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Abstract: Constructing formal proofs remains a major hurdle for many prospective mathematics 
teachers, especially when their geometric thinking is confined to visualization and analysis levels. 
This study investigates how dynamic exploration with GeoGebra can support cognitive transitions 
across Van Hiele levels in structured reasoning and proof tasks on the parabola. Six pre-service 
teachers completed four GeoGebra-based tasks designed to link visual, symbolic, and deductive 
representations. Data from worksheets, think-aloud protocols, and interviews were analyzed 
thematically using the Van Hiele framework. Results show consistent development, with 
participants progressing from intuitive observations to formal deductive reasoning. GeoGebra 
features—such as sliders, measurement tools, and dynamic tracing-acted as epistemic scaffolds 
that enabled the formulation of conjectures and logically valid proofs. Based on these findings, a 
two-phase instructional model, Reasoning and Proof Learning (RPL), was developed, comprising 
Exploration and Representation, and Justification and Proof phases. This model was translated 
into a practical teaching plan for secondary classrooms, promoting geometric reasoning and proof 
habits. The study offers both theoretical and instructional contributions to mathematics teacher 
education and technology-enhanced geometry learning. 
 
Keywords: dynamic geometry software; geometric thinking; pre-service mathematics 
teachers; reasoning and proof; van Hiele model 
 
 
INTRODUCTION 

Geometry is a fundamental domain in mathematics that supports the development of spatial rea-
soning, logical structuring, and the ability to construct deductive arguments. Within this field, ge-
ometric thinking and mathematical reasoning particularly in the context of proof construction are 
widely recognized as core competencies for mathematics learners (G. Stylianides et al., 2017); The 
National Council of Teachers of Mathematics, 2000). These competencies are essential not only 
for mastering mathematics as a discipline but also for fostering the higher-order thinking skills 
required in 21st-century learning. Despite longstanding curricular emphasis on proof, achieving 
advanced levels of geometric thinking remains a persistent challenge for both students and teach-
ers. 
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Empirical evidence shows that prospective mathematics teachers often struggle to reach higher 
levels of geometric thinking as described by the Van Hiele model, especially in constructing formal 
deductive proofs. According to (Van Hiele, 1999), geometric thinking progresses hierarchically 
from visualization to analysis, informal deduction, formal deduction, and ultimately rigor. How-
ever, many pre-service teachers operate only at the lower levels of this hierarchy. Studies in Indo-
nesia by by Armah, (2024); Mawarsari et al., (2023); Naufal et al., (2021) revealed that most pre-
service teachers remained at the visualization or analysis levels and were unable to construct for-
mal geometric proofs. These findings are supported by Scristia et al., (2025), who reported that 
only a small number of students achieved the formal deduction level, indicating a significant gap 
in teacher education programs. 

These trends align with recent international studies. (Haj Yahya & Hershkowitz, 2024) found that 
many pre-service teachers struggled with constructing proofs due to reliance on prototypical rep-
resentations and weak logical structuring. González et al., (2024) showed that most mathematics 
education students operated at the informal deduction level. (Birgin & Özkan, 2024) highlighted 
limited abilities in hierarchical classification and deductive reasoning in plane geometry tasks. 
Haj-Yahya & Olsher, (2025) emphasized the need for explicit scaffolding, while Ødegaard et al., 
(2024) pointed to failures in transferring empirical reasoning into formal deductive arguments. 
Anwar et al., (2025) further emphasized these challenges, identifying three major obstacles faced 
by pre-service teachers when formulating conjectures in dynamic geometry environments: (1) lim-
ited proficiency with GeoGebra, (2) difficulties in identifying robust invariants, and (3) formulat-
ing conjectures without strong visual or empirical foundations. These findings suggest that while 
technology can open new opportunities for reasoning, its effectiveness depends heavily on how it 
is pedagogically integrated to support cognitive transitions toward proof construction.  

In response to these challenges, scholars have advocated for the explicit integration of reasoning 
and proof tasks into geometry instruction. Such tasks provide structured opportunities for learners 
to progress through the Van Hiele levels via conjecturing, justification, and argumentation (Buch-
binder & Mccrone, 2020; Hanna & de Villiers, 2021). In this context, proof is not merely a tool 
for verification but a dynamic process of constructing and communicating logical relationships 
(Ellis et al., 2012; A. J. Stylianides, 2007). Actively constructing arguments helps learners deepen 
their understanding of geometric structures and the principles underlying them. Aligned with this 
pedagogical shift is the growing adoption of Dynamic Geometry Software (DGS), such as Geo-
Gebra, in mathematics education. DGS enables learners to manipulate geometric objects in real 
time, explore invariants, and formulate conjectures through visual feedback (Laborde, 2002). Sev-
eral studies have shown that DGS enhances conceptual understanding and spatial reasoning (Mar-
tinovic & Manizade, 2020; Yohannes & Chen, 2021). However, most existing literature focuses 
on the visual and exploratory functions of DGS, with limited research exploring how such envi-
ronments can be strategically used to support transitions from informal reasoning to formal deduc-
tive proof, especially among pre-service teachers (Galili et al., 2023; Hartono et al., 2024; Komatsu 
& Jones, 2020). 

A notable study by Mariotti & Pedemonte, (2019) demonstrated that interaction with DGS allows 
learners to connect spatial intuition with formal logical structures through activities such as 
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conjecture formulation and formal proof validation. Their findings emphasize that a “need for 
proof” emerges as a key component in students’ mathematical reasoning processes. In other words, 
DGS not only helps learners see geometry but also fosters epistemological awareness and motiva-
tion to justify observations through deductive arguments (Thapa et al., 2022). 

Although the potential of Dynamic Geometry Software (DGS) for enhancing conceptual under-
standing and spatial reasoning is well established, few empirical studies have examined how such 
environments can be systematically designed to develop formal deductive reasoning, especially 
among pre-service mathematics teachers. Previous research often treated DGS mainly as a visual-
ization or exploration tool, without deeply analyzing learners’ progression through the Van Hiele 
levels or how DGS can serve as an epistemic bridge between intuition and formal proof. This study 
investigates how DGS-based tasks influence the reasoning pathways and engagement of prospec-
tive mathematics teachers as they construct geometric proofs, particularly during their transitions 
across Van Hiele levels. The research contributes to both the theoretical understanding of deduc-
tive reasoning in digital environments and the identification of pedagogical strategies that integrate 
visual, symbolic, and deductive representations in geometry learning. The empirical findings in-
form the development of an initial instructional framework grounded in GeoGebra-based activi-
ties, designed to strengthen pre-service teachers’ reasoning and proof competencies. By engaging 
pre-service teachers as active participants in dynamic exploration, this study provides an empirical 
foundation for effective teaching practices that can be applied by both mathematics educators and 
classroom teachers. Consequently, the results are expected to have direct implications for technol-
ogy-enhanced geometry instruction and to inform curriculum development in teacher education 
programs emphasizing reasoning and proof. 

 

Research Problem and Questions 

Although DGS is increasingly accessible in mathematics education, many pre-service mathematics 
teachers still struggle to construct formal geometric reasoning and proof, especially when working 
with abstract concepts such as conic sections. Among these, the parabola stands out as a founda-
tional topic that integrates visual, symbolic, and deductive reasoning. Effectively guiding learners 
through cognitive transitions among these representations requires well-designed instructional in-
terventions that not only support exploration but also foster conceptual understanding and formal 
justification. This study aims to examine how dynamic exploration using GeoGebra can support 
the development of geometric reasoning among pre-service mathematics teachers, particularly in 
reasoning and proof tasks involving the properties of the parabola. To address this overarching 
aim, the following research questions are posed: 

1. How does dynamic exploration within a GeoGebra-based environment support the develop-
ment of pre-service mathematics teachers’ geometric thinking, particularly in constructing rea-
soning and proof related to the properties of the parabola? 

2. What features of technology-integrated tasks facilitate cognitive transitions through the Van 
Hiele levels among pre-service teachers? 
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3. How do pre-service teachers utilize GeoGebra to move from visual exploration to formal jus-
tification in geometric proof construction? 

4. How can instructional designs that incorporate DGS be structured to bridge visual, symbolic, 
and deductive representations in teaching and learning the concept of the parabola? 

 

LITERATURE REVIEW 

Geometric Thinking and Van Hiele Model 

The Van Hiele model (Van Hiele, 1999) describes how learners’ geometric thinking progresses 
through hierarchical stages: visualization, analysis, informal deduction, and formal deduction. This 
framework remains a cornerstone in mathematics education research and curriculum design 
(Clements & Battista, 1992; Usiskin, 1982). However, studies show that many pre-service teachers 
still operate at lower levels and struggle to construct formal proofs (Birgin & Özkan, 2024; Gon-
zález et al., 2024b). Recent international research emphasizes the need for instructional scaffolding 
to help learners transition between these levels (Haj-Yahya & Olsher, 2025; Ødegaard et al., 2024). 
Importantly, Van Hiele levels are not determined by age or grade (Škrbec & Čadež, 2015; Van 
Hiele, 1999). In this study, four levels were considered: (1) Visualization; (2) Analysis; (3) Infor-
mal Deduction; and (4) Formal Deduction. These levels collectively represent the developmental 
pathway through which students advance from perceptual understanding to rigorous deductive 
reasoning in geometry. 

 

Reasoning and Proof in Mathematics Education 

Reasoning is fundamentally intertwined with proof at all levels of mathematics education, serving 
as the process through which learners explore patterns, form conjectures, and validate them 
through logical argumentation (Lesseig et al., 2019; Stylianides G, 2008). Proof provides the log-
ical structure needed to confirm or refute conjectures, ensuring the coherence and validity of math-
ematical reasoning (Stylianides G, 2008; Hanna & de Villiers, 2021). As emphasized by Buch-
binder & McCrone, (2022); Ellis et al., (2012); The National Council of Teachers of Mathematics, 
(2000), this continuum of exploration, conjecturing, and proving defines what is known as reason-
ing and proof. Stylianides G, (2008) identifies reasoning and proof as inquiry-based activities in-
volving (1) identifying patterns, (2) forming conjectures, (3) constructing logical arguments to test 
validity, and (4) developing formal proofs. Similarly, Thompson et al. (2012) highlight key indi-
cators such as generating conjectures, evaluating arguments, identifying counterexamples, and 
correcting flawed proofs. Ellis et al., (2012) and Jeannotte & Kieran, (2017) expand this to include 
exploration, generalization, justification, and critical evaluation. Synthesizing these perspectives, 
Utari & Hartono, (2019) propose six operational indicators: (1) generating patterns to form con-
jectures, (2) justifying conjectures, (3) constructing proofs, (4) evaluating argument correctness, 
(5) finding counterexamples, and (6) revising flawed proofs. More recently, Buchbinder & 
McCrone, (2022) and Alsina et al., (2024) reaffirm reasoning and proof as a cyclical process 
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encompassing exploration, pattern observation, conjecture formation, generalization, justification, 
and verification ultimately fostering the development of mathematical thinking. 

 

Dynamic Geometry Software (DGS) as Epistemic Mediator 

Dynamic Geometry Software (DGS), especially GeoGebra, allows learners to manipulate objects 
and visualize invariant relationships in real time. Laborde, (2002) conceptualized DGS as more 
than a visualization tool, it mediates mathematical reasoning by encouraging students to explore 
and refine their ideas. Mariotti & Pedemonte, (2019) found that interaction with DGS fosters a 
natural progression from empirical conjecture to formal proof, provided the tasks are epistemolog-
ically well-structured. Santos-Trigo et al., (2024) confirmed this potential by showing how DGS 
environments promote deeper reasoning by enabling learners to construct and test their own 
proofs, particularly when supported by timely teacher questioning. DGS can scaffold critical rea-
soning behaviors, such as conjecturing, validating, and generalizing that are foundational for proof. 
The integration of DGS into teacher education has been shown to not only improve conceptual 
understanding but also shift learners’ epistemological views about mathematics. (Komatsu & 
Jones, 2020) argue that DGS can bridge the gap between empirical observation and deductive rigor 
when paired with structured reflection. (Quaresma & Janičić, 2006) extend this argument by em-
phasizing that exploratory environments must prompt the “need for proof,” turning visual patterns 
into formal argumentation. Studies Gulkilik, (2023); Rizos & Gkrekas, (2023); Santos-Trigo et al., 
(2024) underscore that student-driven constructions using DGS lead to not only better geometric 
intuition, but more robust proof skills. 

 

METHOD 

All procedures and instruments in this study were strategically designed to address the four re-
search questions that had been formulated. The analysis of participants' geometric thinking devel-
opment through GeoGebra-based exploratory tasks was used to answer the first and second ques-
tions (RQ1 and RQ2), which focused on reasoning construction and cognitive transitions across 
Van Hiele levels. Meanwhile, verbal explorations captured through think-aloud protocols and writ-
ten proofs from tasks and interviews were employed to examine the transition from visual repre-
sentations to deductive justification (RQ3). The findings from this process served as the foundation 
for designing a two-phase GeoGebra-based instructional model that integrates visual, symbolic, 
and deductive representations of the parabola concept (RQ4). 

 

Research Design and Approach 

This study adopted a qualitative approach within the framework of design-based research to ex-
plore and construct a reasoning and proof-based instructional design (Reasoning and Proof Learn-
ing/RPL) using GeoGebra. This approach allowed for the iterative design, implementation, and 
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reflection of instructional activities in a real classroom context, providing both theoretical insights 
and practical contributions. 

 

Participants, Instruments and Indicators 

Six pre-service mathematics teachers from a mathematics education program at a public university 
in Indonesia were purposively selected. Selection criteria included comparable academic back-
grounds and prior experience with GeoGebra. All participants engaged in the full sequence of 
instructional tasks and provided written informed consent. The study received ethical approval 
from the university's ethics committee. Table 1 summarizes the instruments, indicators, and de-
scriptors used in the study, which were developed based on theoretical frameworks such as Van 
Hiele’s levels of geometric thinking, reasoning and proof, and dynamic geometry-based explora-
tion. 

Instruments Indicators 
Task-Based Worksheets 
(Van Hiele (1999);  
Stylianides (2007);  
Laborde (2002) 

Van Hiele Geometric Thinking Levels  

Reasoning Structure (Formulating conjectures and  
justifications through dynamic observation) 

Formal Deductive Argument (Constructing proofs using 
definitions and theorems) 

Think-Aloud  
Protocols (Ellis et al., 
2012; G. Stylianides et 
al., 2013) 

Real-Time Reasoning (Revealing logical thought  
processes during DGS-based exploration) 
Type of Reasoning (Transitioning from intuitive ideas to 
formal justifications)  

Interview Guidelines  
(Buchbinder & 
McCrone, 2022)) 

Reflective Reasoning (Connecting visual  
representations to formal geometric concepts) 
Argumentation Quality (Constructing and evaluating 
logical justifications) 

Observation Field Notes 
(Martinovic & Mani-
zade, 2020; Santos-
Trigo et al., 2024) 

Engagement in Dynamic Exploration (Actively  
manipulating DGS tools independently) 
Independent vs. Scaffolded Reasoning (Identifying  
moments requiring external prompts or scaffolding) 

Table 1: Indicators and Descriptors of Research Instruments Based on  
Theoretical Frameworks 

Instructional Tasks and Learning Intervention 

The intervention was conducted over three weeks and consisted of four instructional tasks, each 
designed to facilitate specific cognitive transitions in geometric thinking. Table 2 presents the 
topic, cognitive focus, and targeted Van Hiele level for each task. 
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Task/Topic Cognitive Focus Targeted Level 
Task 1: Definition of parabola (focus 
and directrix) 

Foundational 
properties 

Level 1 → Level 2  

Task 2: Dynamic construction of a 
parabola from its focus and directrix 

Invariance  
and symmetry 

Level 2 → Level 3  

Task 3: Exploring vertex form 
𝒚=𝒂(𝒙-𝒉)𝟐+𝒌  

Symbolic  
conjecturing 

Level 3 → Level 4  

Task 4: Formal proof construction Deductive justification Level4 
Table 2: Task Descriptions and Targeted Van Hiele Level 

Each of these tasks was purposefully designed not only to introduce geometric content, but to 
provoke cognitive movement through the Van Hiele levels, from initial visualization to formal 
deduction. In particular, tasks 1 and 2 aim to activate spatial recognition and analytical awareness, 
while tasks 3 and 4 challenge students to formulate and validate conjectures using definitions and 
theorems, ultimately constructing structured formal proofs. This progression aligns with the re-
search aim to trace how dynamic exploration mediates the shift from intuitive understanding to 
deductive argumentation. 

 
Figure 2: Task 1 and Task 2- Focus and Directrix 

 

 
 

Figure 3: Task 3- Exploring Vertex Form 
 

 
Figure 4: Task 4 - From visual exploration to formal justification  
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The instructional tasks in this study were deliberately structured to support a progressive develop-
ment of deductive reasoning, guiding pre-service teachers from initial visual recognition of geo-
metric properties to the formulation of conjectures and, ultimately, to the construction of formal 
deductive arguments. Each task was designed to build upon the reasoning outcomes of the previous 
one, thereby creating a scaffolded sequence of cognitive engagement.  

These tasks functioned as the primary mechanism for addressing the study’s central research ques-
tion: how do pre-service mathematics teachers transition from intuitive to formal reasoning in a 
dynamic geometry environment? The instructional design integrated real-time dynamic manipula-
tion via GeoGebra with structured opportunities for reflection and verbal articulation, enabling 
participants to externalize and evolve their reasoning processes.  

Over a three-week intervention period, participants completed four sequenced GeoGebra-based 
tasks that required them to manipulate geometric constructions, formulate and test conjectures, 
and construct formal justifications. Each task was followed by a semi-structured reflective inter-
view aimed at probing the nature and depth of participants’ evolving reasoning, allowing the re-
search team to trace their progression toward formal proof construction. 

 

Data Collection and Analytical Focus 

Data were gathered through task-based worksheets, think-aloud protocols, semi-structured inter-
views, classroom observations, and students’ written artifacts. Each instrument was purposefully 
chosen to capture complementary aspects of participants’ cognitive progression from intuitive rea-
soning to formal deductive argumentation. Think-aloud sessions allowed real-time tracing of rea-
soning as participants manipulated dynamic figures in DGS, revealing their transition from visual 
intuition to logical justification. Observation notes complemented this by recording behavioral 
indicators such as autonomy, engagement, and use of scaffolding. Following each task, stimulated-
recall interviews explored how participants interpreted visual experiences and connected them to 
geometric principles, assessing the coherence and metacognitive depth of their reasoning. Written 
artifacts including conjectures, constructions, and proofs, provided concrete evidence of concep-
tual and logical development while triangulating verbal and behavioral data for analytical rigor. 
Assessment was integrated throughout learning. Informal assessment occurred during exploration 
through observation and feedback, while formal assessment within tasks required students to for-
mulate conjectures, justify relationships, and construct deductive arguments. This structure ena-
bled systematic evaluation of reasoning and progression across Van Hiele levels. 

 

Data Analysis and Trustworthiness 

All data were transcribed verbatim and organized using a case-based structure, treating each par-
ticipant as a distinct unit of analysis. The main analytical focus was to trace individual shifts in 
representation, verbal justification, and deductive structure aligned with the Van Hiele levels of 
geometric thinking. The analysis followed Matthew Miles et al., (2014), consisting of three recur-
sive phases: (1) data condensation: selecting, coding, and categorizing meaningful episodes from 
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worksheets, interviews, and verbal protocols using deductive codes grounded in reasoning and 
proof theory; (2) data display: developing matrices and narrative timelines to visualize partici-
pants’ reasoning progression; and (3) conclusion drawing and verification: identifying cognitive 
shifts and how dynamic exploration mediated transitions from informal reasoning to formal proof. 
This multi-layered analysis revealed how pre-service teachers evolved from visual intuition to log-
ical deduction in geometry, directly addressing the research questions. To ensure rigor, methodo-
logical triangulation was applied across four instruments (worksheets, think-aloud protocols, in-
terviews, and observations) and three data types (verbal, written, behavioral), enhancing validity 
and providing rich, cross-validated insights into learners’ reasoning within the dynamic environ-
ment. 

To trace reasoning development, an analytic rubric based on the Van Hiele model was used, de-
lineating four hierarchical levels characterized by distinct cognitive behaviors and performance 
indicators. The rubric served as a deductive coding framework to map participants’ reasoning 
shifts particularly transitions from visual to formal deductive thinking throughout the intervention. 
It was adapted from established interpretations of the Van Hiele model (Clements & Battista, 1992; 
Fuys, 1988; Usiskin, 1982; Van Hiele, 1999) to align with the indicators of each GeoGebra-based 
task in this study. 

Level Description of Cognitive Behavior Task Performance Indicators  
Visualization 
(V) 

The student recognizes geometric 
shapes based on their global appear-
ance without considering formal 
properties or definitions 

Identifies a parabola solely by its 
shape (“Looks like an arch”), 
without mentioning properties or 
geometric relationships 

Analysis (A) The student mentions parts or prop-
erties of geometric figures (e.g., 
symmetry, vertex) but does not re-
late them logically 

Mentions focus, directrix, axis of 
symmetry without constructing 
arguments or deductive connec-
tions between elements 

Informal 
Deduction 
(ID) 

The student formulates conjectures 
based on visual observations, using 
geometric terms intuitively but with-
out formal proof 

States hypotheses like “The dis-
tance to the focus and the line 
seems equal,” but does not justify 
using definitions or theorems 

Formal  
Deduction 
(FD) 

The student proves conjectures using 
formal definitions, theorems, or de-
ductive logic in a valid and struc-
tured manner 

Constructs a proof that the dis-
tance from a point to the focus 
and to the line is equal based on 
the definition of a parabola 

Table 3: Analytical Rubric for Tracing Cognitive Shifts Across Van Hiele Levels  
in Dynamic Geometry Tasks 
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Expert Validation of Instruments and Task Design 

Expert validation was conducted prior to implementation to ensure theoretical alignment, clarity, 
and relevance of the instruments and tasks. Three experts, two mathematics education lecturers 
specializing in geometry and reasoning and proof, and one instructional technology expert re-
viewed the task-based worksheets, Van Hiele-based indicators, interview and think-aloud proto-
cols, and observation rubrics. 

The validation focused on alignment with learning objectives, conceptual accuracy, appropriate-
ness of difficulty and language, potential to elicit reasoning and deductive processes, and instruc-
tional relevance. All four structured parabola tasks met all criteria (Table 4).  

Task 
Learning  

Objectives 
Concept 

Alignment 
Difficulty &  

Precision 
Reasoning &  

Deduction Potential 
Instructional  

Relevance 
Task 1 √ √ √ √ √ 
Task 2 √ √ √ √ √ 
Task 3 √ √ √ √ √ 
Task 4 √ √ √ √ √ 

Table 4: Expert Validation Checklist of Geometry Tasks 

Quantitative validation using eight indicators on a 5-point Likert scale yielded an overall mean 
score of 4.02, classified as Very Valid (Qohar et al., 2021) (Table 5). Expert feedback confirmed 
that the tasks effectively promoted conjecturing, justification, and deductive reasoning, with Geo-
Gebra supporting exploratory reasoning prior to formal proof. Minor revisions were made to refine 
descriptors and improve instrument clarity, ensuring strong content and construct validity. 

N
o 

Indicator Average  Category 

1 Clarity of task instructions 4.00 Very Valid 
2 Alignment with learning objectives on reasoning and proof 4.22 Very Valid 
3 Relevance to geometric thinking levels  

(Van Hiele framework) 
4.17 Very Valid 

4 Integration with Dynamic Geometry Software (GeoGebra) 4.00 Very Valid 
5 Appropriateness of difficulty level for pre-service teachers 3.78 Valid 
6 Stimulation of conjecture formulation and justification 4.11 Very Valid 
7 Potential to elicit deductive reasoning processes 3.89 Valid 
8 Language accuracy and mathematical precision 3.94 Valid 
 Overall Average Score 4.02 Very Valid 

Table 5:  Validation of Task-Based Worksheets Instrument 

RESULT 

RQ1: Supporting Geometric Thinking through Dynamic Exploration 
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This study found that dynamic exploration using GeoGebra significantly supported the develop-
ment of geometric thinking among pre-service mathematics teachers, particularly in constructing 
reasoning and proof related to the properties of the parabola. As participants engaged in four struc-
tured tasks, they transitioned from intuitive and visual observations to more analytical and deduc-
tive reasoning. Their cognitive development was evaluated using the Van Hiele model, focusing 
on shifts in levels of reasoning. 

Figure 5 illustrates that most participants progressed from lower Van Hiele levels such as visuali-
zation and analysis toward informal or formal deduction. For instance, Participant P1 advanced 
from the analysis level to informal deduction after using GeoGebra’s measurement tool to verify 
the focus–directrix property by comparing distances and recognizing consistent patterns. He ex-
plained, “I knew the definition, but seeing the distances actually equal, then measuring and trying 
again helped me believe it. That’s when I realized I could explain it properly.” This reflects a shift 
from observation to structured justification—typical of movement from Van Hiele Level 2 to Level 
3. Participant P2 moved from visualization to analysis while exploring symmetry using the slider 
parameter h in the vertex form y = a(x − h)² + k. Initially focused on movement, he later general-
ized: “When I move h, the center line also moves. It’s always at x = h. That must be the axis.” In 
a later interview, he reflected, “At first, I just followed the movement, but then I realized I could 
generalize it and explain why it happens.” This shows growing analytical understanding.  

 

Figure 5: Van Hiele Progression of Participants 

Figure 5. Each line represents a participant’s progression from their initial to final Van Hiele 
level after the intervention. 

Participant P4 exhibited the most significant improvement, reaching formal deduction by Task 4 
through coordinate-based proof construction. He stated, “Now I understand why the parabola has 
that shape.” Using the Euclidean distance formula, he derived the general form of the parabola 
and verified it algebraically: “I set the point P(x, y), the focus F(m, n), and the directrix y = d... 
After simplifying, the equation matched what I had in GeoGebra.” This demonstrates full mastery 
at Van Hiele Level 4. Participant P6 showed meaningful growth from analysis to informal deduc-
tion. During the think-aloud protocol, he repeatedly measured distances, stating, “Every time the 
point moves, the two distances stay the same. That’s why it’s on the parabola it has to be.” This 
indicates reasoning supported by pattern-based justification. 
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Figure 6: Participant P4’s GeoGebra construction exploring the parabola’s equidistance property 

Finally, Participant P5, although remaining at the analysis level, showed conceptual improvement. 
Initially struggling with parameter interpretation, by Task 3 he explained, “When a gets bigger, 
the curve is tighter because the focus and directrix get closer.” This reflects increased symbolic 
awareness despite not reaching formal proof. 

 
Figure 7: P4 used GeoGebra measurements to demonstrate that 𝐹𝑃=𝑃𝐷 

 

Overall, five of six participants advanced in their Van Hiele levels, from visualization or analysis 
to informal deduction, and one (P4) reaching formal deduction showing that GeoGebra-based dy-
namic exploration effectively supported their cognitive progression in geometric reasoning and 
proof. 

 

RQ2: Technology-Based Task Features that Facilitate Van Hiele Transitions 

The analysis revealed that certain GeoGebra features interactive visual manipulation, measurement 
tools, sliders, and dual algebraic graphical displays were instrumental in supporting participants’ 
transitions across Van Hiele levels. These tools helped learners connect geometric objects, dy-
namic patterns, and symbolic representations, fostering movement from intuition to structured rea-
soning. 

Task 1 introduced the parabola’s geometric form through point plotting and tracing, which pro-
moted initial visual awareness. Participant P5 reflected, “At first, I just followed the curve without 
thinking, but when the path started showing a pattern, I wondered why it behaved that way.” 

Task 2 emphasized symmetry exploration through the vertex form y = a(x – h)² + k. Using sliders, 
Participant P2 observed, “When I move the slider, the center line also moves. It’s always at x = h. 
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That must be the axis.” Later he added, “At first, I was just watching the movement, but then I 
realized I could explain it with the equation.” This progression indicates a shift from visualization 
to analysis. 

 
 

Figure 8: Dynamic Exploration of Symmetry in Vertex Form of a Parabola 

Figure 8 showcases the dynamic manipulation of the vertex form of a parabola using sliders in 
GeoGebra. As seen, participants adjusted the value of h and observed consistent alignment of the 
axis of symmetry at 𝑥 = ℎ, fostering a connection between symbolic representation and geometric 
structure. Such features particularly real-time algebraic-visual interaction supported participants 
like P2 and P5 in recognizing mathematical invariants, even before full deductive proof was con-
structed. 

Tasks 3 and 4 focused on the parabola’s equidistance property using measurement and trace tools. 
Participant P1 stated, “After measuring again and again, the distances are always equal. That’s 
when I believed it wasn’t just coincidence,” showing the development of informal deduction. Sim-
ilarly, Participant P6 shared, “When the trace appeared, I knew that every point followed the same 
rule,” reflecting a transition from intuition to rule-based reasoning. Participants responded differ-
ently to features. Trace and measurement tools encouraged pattern generalization, while sliders 
required reflection to deepen understanding. Participant P3, for example, initially changed param-
eters without clear meaning but later realized, “Now I see that a doesn’t just stretch the curve-it 
changes the focus and the curve at once.” 

Table 7 summarizes how different GeoGebra features, linked to specific tasks, supported reasoning 
development across participants. Five out of six participants progressed through at least one Van 
Hiele level, with varied pathways depending on their interaction with technological features and 
reflective opportunities. 

Parti-
cipant 

Ini-
tialLe

vel 

Final 
Level 

Related 
Task 

Observed Reasoning Development 

P1 A ID Task 3 Moved from observation to structured justification 
P2 V A Task 2 Began linking visual changes to symbolic structure 
P3 A ID Task 2–3 Developed language of informal justification 
P4 A FD Task 4 Produced formal argument using definition/theorem 

P5 V A Task 3 Improved understanding of function-graph relation-
ships 

P6 A ID Task 3 Transitioned from intuitive to rule-based explanation 
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Table 7: Van Hiele Progressions, GeoGebra Features, and Reasoning Outcomes 

These findings highlight that effective technology-based tasks must align with learners’ cognitive 
stages. Dynamic features should be sequenced intentionally to scaffold reasoning transitions—
from visualization, to identifying relationships, to constructing logical arguments. Furthermore, 
guided reflection and teacher scaffolding are essential for helping learners transform empirical 
observations into formal mathematical justifications. 

 

RQ3: Transitioning from Visual Exploration to Formal Justification through DGS 

The analysis showed a clear shift from intuitive visual exploration to structured deductive reason-
ing facilitated by Dynamic Geometry Software (DGS). GeoGebra enabled participants to dynam-
ically interact with geometric objects, bridging empirical observation and formal proof. 

Initially, participants relied on visual cues such as symmetry and trace patterns. Participant P1 
moved from observation to informal deduction, explaining: “At first, I just knew the definition, but 
after I saw the distances were always the same, then I measured and tried again, I started to believe 
it. That’s when I felt I could explain why it works.” Participant P4 showed the most significant 
progress, achieving formal deduction in Task 4. He algebraically proved the equidistance property 
of the parabola using coordinate-based reasoning: “Now I understand why the parabola has that 
shape.” He derived the vertex form from the distance formula, connecting visual intuition to sym-
bolic proof. 

 
 

Figure 9: Transition from Dynamic Visualization to Formal Deductive Proof (P4 and a peer 
moving from computer-based exploration to collaborative proof construction) 
 

A follow-up interview with P4 further demonstrated his conceptual integration of visual and alge-
braic understanding: 

“After trying several times in GeoGebra, I saw that when ‘a’ increases, the parabola becomes 
narrower. Measuring the vertex-to-focus and vertex-to-directrix distances showed they get shorter 
because a = 1/4p”. “Using the distance formula, I matched the vertex form to the geometric defi-
nition. It made the proof feel logical, not just memorized.” 
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Participant P6 also transitioned from intuition to generalization: “Every time the point moves, the 
two distances stay the same. That’s why it’s on the parabola.” Participant P3 stated, “I didn’t just 
try; I wanted to prove it works.” 

Participant P2 reflected, “The diagrams helped me connect the movement to the formula”. Mean-
while, Participant P5, though remaining at the analysis level, reported deeper symbolic understand-
ing: “The real-time changes helped me think deeper.” 

Collectively, these findings confirm that DGS not only promotes pattern recognition but also trans-
forms empirical exploration into formal justification. Participants evolved from passive observers 
to active justifiers of geometric truths, demonstrating how dynamic visual interaction can foster 
symbolic and logical reasoning. 

 

RQ4: Designing an Instructional Framework to Bridge Visual, Symbolic, and Deductive 
Representations in the Concept of Parabola 

Building on the findings from RQ1–RQ3, an instructional framework was designed to integrate 
dynamic GeoGebra tasks with reasoning and proof activities. The framework aimed to help pre-
service mathematics teachers transition smoothly between visual, symbolic, and deductive repre-
sentations of the parabola while addressing common learning challenges such as limited GeoGebra 
proficiency, difficulty distinguishing invariants, and reliance on memorized theory (Anwar et al., 
2025). 

 

Phase 1: Dynamic Exploration and Symbolic Representation 

This phase focused on developing geometric understanding by dynamically manipulating the fo-
cus, directrix, and vertex using GeoGebra. The activities aimed to (1) build a visual understanding 
of the parabola as a locus of points equidistant from the focus and directrix, and (2) connect this 
concept to its symbolic representation, particularly the vertex form. Participants used sliders to 
adjust parameters and observed how graph changes reflected algebraic relationships. Participant 
P3 noted, “When I moved the focus closer to the vertex, the graph became steeper, and the a value 
increased. That’s when I realized that the distance actually affects the equation.” This phase 
strengthened the coordination between visual and symbolic reasoning. 

 

Phase 2: From Symbolic Patterns to Deductive Reasoning 

In the second phase, participants engaged in structured proof tasks-deriving the parabola’s general 
equation from its geometric definition using the distance formula and constructing algebraic justi-
fications. Participant P4 shared, “I compared the lengths FP and PD, then simplified it to get the 
vertex form. That’s when I really understood-it wasn’t just told to me, I discovered it myself.” 

As shown in Figure 9, learners transitioned from digital exploration to collaborative proof con-
struction, linking symbolic reasoning with formal deduction. 
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Transition 
Learning Activ-

ity 

Van Hiele 
Level 

Transition 

Instructional 
Support 

Evidence of Transition 

Visual → 
Symbolic 

Manipulating fo-
cus, directrix, 
and vertex using 
GeoGebra sliders 

Level 1  
→ Level 2 

Real-time al-
gebraic feed-
back, guided 
questions 

Students linked visual changes 
to the vertex form y = a(x–h)² 
+ k, e.g., “As I moved the fo-
cus closer to the vertex, the 
curve became sharper.” 

Symbolic 
→ Deduc-
tive 

Constructing 
general parabola 
equation using 
distance formula 

Level 3  
→ Level 4 

Structured 
proof task, 
visual-sym-
bolic scaffold-
ing 

Students justified the vertex 
form algebraically: “I proved 
it myself, step by step using 
the distance formula.” 

Full Inte-
gration 

Project-based 
modeling (e.g., 
water fountain, 
projectile mo-
tion) 

Across 
Levels 2-4 

Open-ended 
tasks, collabo-
rative discus-
sion 

Students integrated visual 
models, symbolic equations, 
and logical arguments coher-
ently to explain real phenom-
ena. 

Table 8: Representational Transitions Supported by the Instructional Design in Parabola 

Collectively, the instructional design promoted representational flexibility and addressed key chal-
lenges in learning reasoning and proof. The integration of GeoGebra, structured guidance, and 
open-ended projects empowered pre-service teachers to construct and validate their understanding 
of parabolic concepts through connected visual, symbolic, and deductive reasoning. 

 

Instructional Design Model for Reasoning and Proof Learning  

Findings from classroom observations, task analyses, and student interviews revealed a consistent 
pattern of cognitive growth supported by a systematically structured instructional approach. As 
pre-service mathematics teachers engaged with GeoGebra-based tasks, their reasoning evolved 
progressively across visual, symbolic, and deductive representations in a clear and traceable se-
quence. 

From this evidence, a two-phase data-driven model Reasoning and Proof Learning (RPL) model 
was developed to represent how participants navigated the reasoning cycle during instruction. 
Phase 1: Exploration and Representation, this phase involved dynamic interaction with visual 
aspects of the parabola using GeoGebra and the gradual articulation of symbolic relationships. 
Manipulation of parameters, algebraic interpretation, and reflective dialogue were key indicators 
of reasoning growth. Phase 2: Justification and Proof, in this phase, participants constructed al-
gebraic arguments to validate independently formed conjectures. Data from worksheets, 
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whiteboard collaborations, and group discussions showed clear transitions from symbolic reason-
ing to formal deduction, grounded in definitions and structured proof strategies. 

These two phases were identified inductively from empirical classroom data rather than imposed 
by prior theory. Hence, the RPL model is not a theoretical abstraction but a grounded, evidence-
based framework reflecting how learners authentically experienced reasoning and proof within a 
technology-enhanced environment. 

 

Figure 10: Conceptual Framework of the Reasoning and Proof Process 

This visualization highlights how the instructional design effectively supported both the formula-
tion of conjectures and the validation of mathematical arguments, capturing authentic learning 
trajectories observed throughout the study. 

 

Implementation of the Instructional Design: A Lesson Plan for Secondary School Teachers 

Drawing from the instructional design research, a practical lesson plan was developed based on 
the Reasoning and Proof Learning (RPL) model to help secondary school mathematics teachers 
bridge visual, symbolic, and deductive representations in teaching the parabola. The plan maintains 
the pedagogical integrity of the RPL model while ensuring classroom applicability. 

The lesson plan was structured across two 120-minute sessions, each corresponding to one of the 
two main phases of the model: (1) Exploration and Representation, and (2) Justification and Proof. 
The first phase focused on dynamic visual exploration using GeoGebra, where students manipu-
lated the focus, directrix, and vertex of a parabola to construct its shape and observe real-time 
algebraic feedback. The second phase emphasized the construction of formal justifications and 
proofs derived from the geometric definition of a parabola, using the distance formula as the basis 
for algebraic reasoning. Collaborative group work, discussion, and whiteboard presentations were 
incorporated to support deductive thinking. 
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Developed through synthesis of classroom observations, task analyses, and student interviews, this 
plan is both flexible for teaching and grounded in cognitive transitions identified during the study. 

Phase Learning Objectives Core Activities 
Tools and 

Media 

Expected Repre-
sentational Tran-

sition 
1 Construct a parabola as 

a locus of points- Con-
nect visual and symbolic 
forms (vertex form) 

GeoGebra exploration 
with parameter sliders- 
Guided questions and 
group discussion- Indi-
vidual reflection 

GeoGebra, 
worksheets, 
projector 

Visual to Sym-
bolic 

2 Derive the vertex form 
from the geometric defi-
nition- Construct a for-
mal proof using alge-
braic reasoning 

Derivation using the dis-
tance formula- Collabo-
rative proof construc-
tion- Whole-class dis-
cussion 

Proof 
worksheets, 
whiteboard 

Symbolic to De-
ductive 

Table 9: Lesson Plan Based on the Two-Phase RPL Model 

This lesson plan serves as a practical application of the RPL model and forms a foundation for the 
ongoing dissertation on implementing reasoning and proof-oriented instruction in dynamic, tech-
nology-enhanced learning environments. By aligning visual exploration, symbolic manipulation, 
and deductive reasoning, it offers a structured, research-based pathway for improving geometry 
teaching and fostering deeper mathematical understanding. 

 

DISCUSSION 

This study set out to examine how dynamic exploration through GeoGebra could support pre-
service mathematics teachers in developing geometric reasoning, particularly concerning the prop-
erties and proofs of the parabola. The findings provide compelling evidence that a well-designed 
instructional sequence can facilitate meaningful cognitive transitions across visual, symbolic, and 
deductive representations. These outcomes confirm the relevance of Van Hiele’s geometric think-
ing model Van Hiele, (1999) and align with prior studies on technology-supported reasoning and 
proof development (Stylianides & Stylianides, 2008; Baccaglini-Frank & Mariotti, 2010). 

 

From Dynamic Exploration to Proof Construction: A Teaching Pathway 

This study demonstrates that dynamic environments, when supported by structured tasks, can 
move learners from visual exploration toward mathematical justification. Through parabola-based 
explorations, participants formed conjectures grounded in measurement and progressively articu-
lated justifications using distance formulas and symbolic reasoning. Participant P4 exhibited Van 
Hiele Level 4 reasoning through an algebraic derivation of the parabola’s definition, while others 
(e.g., P1, P2, P6) produced informal or semi-formal justifications during the transition from 
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empirical observation. 

These findings support prior research showing that reasoning embedded in dynamic environments 
promotes both conceptual understanding and logical structure (Hanna & de Villiers, 2012; Ellis et 
al., 2012) and highlight the epistemological role of proof in developing logical reasoning (Hanna 
& de Villiers, 2012; Buchbinder et al., 2020; Kokeb et al., 2025). However, consistent with Anwar 
et al. (2025), dynamic tools alone were insufficient; without structured reflection and teacher 
prompts, students tended to rely on visual intuition, faced difficulties identifying invariants, and 
drew on memorized theory. Participants with stronger manipulation and observation skills (e.g., 
P4) engaged more deeply with invariants and were more likely to construct deductive arguments. 

Overall, the results provide empirical support for positioning Dynamic Geometry Software as an 
epistemic mediator rather than a visualization tool (Laborde, 2002; Sinclair, 2003). The observed 
shift from memorization and passive observation to experimentation, justification, and proof aligns 
with prior studies emphasizing DGS in supporting the transition from intuitive reasoning to formal 
thinking (Gulkilik, 2023; Komatsu & Jones, 2020). The use of traces, sliders, and interactive con-
structions further enabled immediate feedback in exploring symmetry and equidistance properties 
of the parabola, strengthening both conceptual understanding and learner confidence. 

 

Strengthening Learning Through Representational Transition 

The structured sequence of tasks in this study proved effective in guiding participants through Van 
Hiele levels, from visualization, to analysis, to informal and formal deduction. This aligns with 
(Gravemeijer, 1999) guided reinvention model and confirms the role of task design in reasoning 
development. GeoGebra, when used purposefully, enabled participants to detect invariants such as 
symmetry and equidistance, supporting the transition from perceptual reasoning to symbolic gen-
eralization. Nonetheless, as Anwar et al., (2025) noted, the inability to differentiate between con-
struction-based premises and emergent conclusions (e.g., confusing given constraints with discov-
ered properties) poses a cognitive risk in DGS environments. Teachers must therefore emphasize 
the logical structure of geometric reasoning, including how dynamic constructions provide prem-
ises from which conclusions must be derived, not assumed. This insight has powerful pedagogical 
implications. Secondary teachers can adopt the Reasoning and Proof Learning (RPL) model to 
structure their lessons into two phases: (1) Exploration and Representation, where students interact 
with parameters and detect patterns visually and symbolically, and (2) Justification and Proof, 
where they transition toward deductive argumentation. Without this progression, the learning risks 
becoming observationally rich but logically shallow. 
 

Teaching Implications: Managing Technology-Related Challenges 

The findings of Anwar et al., (2025) further caution that students’ lack of familiarity with GeoGe-
bra tools can lead to construction errors that undermine conceptual understanding. As seen in both 
studies, poor tool usage results in inaccurate figures, misinterpretation of measurements, and 
flawed reasoning. This highlights the importance of deliberate training in DGS before embedding 
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it within reasoning and proof tasks. Strategies such as collaborative task design, tutorial 
walkthroughs, and feedback loops are essential for optimizing learning. Moreover, Anwar et al., 
(2025) emphasized that conjectures formed without observation often reflect passive, recall-based 
learning an issue also noted in our study when participants initially hesitated to test and generalize 
visual phenomena. As Borba et al., (2016); Mariotti, (2014) suggest, mathematics teachers must 
explicitly cultivate habits of active observation, pattern recognition, and generalization, especially 
when using dynamic technology. 

 

Bridging Intuition and Formalism Through the RPL Model 

Our proposed RPL model emerging inductively from student learning trajectories offers a practical 
framework for teachers to bridge empirical observation and formal reasoning. By integrating Ge-
oGebra into classroom instruction, educators can create learning experiences where students con-
struct understanding through dynamic manipulation and consolidate it through proof. However, 
consistent with Anwar’s findings, our data show that students still struggle with formalizing their 
ideas into structured proofs. Many arguments remained intuitive or lacked logical rigor. This un-
derscores the need to incorporate proof scaffolds such as two-column formats or Toulmin diagrams 
in classroom use of DGS, to support the full transition to deductive reasoning (Stylianides, 2007; 
Weber, 2001). 

 

Implications for Teaching Practice 

The findings of this study provide several key implications for integrating reasoning and proof into 
geometry instruction. 

First, the results highlight the importance of a sequenced instructional design that begins with 
dynamic exploration and gradually guides students toward formal justification. Teachers are en-
couraged to adopt the two-phase Reasoning and Proof Learning (RPL) model-Exploration and 
Representation followed by Justification and Proof-which helps students move from intuitive vis-
ualization to deductive reasoning by experimenting, observing invariants, verbalizing patterns, and 
justifying their claims logically or algebraically. Second, while tools like GeoGebra and other Dy-
namic Geometry Software (DGS) can powerfully support cognition, their effectiveness depends 
on structured scaffolding. Teachers should design investigative and reflective tasks, not just 
demonstrations, to promote active exploration, generalization, and justification rather than passive 
observation. Third, students often face challenges such as limited DGS skills, difficulty identifying 
invariants, and overreliance on memorized theorems. Teachers should provide progressive DGS 
training, guided modeling, and collaborative opportunities, emphasizing the difference between 
premises (conditions) and conclusions (results) in constructing valid conjectures and proofs. 
Fourth, many students can make insightful observations but struggle to formalize them. Teachers 
can address this by incorporating explicit proof structures such as two-column proofs, guided 
worksheets, and flow diagrams to help students organize logical reasoning. Finally, the RPL model 
offers a practical, classroom-ready approach for teaching geometric topics such as parabolas, loci, 
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or triangle centers-through dynamic, reasoning-oriented instruction. By embedding reasoning 
within everyday classroom practice and leveraging technology, teachers can foster deeper engage-
ment and help students view proof not merely as an endpoint but as an integral process of mathe-
matical thinking. 

 

Limitations and Future Research 

Although promising, this study was conducted with a small sample and focused on a single geo-
metric topic. Moreover, the proof strategies used were emergent rather than pre-taught. Future 
research should explore how combining RPL with explicit proof instruction enhances student out-
comes. Longitudinal studies could examine the lasting effects of such instructional models across 
different topics, such as triangle centers, loci, or transformations. Additionally, the complexity of 
navigating DGS especially for those with limited prior experience should inform professional de-
velopment for both pre-service and in-service teachers. Future studies may consider how RPL can 
be scaled for classroom use while addressing barriers in GeoGebra fluency and proof literacy. 

 

CONCLUSION 

This study underscores the importance of targeted instructional design to help pre-service mathe-
matics teachers develop reasoning and proof skills, particularly in geometric topics like the parab-
ola, which are central to secondary education. Achieving Van Hiele’s formal deduction level is 
vital not only for deepening teachers’ own understanding but also for nurturing structured mathe-
matical thinking in their future students. 

The findings confirm that Dynamic Geometry Software (DGS) can effectively support the transi-
tion from intuitive visualization to formal proof when embedded within a well-sequenced instruc-
tional framework. Through dynamic exploration, participants identified patterns, formulated con-
jectures, and validated them using algebraic and logical reasoning. In this context, DGS served as 
more than a visualization tool it acted as a conceptual bridge that promoted deductive reasoning 
through interactive feedback and representational fluency. 

The resulting instructional design provides teachers with practical, classroom-ready activities that 
guide learners through representational transitions from visual to symbolic to deductive reasoning 
enhancing students’ geometric understanding of familiar concepts such as the parabola. The ped-
agogical implications are clear: by adopting the Reasoning and Proof Learning (RPL) model, 
teachers can foster meaningful cognitive transitions and cultivate students’ engagement with proof 
as a central element of mathematical learning, rather than mere observation. 
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Dynamic Tasks on the Parabola 
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