + ZDWB“ +
z Z 2. x !

v.‘vzﬁ- vr",'vrﬂ vrviﬂ v,l...vr

- -1 -1 -1
@iy A2 BT
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(Zv1v2¢: -Z, 1% ﬁzvrvzmvv.[ \rr)“1
= vazka D +0 quzpql 1...vrzvrv1kzv v, ALy zl
%ore = xyx.y &V, xxyy ® B xy # E cixx} = clyy) = B
ZRY

pwY gsV xis a naw color

v, TV, 'vz,,...vr &V, aisanawcolor, r 5k

q = xyx.y ® V, xyxx,yy @ E cixx) = elyy) = cixy), « # vy,
y # x, there exist two edge—disjoint paths from x to
y without adge xy,
z e\ dz) =0
pg®V pgeE dig = 1, cpg * « a is a unique color

VIVvv,v A % E
2 r=1

[{rs{rs ® V rs e E, crs) = etv vl =

thera axists another cycle of at least size r
The floor shifts to <P, Lo T > Figure 4-39 shows GCIRCUMFERENCE—K™'
operating on a graph G = Gp and‘a graph G # Gp for k = 3.

1 1
TRUN
3 4
1
1
3

Figure 4-39: CIRCUMFERENCE~3"' in Operation

The input for the inverse may be edge colored according block in time O(n).' Then
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CIRCUMFERENCE-K ™' deistas isolated verticas (z), small enough cyc!n attached only
at one vertax 4\:1). and blocks containing a single edge (pa). It removaes edgaes (xy)
intarmal to a cycie Thus a graph from Gp will be returned to C: whera the color =
i$ not relevant to the isomorphism tagting A graph G # Gp with overiy=small
cyclas will be reduced to <g.4> and fai, while a graph with an ovariy—iarge cycle
will retin it and fail. Thus CIRCUMFERENCE~K ' is correct and CIRCUMFERENCE-K

is compiete

4.4.7. Graphs with Edge Covering Number K

For a graph G = <V.E> an adge subset E & E is an edge cover if avery vaertex
in V lies on at least one edge in E. If E is an edge cover for G, |E| = k and
there is no adge cover for G of smaller cardinality, then G is said to have edge

covering number k. Ssveral exampies of graphs with adge covering number k = 4

o—O
o—©O

appear in Figure 4-~40.

o0 000000

Figure 4-40: Some Graphs with Edge Covering Number 4

interestingly, the edge covering number of G is boundad by the naturs of the

minimal spanning tree for G it is this fact which motivates our approach. |If G were

connected, the maximum value of n for sdgas covering number k would be n = 2%,

‘where G would be a chain on 2k vertices, and the minimum value would be n =

“k+1, as in the star W, . Since the edge covering number of a graph is the sum

of the edge covering numbers of its connectad cornpomnté, for fixad k tha seed

graphs must reprasant digtinct, additive, non—-zero sums of k, For axample, if k = 3,
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we can write Kk = 3, k = 1 + 2 or k = 1"+ 1 + 1. Tha sasds will be based on
the sum, substituting disjoint chains or stars for the inteégers. We color sach sead
adge to dencte both its connected componsnt and whather it is covaering or
non—covering. A color is restrictad to a single component  Within the pth
componant two colors appear  aven (2#) for covering edges, and odd (2p - 1) for
non-~covering adges. All edges in a star seed are laballed covering Edges in a
chain sewd are -alternately labelled covering and noncovering, baginning and ending
with the covering color. Thae sat of such appropriately colored seed graphs we will

denote as 5 . Figure 4~41 shows the four labelled sesd graphs in S..
zlé 3.2.1.2.1.2.

‘09 060 <21
: 2 -
09 0:0 0@ 1-1--
Figure 4-41: The Saad Graphs for Edge Cover 2

Now we can state the R*-property K-EDGE~COVER ax

(zxvc(xﬂf- !Avaxvu + z'vwc(mw 1va

distinct xtu « V, y # V, xtxu & E cixt) = cixu) is sven

)*(sk) whare

vw.itu & V, viwu 8 E civi) = clwu) even,
not [r & V, rv, rw, & E, cirv) = clrw) even]
Figure 4=42 shows the iterative steps in a sampie run of K-EDGE-COVER fer k.=
6. Tha floor for K=-EDGE-COVER is <P se’QaLs,” The first optien for
K-EDGE-COVER fragments a vertex x (on at least two covering edges xt and xu)
inter two  adjacent vertices x and y. The new edge xy is not covering This

opearation will be applicable k times to a star on k+1 vertices. The operation
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Figure 4-42: 6-EDGE-COVER in QOparation

uitimately expands a star on k+1 vertices intc a tee on 2k+1 vertices, with
alternatingly labelled edges containing at least one vertex of degree three. Such a
trea will have covering number k. The second opticn adds an edge betweean any two
vertices of a component which is as treeslike as it can get, e, thers are no maors
fragmentable vertices under the first option No edge will be able to reducs the
sdge covering number at that point Thus K~EDGE-COVER is correct

The inverse K-BDGE~-COVER™' is computed by:
-1

-1
f = (zxyc(xt)*1Avaxyu + szc(vt)-'lAvw)

= -1 -1

= (zxyc:(:t)-'lenyyu) * tszc(vt)-1Avw)

=| D Z y D Z
, xy Xy =Y W VW
%ore = digtinet xtu e V, vy # V, xtxu ® E cixt) = c{xu) is aven

vwiu & V, vt.wu‘l E vw 8 E civt) = ciwul aven,
not [r & V, rvrw & E, cirv) = cirw) aven]

o' = distinct x.y,tu ® V, xy,xtyu & E, cixy) odd,

cixt) = clyu) avan, cixt) = cixy) + 1, cxt} = clyu),
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| {ra{rs & E cisz) = cixy)} | < |{rs|rs @ E
cirs) = cixy) + 1} ], |V| = |E| + 1
vw & V, vw # E civw) odd,

| {rs|rs & E cirs) = ctvwi} | = |{rs|rs & E,

cirs) = clvw) + 1},

notlr & V., rvrw & € cirvl = cirw) even)
The floor remains constant Figure 4—-43 shows K-EDGE-COVER ™' operating on a
graph G e Gp‘md agraph G # G for k = 3.

RALSW
1 2 3 4
Figure 4-43: 3-EDGE-COVER™' in Operation

The generation process for K-EDGE-COVER really has two stages the construction
of a spanning tras and tha addition of extranscus edgesx During the construction
of a spanning tru. frcm"l a star, there will always be mors sven (Covering edges
than odd edges. The inverss exploits this two stage process. For (G « Gp. any nga
cover spans (touches all the vertices of G If the sdge cover is connected, such a
spannind trse will be contractible into the star or the chain on /2" vertices. If
the edge cover is disconnactad, it will be contractibie into one of the k sum images.

For G & Gp, sither the number of covering adges is incorrect (and the graph will
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uitimataly fail) or the indicated edges do not cover the graph. I there is 2 smailer
covaring, soma uncoverad edga will form a cycle and be unremovable. If the
covering is in?dequata, thera will be some chain ending in an uncovarad vertex
which “will not be removed  in wsither case the graph will faii  Thus
K-BDGE~COVER™' is correct and K-EDGE-COVER is compiats.

4.4.8, Graphs with a k-Faator

A k-factor of a graph G = <V.E> is a regular subgraph of degrese k (>0) which
spans V and iz not totally disconnectad. Several sxamples of graphs and their

3=factors appear in Figure 4-44,

Figure 4+44: Some Graphs with 3-Factors

The factor edges appear darkened in the figura The R®-property K-FACTOR has
separate options for X even and k odd, using the composite operators EM

¥
xv T-hvk

oM . GM and FR defined in 3.7.20 for appending even
i b TY Rl b "E V1Y V1Y

and odd degres vertices without changing the dagree of any previously—existing -
vertax. The R*-proparty K-FACTOR is

Z A+ EM + OM + CM -
xyx xy “'I“"k m1"‘vk+1w1“‘wkm1 gty

szqAV.,PDY.IVzCMY.Iu-Vk_'_1DDQ M Fnt1mlk} {Kk""')

where x.y ® V, xy & E
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distinet $,.5,-.8 ayV 3 eV ’z ’z E. cis oo,

i = 1.2..k/2; k& aven

2112

distinet v, vV _, ® Vv, distingt w  wo..w, _, ® V, distingt vvw £ V.

VointVairWaj-1Wa ® E elvy_,vy) * & c(wzj
i = 1,2 k+1)/2; | = 1,2..4&=-1V2: kK odd

_1w2j) i o

distinet “1'“2’“’""'k oV

distinct p.q & V. distinct y .y,..y, ., ¥ V.pgq e E clpg) * «

digtinet X K g Xy 2 & V, distingt ) gV, z,x, ¢« E i= 12 _k
c(:.‘xi) * a

Figure 4-4% shows the iterative steps in a sample run of K-FACTOR for k = 4.

Figure 4~-4%: 4-FACTOR in Operation

Throughout its execution, K=FACTOR  distinguishes the edges in the factor (unisbelied)
from the sdges not in the factor (abslled =) Tha floor for graphs with a k—factor
is {P l'1r|| EZi}'

K=FACTOR has six options Tha first adds a non-factor edge (xy. The
second, applicable only for even k. aitars the k—factor correctly, appending a single
new vertex (s} without changing the previcusly—existing degrees of any of the
varticas. All the new adges are uniabelied and appear in the factor. The third,
applicable only for odd k. alters the k—-factor correctly by appending two naw

vertices (w and vI without changing the praviousiy—existing degrees of any of the
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vertices, Again, all the new sdges appear in the factor. The fourth option adds a
sat of k+1 verticas W,..u)} simultanecusiy to the k-=factor, with a complete
subgraph on them The fifth option adds k+1 vertices to the k—factor, replacing a
praviousty-existing adges with 1 + (k+1k/2 adges. The sixth option‘ gdds k=1
vertices to the k—factor. raplacing a praviocusly—existing vertex with 2 copy of K-
sach of whose vertices maintsins one of the old vertex's previous adjacencies.
Clearly K—FACTOR is correct | ' “

The inverse K-FACTOR™' is computed by:

-1
f =Z A + EM + OM + CM
xya' 'xy a3 .8 VWY W I

+A A D CMm +
29 VP VY2 V1*“"u+-1DF"‘ EyT

Zz AV + M7 +‘DM:1 .o *
xyk Xy 551-u5k wv1.-.vk+1 1V -1

-1 _ -1
M + A D + FR
¢ Mgy Vz“A””Dyﬂ’zc Vi~V P9 2B

-1 -1 oy
=0 Z , +EM + OM + CM
xy xyA .. VWV Y W =Wy Uyl

+A A D D _+«f
g Y1--Vk*1 V.'Vz V.lﬂ Y1ﬂ =1"'=k

xy #V, xy f E

Q
]

distinct .55 @ V., s Y, ’2}-—1’2] s E,

21-1321’ ra = 1,20k+1)/2; j = 1.2, .k=1V/2;

k odd, dis} = k. i = 1.2..k

cis

distinct v..v,...v &V, distinct w, w,..w,__, V.,

k1

distinct v.w & V, Vaim1Y2iWaim 1 Wy,
ClVgim Vo) * & Wy Wa) * &,
i = 1.2,..Kke1M/2; | = 1.2,..k=1/2; k odd; d!vi) = k,
i = 1,2kt 1 dw) ® ki w 1,2 k=1 '

h oY _ .

distinct p.g = V, distinet y .y .y, ., ® V, pq ® E

dpl = k. dig) = k '
distingt XKy X T, @ V, distinct Z,Z

z,x € E i= 1.2.k diz,) = K

distinet u yetprmetd

g2y BV,

1
g =%y @€V xy € E cxyl = &
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distinet 55,555 sV, 521 o« E ¢ls ) * o,

2% —1%2 2)-1%2]
j = 1,2.k/2; k aven, disl = k
distingt vV .v,..v, ® V, distinet wow w,.w, _, &V,
VWV ww, & E Vaia iV Wajo (Wa ® E
CiVyiL Vo) % & Cw,y Wyl # @ k odd. divi = K,
diw) = k. div) = k. d(wji =k, i = 1,2 K+1/2;
= 1.2, k=1/2;
distinct u_.u,..u &V,
|{pu, | p @ VI & [{uu| uu « E}] = kik—1)/2
distinet Py, YoV, ., T V. PQ XV, yy @ E dly) = k
i= 12 _k+1, = 12.k+1 sxcept Y, Yq
YR v,Q ® E
digtinet x.z. @ V. x2 @ E dix) = k diz} =k i= 1,2k
X,z SEj=23-k z = E rs= 1,2,k
The floor shifts to <P, L.~ T > Figue 4-46 shows K-FACTOR™' operating on a
graph G @ G_ and a graph G # Gp'for k = 2 In the figure the uniabelled factor
edgn. are darkenead On a graph with a corractly (unliabelled k—factor, K-FACTOR™'

will ramove the irrelevant edges, contract connectsd components to K (agsurming

k+1
the completenass of EVEN-REGULAR and ODD-REGULAR), and remove all but one
of the K __ .'s, untl G succeeds. On a graph G o Gp, K~FACTOR™' wili remove the
irralovant edges and then discover that soms vertex of degrse not agual to k is
ireamaovable, warranting failure  Thus K-FACT OR™' is corract and K-FACTOR is

complets.

4.4.9. K-Factorsbia Graphs

Let G, = <V _E.> and G, = <V_E,> be two graphs. The union of G, and G,
isﬂﬂlwgrnth=¢V.E>whler=V1PV2aﬂdE=E1 uE,. It a graph G is
tha union of & finite set of k-factors, we say that G is k-factorable. Savarai
axamples of 2-factorable graphs'appur in Figure 4-47. Note that the degrae of
every vertex in a k—factorable graph is a multipla of k



Figure 4-48: 2-FACTOR™' in Operation

Figure 4-47: Some 2-Factorable Graphs

The H”“prapurty K-FACTORABLE is:
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Zx xgot 'mz"nkla- A P "nwzmr' M R
whers x. € V, I{"i}l =N every x & V appearz exactly k times in {x}.
Xgimi%g; ® E j=12.nk/d
f is applied according to EVEN-REGULAR. k even, same vartices
restriction
g ia applied according to QDD~REGULAR, k odd, same verticas
rastriction
Throughout its axc:;ution, K-FACTORABLE distinguishes sach factor by a uniqua adge
label. Figure 4-48 shows the iterative steps in 2 sample run of K-FACTORABLE far
k = 3 In the figurs tha edges of one factor #ppear darkened. The floor for

k-factorablé graphs is <F' L 22..’:-. In arr attermpt to make this sigorithm readable,

1
we have abbraviated it somnwl:at. The first operator adds an entire naw k-factor
to the graph and appears exactly once on each iterstion. Recall that p ig the
register value representing the number of k—factors compesing G The sacond
operator, f. denotes an application of EVE\J-F!EGULAH in which “the ith factor is -
sxpanded to cover (1 or k+1 or k=1) moro vertices and the new edges are
appropriately labelled for their factor. The selactor is intanded to indicats that the

same verticas must be added to each factor under nf“f‘ by sach application of

f. The third operator, g, denctes an application of ODD-REGULAR in which the ith
factor is expanded to cover (2 or k+1 or k=1) more verticas and the new adges
Zre appropriately labeliad for their factor. The ssiector is intended to indicate that
Te same vertices must be added to sach facter under NP, g' by each appiication of
¢ Within any. iteration each of mni last two operators may be applied any number
of times without changing the number (p) of k factors, K~FACTOR is corract

The inverse K-FACTORABLE™' is computad by:

=1 = (Z 4 A ~A
P Xg2- 1 %szPt %27 Foga- 1%z
mip-1f)'mlpl‘l ).)-L
-1 1 h= e
@ @b hem ) P2 gp 1B a5y P
A B y

*1%2 0 Fnwize 1*nes2
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Figure 4-48: 3-FACTORABLE in Operation

i o IUY TP BRPE S A
* mi-p‘g N (ﬂ;_pﬁ‘ " D"nuz-ﬁ‘nwzmu"ﬁ‘z

-
/21 %ms2r %p%gh
e = 7 =x &V, |{x}| = n every x @« V appears exactly k
~ times in {x}, Xgia1Xg; ¥ E j= 1,2..nk/d
f is appiied according to EVEN-REGULAR, k aven,
same vertices restriction | '
g is applied according to ODD-REGULAR, k odd,
Sarrve vof‘ticus restriction

a =x &€V, |{x}| =n every x & V
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appears cxactly‘ k tirmes in {xl,}, Xo_ 1%y ®E
Xy X)) F B i = 1.2.nk/4
£~' is appiiad according to EVEN-REGULAR™ ', k even,
same vertices rastriction
g ' is appiied aceerding to OPD—REGULAR™, k odd,
‘ same vertices restriction h
We ars presuming that ' and g,;*'1 are relabelling the rastorad edges correctly.
Tha floor shifts to «:Pz',l..m.,}:s‘:. Figure 4—49 shows K—FACTORABLE ™' oparating
on a graph G = Gp and a3 graph G = Gp for k = 2

TRUR

rALSE
3

1 2
Figure 4-49: 2-FACTORABLE ' in Operation

On each iteration K-FACTORABLE ' removes an ontire, correctly labellsd k—factor
and deletes a3 many correctly amached vertices as possible from the graph
(assuming the compieteness of EVEN-REGULAR and ODD-REGULAR). If no k-factor

.ean be found G = Gp and  will fail K~FACTORABLE™' is correct and

K~-FACTORABLE is complete
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4.5, Subsumption

Having demonstrated our ability to describe most graph properties in soma
axtension of our original recursive format we discuss in this section one merit of

such a rapresentation subsumption.

Given two recursivaly-formuiated properties (n the same R-ianguage,
R*-language, R°-ianguage or R®~language) P, = <f.S,.0.>and p, = <f,5,.0,> we
say that property P, Subsumes property Py if every graph with property - also
has proparty P, |If P, subsumes Py P, I8 a spacial cass of P, In addition, if
pfopurty P, subsumes property P, and property P, subsumes property P, then p,
and P, are eguivalemt properties. The racursive formulation rakes a test for
subsurnption Quite simple. p, subsumes P, if and oniy if:

. 1‘2 is subsumed by 1"1

. p?’(S)‘ is TRUE for svery S « S,

s g, is subsumaed by :i1 " -

Thus we need onily specify how operators and selactors subsume esch othar. Wa
first define snlcct& subgurmption.  Let ¢, and oy be selsctors which select vertex
sets V. and V, with respect to a graph G We say that saelsctor g, subsumes
salector 75 if and only if there exists a mapping #Vz-w , such that

* ¢ is 3 function (ie. ¢lv) is unique for each v v,

* ¢ i3 one-to—one (ie. #lv) = ¢iv) if and only if v = v)

* ¢ preserves the following relationships

S RVER ‘
L Y

= vertex coior

8 adge coior

® 2 vertax v salected by o, will aslways be accepted as #iv) by a,

We can he certain that a, will accept v as v} if and only if the description
of #v) in ¢, is consistent with and no more restrictive than the description of v in

o The following is a list of such ralationships, where "expr’ denotes the dagraa

>
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of a vertax or the cardinality of a set
& “desgcription 1 on V' is lass restrictive than "description 1 and
description 2 on v." For example, "v % V" iz lass rastrictiva than "v ®
V, vw & E* The first permits v to ba isciated, the second does not,

* "expr « k." is less restrictive than "wxpr < k.z" ifk, >k

2
® "axpr 5 k" is lass restrictive than “eaxpr < kz" if k 1 * ks
® “expr > k,” is lass restrictive than “expr > Ky if k, < Ko
* "expr z k," ig i8%s restrictive than "expr 2 ky" if k, < Ky

® "axpr 5 k" is less restrictive than "axpr < k"

® "axpr X K" is less restrictive than "sxpr = k",

& "axpr 2 k" is less rastrictive than "axpr > k"

® ‘expr 2 k" iz legs restrictive than “expr = k",

® "div) = max" is consistent with "div) rel k" only if ral is = and k iz max
or rel i8 & > £ < when k S max, k < max, k 2 max. k > max,
respactively

® "civ) c‘mnx" is consistant with “div) = k" only if k < max.

“divi < max” is consistent with "div) > k" only if there exists an integer

i such that kK < j < max
® “div) < max” i consistent with "div) 2 k* only if k £ max,
We offer the following exampls of ssiector subsumption
Xy 8V, xy S E dix) » 2
xy ®V, xy B E dyl > 2, dix) = 1

a,
d'z:
g, subsumes g, under the mapping #(x) = y and #ly) = x

We postuiste the following conditions for operator subsumption
Condition 1
. f subsumes f.
Candlttqn 2 -
f + g subsumes f. Clearly f is a special e:uc-of f or g*
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Condition 3

f* subgumas X Wwe may choose to iterate k times, and f* is a spacial case

of "
Condition 4
f' subsumes N. We may asiso choose to itermte f no times, and the null

primitive N is a special case of "

These operator subsumption conditions may be combined in fairly langthy
reasoning proceciures. For example, if t, =1 + ;;")(1’2 * g we can rewrite f_ as

f, = 2+ fg + g% + g9 ‘
Then we can show that f, subsumes, among others, sach of the following:

f3

g5e2

(F + ghe

g

fg+g

We are now ready to demonstrate the hierarchical concepts inherent in our
rapresentation of graph theory. We offer a simple example. “Every chain is a trea”
Wa "prove’ thiy by axamining the R=-properties p, (TREE:

B:V(K1) where x € V, y & V

“and P, (CHAINE

B:V(Kil' whers x ® V, y 8 V, dix) = 1
Bxy subsumaes itaeif. p"’(l(z) raturns TRUE Define #(x) = x, #ly)l = yv. Thus our
R-language "knows” the relationship between trees and chains. The R-language
representations are inherantly capabie of reasoning out hierarchical relationships.
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4.6. Marger

Subsumption is cne merit of our recursive formulation This section describas
another, a rigorous way to combina graph properties. Severat sarmple mergers are
offered

Given a graph property P, and a graph property P,. we define their merger to
be a graph property p = R, * p, (read "p, and P, which is the set of all graphs
with both properties, ia, G =G, NG . Inte context of our recursive

D., Pz D'I I:’2
representation, p, = <f 5 o >, p, ® <f,.5,.0,> and the marger is a new aigerithm
p = <f.5,0> generating exactly the set

{G | p] @ = TRUE. p; G = TRUE}

One of tha strengths of our recursive reprasentation is that merger appears ta
be reasonably amenable to automatic computation  Given p , and P, wa wili develap
2 series of principies for constructing p. We do not claim that every merger can be
computad from thisn principles. We do claim that any merger constructsd from
thess principlas is corract - The principies are asswmbied graduaily, each one

motivatad by an axampie.

Let p. be TREE and P, ba CHAIN, Their maerger p is clearly CHAIN, since P,
subsumes p.,
PRINCIPLE 1

It p, subsumes Py the merger of p. and p, is simply p,.

Many attempts at merger. upon examination, become simpis cases of
subsumption. ' Exampiles of this include:

* ACYCLIC and STAR = STAR

* CYCLE and EULERIAN = CYCLE

e WHEEL and PINWHEEL = WHEEL _

* BICONNECTED and CONNECTED = BICONNECTED

* K~COLORABLE and K—CHROMATIC = K~CHROMATIC
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We racali that p, = <f.5,.¢,> subsumes P, = {fz'sz"’z’ only if £, subsumes
fz* o, subsumes 0, and p?’(S) = TAUE for avary S & 52, Wa will now sxamine
variants whera subsumption is not possible because one of these conditions fail
Whenevar possibie, we will state p, and P, with varisble names which suggest the
dirsction the merger should pursus. An automatad version would, of course. reed
to ssarch for such pairings. Consider the following exampie:

P, Exv + sz)*(Ka'Ka'Ks)

where x ® V, vy & V, dix) > 2
wz eV '

Py B:v(lcs) whare x % V, y # V, dix) aven
Property p y @eneratss KB and graphs with a “center’ subgraph of K a Or Kﬁ‘
Proparty P, gensrates only four graphs, I{s with a branch possible on any vartex.
Aithough f. subsumes 1‘2 and p:’(Kar is TRUE, neither ¢ subsumaes the other and it
i$ their combination we desire, ie, _

=3 E:vﬂ(a) ww. xeV y&V, -;:itg:) > 2, dix) aven
This is particuiarly interesting because p cannot iterate; the merger consists only of
KS. We have arrived at
PRINCIPLE 2

If £, subsumes f, and p:’(S) = TRUE for every S & S, then the merger p is
<f,5,.0> The variables are mapped 30 as to demonstrate the subsumption of f,
by f, and so that o sliminates any rafurﬁnms 10 variables not in o, M o,
subsumes @, @ will be simply o,

Consider next tha exampie
Py By * AL KKy
whlﬂlle,yl_V
. w,z &\
a ' .
Py B“(KE,KE) whare x . V. y 2V, dx n\fln
The p, graphs have “center” subgraphs of Ky or ¥ & Py raphs are tres—like and
have "center” subgraphs of K, or Ks' Their merger demands a common seed

p: B:ytka) where x ® V, y # V, dix) aven
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We can now postulate:
PRINCIPLE 3
If fT subysurnes f.,. @, subsumes 7, and 51 n 52 ® 4, then the merger p is

¢f2,51 n Sz. g,> Again wa assume a proper mapping of the variables.

The mosgt difficult variant is when 1‘1 does not subsume fzﬁ Consider next the
axampile:
| »
Py (AxAyA: - qu) (KI)
where distinct x.y.z & V
digtinct p.q € V
. »
Py mxﬁ«‘r A K
whaere distinct x.y # V

digtinet p.q & V

Property P, adds vertices three at a time, P, two at a time, o K‘r' The
merger must deal with the fact that P, graphs have n"-l 1 (mod 3) and P, graphs
have n 3 1 (mod 2. The most complete solution is n & 1 mod 8), where

p: (Ax1A:2....Axa + qu)*m,) where -

distinct x ® V, i = 1,2,..6

digtinet p.q .V
We observe at this time that incremental graph aigorithms "grow” graphs in iterative
steps. Wae denote the change in n after a singla iteration of P, a3 An, and the
change in m as Am. Wae define An and Am correspondingly for property p.
PRINCIPLE 4

It p is the merger of g, and Py An iz tha laast common multipie of A, and
Anz. and Am of Am1 and Al"l'lz.

_ Clearly principle 4 is only guidance for dealing with uncooperativea 3. Thus
far, most of our exampies have besn on "toy" graph properties, that is. ones
artificially constructad to make 3 point When we attempt to apply these principies

to “real’ properties, our aexperience suggests some techniques for f construction
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First, composite operators may obscurs the naturas of f1 and fz: rewrite them in
terms of the primitiva operators. Second, look for possibie subsumption
relgtionships. Third, attampt to create a hybrid ¥ which is a spacialization of both
f1 and fz. This f is formed by specializing 'l‘1 and fz until they are equivaient, or
ane subsumes the other. This saries of transforms is guided by the 4n's and Am’s.
We offer hare a limited list of such speciaiizations The reader may fasl fres to
agment it

PRINCIPLE 5

Each of the following is a vaiid specializatior:

* fra ™ (fl.l.h1....f12.l:l2,..."'flk.bk....)*
This restricts the number of times f is applied within an iteration to
some multiple of k. Subscripts are presumed distinct
¢ f:.h.... - f:,.h‘.".faz.b‘z...."'flk.hk....
This fixas the number of times f is_ applied within an itaration to
‘axactly k,
* foo = f;b,...
This denctes “at isast one iteration is required.”
o f =N
This means f is not iterated at ail.
o (f + Q" w f'g"
(£ + g° = g'F*
These recuire that the applications of f and g appear in a specific
order. |
o (f + g = (f + fg"
(f + g == (f + gf®
if + @ =g+ fg"
it + g)* e (g + gft®
These insist that some aiternatives may not occur alona
o (f + g wm |
(f+ g = g

These esiiminate an option.
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fap.. ™ fu
This represents a consistent substitution of variable a for « b for B...
within the constraints of o For example. if o does not say x # vy,

then A may be specisiized to A__ or A .
Xy b+ ¥y

.Tha astuta rudur shouid have noticed that these "specializations” are meraly
suhsumptmn tests. applied in revarse, is. if 1‘T subsumes fz' then f2 is a
specislization of .. We recognize that as we transform f, and'fa,_ o, and o, must
be modifiad accordingly to keep track of the restrictions on nawly-introduced

variabies.

Now we try an interesting "real’ merger, to create trees fp,} with an odd

number of vertices Pk
P, B:V(K1) whor_._ xueV y8v
Py A, + AAJK,)
where xw &y
distinct y.2 & V
In kaeping with the techniques discussed above, we first rewrits f1:
f,: (AxyAy)
The seseds are id-nﬁc;l, but no other subsumption relationships are visibla. Wa
calculste An, = 1, Am = 1. For Py however, thera are choices sithar Anz = 0
and 4m_, = 1, or an, = 2 and Azlm2 = 0. We must specialize both f, and £, s0
that merger is possible. The motivation for the particular specializations given is an
attempt to match An, with Anz. and &m, with Amz. First we puah f toward An =
2
. (A A) — 13" = (A A AR
01 =x®Vy l_V - xw € V, digtinet v,z # V
Nota that it is quita isgitimste for x and w to be the same, but y and z must be
distinct because y is added after z and is not in V at the time. Now we push f,
toward An = 2 and Am = 2,

. _ - »
f,=@=+nhh =(A + AA) = igghh” (AwaMAyAz)



209

o, = xw & V, digtinct y.2 8§ V == xwp.q & V, distinct y.z & V

We will continua our exampla in a momant  After specialization we will frequently

- nesd to verify that f‘ and f2 are squivaient or one subsumes the other. Thus we

offer some verification ruies im:

PRINCIPLE §
Each of the following pairs of expressions may be verified equivalent
af f B f

A0, #b,... L R .
Nota that the subscripts are identical, henca the lack of impact on the
graph.
e fN = f
Nf = f

The rull cperator may be ignoréd.

-1
* fonfan. =N

f:l:....fn.h.... =N
- An operator and its inverse cancel each other out, as long as they are
dpplied to the same vertices/edges. '
o "2 "
This is a notationsl equivalent
o if +g" s %+ g"
i+ g =if «g'g
These ars simplifications,
eif +g =g+ f
This is the inherent commutativity in the iteration choice.
o fu g whers g is the defined primery equivalent of the composite f, a
varification we assumad informally above.
. Axf“"_ ] fa.h,...Ax if o pravents x from hning ab..
This is a very limited form of commutativity,
* fentes

L] L
fa.h.....fﬂ.B....

These are principles of absorption.

E f;.ﬂ.... if ¢ permits «x = a, §§ = b,...
. f::.B.... if o permits « = a, f = b
» f f n f if ¢ can be changed to select variables

a.l.b 1 'z'bz"" ab,..



210

appropriatsly.

Now continuing with our example. we csn rewrite f, (and g} in an attempt to
match f.. In f we uniformly replace w with y, p with w, and g with z to get

(A“szAyAzl whera xyw.z @ V, distinct y.z & V

Because y and z are added during the iteration, y.2 & V ig irrelevant and we now

have a specialization of f2 and o, that is

A A A A) where x.w & V, distingt v,z & V

Yy Wi

Whan waea c.ontrast this with the spacialization of f] and o,

(AWAVAW:A) where x.w & V, distinct v,z & V
we see that applying the limited commutativity rule to perrnute Ay and A will
demonstrata the aquivaience of these two algorithms. With their common seed,
then. we create the marger, an algorithm (TREE~AND-QDD~NI which genaratas gl
traes with an odd number of vertices

P (A“AYAMA:) K.} where x,w « V, distinct yz # V

As our naxt resl example, we offer the marger for complets (@) Eulerian Py

graphs
Py FRlK,) where x # V, distinct v, ® V, [{v}] = n

Py (Sma-\'!_ HK)
whera w.z & V, wz & E,

|{vi} n V| 2 1. distinct v. |V, Vv, Vv, RE i= 12.....k

Wae rewrits f1 and 1'2 ax
f1: A:VT'"A:V"A::
f..o D A A A + A -\ AA_,AV

. wz wv vr 1z v1v2 "u-1vk whw,l VT "
We cbserve that &n, = 1, Am_ = n and sither. An, = 1, Am, = 1 or &n, < k, ‘Am,
= k. Using f.'s second option on K, it will not be possibie to iterate and restrict |

A.n2 to 1, since all the cycie adges must be new to the graph. Thus we specialize

2
. 1‘1 {and )t ft'

£ FxFy distinct xy & V, distinct v, @ V, |{vi}| =n

Now An, = 2, &m, = 2n + 1. A specislization of f, is
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v, “szmayY"axvsv'HYVn- A

This set of cycle additions is equivalant to the specialized f.. and therefore
subsumed by it We need a seed, however. p'KK,) is FALSE In this particular
case. we salact the "first” graph G generatad by p, for which p?((‘&) is TRUE K,
fails, but K, is acceptable. Thus the merger, the aigorithm COMPLETE—EULERIAN for
compilete sulerian graphs, is

-4 tFxFY)'(KsJ whare distinct x.y # V. distinct v ® v, [{v}| = n
This "discovary” of the seed in this example is mors good fortune than technique.

An extended discussion of the appropriate seed for a merger appears in Chapter B

Qur next example is the merger for connected (p,) bipartite (P,) graphs:
P, Bzy(l(1l whers x & V
Py A+ A A+ A <12} {11}>)
whare x & V
v.z v, [{yv.zz}| nE| = 1
f, may ba rewritten as A A . Noting that &n, = 0 or 1 (depending on whether y
is or is not aiready in V), Am 1 * 1, we have the following aiternatives from £
An, = 1 Am, = Q
An2 = 1 Arl'!2 =
an, = 0 &m, = 1
Nots that we choose not to count loops in any Am  The first two alternatives
require speciaiization to match f . so we specialize f, and o ) ta
fr A LA+ AcwPoly * A
whore x ® V, vea V, vweE
x®EV, weV ww e E
vz eV, |{yyzz} nE| =1
Examining f,, we see that B_ is squivalent to the first siternative (for v & V),
BB, to the sacond (for v ® V), and 8 ye {for y.z ® V) to the third Thus *f ) 18
equivalent 10 the spaciaiized fz' The seed for tha merger is the minimal bipartite
connectad graph <{1,2},{11,12}> (Again, we refer the reader tc Chapter 5 for a
discussion of seed choice) The finai merger, to generate connectad, bipartite graphs
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PrALAL F AL A AL A N{1,2},{11,12}>)
where x 8 \/, veV, yweePF
xX®EV, weV, ww e E
yz eV, [{yyzz} nE| = 1
This example demonstrates that ss/ect/ve iteration (such as A_A ) whers the
varisbles are more restrictad, can be the key to the creation of f. It aise indicatas
that loop labels may participate in a merger for a gingle property. If both
properties utilized joops, the meaning of the label would likely be obscured and

coloring might be more appropriate.

Anocther application of marger is to test for the existerce of a graph  with
certain characteristics. For example, do there axist odd regular graphs on an odd
number of vertices? Wae consider the merger of odd=reguiar ) graphi with an

| odd numbar of vertices P,

P AL+ A A)K ) where xy & V, distinct w,z £V
Pr (QM""""1“’"m-1“’1"““k-1 v A"'qu’W‘P‘H"z‘:MVI“"u1D"" v FH’:""k).
(Clk +1) where distinet vw & V, distinct Vi Vo BV,
HINCE W o W Wy & Vi Vi Vap W Wy & &
i=1,2,.k+1)/2: | =1,2,..(k=1)/2
distinct p.g % V, dfstim:t Yi¥YourY o, V. pqg & E
distinet Xy Xgum X, 2, & V, digtinct 2,22, 8V, 2z x ®E i=12_k
Either An, = 0, &m = 1 or &n, = 2, Am_ = 0, and either an, = 2, Am, =k, or
Al'l2 = k+1, Amz = (k+Tk/2, or Anz = k-1, Arl'l2 = kk~1)/2 The seeds indicats that
n, will always be 1.35.. and n, will aways be k+1, k+3_, where k is odd
Clearly no merger is possibie since no common seed will aver ba found This fact
is waeil~known in graph theory. Characterizations of n and m may be based on the
generating algorithms, producing not hypothesss, but proved theorsms about the

nature of graphs with muitipie propertias.
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4.7. NP-Compisteness and R-Proparties

Ancther, unanticipatad strength of our reprasentation is the paculiar formulation
NP-compiets probiems seem to assume. (Wa adopt the definitions of [Garey 79]
and use it as a source for our examplas in this section) A seed set is simple if it
is finite or definable in an edge~sat language othar than Ly otherwisa it is comp/ex.
Mogt of the R—proparties prasentsd thus far have had simpie seed sets. When one

attermpts to write an R—property, and cannot find a formulation with a simplq sead,

this is not a proof that such a formulation does not exist It is interesting,

however, that those properties which we have not besn able to formulate with a
simpla ssed are also known to be those for which a testing algorithm is
NP-complete. in this section we discuss some properties with complax sead sets,
By an NP-complete property, ws mean a property whose testing algorithm s
NP«zarrplate. |

A cycle which visits avery vertex of a graph is called a Mami/tonian cycle.. A
graph with a Hamiltonian cycle is a Hamiltonian graph. Several _axamples of
Hamiltonian graphs appear in Figurs 4-~50, with one Hamiltonian cycle appearing as
darkened udgm:.'

The R—property HAMILTOMNIAN ix:
AL(C) where xy & V
Figure 4=51 shows the iterative staps in a sampie run of HAMILTONIAN using C, as
a seec The seed set C is the set of all cycles, ia. '
C=1{C | k=12.}
The ficors for Hamiltonian graphs are <P <Pyl L >»L,> and <P <P L T >I >
Note that the language in which the seed is described is itself an R—langusge.

HAMILTONIAN begins with a cycie. (the Hamiltonian cycle) and adds only edges,
theraby insuring that the graph remains Hamiltonian Clearly HAMILTONIAN is corrsct
The inverse HAMILTONIAN™' iz computed by: )

f_1 = A"’1
xy
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Figure 4-50: Some Hamiltonian Graphs

ik

1 2

Figure 4-51: HAMILTONIAN in Operation

=D
xy
e =xy ®Y, xy 2 E dix) 22 dy 22
o ! = xy®V xysE

there exists some largest cycle not including xy
The floors shift to ,¢P2,<P2,L2,E1h,£$> and <P2,<P2,L 1.-.'5 1:-,26:-. Figurs 4=-52 shows
HAMILTONIAN™ " cperating on a graph G = G, and a graph G & G If xy does not
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TR UE

Flgure 4-82 HAMILTOMIAN™' in Operation

destroy some largest cycle in G, HAMILTONIAN™ ' will preserve a MHamiltonian cycie
and HAMILTONIAN™' will return TRUE for G e G, On G & G G will reducs to its
largest cycle and some set of isclated vertices, and uitimataly fail HAMILTONIAN™
cannot creste any new edges, 30 HAMILTONIAN™' is correct and HAMILTONIAN is

complete.

4.7.1. Subgraph Propertias and Two-Stage Algorithms

_One interesting way t© see HAMILTONIAN is as & two=-stage algorithm of the
form g SH subjoct to g, is, |
AL (S) K, |
where x,y & V
. w,z!V,V‘V,WZﬁE
There are many graph probiems which ara known to be NP—complete [Garey 79]

and can be formuiated as "test to see if G has an induced subgraph with property
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P’ If G = <VE> is a graph and A & V, the graph G, = <A {xy|xy & A xy « E}>
is the subgraph of G induced by the vertex set A and GA i$ an /nduced subgraph
of G) Qur recursive formulation readily produces all such graphs, for if p = <f,S.0>
then ail graph with a subgraph in Gp are genaerated by
(A, + A I"HSH

whare f i3 subject to ¢

y.z &V
The p p;-openi-s which have basn shown to make such a formulation NP=completa
include bipartite, acyclic and 3-regular [Garey 78]1. Our representation seems to
modsl such NP-completenass by the use of a compiex seed set Once again, our
inability to model 3 property in anather way is not a proof, merely a suggestion of

some underlying pattart.

Of course. not ail properties of the Iform G containg an induced subgraph with
property p° requirs such a two—stage ‘farmulation, and those which do not Will nat
be NP-complets. For example, if P were sdgelesasness. avery graph G = <V,E> has
an adgeless subgraph G = <V 4> In addition, the nature of G may be so restricted
by the probiem formulation that the probiem becomes linear, For axampie, "G
comains an independent set of at least k vertices’ is a restricted form of
adgeiessness and is NP-complate, but if G is also bipartite, a formulation with 2
simple sead set i3 possibie

Ancther problem, shown NP-complete, is whether or not a graph G = <VE»
has a degree—constrained (cix) < k for ail x « V) spanning tres. This too may be
viewed as a two—stage algorithre

o W

A+ Aﬂ) (BM(KQ?

where yz &

veV way dv <k

Essentially, ‘having an induced subgraph with property p* has a two-stage

formulation '(g"(S) because the kind of cperstions permittad in g" may no longer
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be permissibie after one or mere iterations of There is the danger of a loss of

information. Once f begins, the D-ianguage for g becomas inadeguats. The only

knowft prevention. within our fermulation, is to construct a two—stage procedurae,

4.7.2. Graph Propertias with Elaborate Sesd Sats

Whether or not a graph has a2 k—vartax cover is an NF=-completes probiem
The reader may recall that the one-stage algorithm VERTEX-COVER radquired an
underlying skeietal graph., aimost as though thers ware an ulaboratq swad seat being
built upon  Looking back, we find such an awkward construction notawaorthy,

because it is asscociated with an NP~compiete prabiem,

Qur immadiate impulsa now is to Ieaf back through Chapters 3 and 4, looking
for properties whose L-lsnguage is Ln. In some instances, aithough the L-language
is Ly the seed set consists of one or two graphs and we are confident from.
results in graph theory that such a property can be tested in linear tima (STAR,
K-EDGES, MAX-K, PINWHEEL, Only EVEN-REGULAR and ODD-REGULAR have seed
sats in Ly which are infinite and can be tested for in linesr time. Upun retiection
we 3sae that, rather than beginning with Qk «1- @ set of finitely many disjoint copies
of K _.,. we might have written the regular formulations utilizing CM"r""uﬂ o
parmit the addition of a3 compiete graph on k+1 vertices at any time. Thesa
“improved” aigorithms, and the esase with which they are devnldpqd suggest that

"linesr" properties have simple seed sets and that NP-complets propsrties do not

The only exceptions to this neat little package are the labelling properties,
those which implicitly or explicitly use lsbels. Such NP=-compieta propertiss {a.g.
‘has independence numier k” or “is k—colorable”) have sirnpie seed sets. Thus in the
transition to R~ or H‘-Ianguagu we seem to lose the language's ability to pradict
NP-completeness This may -well be ‘dun to the fact th.t Iabull‘ing will distinguish

among praviousiy—isomerphic graphs,
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4.7.3. NP-Completenass and the Recursive Formulation

The cleverness of the automatsd invarsion techniqgue was the pre—profile
construction Tnre and the praesarvation after f of the information %ora contained. f
we cannot construct ore adequataly or if f destroys that information, then search is
required. For axample. in HAMILTONIAN, if we bagin, with a cycle and add soma
#dges to construct G, which edges can we deleta in our search to return to the
seed? Only those which would not have been in the saed to begin with, ie. thosa
which some largest cycle does not contain.  The embedding languagas (both L and 1)
state what data is sxplicitly reprassnted and rahrnnntabln. If. for example, a graph
wera characterized in L By d-scribing ity cycles and I referrad to its cyclas,
HAMILTONIAN wouid have an implementation which was naot NP-complata. Thig
suggasts that if one knows the propertiss of interast in a set of graphs, & language
L could be designed to characterize graphs based on only thase propertias as

L—characteristics, speeding the implementation of properties previously regarded as
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CHAPTER 5
CONCLUSIONS

A mathematician, /ike a paimtar or a post, is a maker of patterns.
/f his patterns are more perrmanent than theirs, it is because they are

made with ideas.
——Hardy

The purpose of this chapter is to draw together the varicus themes in this
work, Rather than a synopsis, this chapter is an evaluation, a critique and a plan for
future work, OQur work nas not consisted of thecrems, or even conjectures. Wae

postutated a reprasantational _framcwaﬂ_: and then ‘axpiorad its adequacy from an

_axperimental sampla. It is therefors approprista that this chapter consists of

observations, comments and intuitions. We evaluate first the formal language
framework, and than the two famiies of Inﬁguagna We detail a hypamntit:il
implementation, and conclude with some open questions and implications of this
work.

8.1. Lungueges for Graph Properties

This section evalustes the formal language frameweork for knowledge
representation in graph theory. It provides an overview of the more detailed
materiai in the subsacquent section

This work chose two complementary approaches to the probiem of
reprasentation in graph theory. The first approach (in Chapter 2) tried to describe
an edge sets behavior under simpla manipulations on a fixed number of vertices
N SV L

L and L. The

We axpiorad the edge—sat languages L, L 2 ko ko bal 1

n

properties available turned out to be
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hashing technique for graphs up to a certain size

finitm

hierarchical

far fawqr than the theoretical upper bound
perfectly capabie of inversion

perfectly capabie of mergar

rarely mentioned in graph thaory texts

Further details appear in 5.2,
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Experimental resuits suggest that such adge—sat languages rmay provide an adequate
Edga-seat languages offer

valusble classification schemes for similarities and differsnces within swts of graphs.

The second spproach (in Chapters 3 and 4) usas the adge—sst languages to

reprasant 2 given graph property in a recursiva formulation The graph property is
an algerithm, which incrementally constructs pracisaly the set of all graphs whiah

" have the property. The R-ianguages were shown to have :ubst:ntul uxprn:ave and

procedural power. Thn strengths of this rcpraumnion e |ts

& clarity and conciseness

® ability to expreas a wide range of “common” graph proparties

higrarchical transparency (See subsumption in 45) The rapressntation
provides efficiant testing of such hisrarchical statements as “avary trae
is acyclic' or "avery biconnectad graph is connectsd” Thess are
trivially deducible from the R-language reprasentations for those
propartias

smenability to inversion (Sea 35) An aigorithmy in this representation
¢an be manipulated to construct a new gigorittvm  which tests an
arbitrary graph for a property defined by a graph generator without
referance to any other graphs ,

amanability to merger (See 4.6) The repressntation can usually be usaed
to construct a new aigorithm which computes from two algaﬁthms the
sat of graphs with both propirtin.

Further details appear in 5.3
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How do these representations compare with others for mathermatics? Laenat's
AM could only construct axamples and make conjecturss based on its observations.
It had no facility for proof. We aiso believe that the poverty of and rastrictions an
its concept representation (a frame language) substamtially hampered its ability to
hypothesize. An R-language representation, if automatad, could provide the facility
o hypothesize and prove thecrsms from their repregsentational  structure. i,
pcrforrﬁ mathematical research in graph theory. It would be able to observe
meorem;, L&, postulate statements which ars suggested by the . structure of the
reprasantation and immadiately tast their validity. Recall our cbservations on the
format of graph theory thecrams in 1.3. Wa cbserve that a theoram of the form
"if a graph has property p and property q then it has property r' is a statement
first of merger and then of subsumption. A thecrem of the form "a graph has
property p if and only if it has property g is meraly a double subsumption
(equivaience) tast A theorsm of the form "it is not possibie for a graph to have
both property p and property q" is a reaport of merger failure. An implamentation
which sesrched out and attempted 'rmrgar and subshmpticm relationships would be
performing the conjecture and proof resesrch behaviors of a mathematician

Mathematicians perform other tasks as wall They organize knowiedge, as
Michener has suggestad, and are abis to detect significance and ralations among
concapts Her frame representation evoives into a set of vague but rigid hierarchical

Structures, requiring valus judgements (is 2 result basic? key?  culminating?) to

pigeonhola the knowledge Our languages havae systermatized her spaces to achieve
procedural power. In retum we have had to sacrifice notions of cognitive power
and interestingness (such as "key results”. We couid aiso gonerate arbitrary terminal
sStrings in o R language. merely by foilowing its grami-nntical property rules. The
sermantic  imterpretations of such random strings would be graph proparties.
Whather or not such properties wouid be mathamatically interesting is open to
question.  An AM-type guidanca sﬁtum for property deveicpment would be

rnecassary.
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5.2. Edge-Sat Langusge Rasuits

This section summarizas tha resuits of smpirical exploration on the DEC-20

using the edge—set ianguagas L1, Lm' Lz' LG' L3 and Lan.

The major result in this area is that the languages L. L, and Ly are, in fact
finite, ia. that sach grammar, whoss set of terminal strings iz infinite, has only a
finite number of interpretations for those strings.  The theoratically—calculated
number of these intarpretations and the number smpirically oliserved uncier machine

computation for thé stated n valuss is summarized in Table %=1 for L. . L. and

' "2n

Lan' both directad and undirected cases.

Undirsctad Language Properting Characterizations
L,..n= 12, 4 12
n
b, ns 28 27 : 106
n
Ly, ns25 229 ‘ _ 259
" Direoted Langusge Pﬁupartin Charasoterizations
Lyn=12_ &6 24
L, ., ns25 202 4849
Lan' n=s 13 2887 >20,000

Table 3-1: Edge-Set Language Propearties
Listings of the programs used to achieve thess resuits appesr in Appendices I
through V.

The edge—sst languages have substantial procadural power. They make merger
and subsumption, as wnil a3z generation and testing, virtually trivial. in addition they
have an intsresting potential for the kind of graphs which arise [Roberts 76] in
many application areas:. an ability to find similarities and differences.among a set of
graphs from their edga-set language characterizations. The languages' ahility 1o
catagorize graphs ino -xhctly ona of finitely many possibie ciasses (for fixed or
variable n) suggests that their graph signaturas have significant potential a; a haghing

function
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The operations defined on tha edge sets, however, wor'c daliberately limited to
conrol the expressive hisrarchy. These limitations also seversly fustric:t the
axprassive powar of the adge-sat languages. Evan t.:3 can be reduced to
describing an ordering of the cardinaiities of the partitioning sets in a8 Venn diagram.
Graph properties commenly appearing in graph theory texts (with the exception of
something like edgelessness or loopfres) are generally not availabie in the edge—set
languages.

5.3. R-Language Raesuits

Having evaluated the edge—sat languages. we turn in  thig ‘section to the
following facets of our R—language reprasentations:

* expraessive capability

e the <P.L.I> formulation (See 3.3)
floors (See 3.4.)

L )

invarsion (Sea 35.)

& subsumption (See 4.5

marger (See 48)

& complexity
redundancy

5.3.1. Expreasive Powaer

We have no certsin way to determine whether or not a givan property is
within the expressive range of 2 given R—language. One writes an R-property, as
cleverly as possibie, and then detarmines its floor. How do ws judge whether the
R-language rapresentation as a whole is vaiid/adequate for all of graph theory? Our
wark has explored this question empirically. Wae originally began with <P L T >

“and saveral respected taxts on graph theory. From the indices of the books we

selected many properties. The sarly choices (in Chapter 3) wers simplea propertias
and met with immediate success. The later, more. complex choices (in Chapter 4)
suggeated natural extensions (a register, labels) to R-~languages, but were realizable

within the basic <PLI> formulation. The properties discussed in this document
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represant a broad selection from contemporary graph theory,

It would be remarkable to report that all the exparimental rasults (pick a
property, axpress it in an R—language. show corractness and compietenass) were
positive. (See 3.2) We did have a limitad number of failuras. instances where aithar

* we could not find any <f,5,0> description for a' property
or where

¢ we could find an <f.S.0> description whose correctness was apparent

but we could not prove completanass
Wa suspact that the properties in the first catagory are rnarely awaiting a new
oxtension to R-languages, just the way k—factorability needed adge labels. The only
property we can cite in the first catagory is having diameter k. (The diameter of a
graph is the maximal length of the shortest path between any pgir of its vertices.)
This property may requira edge labeis of an slaborate natre. As for the second
category. the ingenuity brought to bear in constructing an R-ianguage rapresentation
fruqum‘tiy. reflects knowladges of thecorems in gra;:ﬁ theory about squivalent
definitions or characterizations. Wa are hamperag both by our own m;:d-n
knowisdge of 'graph theory and the current dw-lnpmnmd of the subject particularly
with respect to complexity. We are aiso now aware of the two-—stage formulation
which NP-complate probiems seem to requirs. (Ses 4.7) We attribute our inability
0 prove compietenass to these two factors for the foliowing properties:
saif-complementary, uniquely k-colorable, k—edge-colorable. Table 5~2 summarizas
the 43 propertiss corractly and compietely exprassed in this document Many
others, for exampie “line graph” with weli—known characterizations are clesrly

expressible as well

Graph theory, howaever, is nct’ only properties but aiso relations among them.
R-languages have impr_us_:iva procedural power.  We recal our ~examples of
mathematical rasearch bahavier at the end of 1.6.3. A system using an R-ianguage
for rapresentation will certainly be abie to generate sxamplas of any proparty
known to it. As long as the inverse of a property is computable, the system will
aiso be able to tast objects for the property. What about proving theorems?
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sdgsiess graph

acyclic graph

trae

loopfree graph

chain

cycle

star

wheel

complete graph

graph on even rnumber of vertices
graph on odd number of vertices
graph with aven number of sdges
graph with odd number uflodgua
Eulerian graph

graph with n vertices

graph with m edges

graph of minimum degree k
graph of maximum degree k
pinwhawei

graph with k components

~ avan-reqular graph
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connectad graph
biconnectad graph
k—connected graph

graph on countad vertices

‘graph with counted adges

graph with calculated maximum degres
bipartite grapn

complete bipartite graph
k=vertex=-coversd graph
K=-independant graph

k—colored graph

k—chromatic graph

graph with vertex covering rumbar k
graph with circumferenca k

graph v.vith edge covering number k
graph with a k—factor

k=factorabie graph

graph with independence number k

'Hamiltonian graph

planer graph
non—plansr graph

odd-regular graph

Table 5-2 Graph Properties Studied under Recursive Generation
Looking back at 1.3 we recognize that relstions among properties ars usually

verifiable with an R-language representation. and thus most theorsms are provable.

In particular:

® “It 'a graph has property p and property q then it has property r* can
be proved by demonstrating that the merger of p and q is subsumed

by r.

® "A graph has property p if and only if it has property q° can be
proved by demonstrating that p subsumes g and q subsumes p.

* "It is not possible for a graph to have both property p and proparty
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q" can be proved by attempting a merger on p and q and

demonstrating that the merger is impossible. inconsistent n and m

vaiues are cne sﬁc_h proof, and there may be others.
More generally, an R-ianguage reprasantation offers thi matarial for many types of
classical mathernatical conjectures.  The concspt of subsumption reflects parfactly
the inclusion of ane property by another. The merger techniqus enables us to
cbnsidar graphs with. any finite number of properties Property aquivalence is an
expragsion of altermative charactsrization Thus the R=language formuiation appears
o axpress not only graph theory properties byt _alsn the ralations among tham We
consider R-languages a potentially pnwurful- rapresantation for all ;af graph theory.
(A detailed traatment of this potential appears in 5.4.)

5.3.2. The «<P.LY> Formulation

In affect. we developad a hierarchy of H—Imgungn. Ezch language is basad
on 3 triple <PLI> and the hisrarchy for R-ianguages stands upon the hierarchies
for P—languages, L-languages, and T-languages diagrmd in Figure 3-8. Thus the
R-language <P1,L1.'22> i$ lsss complex than <P2,L323>. but not comparable with
<P .L.L,>» The P-languages. athough limited, appesar adequats to provide the
expressive power of the benchmark taxts The L-ianguages aiso appear adequate,
although we would have prafarred mors sdge—sat languages and less need for (08
This reliance on Ly may be an intrinsic limitation of the sdge-set languages as we
define them. The I-languages are adecuate: aithough EB is merely a catchall
Ceverything you always wantad in an inverse but were afraid to ask for.")

5.3.3. Floors

The floor of a graph property is useful in categorizing the difficulty invoived in
" the calculation of a property. Figure %=1 summarizes thesa results for A-languages
and R” “languasges. '

Wa observe that if P, subsumes P, the floor for P, may be mors complex
than the flocor for P, (GENERATE/EDGELESS), less complex (TREE/CHAIN) or the
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Pl Eg>
K=INDEPENDENT
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Figure 5-1: Graph Properties with Edge—Set L-Language Grouped by Floors
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<P.L, L, <P.L,.I.> <P, L. .¢>
K=VERTICES GENERATE EDGELESS
ACYCLIC
TREE
VERTICES
EDGES

Figure 5-1: Graph Propertias with Sdge-Set L-Larguage
Grouped by Floors, comtinued
sama (ACYCLIC/TREE. In general, the only way we can distinguist usefully among
properties with an L-fanguage is to categorize them as "requiring an eadge—set
languaga” or “"requiring an R-language”. A hiararchy of those R-properties and
H*—prnpoﬂiu using edge—sat L-languages appears in Figure 5—2. This hierarchy is
based only on P=languages and L-ianguages. The figure coes not split propertias
hetwean clagsifications (as Figurs 3-1 gdid) and shifts the fleor to include the
inverse as wail. It aiso makes explicit soms of the following points:
® No property raquirsd Pg for generation ‘ |
. 25 might ba rnﬁlacmd. with twe Z-languages to improve the
differentiation between L, and Zﬁ.
e The L-ianguages describe the minimal casels) of the property but da
litthe to clarify the hierarchy.

Floor shifting (ses 3.6) occurs when the generation language is inadequate for

' {in 3.5 the L-language cannot

the statement of tha inverse. By definition of p~
change from P to p"’. If p utilizn‘ P.. the P—language must change to F‘2 for p".
since the inverses of the F'1 primitivas are in Pz and not in P, Indeed. every
P;bnnd property has a Pzﬁband inverse. None of the other P—ianguages have
this problem. Tha virtuq of separating P, from P, lies in the ability to distinguish
pursly incremental procedurss from those which may decrsass the size of the
graph. . In ouwr opinion this merits the separation and we are willing to have
automatic shifts from P, =based prapn-rtin to Pz—bnad inverses,

1

A change in I from p to p~' is somewhat more difficult to deal with With
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Figure’ 5-2  Graph Properties with Edge-Set L-Language Ranked by P-Languagu

and I-Language
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"the axception of K=VERTICES (which never deletas a vertax) avery inverss requires

a E-lmgunén of at least ):3. With the aexception of EULERIAN, no irversa has 3
simpler D-language than its generator. With the sxception of CIRCUMFERENCE-K, a

}:-I:nguagn no mora complex than }:3 for the generator is adequata for the inversa.

As we have maentioned before, there may ba many adequate (correct and
complete) formulations for a given property. The fact that from our work, a
property appears to have a particuiar floor is not a proof that no simplar
R-language wouid suffice. For axample, the formuiation for connectadnass which
was originally mentioned in 3,7.21, has floor <P1,L1,E1>. whersas we usad a
formulation with floor <P ok T,2:5::-.‘ The first formuiation, although correct, has an
inverse which must reside in "Pz'ers’ and _saluts adges “winch will not
disconnect the graph” at bast an awkward construction In much the same fashion,
we suspact that CIRCUMFERENCE-K has a "better’ formulation, '

5.3.4. Inversion, Subsumption and Merger

The automated inversion techniqua is remarkably successful for generators with
Z-languages na more complax than T 4 An R-Imgmgn using L‘s could probably be
automated by skillful programming The few propertias with inverses in Lg
however, are simply not amenable to automation as we have conceived it and should
be reformuisted if at all possibie Wa have found that inversion even works
corractly on the output of a merger, sithough thers is really no need to calculate an
inverse thers.' '

Subsumption is an important relation in graph theory. The clarity of its
definition for R-languages and the comparative sase with which it may be tested
contribute substantially to the strength of our representation,

o

"The “theory of computability offers support for our inability to maske certain
absoiuts staternents, such as "an R-property is always invertibie if.." Wae aliude to
these similarities in footnotes in this chapter, and axpact to pursue them at a later
time. For inversion, we raecail that a set g racursive if and only if both it and its
complement are racursively snumerable. Thus the ability to generata a property as a
set does not guarantee the ability 1o tast for that property on a given input graph,
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The marger techniqua is surprisingly adequats. Wa beiieve that the ability to
assert the impossibility of merger (as in ODO-N and ODD=REGULAR) is as important
as the ability to genarate a merger, because it demonstrates a ful‘aticn betwasn the
unmerged propertias. There are probably more marger principles awaiting discovery.
The most interesting opan quastion is, "given a merged f and a merged o how do
we find a common sesd set when 5, NS, =47 ' The cases we tried wers
"lucky" in that the new seed sat quickly appearsd within a few iterations, bufc we
have no guarantse that this will always occur. We suspect this to be quite a

difficult probiem.

8.3.5. Complaxity and Redundancy

Thare has been very little consideration of the complaxity of the algorithms
which are semantic interpretations of the R-=properties Wae did note that the
complexity of any aigorithm is determined both by its internal represantation and the
matching requirements made by its selector. Thus generation under ):1.'I22. L,orZ,
can cwﬁinlv be achieved in linear time with property constructed (not necessarily
linear) storage. Becausa 35 and Ze encompass 3 much broader range of choices, no
such guarantes can be provided for them, and the complexity of algorithms based
on them is an opan quastion. The testing algorithms use. in the worst case. storage
of Oin vertices and Q2 adges, rmaking the seiectors dependent on the size of the
inpuUt graph  Again, cleverness in storage organization should be able to overcome
this for L,. L. I, and I, but probably not for many instances of Iy and T

Flndm&ﬁcy is an interesting issuse. The algorithms are hon—&-t-rminisﬁc: their
selectors read "choose any.." Such selection could be randomized, A tester would
dlways raturm the same output, a generator might not 'i'his non-determinism would
nat affect the results of a testing algorithm, aithough its efficiency will be
dipendant, for certain properties. upon tho- value of the output and the efficacy of
its choices. For axample, testing cniﬁplctanus ru&uirus ‘daleting one ‘var;tnx of
degree n—1 on each of n—1 iterations On a compiete graph, salection should b'c. in
constant time and TRUE arrived at after Oin9) ocdge deletions. On a graph which
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would be complats but for a single edge, selection will be in constant tme and
FALSE arrived at after Oin? sdge deistions. On a graph without amy vertex of
degree n—1, howevar, FALSE will be arrived at in Oin} time. Thus incomplete graphs

may be faster to test As another axample, consider the graph in Figure 5-3,

Figure 5=3: A Graph with Varisble Tasting Time
If we tast that graph to see if it is Eulerian, the speed with which wa arrive at a

result depends upon the cycles we choocse to deiete Deiating tha larges: cycle

first will raquire only two iterations; the smaller cyclas can cause grester delay.

When we generate a set of graphs with a specific property, aven if we forca
distinct selections from one execution to the naxt we do not guarantes distinct
(ron=isomorphic) graphsz. For exampie, we could generste the same trme on n
vertices in many different sequences, growing the tree out from its canter, and yet
the output would be indistinguishabli. Irredundant programs have been developad
for, among others, the enumeration of alil grapha on n vertices, all tress on n
vertices and all spanning Tees of a graph.  This redundancy would be 3 problem if
generation were our only objective. Fortunately, generation is merely our
description -of a set of graphs, and we have ne intsntion cf executing the same

2This ambiguity iz dus both to the ambiguity of the formal ianguage and to the
range of bindings permitted for the variabies during exscution of tha algorithm.
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algarithm repaatadiy for distingt resuits The same recdundancy that may wail
produce isomorphic graphs aiso Sppesrs reiated to corrsct bakavior om inversion, a

worthwhile tradecff.

5.2.8. Boclean Propwertiss

Sorma propertias, as wc‘ noted in Chaptar 1, are boolsan. Cyclic, connected
and 3-chromatic are all examplas of boolesn properties. |f we have an algorithrmic
formuiation of property p. how will the algorithm for property not-p ralate to it?
Although the relaxation of a selector condition ¢ would permit a graph with the
opposite boolean value to appear in the generatad set. it will certainly not guaramee
that precisely the complement of the firgt graph set will bs generated. For
axample, although

B:V“{H) wheare x ¢ V, y & V
generatas all traes, the axpression

8} K,) where x & V 7 _
does not generate all non—trees, merely all connected graphs (with the possibility of
soma loops). L&t us consider this a bit more.

The reader with soma knowledge of graph theory will have noticed an
important gap in the properties of Chapters 3 and 4; thera is no mention of
planarity. A graph is p/anar if it can ba drawn on the piane so that no two asdges
intersect Saveral axampies of planar and non=planar graphs appesr in Figurs 5-—4.

Kuratowski's theorsm provides wiat opears to be the ideal R—language
charactarization for planarity. a graph is pianar if and only if it has no subgraph
homeomorphic to Ks or K3_3. (A graph is homeomorphic te Ks or Ka.# if it can be

‘obtained from one of them by a.series of adge subdivisions of the form 8wy

Figure 5-5 shows the derivation of a non—piarar graph from K. Every graph in
the figure is, by Kuratowski's theorem, ron—planar. '

it shauld, therafors, be quite simple tc describe non—planasrity in an R-ianguage.
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PLANAR

NON-BLANAR

Figure 3-4 Soms Graphs and Their Planarity

I

Figure 3-5% The Construction of a Hoemeomorph to K5
The algorithm NON-PLANAR is
(Ax + A“ * Spvq) (KE,K
where vz & \V/

3.3) .

pg=EV.veV pgesE
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Figure 5-6 shows the itsrative steps it a sample run of NON-PLANAR The flaor
for non-planar graphs is <P2,LQ,21>.

4

Figure 5-8: A Sample Run of NON-PLANAR

Note that we permit subdivisions to occur intarspersed with vertex/adge additions.
Although Kuratowski's theorem is suggestive of a two—-stage algorithm (first build
the homeomorph, then ambed it as a subgraph), svery subdivision of an edge not in
the homeomorph can aiso be achieved by the addition, in sequencs, of a vertex and
two edgez  Thus the one—stage algorithm is, by Kuratowski's theorem, both correct
and complete.  Unfortunately, the “automatically’ computed inverse is an extramaly
unpleasant Ea—band formulatior

-1 =
f th + D“ + DvaqD PvArm) .
rad =x®V, dx) =0
vZ2 €V, yz « E yzis not in svery subgraph of G
homsomaorphic to Ks or K, o

pvge V., pvwq SE pg ¥ E div) = 2
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Of course. Kuratowski spares us any need for NON-PLANAR™' in a

completaness proof, but tha awkwardness remains. Quite a differsnt altermative is
suggested by Tarjam's algorithm for planarity tasting. Essentially Tarjan showed that
avery planar graph could be empeddad on the plane with respect to a central chain
A representation which embodies this notion generates all planar graphs via PLANAR.
The formulation raguiras exteansive detsils on Tarjan's 'aignrithrh, beyond the scope
of this work. Essentially PLANAR . constructs the graph from a central (abslled)
chain.  (f cixy) = 1 the edge is on tha chain. alse cixy) = 0) Evary vertex has
threa labels associated with it. which may be concatenated intc a single lsbal and
deciphersd as necessary. The labels indicate upper and lower boundary pointers of
the arc on which the vertex lias. and whather the vartex lies to the left of, to the
right of, or on the central chain. Thus the R-language reguires both edge labals and
vertex labels. The generator begins with a chain on two vertices and can extend

the chain, with appropriate |abeliing, at any time. In addition it providas for the

¢ construction of arcs and trae—like structures on either side of the chain, proparly

embaddad and labellad Figure 5—7 shows the itarative steps in a2 sampie run of
PLANAR. '

Figure 5-7: A Sampie Run of PLANAR

The notation for the algorithm is not given here. Suffice it to say that Tarjen has

provided thecry to¢ prove such an aigorithm is both correct and compiste. The
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general format is a one~stage aigorithm based on Axv's, wa's and va's. with a

tsater depencent, as usual, on correct labelling.

We would have liked thers to be a clesrer reiationship between PLANAR and
NON-_PLANAR. Thizs is not the only nstance of this difficulty. The reacer may
confirm that the following aigarithm C:YCLIC with flowrs -:Pz,l,,wz ;> and -:FZ,LE,ET:-
is compiete and correct

A, +A +5 K

where y,z & V

pqeV veEV pgeE
It too bears a disappointingly unciear relationship te ita opposite, the algorithm
ACYCLIC with floor <P L L > of 37.1:

B:VHVJH wherg x € V, v & E

Ws would, in ratrospact have preferrsd a more transparent reiatonship
betwesn such pairs of algorithms In the scdge—set languages. the opposite of a
boclesn property was always equally expressibie. in the R=languages, with thaeir
procedural orientation, the vaiue of a boolean proparty may have a differemt floor
depandent on the boolean value, not to mention a different tosting m*‘ﬁnr::iurn:y.3 The
fact that the merger of two algorithms is impossible does not mean that they are
opposita vaiues of the same proberty. (Witness ODD-REGULAR and ODD=N.)

% the theory of computabiity. there are properties (ia, subsets of the
intagers) which can he generated by 2 Turing machine, but whose compiemaents
cannot.  (Such sets are called recursively enumerabls non-recursive sets) In the
thecry of NP-compieteness, membership of a problem in NP does not imply
mambership of its complement in NP. [Problems with complemants in NP are
classified as co—NP and the relationship between NP and co-NP is unknown) The
parallels suggest that a theory for booclean properties in R=language containg difficult
querstions,
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5.4. Applications

This section hypothmsizes an implementation of our resuits to show their

significance to artificial intelligence. Lanats AM is usad as a framework

AM [Lenat 76] is intended to model scientific theory formation AM iz a
program which makes mathematicai discoveries. AM begins anly with a hierarchy of
115 set theory concepts and a collaction of 242 heuristics,

An AM concept is either an object (e.g. set listh or an activity (a.g. sat-union,
firsgt—element. Each concept is represented as a frame, a list of siots. A siot ia a
{name, value} pair. For concapt C and input X, slot narnmes include generalization (ie.
narmes -nf concepts more general than (). dafinitions (ways to test if X is a C)
axamples (sample X's satisfying C's definition), and worth (a point value assignad to
Cl. The names and number of siots for all concepts are pradetermined, uniformily
fixed, and limited to a maximum of 28.

An AM heurigtic is a rule in the form "if P then Q" P is the list of conditions
the heuristie must satisfy to be applicable. Q is the list of actions which 'will occur
if the heuristic is "fired" Heuristics focus AM's attention; thay are pradetermined
and not subject to axamination

The only goal of AM is to fill in siota AM is intended to perform
mathematical’ ressarch, ie., increase its knowiedge (as representad by its concepts)
by acquiring new information and storing it appropristaly.  “Filling in the slots” is
therafore an appropriate, if admittedly limited, transiation of "research”

The control structurs for the program is al list of tnlr.s called an agenca Each
task has a priority rating assigned to it . When AM is ready to perform a task, it
selacts the one with the highest priority and allots it machine rescurces (time and
space) basad upon its priority rating A task ends eithar with success or by
exhausting its resourcss. Aigorithmically AM resds:
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L Selact the top task T on the agenda
. Assign resources r(T).
fi. While withinn r(T), axecute T.
iv. Update the agenda
v. Go to i
Tasks can only:
* add a new task to the agenda
e dafine a New concapt

® add an entry to some siot in somae concapt

After an hour of CPU time, and without any initial notion of proof, formal
reasoning. numbers or arithmetic,. AM includes among its discoverias prima rumbers
and the funcamental theorem of arithmetic (uniqua factorization of an intagar ints
primns).‘ (AM's faiiures are as interesting as its successes. It never “notices”’
-nig-tivt numbars, closure or u—ichntcmy; nor does it ever find any interasting
properties ‘of exponentiation Lenat held AM's heuristics accountabie for these
lapses.  Although the heuristics wers initialy effective, they loss power as the
dormain of exploration moves from set thaory to number theory. (Lenat is currantly
working on EURISKO [Lenat 821, an extension to AM.  EURISKO attampts to

improve AM's research prowaess by avolving new heuristics)

We believe that our work in knowiedge representation cam make substantial
contributions to AM-like activity. Wa postulate an automated Graph Theorist (GT) as
an sxtension of AM and EURISKO. GT's domain is, of courss, graph theory. GQT,
like AM, is capable of muitiple definitions of a property (concept). A GT property
definition is a generator in a recursive language, labeiled according to its floor
Every definition has a corrasponding testing algorithm, aiso labeliad by floor.
Examples in GT are readily constructad by exacuting the definition. (n AM, example
generation iz much more difficult and less general Examplas are generated by one
task and tested Dy another. AM definitions are what we have described as testing
ilgc:rithma) Extremal examples in GT (of great importanca to AM heuristics) are
elements of the sead set and therefors readily disclosed. Non—examplas in GT must
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be constructad via generate—and-test, i.a. by runming GENERATE and salecting thozae
which fail the property test Thus a major activity, axample construction, is

quaranteed correct and compiete in GT, although not in AM.

Why is exampie generation so significant? AM “discovers’ primarily by
“randomiy look[ing] at qmpiridal data for ragularities” [Lenat 82] (In a sample run,
at laast 198 of the 256 tasks were example construction [Lenat 76]) In sat theory,
and also on a lirmitad test in plane geometry [Lanat 79], this is a raasonably
sffectiva technique, without the breadth GTs genarators can offer.  With GT's

reprasentation. the data available for synthesis improve in guality and accessibility.

This laads us to the nature of & ‘discovery.” An AM conjecture is a siot entry,
a relationship observed among axarrples of concepts.  With GT's "better’ axamples.
its discoveries will be correct more often GT also has an aiternative set of

heuristics for conjecturing. In addition to axamihing examples for similarites or

differances, it can examine defipitions as well. Because the GT dafinition is a

correct and complets represantation of a property in a uniform, highly—structured
fc:rn';at, incorrect conjectures are less likaly. Even better, many conjecturas will be
immadiately provable using the subsumption techniquas outlined in 45 Thus GT
offers a more fertila representation for conjecturs than AM, and a proof facility
which AM lacks compistely. In GT. a proved statement (thecrem) increases the
worth of its associsted components. Thus temporarily fertie research areas are
highlighted with greatar efficiency.

AM creates generalizations and specislizations of concepts by syntactic tinkaring
in the LISP concept definitions,. GT can use subsumption and merger. thereby
pressrving the properties of its schema which support  completaness  and
correctness. The GT schema (is., the p = <f,5,0> formulation) is admittecly more
restrictive than a LISP expression. Our empirical observation, howaever, has indiéatad
that it has substantial expressive powsr and is mores conducive to reasoning (by
person or machine) than the typical A—exprassion.
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We come, finally, to the crucial issue of repressntation once again Lenat
acknowiedges [Lanat 76, Lenat 82] that a representational shift is a powarful
heuristic. AM's idea of a raprasentational shift is to creats a new concapt, thereby
enlgrging its vocabulary. In reality AM has a single represertationsl language. LISP,
within which it discovers concapts. GT, howavear, permits, aven ancourages, muitiple
representation.  Each representation is a language. as detsiled in this dissertation
The foilowing behavicrs are accassible to GT:

¢ A GT concept can have diffarent definitions in different languages.
(Consicer. for example, the three definitions of connectedness
dppearing on pages 129, 138 and 138)

e GT can ba programmad with h‘uuristics appropriate to a specific
reprasantation,

* GT can find a common language for a set of concepts, using the
partial orcer of the language hierarchy.

* GT can estimate task difficulty and allocate resources based on ﬂju
complexity of its chosen represemtation Buc:uu' muc'.h af the
computational sffort will be on matching to bind the selector variables,
this astimation should be fairly accurats,

® When a task fails in a given representation, GT can consider shifting to
4 mors complex (and‘ possibly  siower) language. GT can ba
programmed to work in the simplest language possibie.

e GT can expiors the heuristic "if two properties have the sarme floor,
they may be related”

& Best of all, as the domain of expioration changes we can guide GT to
seiect and focus upon the most productive repressntations. Thus, if
GT is swdying cyclic properties, it may select a o—language which
accelerates its algorithma.

As demonstrated through GT, our recursive reprassntational tachniques are
powertul taols,
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The strengths of the representations have basn discussed above.

Saction we raiss some duestions for future work.

Tha adge=sat languages have been shown bpth to benefit and to
suffer from the saversly limited resatrictions on their eacdge set
operations. What other operations might “gently” expand their
axpressive ability, particuisrly toward properties commonly appearing in
graph theory texts?

Computar exploration of the graph equivaience classes for the
edga-set languages is limitad by machina space and tima. Ars thers
more afficiant theorstical approaches which can bound thess numbers?
How might we extend edge-sat languages to include graphs with
labels? with waeights? with minimality and maximality properties?

The R-ianguages might be capable of non—racundant genaration What

controis would we have to impose and what would they cost us?

242

in this

How should edge waeights be impiemented, either in an adge-sat

language or an R-ianguage? Do they differ from edge labeis in a
meaningtul way? ' '

Ars R-languages capable of enumeration problems, e.g. finding all the
spanning trees of a given graph, or all the distinct k-factors?

Can R-ianguages be extended to deal with properties invelving
minimal/maximal conditions, a.g. tha travelling saiesman problem or the
Chinese postman probiem?

s there any theorstical proof that no one—stage algorithm based on I,
Xz, 23 or 24 is NP-complete? Can any other relationships betwean
NP-complate problems and R—properties be derived?

What insights can the theory of computation give us into the
prop&tin of R—languages?
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5.8. implications of This Work

We will continue this artificial intelligence axperiment m knowledge
reprasantation, and wae hope that others will be intarestqd in our appreoact. A major
goal is to extand this kind of structure and organization of graph thecry prasented
hare to other arsas of mathematical knowledge, such as number theory. In the
eartime, we belisve that the work already accomplished has implications in rmany

areas

R-languages aﬁ a@ way to’ catagorize the simpiicity or complexity of a graph
property. They make explicit {or readily dscovsrﬁin) many relationships implicit in
the vast body of work mathematicians have already produced. An implamanted
version could provide graph theory with (in order of anticipated difficulty)

+ generation of arbitrarily many, arbitrarily large graphs with specified

properties. for use in algorithm. testing - )

e theoretical exploration of the equivalence of two characterizations

& axplication of implicit hierarchical structure

* suggestions for naw, interasting graph properties

in tha artificial ineliigance community, knowledge representation has been
characterizad a3 an ili-dafined problem Consaquenty, work in  knowiedge
representation has usually concentrated on small, well-defined, but toy, domains
Mathematics as a whols is a very -wgc. wall-dafined domain. We chosa an entire
aras of m-ﬁmmtics for our work in knowledge representation Our results suggest
that others in artificial inteligence might consider mathematics as a  domain
Mathematicai theory offers hoth the certainty and pracision of measurement (notably
lacking in most real domaing) and the challenge of complex ralations (notably lacking
in most toy domains), | In addition, we have suggested here an approach to modeliing

. which combines the factual with the procodwal. Our approach in the edge—sat

isnguages is important, we baliava, because it is a model of controlled exploration
with absoluts certsinty of the resuitant impressive procedural power and modast

expressive power. Qur work in the R-languagas is significant, we baliave, because
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it usas rslated aigorithms to describes properties as weil as procedures, resulting in

an impragsive muitifunctional reprasantation

Finally, the work described here shouid be significant in several othar areas of
computar acienca The transparsncy of the relationships among propertias
(@igorithma/procedures/programs) is due to the structura we have imposed uJpon
them The sase with which certain inversions occwr may suggest new approachas in
cods generation Parhaps such techniques are more generally applicable in automatic
programming. The ability to discern higrarchias may be relevant in cdata bass woark
The ability to hypothesize and prove graph theory theorsms is certainly relevant to
autormated deduction. Last but not least, a machine which is told the definition of a
property, and can then apply it (by subsumption, by merger, by inversion) must

suraly be said to learn, 1o understand, and, parhaps, to think
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APPENDIX A
KEY TO NOTATION

Interpratation

Add vertax x to the graph

Add adge xy to the graph

Branch from vartax x to vertex y
Cycle on k vertices

Deiata vertax x from tha graph

Deieta adge xy from the graph

Edge set of the graph
Empty graph on k vertices

Fully cornect vertax x to the graph

Fragment vertax x into vertices x and y

Fracture vertex v  into K, maintaining previous adjacencias

Graph

Idantify vartices xv gV

Complate graph on k vertices

Laop an all verticas
Unicop on ail verticas
Language i for graph properties

Number of edges in the graph

- Matehing graph

Number of verticas in the graph

Null cperator

Order complexity
Primitive language
Quantity of disjoint complets graphs

Subdivide sdge xy by vertex v
Subdivide sdge xy by vertices v and w

Replacement systemn for testing squivalence of L-axprassions
Complete graph on k differsnt—~colorad vertices

Set of all finite graphs closed under isomorphism
Edgeiess graph on k differsmt=coiorsd verticas

Vartex set of the graph
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Page
66
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82
66
68
12
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88

13

171

188
12
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Pinwheei on h hubs and r rims
Surrogate operator

Add cycla u PHgM M

Dalste cycle u PR

; @ the graph

, from the graph

Labei vartax x with «
Label edge xy with «

Selactor, slement of Z
Sealection language
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123
171

&8
68
167
184

&4
84
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APPENDIX B

INVESTIGATION OF THE LANGUAGE L, FOR UNDIRECTED

GRAPHS

B.1. The Program L2

The following is a listing of the program L2,

oo n

noonmnOon

oo OonNnaon

PROGRAM NAME: L2

AUTHQOR: SUSAN EPSTEIN

THIS PROGRAM CALCULATES SIGNATURES FOR LANGUAGE L2 FOR
UNCIRECTED GRAPHS OF UP TO N = 25 VERTICES

GRAPHS ARE DESCRIBED AS CASES. THE CASE PARAMETERS ARE
A = THE NUMBER OF EDGES NOT IN THE GRAPH :

THE NUMBER OF EDGES IN THE GRAPH

= THE NUMBER OF LOOPS IN THE GRAPH

THE NUMBER OF LOOPS NOT IN THE GRAPH

THE NUMBER OF VERTICES IN TNE GRAPH

- DN

THE SIGNATURE FOR EACH GRAPH IS CALCULATED AS THE VECTOR
5 AND THEN PACKED, TO SAVE SPACE, INTO THE VECTOR FAKE.

A LIST OF ALL PREVIOUSLY ENCOUNTERED SIGNATURES IS STORED
IN THE VECTOR G.

THE NUMBER OF SIGNATURES AT ANY TIME IS CT.

MAT CONTAINS DATA ABOUT THE $IGNATURES.

THE MOST RECENT VALUE QOF | AT WHMICH A NEW SIGNATURE IS
FOUND 1S LAST.

THISC TALLIES WHICH CASES OCCUR FOR FIXED | GREATER THAN 0.
SUM AND IMAX PRESERVE THE TOTAL NUMBER OF CASES AND MOST
FREQUENTLY OCCURING CASE.

INTEGER N,A,C,D,F,|,LAST

INTEGER 5(27) ,FAKE,G (107) ,CT,MAT (107),THISC (107)

INTEGER ISUM(25), I MAX (25)

DUMMY VARIABLES

INTEGER T,K,F2,F3,HUND, 1DUM, | DUMZ, EF,ZERD *

DATA N,A,C,D,F,1,FAKE,CT,LAST/9%0/
DATA HUND,ZERQ/100,0/ '

DATA (S(J).J-1.27)/27*0/

DATA (G (J),J=1,107) /107%0/

DATA (MAT (J),J=1,107) /107%0/
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DATA (THISC(J),Jm1,107) /107%0/
DATA (ISUM(J),J=1,25) /25%0/
DATA (IMAX{J),Jw1,25) /25%0/
N=25

INITIALIZE CASE FOR GRAPH ON NO VERTICES
CT = 1

FAKE=Q _

DO 1 K=1,27

FAKEwFAKE*241 o

CONT I NUE

G (1) =FAKE

GENERATE HEADER AND FIRST DATA LINE

TYPE 2 '
FORMAT (' VERTICES _CASES CLASSES LARGEST
TYPE L50,ZERO,CT,CT,CT,HUND

MAJOR LOUP ON | = # VERTICES
DO 500 1=1,N
B0 5 K = 1,107

THISC(K) = 0
CONT I NUE
T=lk(}=1}/2

LOOPS ON A AND O TO CREATE CASES

DO 4LoO A=0Q.T

00 300 D=y, |

VALUES FOR C AND F CACULATED FROM A.D AND |
C=T-A
Fei-D

ZERD QUT 5iGNATURE

DO 10 Km1,27
5(K)=0

CONTINUE

SIGNATURE CALCULAT!ON
IF (A+C.EQ.D+F) § (1) =
IF (A.EQ.0) S(2)=1
IF (C.EQ.0) S5 (3)m=1
IF (D.EQ.O)} S (b)=
IF (F.EQ.0) S(5)=1
IF (A.EQ.C) S(6)=1
IF (A.EQ.D) S(7) =t
IF {A.EQ.F) S(8)=m1
IF (C.EQ.D) 5{9)=1
IF {C.EQ.F) S(40)=t
IF. (D.EQ.F) S(11) =t
IF (A+D.EQ.F) S(12) =1
IF (A+F.EQ.GC) S (13)m1
IF (A+F.EQ.D} S (1k)m1
IF (A+0.EQ.C) 'S (15) =1
IF (C+D.EQ.A) S{16)=1
IF (C+B.EQ.F) 5{(17) =1

248
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ho

300
Loo

Lh5

450
500

2489

IF {C+F.EQ.A) 5 (1B) =t
IF {C+F.EQ.D) $(19) =t
I (D+F.EQ.A) S (20)=1
IF (D+F.EQ.C) §(21) =9
IF (A+C.EQ.F) §(22)=t
IF (A+D.EQ.C+F) 5(23) =1
PE (A+RF.EQ.C+D) S (24)wy
IF (A.EQ.CH+D+F) §(25)m1
IF (C.EQ.A+D+F) § (26)mq
IF (A+C.EQ.D) S(27)=1

PACKING SIGNATURE S INTUO FAKE TO SAVE SPACE, 1 GROUP OF 30
FAKE=Q
DO 4b L1=1,27
FAKE=FAKE#2+5 (L1)
CONT!NUE

TEST FOR SIGNATURE ALREADY QCCURRING

DO 50 F2=1,CT

IF (G (F2) .NE.FAKE} GO TO 50
MAT (FOQ) STORES FIRST VALUE OF | FOR $IGNATURE FOO AS -1.
ONCE SIGNATURE RECURS, MAT(FOO) (S NUMBER OF OIFFERENT |

VALUES FOR WHICH SIGNATURE OCCURS.

IF (MAT (F2). GT 0) MAT (F2)=MAT (F2)+1
F3 » —f
IF ({MAT(F2) LT 0) .AND. (MAT(F2) .NE.F3)) HAT(FZ)-Z
THISC(F2) = THISC(F2)+1
G0 TO 300
CONT I NUE :
lNSTALLATION OF NEW 51GNATURE
CT=CT-+1
G (CT) wFAKE
MAT (CT) ==
THISE (CT) =4
LAST={
CONT | NUE
CONT INUE

CASE BY CASE QUTPUT ROUTINE.
IMAX IS THE LARGEST CLASS SIZE FOR FIXED .
ISUM 15 THE NUMBER OF CASES QCCURRING FOR FIXED 1.
CALCULATING IMAX AND ISUM FROM THISC,
DO 445 FFwi,CT
IF (THISC (FF) .GT.0) ISUM(i)=15uM(1)+1
IF (THISC (FF) .GT.IMAX (1)) IMAX (1) »THISC (FF)
CONT I NUE ‘

COMPUTE AND PRINT QUTPUT LINE FOR )
[DUM= ([+1) & (141 % (1=1) /2)
IBUM2=100.0% I MAX (1) /i DUM+.5
TYPE 450, 1, IDUM, ISUM{1), IMAX (1), | DUM2
FURMAT(5I10)
CONTINUE
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C SUMMARY STATISTICS
TYPE 520,CT
520 FORMAT (' NUMBER OF SIGNATURES 15 ',15)
Fa2md
o THE SIGNATURE FOR I=0 1S UNIQUE TO THAT | VALUE.

B0 525 Km2,CT
IF (MAT(K) .GT.0} F2mF2+1
525 CONTINUE
TYPE 530,F2 '
530  FORMAT (' NUMBER OF SIGNATURES FOR MULTIPLE | VALUES I1§'.15)
F2=CT-F2
TYPE 5LO,F2
540  FORMAT (' NUMBER OF S|GNATURES FOR SINGLE | VALUE IS fL18)
TYPE 550,LAST
550  FORMAT (' LAST NEW SIGNATURE OCCURS AT | = ',I5)
END

B.2. L2 Qutput

Tha following is an output listing from program L2
[PHOTD: Recording initiated Tue 28-Dec-82 10:34AM]

LINK FROM EPSTEIN, TTY 114

TOPS-20 Command procassor 5(134712)
End of COMAND.CMO.2

Z@EXE L2.FOR

LINK: Loading

[LNKXCT L2 execution]

VERTICES CASES CLASSES LARGEST UENSITY
0 1 1 1 100
1 2 2 1 50
2 6 (4 1 17
3 16 12 2 13
h 35 33 2 6
5 66 28 . 8 12
6 112 b2 24 21
7 176 29 L8 27
8 261 50 76 29
9 370 b 196 53
10 506 36 272 54
11 672 35 Loo 60
12 871 58 512 59
13 1106 - - 30 792 72
14 1380 . 36 g64a 70
15 1696 L3 1268 75
16 2087 50 1460 71
17 2h66" 30 1984 80
18 2926 Lo 2276 78
19 344 35 2808 82
20 Lo11 50 3136 78
21 hoh2 3h 3964 8c
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22 5336 316 Lioo 82
23 6096 ig 5236 86
2k 6325 &8 5732 83
25 7826 30 6512 a8

NUMBER OF SI1GNATURES |5% 106

NUMBER OF S1GNATURES FOR MULTIPLE | VALUES IS 8
NUMBER OF SIGNATURES FOR SINGLE | VALUE 1% 48
LAST NEW SIGNATURE OCCURS AT | = 12

CPU tima 18.47  Elapsed time 1:22.29

2@8P0P

[PHOTD: Recording terminated Tue 28-Dec-82 10:36AM]
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APPENDIX C

INVESTIGATION OF THE LANGUAGE L, FOR DIRECTED

GRAPHS

C.1. The Program L2DI

The foliowing is a listing of the program L2DI

nnNoOoO

DO OoOODONoO0ONN OonOoOoOonnaoanon

PROGRAM NAME: L2D!

AUTHOR: SUSAN EPSTEIN

THIS PROGRAM CALCULATES SIGNATURES FOR LANGUAGE L2 FOR
DIRECTED GRAPHS OF UP TO N = 25 VERTICES

GRAPHS ARE DESCRIBED AS CASES. 'THE CASE PARAMETERS ARE

A = THE NUMBER OF EDGES NOT IN THE GRAPH

B = THE NUMBER OF EDGES IN THE GRAPH WITH REVERSALS NQT IN

" THE GRAPH

C = THE NUMBER OF EDGES IN THE GRAPH WITH REVERSALS IN THE
GRAPH

DO = THE NUMBER OF LOOPS IN THE GRAPH

€ = THE NUMBER OF EDGES NOT IN THE GRAPH WITH REVERSALS IN
THE GRAPH

F = THE NUMBER OF LOOPS NOT IN THE GRAPM

| = THE NUMBER OF VERTICES IN THE GRAPH

THE SIGNATURE FOR EACH GRAPH |5 CALCULATED AS THE VECTOR
S AND THEN PACKED, TO SAVE SPACE, INTO THE VECTOR FAKE.

A LIST OF ALL PREVIOUSLY ENCOUNTERED SIGNATURES IS STORED
IN THE MATRIX G.

THE NUMBER OF SiGNATURES AT ANY TIME |5 CT.

MAT CONTAINS DATA ABOUT THE S1GNATURES.

THE MOST RECENT VALUE OF | AT WHICH A NEW SIGNATURE IS
FOUND 15 LAST.

THISC TALLIES ‘WHICH CASES OCCUR FOR FIXED | GREATER THAN 0.
ISUM AND IMAX PRESERVE THE TOTAL NUMBER OF CASES AND MOST
FREQUENTLY QCCURING CASE. ‘

INTEGER N,A,C,D,F,I,LAST

INTEGER 5 (90) , FAKE (3) ,G (5000, 3) ,CT,MAT (5000) , THISC (5000)
INTEGER 1SUM(25) , | MAX (25)

DUMMY VAR!ABLES

INTEGER T,K,F2,F3,HUND, | DUM, | TUMZ,FF,ZERD,D2
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DATA N.A,C,D,F,I,CT,LAST/8%0/
DATA HUND,ZERO/100,0/

DATA (5 (J),J=t,90) /90%0/

ODATA (FAKE (J),J=1,3) /3%0/

DATA ((G(J.K),J=1,5000) ,K=1,3) /15000%0/
DATA (MAT (J) , J=w1,5000) /5000%0/
BATA (THISC(J),J=1,5000) /5000%0/

DATA (I1SUM(J) ,J=1,25) 72540/
DATA (1MAX (J) ,Jmw1,25) 2640/

Nm25

INITIALIZE CASE FOR GRAPH ON NQ VERTICES

CT = 1
F2=0

D0 1 Ket,30

CONTENUE
DA 2 Jmy

P 2mF 2724

»3

G(1,J)=F2

CONT I NUE

GENERATE HEADER AND FIRST DATA LINE

TYPE 3

FORMAT (' VERTICES CASES
" TYPE L50,ZERQ,CT.CT,CT,HUND

MAJOR LOOP ON | = # VERTICES
DO 500 I=1,N
DO 5 K = 1,5000

CONT I NUE

T=i%(1=1) /2
LOGPS ON A,B AND D TO CREATE CASES

THISC(K) = 0

DO 400 Amg,T
00 300 Dwd, |

D2=(T-A) /2

PO 200 B=g,D2
VALUES FOR C AND F CAGULATED

CuT-A-248
Fmi-p

ZERO OUT SIGNATURE
0Q 10 K=1,30

CONTINUE

S (K)=0

SI1GNATURE CALCULATION

IF
IF
iF
IF
IF
1 F
IF

(A+C.EQ.D+F) & (1) =1
(A.EQ.0) 5(2)=1
(C.EQ.0) S(3)=y
(D.EQ.0) §{h)=1
(F.EQ.Q) §(5)=1
(A.EQ.C) S(6)=1
(A.EQ.D} S({7)m1

CLASSES

283

DENSITY'}
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IF (A.EQ.F) 5(8)=1
'F {C.EQ.D) §(g)=1
IF (C.EQ.F) S{10) =4
IF (D.EQ.F) 5 (t1)m1
IF (A+D.EQ.F) S (12)m1
IF (A+F.EQ.C) S(13)m9
IF (A+F.EQ.D) S (1h)=1
IF {(A+D.EQ.C) S(15) =1
IF (C+D.EQ.A) S(16) =1
IF (C+D.EQ.F) S(17) =4
IF (C+F.EQ.A) S(18)m1
IF (C+F.EQ.D) 5(19) =1
IF (D+F.EQ.A) 5(20)=1
IF (D+F.EQ.C} 5(21)=1
IF (A+C.EQ.F) S(22)=1
IF (A+D.EQ.C+F) 5(23) =1
IF (A+F.EQ.CHD) S (24) =1
IF (A.EQ.C+D+F) S(25) =1t
IF (C.EQ.A+D+F) S (26) =1
(F {A+C.EQ.D) $(27)=1
IF (B.EQ.0) S(28)=1
IF (A.EQ.B) 5(29) =1
[F (B.EQ.C) 5(30)=1
IF (B.EQ.D) S (31)=4
IF. (B.EQ.F) 5(32)=1
IF (A.EQ.B+C) S(33) =1
'F (ALEQ.B+D) 5 (3h) =1
IF (A.EQ.B+F) 5(35)=1
IF (B.EQ.A+C) 5 (36)=1
IF (B.EQ.A+D) §S(37) =1
IF (B.EQ.A+F) 5{(38) =1
IF (B.EQ.C+D) S (39)m=1
IF (B.EQ.C+F) §(La)my
1P (B.EQ.D+F) 5 (h1)=9
IF (C.EQ.A+B) S (L2)m1
IF (CLEQ.B+D) 5 (43)m9
IF (C.EQ.B+F) S (L) =1
IF (D.EQ.A+B) 5 (45)m1
AF (D.EQ.B+C) S (b6) =1
iF (D.EQ.B+F) S (L7)m=q
IF (A+B.EQ.CH+D) 5 (48) =1
IF (A+B.EQ.CHF) § (4Q)m1
IF (A+8.EQ.D+F) §(50) =4
IF (A+C.EQ.B+D) §(51)m1
IF (A+C.EQ.B+F) 5 (52) =1
IF (A+D.EQ.B+C) §(53)=1 T
IF (A+0.EQ.B+F) 5 (54)mt
IF (A+F.EQ.B+C) §(55) =1
IF (A+F.EQ.B+D) S (56) =1
IF (B+C.EQ.D+F) S (57)wi
IF (B+D.EQ.C+F) S (58)m1
IF (B+F.EQ.CHD) S (59) =1
IF (A+8+C.EQ.D) S (60) =1
IF (A+B+C.EQ.F) §(61) =1
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PF (A+B+D.EQ.C) S(62)=1
IF (A+B+D.EQ.F) 5(63)=1
IF (A+B+F.EQ.C) S (64) =1
IF (A+B+F.EQ.D) S (65) =1
IF (A+C+D.ENQ.B) 5 (66) =1
IF (A+C+D.EQ.F) S(67)=1
'F (A+C+F.EQ.B) 5 (68) =1
IF {(A+C+F.EQ.D) S (69) =1
IF (A+D+F.EQ.B) 5(70)=1
[P (A+D+F.EQ.C) 5(71) =1
IF (B+C+0.EQ.A) S(72)=1
IF (B+C+D.EQ.F) 5(73) =1
IF (B+C+F.EQ.A) S (74)=1
IF (B+C+F.EQ.D) 5 (75) =1
IF (B+D+F.EQ.A) §(76) =t
IF (B+D+f . EQ.C) §(77) =1
IF (C+D+F.EQ.A) S {(78) =1
IF (C+0+F.EQ.B) S({79) =1
IF (A+B+C.EQ.D+F) 5 (80) w1
IF (A+8+D.EQ.C+F). S (B1)my
IF {A+B+F.EQ.C+D) 5 (82)=1
IF (A+C+D.EQ.B+F) 5 (53) =4
tF (A+C+F.EQ.B+D) S (8k4) =1
VP (A+D+F EQ.B+C) S (B5) mt
IF (B+C+D.EQ.A+F) 5(86)=1

_AF (B+CHF L EQ.A+D) S (BY)wd
IF° (B+D+F .EQ.A+C) S (88) =1
IF (C+D+F.EQ.A+B) § (B9) =1
S (90) =0

c - PACKING SIGNATURE S INTO FAKE TO SAVE SPACE, 3 GROUPS OF 30
DO 44 Liwmi,3
FAKE(L1)-S((L1*1)*3G+1)
DO 43 L2=(L1=1) ®30+2,L1%30
FAKE (L1)=FAKE {(L1) #2+5 (L2)

L3 CONTINUE
bl CONT I NUE
c o TEST FOR SIGNATURE ALREADY OCCURRI)NG

DO 50 F2=1,CT
DO L5 FFm1,3
|F (E(F2.FF)-NE.FAKE(FF)) GO TO &0

L5 CONT INUE
c MAT (FOQ) STORES FIRST VALUE OF ! FOR SIGNATURE FOOQ AS ~-1.
c - ONCE SIGNATURE RECURS, MAT (FOO) 1S NUMBER Of DIFFERENT I
c VALUES FOR WHICH SIGNATURE OCCURS.
IF (MAT(F2).GT.0) nAT(Fz)-nAT(Fz)+1
F3 = =| ‘

IF ((MAT(F2).LT.0) .AND. {MAT (F2) .NE. F3)) HAT(F2)-2
"THESC(F2) = THISC(F2)+1
GO TD 200
50 CONTINUE
o INSTALLATION OF NEW SIGNATURE
CT=CT+1
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60

200
399
40O

bhs

150
500

520

525
530

540
550
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DO &0 FF=1,3
G{CT,FF)=FAKE (FF)
CONT I NUE

MAT (CT) =—|

THISC (CT) =1
LAST=|

CONTINUE
CONT I NUE
CONTINUE

CASE BY CASE QUTFUT ROUTINE.
FMAX IS THE LARGEST CLASS SIZE FOR FIXED |,
ISUM 15 THE NUMBER OF CASES OCCURRING FOR FIXED 1.
CALCULATING IMAX AND I1SUM FROM THISC.
DO 445 FE=1,CT
IF (THISC(FF) .GT.0) ISUM(I)=1SUM(])+1
IF (THISC(FF) .GT.1MAX (1)) IMAX (1) =THISC (FF)
CONTINUE

COMPUTE AND PRINT OQUTPUT LINE FOR |
F2uT/2%2
IF (F2.EQ.T) )DUMm (Ta#2/btTH1) % (|+1)
IF (F2.NE.T) |DUMm((T+1) #%2/4+ (T+1) /2) % (1+1)
" IDUM2=100. 0% | MAX (1) /| DUMS. 5
TYPE L50,1,10UM.1SUM(1), IMAX (1), IDUM2
FORMAT (5110)
CONTINUE

SUMMARY STATISTICS
TYPE 520,CT

FORMAT (' NUMBER OF SIGNATURES 1§ ',15)

Famp

THE SIGNATURE FOR =0 IS UNIQUE TO THAT | VALUE.

DO 525 K=2,CT

1F (MAT (K) .GT.0) F2mF2+1

CONT | NUE

TYPE 530,F2

FORMAT (' NUMBER OF SIGNATURES FOR MULTIPLE | VALUES IS',I5)
F2=CT-F2

TYPE 540,F2

FORMAT (' NUMBER OF SIGNATURES FOR SINGLE | VALUE IS ',15)
TYPE 550,LAST ,

FORMAT (' LAST NEW SIGNATURE OCCURS AT | = ',15)

END
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C.2, L2D1 Qutput
The following is the output listing from program L20i.

28-Dec-B2 10:38:20
BATCON Version 104(6133) GLXLIB Version 1t({527)

Job FILE Req #40 for EPSTEIN in Stream 2

OUTPUT: Nolag ,  TIME-LIMIT: 10:00:00
UNIQUE: Yues BATCH-LOG: Append
RESTART: Yes o | ASSISTANCE: Yes

"SEQUENCE: 2101

Input from =>» PS:<EPSTEIN>FILE.CTL.3
OQutput to => PS:<EPSTEIN>FILE.LOG

10:38:21 USER Rutgers/LCSR DEC=20 (Red). TOPS-20 Moniter 5.2(107200)
10:38:21 USER . : \ :

10:38:21 USER The systam is somewhat unstable. Save your work oftent
10:38:21 USER Frequant test times 5:30-6:00 pm and after midnight.
10:38:21 USER o

10:38:21 MONTR TIME-LIMIT 36000

10:38:21 MONTR BLOGIN EPSTEIN CS5~5R|DHARAN

10:38:26 MONTR [Job 15 also logged into P5S:<EPSTEIN>]

10:38:26 MONTR  Job 12 on TTY254 28-Dec-82 10:38:25

10:38:26 MONTR  Last login on 28-Dac-82 at 09:07:50

10:38:26 MONTR  End of COMAND.CMD.2

10:38:26 MONTR 10:38:26 MONTR [PS Mountad]

10:38:26 MONTR ‘

10:38:26 MONTR [CONNELTED TO PS:<EPSTE IN>]

10:38:26 MONTR EXE L2D1.FOR .

10:38:30 USER ~ FORTRAN: L2201

10233:5& USER  MAIN.

10:38:58 USER LINK: Loading

10:39:08 USER  [LNKXCT L3DI execution]

10:39:09 USER VERTICES CASES CLASSES LARGEST DENSITY

10:35:09 USER 0 1 1 1 100
10:39:09 USER 1 2 2 1 50
10:39:09 USER 2 é 6 9 17
10:39:09 USER 3 24 20 2 8
10:39:09 USER N 80 78 2 3
10:39:10 USER [ 216 thy ] N
"10:39:13 USER 6 504 336 24 5
10:39:23 USER 7 1056 LB LB 5
10:39:49 USER 8 2025 956 76 N
10:40:31 USER 9 3610 911 196 5
10:42:09 USER 10 6072 1065 L6 7
10:4b:27 USER 11 97bi 1045 1086 11
10:48:01 USER 12 15028 1750 2496 17



10:53:16
11:00:28
11:10:16
11:22: 45
11:43: 31
12:26:02
12:59:39
1h:25:18
15:38:47
17:33:05
18:42:17
20:17:25
22:36:03
22:36:03
22:36:03
22:36:03%
22:36:03
22:36:04
22:36:04
22:36:05
22:36:05

USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
USER
MONTR
MONTR
MONTR

13
14
15
16
17
18
19
20
21
22
23
24
25

22400
32430
L5792
63257
B5698
114114
149640
193536
267192
312156
39014b
483025
592826

998
1098
1584
1785

968
1438
1104
1651
1255
1107
1081
2104
1108

NUMBER QF SIGNATURES IS 48Lg

NUMBER OF SIGNATURES FOR MULTIPLE | VALUES 15 2572

57ké

9758
16156
23508
boz8L4
55838
77874

101792

150060
1891316
250364
305916
k13362

26
30
35
37
47
L9
52
53
61
61
bl
63
70

NUMBER OF SIGNATURES FOR SINGLE | VALUE IS 2277

LAST NEW SIGNATURE QCCURS AT | =

CPU time 6:06:56.65

25

. Etapsad time 11:56:54.81
22:36:05 MONTR Killed by SPERATOR, TTY 246

258

Killed Job 12,User EPSTEIN,Account CS=SRIDHARAN,TTY 254,

at 28-Dec~82 22:36:04,

Usad 6:07:09 im 11:57:39
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APPENDIX D.

INVESTIGATION OF THE LANGUAGE L, FOR UNDIRECTED

'GRAPHS

D.1. The Program L3

The following is a listing of the program L3

oo on

aoOOoaanIooOnnDOOon oo

aoOOonOon

PROGRAM NAME: ' L3

AUTHOR: - SUSAN EPSTEIN

THIS PROGRAM CALCULATES SIGNATURES FOR LANGUAGE L3 FOR
UNDIRECTED GRAPHS QF UP TO N = 25 VERTICES .

RAPHS ARE DESCRIBED AS CASES. THE CASE PARAMETERS ARE
THE NUMBER OF EDGES NOT IN THE GRAPH

THE NUMBER OF EDGES IN THE GRAPH

THE NUMBER OF LOOPS (N THE GRAPH

THE NUMBER OF LOOPS NOT IN THE GRAPH

THE NUMSBER OF VERTICES IN THE GRAPH

1

G
A
c
0
F
I

L 3 B B ]

THE SIGNATURE FOR EACH GRAPH IS CALCULATED AS THE VECTOR

5 AND THEN SORTED, TO SAVE SPACE, USING THE VECTOR 51 INTD
THE VECTOR S2. THE VECTOR Q BECOMES THE SIGNATURE,
REPRESENTING THE CARDINALITY OF THE REGIONS AND THEIR
ORDERING. THE SIGNATURE FOR EACH GRAPH 15 THEN PACKED, TO
SAVE SPACE, INTD THE VECTOR FAKE.

A LIST QF ALL PREVIOUSLY ENCOUNTERED SIGNATURES {5 STORED
N THE VECTOR G.

THE NUMBER OF SIGNATURES AT ANY TIME 1S CT.

MAT CONTAINS DATA ABOUT THE S1GNATURES.

THE MOST RECENT VALUE OF | AT WHICH A NEW SIGNATURE (S
FOUND {5 LAST.

THISC TALLIES WHICH CASES OCCUR FOR FIXED | GREATER THAN 0.
JSUM AND IMAX PRESERVE THE TOTAL NUMBER QOF CASES AND MOST
FREQUENTLY QCCURING CASE.

INTEGER N,A.C.D.F,I,LAST

INTEGER S (1h) ,51(1h) ,52(14),Q{(27) ,6(300) ,CT,MAT (300)
INTEGER THISC (300) ,FAKE, ISUM(25) , IMAX (25)

DUMMY VARIABLES

INTEGER T,K,F2,F3,HUND, |DUM, IDUM2,FF,ZERD, TEMP,Y,MI,Z, 1.1

DATA N.A.C,D.F.|.FAKE.CT.LAST/9*0/



c
1
2
3

c
L

c
5

c

c

C
10

¢

DATA HUND,ZERQ/100,0/

DATA (5{(J),J=1,14) /14x0/
DATA (51 (J),Jd=1,1L) /1L®0/
DATA (52 (J) ,Jmi, 14} /14%Q/
DATA (Q(J),J=mt,27)/27%0/
DATA (G (J),J=1,300) /300%0Q/
DATA (MAT (J) ,J=1,300) /300%0/
DATA (THISC (J) ,J=1,300) /300%0/
DATA (15UM(J) ,Jm1,25) /25%0/
DATA (1RAX(J),Jm=1,25) /26%0/
Nw25

INITIALIZE CASE FOR GRAPH ON NO VERTICES
CT = 4

Do 1 J-1r1‘+
Q)=

CONTINUE

Do 2 J=15,27

Q (J4) =1

CONT I NUE

DO 3 Jmi,27
FAKEwFAKE®2+Q (J)
CONTINUE

G (1) =FAKE

GENERATE MEADER AND FIRST DATA LINE

TYPE & '

FORMAT (' VERTICES CASES CLASSES  LARGEST
TYPE 450,ZERO,CT,CT,CT,HUND

MAJOR LOOP ON | = # VERTICES
DO 500 iwm1,N
DO 5 X = 1,300

THISC(K) = 0
CONTINUE
Tmi®(1~1) /2

LOOPS ON A AND D TD CREATE CASES

DD 40O A=0,T

Dd 300 O=Q,|

VALUES FOR C AND F CACULATED FROM A,D AND |
CaT=A
F=|=-0

ZERO OUT SIGNATURE

DO 10 K=1,27
Q(K) =0

CONT INUE

S VALUES ARE ASSEMBLEED
5(1)=A
S(2)=C
5(3)=0
S (b)=F
5 (5) mA+C

260

DENSITY')



20

25

30

Lo

bk

50

S VALUES MUST BE SORTED INTO S2 TO CREATE SIGNATURE

PACK | NG

S (&) ma+D

5 (7) mA+F

S (8) =C+D

5 (9) =C+F
5{10) =D-+f

S (11) mA+C+D
S (12) =A+C+F
S {(13) =A+D+F
S (14) =C+D+F

BO 20 Y=1,1k
S1 (Y) =5 (Y)

52 (Y) =y
CONTINUE

DO 30 Y=1,13
M=y

DO 25 Z=Y+1,1L
IF (51 (MI).LE.S1(2)) GO TO 25
MimZ

CONTINUE
TEMP=52 (Y)
52(Y)=S2 (M1}
52 (M1)=TEMP
TEMP=51 (Y)

ST (Y)=51 (M)
51 (M) =TEMP
CONT I NUE
QL) =52 {14)
DO kO Jwi,13

Q (J+14) =0
Q(J)=82 (J)

IF (5(52(J)) LEQ.5(S2(J+1))) Q(J+1L) =1
CONT I NUE

281

SIGNATURE Q INTO FAKE TO SAVE SPACE, 1 GRQUP QF 30

FAKE=O

DO Lk L1=1,27
FAKE=FAKE*2+Q (L1)
CONTINUE

TEST FOR SIGNATURE ALREADY QDCCURRING

DO 50 Fi=1,CT
IF (G(F2) .NE.FAKE) GO TO 50

MAT (FOO) STORES FIRST VALUE OF | FOR SIGNATURE FOO AS -1I.

ONCE 5)GNATURE RECURS, MAT(FOO) 15 NUMBER OF DIFFERENT |

VALUES FOR WHICH S1GNATURE OCCURS.

IF (MAT (F2)..GT.0) MAT(F2)=MAT (F2)+1
F3 = -

{F ((MAT(F2) .LT.0) .AND. (MAT (F2) .NE.F3)) MAT(F2) =2

THISC(F2) = THISC(F2)-+1
GO TO 300
CONT INUE

INSTALLATION OF NEW S1GNATURE
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CT=CT+1
G (CT) =FAKE
MAT (CT) ==|
TH1SG (CT) =1
LAST=|
300 CONT [ HUE
LoQ CONTINUE
6 CASE BY CASE QUTPUT ROUTINE.
c IMAX 1§ THE LARGEST CLASS SI1ZE FOR FIXED |I.
C {SUM |5 THE NUMBER OF CASES OCCURRING FOR FIXED 1.
o CALCULATING [MAX AND 15UM FROM THISC.
DO 445 FF=1,CT
'F (THISC(FF) .GT.0) 15UM{1)=1SUM(})+1
: IF (THISC{FF) .GT.tMAX(I)}) IMAX (1) =THISC (FF)
Laks = CONT I NUE
c COMPUTE AND PRINT QUTPUT LINE FOR |
10UMm (1+1) & (1+1% (1=1) /2)
| DUMZ=100,0%| MAX (1) /1 DUM+.5
TYPE LSO, |, |DUM, ISUM(1),IMAX (1}, 10UM2
450 FORMAT (5110)
500 CONTINUE
c - SUMMARY STATISTICS
TYPE 520,CT ‘ ~ ‘
520 FORMAT (' NUMBER QF SIGNATURES (5 ',15)
FlmQ ‘
c THE SIGNATURE FOR I=0 |5 UNIQUE TO THAT | VALUE.
" DD 525 K=2,{T
IF (MAT (K) .GT.0) F2wF2+1
525 GONT INUE
TYPE 530,F2
530  FORMAT (' NUMBER QOF 3IGNATURES FOR MULTIPLE | VALUES 15',I15)
F2=CT-F2
TYPE 54L0,F2

540  FORMAT (' NUMBER OF SIGNATURES FOR SINGLE | VALUE 1S ',15)
TYPE £50,LAST

550  FORMAT (' LAST NEW SIGNATURE OCCURS AT | = YL, 15)
END

0.2, L3 Output
The following is the output listing from program L3.
28-Dec-82 22:51:01
BATCON Version 10k (61313) GLXLIB Versian }(527)
Job FILE3 Req #41 for EPSTEIN in Stream 2

OUTPUT: Nolog TIME=LIMIT: 2:00:00
UNIQUE: Yas BATCH-L0OG: Append



RESTART:

Yes

ASSISTANCE: Yes
SEQUENCE: 2102

Input from == PS:<EPSTEIN>F|ILE3.CTL.1

DENSITY
100
50
17
6

03~ O F o a Bl
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Save your work aoften!

Output to => PS:<EPSTEIN>FILE3.LOG
22:51:01 USER Autgers/LCSR DEC-20 (Red), TOPS=20 Monitor 5.2(107200)
22:51:01 USER
22:51:01 USER The system is somewhat unstable.
22:51:02 USER Frequent test times 5:30-6:00 pm and after midnmight.
22:51:02 USER
22:51:02 MONTR TIME-LIMIT 7200
22:51:02 MONTR @®LOGIN EPSTEIN CS5-SRIDHARAN
22:51:06 MONTR  Job 12 on TTY254 28-Dec-82 22:51:06
22:51:07 MONTR  Last legin on 28-Dec-82 at 13:07:h1
22:E1:07 MONTR End of COMAND.CMD.2
22:51:07 MONTR 22:51:07 MONTR [PS Mounted]
22:51:07 MONTR
22:51:07 MONTR [CONNECTED TO PS:<EPSTEIN>]
22:51:07 MONTR £XE L3.FOR
22:51:;09 USER FORTRAN: L3
22:51:12 USER MALIN. :
22:51:13 USER . LINK: . Loading
22:581:15 USER  [LNKXCT L3 execution]
22:51:16 USER  VERTICES CASES © CLASSES LARGEST
22:51:16 USER 0 1 1 1
22:51:16 USER 1 2 2 1
22:51:16 USER 2 6 6 1
22:51:16 USER 3 16 16 1
22:51:16 USER b 15 35 1
22:51:16 USER 5 66 52 2
£2:51:16 USER ) 112 99 N
22:51:17 USER 7 176 96 &
22:51:17 USER ] 261 129 7
22:51:17 USER 9 370 112 16
22:51:18 USER 10 506 118 28
22:51:19 USER 11 a72 120 50
£2:51:20 USER 12 871 149 70
22:581:22 USER 13 1106 108 114
22:51:24 JSER th 1380 122 144
22:51:27 USER 15 1696 128 203
22:51:30 USER 16 2057 145 2h5
22:51:34 USER 17 2h66 108 336
22:51:39 USER 18 2926 126 392
22:51: 44 USER 19 3bho 120 S04
12:51:52 USER 20 Lot 145 576
22:52:01 USER 21 helh2 112 730
22:52:10 USER 22 5336 122 d2o0
22:52:20 USER 23 6096 120 1001
22:52:30 USER 24 6925 153 1111
22:82: k1 USER 25 7826 108 . 134k
22:52:41 USER NUMBER OF SIGMATURES 15 259



22:82:1
22:52: 41
22:52: 11
22:52: 41
22:52:k1
22:52:41
22:82:1 41

USER
USER
USER
USER
MONTR
MONTR
MONTR

NUMBER OF SIGNATURES FOR MULTIPLE | VALUES [5 157
NUMBER OF SIGNATURES FOR SINGLE 1 VALUE IS 102
LAST NEW SIGNATURE QCCURS AT | = 12

CPU time 1:03.09 Elapsed time 1:25.58

22:52:41 MONTR Killed by OPERATOR, TTY 2hé

Killed Job 12,User EPSTEIN,Account CS-SRIDHARAN,TTY 254,

at 28~Dac-82 22:52:41,

Usad 0:01:06 in 0:01:35

264
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. APPENDIX E

INVESTIGATION OF THE LANGUAGE L, FOR DIRECTED

GRAPHS

E.1. The Program L3DI

The following is a listing of the program L3Di

gz Ea N

oo OoOoOonOonon

aoOonDOnNOoOOoOaoaOOaODoann

PROGRAM NAME: L3DI
AUTHOR: "SUSAN EPSTEIN ‘
THIS PROGRAM CALCULATES SIGNATURES FOR LANGUAGE L3 FOR

DIRECTED GRAPHS DOF UP TO N = 25 VERTICES

GRAPHS ARE DESCRIBED AS CASES. THE CASE PARAMETERS ARE’
A = THE NUMBER OF EDGES NOT iN THE GRAPH
8 = THE NUMBER OF EDGES IN THE GRAPH WI!TH REVERSALS NOT IN

THE GRAPH

C = THE NUMBER QF EDGES IN THE GRAPH WITH REVERSALS IN THE
GRAPH

D = THE NUMBER OF LOOPS [N TME GRAPH

E = THE NUMBER OF EDGES NOT IN THE GRAPH WITH REVERSALS IN
THE GRAPH

F = THE NUMBER OF LOOPS NOT IN THE GRAPH

THE NUMBER QF VERTICES IN THE GRAPH

THE SIGNATURE FDOR EACH GRAPH |15 CALCULATED AS THE VECTOR

$ AND THEN S50RTED, TO SAVE SPACE, USING THE VECTOR 51 INTO
THE VECTOR 52. THE VECTOR Q BECOMES THE S1GNATURRE,
REPRESENTING THE CARDINALITY OF THE REGIONS AND THEIR
ORDERING. THE SIGNATURE FOR EACH GRAPH |5 THEN PACKED, TO
SAVE SPACE, INTQ THE VECTOR FAKE.

A LIST OF ALL PREVIOQUSLY ENCOUNTERED SIGNATURES 5 STORED
IN THE MATRIX G. )

THE NUMBER OF SIGNATURES AT ANY TIME (S CT.

MAT CONTAINS DATA ABOUT THE S1GNATURES.

THE MOST RECENT VALUE OF | AT WHICH A NEW SIGNATURE IS
FOUND 15 LAST.

THISC TALLIES WHICH CASES QOCCUR FOR FIXED 1 GREATER THAN 0.

ISUM AND IMAX PRESERVE THE TOTAL NUMBER OF CASES AND MOST
FREQUENTLY QCCURING CASE.
INTEGER N,A,C,D,F,I,LAST

INTEGER S (30),51 (30) §2(30),Q{60), FAKE(?) LG (20000, ,CT
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INTEGER MAT (20000) ,THISC {20000)
INTEGER 1SUM(25) , | MAX (25)
c DUMMY VARLABLES
INTEGER T.K,F2,F3,HUND, | DUM, | DUMZ,FF,ZERO, TEMP,Y, MAI,Z, L1

DATA N,A,C,D.F,I|,CT,LAST/B*0/

DATA HUND,ZIERQ/4100,0/

DATA (5 (J),J=1,30) /30%0/

DATA (51 {J),J=1,30) /30%0/

DATA (S2 (J) ,J=1,30) /30%0/

DATA (FAKE (J) ,J=1,7) /7%0/

"DATA ((G(J.K),J=1,20000) ,K=t,7}/140000%0/
DATA (MAT (J) ,J=1,20000) /20000%0/
DATA (THISC(J),J=1,20000) /20000%0/
DATA (1SUM(J),Jm1,25) /25%Q/

DATA (1MAX (J) ,J=1,25) /15%0/
N=25

INITIALIZE CASE FOR GRAPH ON NO VERTICES WHERE Q(K)=K FOR
K<31 AND Q({K)=4 FOR K>30
€T = 1
DO 2 J=1,6
FAKE (J) = (J=1) #5+1
D0 1 K= (J=1) 542, JA5
FAKE (J) =FAKE (J) %100+K
CONT I NUE :

oo

il

2  CONTINUE
FAKE2=Q
00 3 Jw3t,59
FAKE2mFAKE 2%2+1

3 GONTINUE
FAKE (7)) mFAKE2
no b Jwi,7
G(1,J)=FAKE (J)

L  CONTINUE

c GENERATE HEADER AND FIRST DATA LINE
TYPE & '
5 FORMAT(' VERTICES - CASES CLASSES LARGEST  DENSITY')
" TYPE 450,ZERO,CT,CT,CT,HUND

¢ MAJOR LOOP ON | = # VERTICES
DO 500 (=1,N
DO & K = 1,20000
THISC(K) = O
& CONTINUE
T #&{]-1)/2

c LOOPS ON A,B AND D TO CREATE CASES
DO 400 A=0Q,T
DO 300 D=0, !
D2« (T~A) /2
: DO 200 B=0,D2
c VALUES FOR C AND F CACULATED



10

20

25

CoT=A=2%8
Fwl=D

ZERQ QUT S1GNATURE
DO 10 K=1,60

CONT I NUE

Q (K) =0

SIGNATURE CALCULATION

SORT I NG

5 (1) =a

5(2)=C

$ (3) =0

S (b) =F

S (5) mA=+C

5 (6) mA+D

S (7) mA+F

5 (8) =C+D

S (9) =C+F

5 {10) =0+F
${11) mA+C+D

S (12) =A+CHF

S {13) wA+D+F

5 (14) =C+D+F
S(15) =8

S (16) =A+8
S(17) =8+C

S (18) wg+D
§(19) =B+F

5 (20) mA+B+C
5(21) =A+8+D

5 (22) wA+B+F
5(23) =B+C+D

S (2h) wB+C+F

5 (25) =B+D-+F

5 (26) mA+8+C+D
5(27) mA+B+CH+F
5 (28) wA+B+D+F
$ (29) mA+CH0+F
S (30) @B-+CH+D+F

§ VALUES TO CONSTRUCT SIGNATURE
0g 20 Y=1,30

S1(Y)=5(Y)

§2(Y) =y

CONTINUE |

DO 30 Y=1,29

M=y

DO 25 Z=Y+1,30

IF (51 (MI).LE.S1(2)) GO TO 25
Mi=Z '

CONT INUE

TEMP=52 (Y)

$2(Y)=52(m1)

S2(M1) =TEMP

TEMP=S1 (Y)
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30

Lo

b3
L

b5

Lé

0o

50

60

200
300
100

DoOn

51 (Y) =51 (M1)
S1(MI)mTEMP
CONT INUE
Q(30) =52 (30)
COMPARING Q VALUES BY BITS
DO LO J=1,29
Q (J+30) =0
Q{Jym=s2 (J)
IF (5(S2(J)).EQ.5(52(J+1))) Q{4+30)=1
CONTINUE
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PACKING SIGNATURE ¢ INTD FAKE TO SAVE SPACE, 6 GROUPS OF 5

AND 1 GROUP OF 29
00 L4k L1=1,6
FAKE (L1) =Q ((L1=1) #5+1)
DO L3 L2={Lt=1) #5+2,L1%5
FAKE (L1) =FAKE (L1) #100+0Q (L2)
CONT | NUE
CONTINUE
FAKE2=0Q
DO L5 L1=31,59
FAKE2mFAKE2#%2+Q (L1)
CONTINUE
FAKE {7) =FAKE2

TEST FOR SIGNATURE ALREADY OCCURRING
DO 50 F2=q,CT
DO Lé FF=1,7
IF (G(F2,FF) .NE.FAKE (FF)) GO TO 50
CONTINUE ‘

MAT (FOQ) STORES FIRST VALUE OF | FOR SIGNATURE FQO AS ~-I.

ONCE SIGNATURE RECURS, MAT (FOU) 15 NUMBER OF DIFFERENT |

VALUES FOR WHICH SIGNATURE OCCURS.
IF (MAT(F2) .GT.0) MAT (F2)=MAT (F2)+1
F3 m =

IF ((MAT(F2) .LT.0) .AND. (MAT {F2) .NE.F3)) MAT(F2)=2

THISC(F2) = THISC(F2)+1
GO TD 200
CONT I NUE
INSTALLATION OF NEW SI1GNATURE
CTwCT+1
DO 60 FF=1,7
G (CT.FF)=FAKE (FF)
CONT | NUE
MAT (CT) ==
THiSC (CT) =1
LASTwi
If (CT.EQ.20000) GO TO 519
CONT INUE
CONT I NUE
CONT | NUE

CASE BY CASE OUTPUT ROUTINE.
TMAX 15 THE LARGEST CLASS S51ZE FOR FIXED 1.
ISUM 1S THE NUMBER OF CASES OCCURRING FOR FIXED |.
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Lhg

Lso
500

519
520
521
832

525
530

5L0

550

CALCULATING IMAX AND ISUM FROM THISC.
DD bbby Fiwq,CT
I (THISC(FF) .GT.0) ISUM(1)=ISUM(1)+1
IF (THISC(FF) .GT.IMAX (1)) IMAX{I)=THISC(FF)
CONTINUE

COMPUTE AND PRINT QUTPUT LINE FOR |
FemT/2%2 N
IF (F2Z.EQ.T) |DUMm (T#%2/LeT+1) % (1+1)
[E (F2.NE.T) | DUMs ( (TH1) %2 /b4 (T+1)} /2) 2 {141)
1OUM2m100. 0% IMAX (1) /1 DUM+. 5
TYPE L50,1, IDUM, ISUM(1), IMAX (1), | DUM2
FORMAT (5110)
CONTINUE
GO TO 521

SUMMARY STATISTICS

TYPE 520

FORMAT (' 20000 SIGNATURES OISCOVERED, MATRIX FULL')
TYPE 522,CT

FORMAT (' NUMBER OF SIGNATURES 15 ' 18)

F2=0

THE SIGNATURE FDR f=0 |5 UNIQUE TO THAT ! VALUE.
DQ 525 K=2,0CT

tF (MAT (K) .GT.0) FZ-F2+1

CONT INUE

TYPE 530,F2
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FORMAT (* NUMBER OF SIGNATURES FOR HULTIPLE | VALUES 1§',15)

FamCT-F2
TYPE 540,F2

FORMAT (' NUMBER OF SIGNATURES FOR SINGLE | VALUE 15 ',I5}

TYPE 550,LAST
FORMAT (' LAST NEW SIGNATURE QCCURS AT | = ',15)
END

E.2. L3DI Output

Tha following is the output listing from program L3DI

1=Jan-83 9:06:45

BATCON Varsion 10h(6133) GLXL!B Varsion 1(527)

QUTPUT: Nolag TIME-LIMIT: 1:00:00

UNIQUE: Yeas BATCH=-LOG: Appand
RESTART: No ASS1STANCE: Yas

Job FILE3D Req #88 for EPSTEIN in Stream 2

SEQUENCE: 3037

Input from => PS:<EPSTEIN>FILE3D.CTL.1
Qutput to => PS:<EPSTEIN»FILE3D.LOG



9:06:46
9:06:L4é
Q:06: L6
9:06: 46
9:06:46
Q:06:47
9:06:47
§:06:50
9:06:50
9:06:50
9:06150
9:06:50
9:06:50
9:06:50
9:06:50
Q:06:52
9:07:54
9:07:55
9:08:20

9:08:26
9:08: 34
9:08:34
9:08: 34
9:08:135
9:08:135
9:08:35
9:08:36
9:08:39
9:08:50
9:09:27
9:11:15
9:16:06
9:26:43
9:46:33
10:07:45
10:07:45
10:07: 46
10:07: 46
10:07:46
10:07: 46
10:07:46

T 10:07: k6

10:07:46

270

USER Rutgers/LCSR DEC-20 (Red) , TOPS=20 Monitor 5.2(107200)
USER

USER The systam is somewhat unstable. Save your work oftem!
USER Fraguent test times 5:30-6:00 pm and after midnight.
USER

MONTR TIME-LIMIT 3600

MONTR- @LOGIN EPSTEIN CS-SRIDHARAN

MONTR [Job 10 also legged intos PS:<EPSTEIN>]

MONTR Job 24 on TTY254 1i~Jan=83 09:06:50

MONTR  Last lagin on 1-Jan-83 at 08:55: 45

MONTR End of COMAND.CMD.2

MONTR  9:06:50 MONTR [PS Mounted]

MONTR

MONTR  [CONNECTED TO PS:<EPSTEIN>]

MONTR EXE L3DI.FOR

USER FORTRAN: L3D|

USER  MAIN.

USER  LINK: Loading

USER [LNKPCX Program too cemplex to load and axecuta, will
run from file DSK:Q24LNK.EXE]

USER [LNKXCT L3001 axacution]

USER  VERTICES CASES CLASSES  LARGEST  DENSITY
USER ‘ 0 . 1 1 4 100
USER 1 2 2 1 50
USER 2 6 6 1 17
USER 3 24 24 1 I
USER 4 80 Bo | 1
USER [ 216 200 2 1
USER 6 504 L76 I 1
USER 7 1056 876 [3 1
USER 8 2025 1670 g 0
USER 9 3610 2734 16 0
USER 10 6072 Lo8o 28 0
USER 11 97Li 5848 50 1
USER 12 165028 7808 73 0

USER 20000 SIGNATURES DISCOVERED, MATRIX FULL

USER NUMBER OF SIGNATURES 1§ 20000

USER NUMBER OF SIGNATURES FOR MULTIPLE | VALUES IS 5191

USER NUMBER OF SIGNATURES FOR SINGLE | VALUE 1§ 15309

USER LAST NEW SIGNATURE OCCURS AT | = 13

USER CPU time 53:36.85 Elapsed tima 59:11.72

MONTR 10:07:L6 MONTR Kijllaed by OPERATOR, TTY 24é

MONTR Killed Job 24,Usar EPSTEIN,Account C5~SRIDHARAN,TTY 254,
MONTR at  1-Jan=83 10:07:46, Used 0:54:53 in 1:00:54
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