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Abstract: This study investigates the necessity of teaching the division of natural numbers to pri-
mary school students independently of multiplication, addressing the challenges learners face. A
framework grounded in Realistic Mathematics Education (RME) guided the development of a Hy-
pothetical Learning Trajectory (HLT) that included specific learning activities, objectives, and
teachers' expectations. In alignment with the designed HLT, an instructional intervention consist-
ing of four lessons was conducted with 11 first-grade students who had completed their curriculum
but had not yet learned the division and multiplication of two natural numbers. The results of this
descriptive study indicate that the HLT effectively created an environment in which students could
experience mathematization to grasp the concept. It enabled students to distinguish between the
two types of division, write the correct division equation, and verbally describe appropriate real-
world situations corresponding to division, thereby enhancing their overall comprehension.

Keywords: Realistic Mathematics Education, mathematization, division of two natural numbers,
primary school mathematics.

INTRODUCTION

The division of natural numbers is a fundamental concept in primary school mathematics educa-
tion, often taught in conjunction with multiplication due to their close relationship. Multiplication
and division are inverse operations, and this connection is commonly leveraged in traditional
teaching methods. To deepen students' understanding of division, it is widely agreed that a more
robust integration of multiplication and division is necessary. Strengthening the conceptual con-
nection between these two operations will enhance students' ability to grasp and apply division
more effectively (Downton, 2008; Robinson & LeFevre, 2012).

Although the conceptual link between multiplication and division is commonly emphasized in
teaching, students frequently encounter significant challenges when learning division. These dif-
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ficulties have been well-documented in studies such as that of Alghamdi et al. (2020), who high-
lighted several specific difficulties in students’ understanding of division. For instance, students
often struggle to distinguish between partitive division (dividing into equal parts) and quotitive
division (determining how many times a divisor fits into a dividend), with the latter being more
abstract and challenging. Additionally, they face difficulties in understanding the inverse relation-
ship between divisor and quotient when the dividend remains constant. Lastly, interpreting remain-
ders in real-life contexts presents another challenge, where students may apply division correctly
but fail to interpret remainders correctly or to appropriate problem-solving strategies (Pacheco-
Munoz et al., 2023).

In addition, the research team conducted a survey (see Figure 1 below) to assess the ability of 273
third-grade students from three public schools in Vietnam to understand and apply division of two
natural numbers. The survey, conducted in November 2022, found that despite having studied both
multiplication and division, a significant number of students struggled. Specifically, 39.19% of
students answered question 1 incorrectly, 65.57% struggled with question 2, and 63% answered
question 3 incorrectly, indicating ongoing confusion in understanding and applying the concept of
division. This result underscores the difficulties that third-grade students face in grasping the con-
cept of division, despite prior exposure to both division and multiplication.

1. C6 12 ngudi khach can sang song, mdi thuyén déu chd 4 ngudi khach (khong ké nguoi 1ai thuyén). Hoi
can may thuyén dé cho hét s6 khach do? (khoanh tron dap an duing) [The translation of Question 1: There
are 12 passengers who need to cross the river, each boat carries 4 passengers (not including the boat
driver). How many boats are needed to carry all those passengers? (circle the correct answer)]

A3 B. 4 C.8 D. 48

2. Cac ghé dai dugc danh cho tré em ngdi xem phim. M&i ghé dai ngdi dwoc 3 em. Hoi can it nhat bao nhiéu
ghé dai nhu vay dé du chd ngdi cho 25 em? (khoanh tron dép 4n dung) [The translation of Question 2:
Benches are reserved for children to sit and watch movies. Each bench can seat 3 children. How many
benches are needed to accommodate 25 children? (circle the correct answer)

Al B.8 C.9 D. 10
3.  Dién s thich hop vao chd tréng.

Co ........ qua can trén dia can bén trai.
Céc qua can (trén dia can bén trai) ning bang nhau va ning ....... kg.
[The translation of Question 3: Fill in the appropriate number in the blank. (Image). There are ........ weights on
the scale on the left. The weights (on the scale on the left) weigh the same and weigh ....... kg.]

Figure 1. Questions in the survey
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Additionally, according to a recent study conducted in Germany, about 20% of 15-year-old stu-
dents failed to develop an understanding of the four basic arithmetic operations during their school-
ing, with division being the most challenging operation for them. The study also revealed that the
development of conceptual understanding of division heavily relies on language structures that
express the relationship between division and multiplication, as well as on the students' ability to
verbalize the concepts of division (Gotze, 2018). This suggests that foundational gaps in learning
division at an early age may continue into later years, further emphasizing the importance of ef-
fective instruction in primary school.

To address these challenges, one of the most promising alternative instructional methods is Real-
istic Mathematics Education (RME). Developed by Dutch mathematician Hans Freudenthal, RME
encourages students to engage with mathematics through situations that are meaningful and rele-
vant to them, allowing them to construct a deeper conceptual understanding. In fact, RME posi-
tively impacts mathematics reading comprehension, helping students flexibly apply knowledge to
real-life situations (Ariati et al., 2022). Moreover, RME also creates a positive learning environ-
ment, encourages the students’ active participation and contributes to improved overall learning
outcomes (Ardiyani et al., 2018).

In addition, this approach aligns with Vietnam's current educational trends (Ministry of Education
and Training — Vietnam, 2018a, 2018b). Research shows that integrating RME enhances students'
math performance and attitudes by emphasizing real-world problem-solving (Tong et al., 2022).
RME supports educational reforms, particularly in curriculum and textbook development (Trung
et al., 2019). A framework for RME implementation highlights key factors like national vision,
curriculum, assessment, and teacher training (Trung et al., 2020). Case studies show RME im-
proves learning outcomes and student engagement compared to traditional methods (Tong et al.,
2022; Loc & Tien, 2020; Duyen & Loc, 2022; Ha et al., 2021).

Gravemeijer (1997) emphasizes the need for intermediate models, such as visual tools and manip-
ulatives, to help students better understand complex mathematical concepts. While division is of-
ten introduced through its relationship with multiplication, the RME approach allows students to
explore division through real-world problems before strongly associating it with multiplication.
Furthermore, teaching division in the context of multiplication may create barriers for students
who struggle with multiplication or fail to grasp the inverse relationship, and limit students' ability
to apply the concept flexibly in real-life situations, where division is often encountered without
explicit reference to multiplication.

The current research on division and RME focuses largely on the benefits of teaching division
within the framework of multiplication. However, there is a noticeable gap in the literature regard-
ing the potential impact of teaching division independently of multiplication. By addressing this
gap, this study seeks to provide insights into how RME may foster a deeper understanding of
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division as a stand-alone concept, particularly in real-world contexts where equal sharing is essen-
tial. Thus, this study aimed to answer the following question:

Research question: How does RME affect primary school students' understanding of division of
two natural numbers, especially when the division is taught independently of multiplication
through real-life equal-sharing situations?

By exploring how RME can foster a deeper understanding of division as a stand-alone concept,
this study aims to fill a critical gap in the literature. The study's findings contribute to developing
a practical approach for teaching math in general and division of two natural numbers to primary
school students in particular.

LITERATURE REVIEW

Contexts (contexts, realistic contexts, contextual problems) play an essential role in RME theory.
Contextual problems are defined as "problems where the problem situation is experientially real
to the student" (Gravemeijer & Doorman, 1999, p.111). The key point is that these contexts are
situations or problems suitable for mathematization. That means these contexts could make it eas-
ier for primary students to imagine and visualize abstract mathematical concepts (Duyen & Loc,
2022). Johar et al. (2017) also asserted that problems placed in real-world contexts enable students
to start from simple, informal solutions and gradually move to more complex, formal solutions.
This suggests that context is a starting point and a bridge that helps students transition from intui-
tive to abstract thinking. In addition, they should be relevant and essential contexts, rather than
camouflage contexts. For example, the problem "There are 2163 notebooks arranged evenly in 7
boxes. How many notebooks are in those 5 boxes?" is a type of camouflage context (Son et al.,
2022). In contrast, relevant and essential contexts create opportunities for constructing new math-
ematical concepts (just new for learners). For instance, the context as "One carton of milk can fill
5 glasses. There are 42 students in the class. Each student receives 1 glass of milk. How many
cartons of milk do we need? Fill in the answer in the blank box." (see Figure 2) can be considered
as a suitable context and contributes to learning the knowledge of multiplication and division of
two natural numbers.
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Figure 2. An example of relevant and essential contexts

In fact, students can actively explore, build and develop mathematical thinking naturally and flex-
ibly thanks to relevant and essential contexts. Contexts are also tools for forming mathematical
concepts and models, serving as foundations for applying knowledge, practicing skills (Treffers,
1994), and developing diverse and flexible ways to solve problems—thereby promoting the devel-
opment of mathematical thinking at various levels (Widjaja et al., 2010).

In RME, Freudenthal (1991) emphasized that learning mathematics begins with students trans-
forming real-life situations into mathematical problems — a process known as mathematical rein-
vention. Students use their existing knowledge and mathematical tools to explore and build new
mathematical concepts. Students naturally form and develop mathematical ideas after being ex-
posed to many real-life situations. In this process, the class teacher plays an essential role in cre-
ating a learning environment that helps students explore mathematical knowledge based on their
existing understanding (Treffers, 1991). The process in which students take action to reinvent
mathematics is called mathematization. It has been classified into two types: horizontal mathe-
matization and vertical mathematization (Treffers, 1987). Horizontal mathematization is a process
in which students use their solutions to describe a contextual problem by symbols. These symbols
can be mathematics (formulas, algorithms, etc.) or not (figures, diagrams, etc.). Students can ex-
plicitly present them, or they even can visualize or imagine them. In the world of symbols, students
continue to use their known mathematics to take action to find out new mathematics knowledge.
It helps students answer the problem situated in the context problem. The process in which students
take action within the mathematics system is called vertical mathematization (Duyen & Loc,
2022). Horizontal and vertical mathematization in RME can be summarized as Figure 3 below.
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Figure 3. Horizontal mathematization and vertical mathematization in RME

It can be seen that guided reinvention via progressive mathematization is one of the major elements
for designing education in RME. According to this principle, Gravemeijer (1994) argued that a
Hypothetical Learning Trajectory (HLT) must be mapped out, allowing students to experience
progressive mathematization. The HLT, also called a learning design, includes learning activities
as well as objectives of these activities and the teacher's conjecture about how students learn and
think (Simon, 1995). That means the teacher has the responsibility for providing a suitable series
of contextual problems that can map out a possible HLT and in which students can experience
"progressive mathematization" as a gradual change. By applying HLT in RME, teachers can create
meaningful learning experiences that help students develop mathematical skills naturally and ef-
fectively. Research by Nuraida and Amam (2019) showed that HLT in RME significantly im-
proved the mathematical communication skills of middle school students. Moreover, the HLT also
helps teachers identify both the starting point and destination in the students' learning process. For
example, Febriani and Sidik's (2020) study used the HLT to design activities that helped fourth
graders effectively connect prior knowledge to new knowledge. In addition, Napitupulu et al.'s
(2021) study also confirmed the value of the HLT in teaching complex mathematical concepts
such as least common multiples.

In addition, when designing education in RME, attention should be paid to the principle of self-
developed models, particularly to the role of self-developed models in students’ learning pro-
cesses. This principle is essential because self-developed models, as also known as emergent mod-
els, which enable students to bridge the gap between informal and formal mathematical
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knowledge. Accordingly, teachers must create opportunities for students to use and develop their
own models when solving contextual problems. At first, students will develop a model that is
familiar to them. After generalization and formalization, the model gradually becomes a general
model to approach formal knowledge. Gravemeijer called this process the transformation from
model-of to model-for (Gravemeijer, 1994, 1999). After the transformation, the model can be used
as a model for mathematical reasoning (Treffers, 1991).

In this study, this principle is applied when designing activities to help students transition from
concrete representations to abstract understanding. To help students practically and visually grasp
the division of two natural numbers, physical objects such as math-link cubes, flowers and vases,
or cakes/candies and plates are used to form a model-of. For example, in the context of partitive
division, to illustrate 12 + 4=3, twelve math-link cubes are arranged into 4 equal groups, each con-
taining 3 cubes. After this, the class teacher asks questions like: "How many cubes are in each
group?", "What is 12 divided by 4?". These questions serve as a model-for, guiding students to-
ward understanding partitive division (dividing into equal parts). In Figure 4, each group of 3 cubes
represents partitive division, where the total (12) is divided into equal parts (3).

Figure 4. A concrete model-of to help students engage with 12:4=3

Similarly, for the quotitive division problem 12:4=3, students might be asked to repeatedly form
groups of 3 with 12 math-link cubes. This physical grouping gives them a concrete model-of, as
shown in Figure 4. After this, the class teacher asks: "How many groups of 3 can be made from
127", This question serves as a model-for, guiding students toward understanding quotitive divi-
sion (determining how many times a divisor fits into a dividend). As students become familiar
with this concrete process, they begin to see that quotitive division involves determining "how
many groups of 3 can be made from 12" and they no longer need to rely on physical objects but
can mentally or visually imagine the grouping process.

METHOD

This study employed a descriptive research design with an educational intervention to explore an
instructional approach for teaching division to primary students. The research was grounded in
RME, which informed the design of an HLT. The intervention facilitated hands-on exploration
and practical application of theoretical concepts in a classroom setting, enabling the assessment of
students' understanding and engagement. This approach ensures a comprehensive framework for
teaching, blending theory with practice to enhance learning outcomes.
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Researchers performed the study in the following three stages:

Before Conducting the Intervention

During this phase, an HLT for the division of two natural numbers was developed, followed by a-
priori analysis. The HLT comprised nine activities, structured into four lesson plans that aligned
with four experimental lessons, detailing classroom organization. Both the HLT and lesson plans
were thoroughly reviewed and refined through collaboration between the classroom teacher, a vet-
eran with over 14 years of teaching experience, and the researcher, ensuring alignment with ped-
agogical goals.

While Implementing the Intervention

In alignment with the designed HLT, the teaching experiment consisted of four lessons conducted
from July 21, 2023, to July 23, 2023. These lessons were recorded on video while classroom ob-
servations were carried out, as shown in Table 1. The study involved 11 students (7 girls and 4
boys) who had completed the first grade curriculum, but had not learned division and multiplica-
tion of two natural numbers yet. This allowed for a focused examination of teaching division in-
dependently, which is crucial since second-graders would already have learned multiplication and
therefore wouldn't meet the study's criteria. All students participating in the experiment lived in
Soc Trang province. They had completed grade 1 in the 2022-2023 academic year at two public
primary schools located in Soc Trang province. The participants of the study were determined by
using convenience sampling. They were chosen because they were willing to participate in the
teaching-learning process after receiving an invitation sent by the researcher.

Lesson Title Dividing Division Division Division
equally (continued)  (continued)
Date 21/7/2023  21/7/2023 2272023 22/7/2023
Activities
in HLT 12,3 4,5,6 3,5,7,8 9
Worksheet Worksheet 1 ~ Worksheet 2 Worksheet A
Worksheet 3

Table 1. Four intervention lessons

Table 1 summarizes four intervention lessons on division, detailing their titles, dates, activities in
the HLT, and four associated worksheets. Worksheet 1 was used in the first lesson, Worksheet 2
was used in the second lesson, and Worksheet A and Worksheet 3 were used in the last lesson.
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After the Intervention

Based on these videos, researchers continued to document the observed teaching-learning process.
In addition, students' responses on the four worksheets were collected. Based on data obtained
from classroom observations and worksheets, the authors aimed to conduct a qualitative analysis
from the perspective of RME to evaluate the feasibility and effectiveness of the designed HLT,
focusing on students' activities, attitudes towards math, and learning outcomes.

To examine the effectiveness of the intervention, criteria for evaluating students' understanding of
the division of two natural numbers were established, and four worksheets were designed and used
as tools for collecting students' responses, as shown in Table 2. Additionally, verbal responses and
group work products, along with the HLT, were collected to assess students' level of understand-
ing.

No Criteria Tools

1. Understand: Correctly answer the question "How many [object X]
does each part have? " after dividing a [object X] equally into b parts.

2. Know: Write appropriate division equations for situations involving
equal division.

3. Know: Write the appropriate division equations based on students' Worksheet A
manipulation of dividing objects equally.

4.  Understand: Correctly write two division equations corresponding to ~ Worksheet 3
a given image, where the image represents a context of equal groups.

Table 2. Criteria and tools for collection data

Worksheet 1

Worksheet 2

RESULTS
The HLT for the Concept of Division of Two Natural Numbers According to RME

We determined that the HLT should include the activities shown in Table 3. All activities are
necessary to provide opportunities for students to experience mathematization when solving con-
textual problems. In the HLT, students can participate in solving contextual problems by distrib-
uting the quantities described in the problems into equal parts. The action that students perform to
solve these problems involves manipulating objects to divide them equally. Consequently, the
teacher will help students generalize this into new knowledge: the division of two natural numbers.
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No. Activity Objectives
1.  Students solve contextual problems By solving contextual problems, students gain
by distributing into equal parts an understanding of partitive division, where
they determine how to divide a total equally,
equal parts and answer the question: How many
[object X] are in each part?
2. Theteacher guides students to express Through the equal division process imple-
how to divide a total equally mented in Activity 1, guided by teachers, stu-
dents learn that to divide all objects (X), they
distribute a certain number of X into each part
and repeat the process until X is fully distrib-
uted.
3. Students manipulate the objects to di- Continue reinforcing students' understanding of
vide them into b equal parts partitive division and equal parts, guiding them
to answer the question: How many [object X]
are in each part?
4.  The teacher introduces the concepts Students understand a:b=q, where a,b,q are
of the division of two natural num- specific non-zero natural numbers, b represents
bers, the symbol ":", and how to read. the known number of parts/groups before divid-
ing, and q is the result found after dividing - the
number of [object X] in each part. The division
operations from Activity 1 serve as examples.
5. Write appropriate division equations
for dividing objects or pictures/video Continue reinforcing students' understanding of
clips. partitive division by having them write the exact
division equation and verbally state the situa-
6.  State the appropriate situation for the (jong that are appropriate to that division.
given division.
7. Students solve contextual problems: Students learn how to divide by grouping; that

There are a objects X, if we place q
objects X in each part, how many
parts will there be?

is, they take q objects X for each group and
count the number of groups. This allows them to
correctly answer the question: How many
groups were formed?
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8. The teacher introduces the concept of Students understand that in the equation a: b=q,
quotitive division where a, b, q are specific non-zero natural num-
bers, dividing each part with g [object X], results
in b equal parts. The division operations pre-
sented in Activity 7 serve as examples.

9. Distinguish between partitive divi- Students can write the correct division equation
sion and quotitive division and verbally state the appropriate situations that
correspond to that division.

Table 3. The HLT for the division of two natural numbers

Analysis of Nine Activities in the HLT

Activity 1: Students solve contextual problems by distributing into equal parts
Task 1. Divide the class into groups

e Describe: Suppose the class has a student, and the teacher announces the need to di-
vide the class into b equal groups.

e Analysis: The teacher will assign the number of groups by handing out group name
tags to a few representative students (for example, if there are 40 students
and the class needs to be divided into 10 groups, the teacher will assign 10
students to receive group name tags numbered from 1 to 10). After that, the
students will move to the corresponding groups and adjust the numbers so
that the groups are equal.

Task 2. Divide the cakes/candies evenly among the plates

e Describe: The number of candies and plates given to each group is the same. For ex-
ample, the task is to divide 12 cakes equally into 3 plates. The teacher gives
students exactly 12 cakes and 3 plates.

e Analysis: In this activity, we expect students to divide the cakes in their own ways, as
long as they ensure that the number of cakes on each plate is equal.

Task 3. Arrange a flowers evenly into b vases

e Describe: Round 1: 6 flowers into 2 vases; Round 2: 10 flowers into 2 vases; Round
3: 6 flowers into 3 vases; Round 4: 15 flowers into 3 vases.
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e Analysis: In this activity, the number of flowers is divisible by the number of vases.
Similar to Task 2, students will find their own ways to divide the flowers
equally.

Activity 2: The teacher guides students on how to divide equally

Through the process of equal division in Activity 1, guided by teachers, students learn that to
divide all objects (X), they distribute a certain nuamber of X into each part and repeat the process
until X is fully distributed.

Activity 3: Students manipulate objects (magnetic dots/math-link cubes) to divide them into
b equal parts

Task 1. Manipulate the magnetic dots to divide them into b equal parts

e Describe: The number of magnetic dots stuck on the board is a. The teacher will call
each student in turn to divide the dots equally into b parts (b are 2, 3, 4,
respectively). The whole class observes and gives feedback.

e Analysis: In each turn, the number of dots remains constant (e.g., always 12 dots)
while the number of equal parts changes. This helps emphasize the concept
of parts for the students.

Task 2. Manipulate the math link-cubes to divide them into b equal parts

e Describe: Students work individually or in groups on 12 math link-cubes, completing
4 turns where they divide the 12 cubes equally into 2 parts, 3 parts, 4 parts
and 6 parts.

e Analysis: In this activity, students will employ strategies for dividing and will be suc-
cessful by recognizing the equality of the parts through the visual represen-
tation of the cubes.

IR-[11-I
=>EEY Y= LR

Figure 5. Divide 12 math link-cubes into b equal parts
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Activity 4: The teacher introduces concepts of the division of two natural numbers, the sym-
bol ":", and how to read

The teacher introduces to students: a: b=q is a notation used to represent the act of dividing equally,
where a, b and q are specific, non-zero natural numbers.

Activity 5: Write appropriate division equations for dividing objects or pictures/video clips

Task 1. Write appropriate division equations based on the manipulation of partitive di-

vision

Describe: In this task, students work both individually and in groups with math-link

cubes. First, students work individually to divide 12 cubes into 2 equal
parts and write a division equation, divide 12 cubes into 6 equal parts and
write a division equation. Students then work in groups with a block of 16
math-link cubes that are connected together. With the requirement to "di-
vide this block of 16 math-link cubes evenly and then write the appropri-
ate division equation", the student or group that writes the most division
equations wins.

Analysis: In this task, the dividend is 16, which limits students mentally from calcu-

lating the quantity in each part. Firstly, students must determine the num-
ber of parts. Then, they position each part by one math-link cube. Next,
they equally distribute many math-link cubes into each part. Finally, they
write the corresponding division equation.

Task 2. Write the appropriate division equation for the observed image

In this task, students work individually, observe the image and write division equations on

Worksheet 2.

Activity 6: State the appropriate situation for a given division equation

Task. Ildentify real-life situations that can be represented by a given division equation.

Describe: The teacher presents students with various division equations (e.g.,

12:3=4, 15: 5=3). Students work individually or in groups to create appro-
priate word problems or scenarios that correspond to each division equa-
tion. For example, for the equation 12:3=4, a possible scenario could be
"If there are 12 apples and we want to put them into 3 baskets, how many
apples will be in each basket?"

Analysis: This activity encourages students to think critically about how division can

be applied to real-life situations. By creating their own scenarios, students
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deepen their understanding of the concept of division and its practical ap-
plications.

Activity 7: Solve contextual problems like "There are aobjects X. Divide them so that each
part contains g objects X. How many parts do we have?"

Task 1. How many gift bags?

Each group receives a cakes va b transparent bags with the requirement that each gift bag
must contain g cakes.

Task 2. How many flower vases can be arranged?

e Describe: Each group receives a flowers va b vases with the requirement that each
vase must contain q flowers.

e Analysis: Activity 7 is designed to achieve the objectives that students know how to
take a group of g objects X for each part, then count the number of parts.
In Task 1 and Task 2, students may initially divide incorrectly if they do
not pay attention to the requirement. For example, in Task 1, if a group
has 6 cakes and 6 bags but does not notice that each bag must have 2
cakes, students may mistakenly divide 6 cakes into 6 bags equally. This
activity emphasizes correct grouping to ensure accurate division.

Task 3. How many numbers n can be separated? (n is the number made up of n math-
link cubes)

e Describe: Each student receives 12 math-link cubes. Ask students to manipulate the
cubes and answer the following questions: "From this number 12, how
many numbers 3 can be separated?", "From this number 12, how many
numbers 4 can be separated?", "From this number 12, how many numbers
2 can be separated?", "From this number 12, how many numbers 6 can be
separated?", "From this number 12, how many numbers 1 can be sepa-
rated?".

e Analysis: This task helps students mathematize one cube as number 1, two cubes as
number 2, three cubes as number 3, and twelve cubes as number 12. This
task also helps students to be familiar with seeing a number as the sum of
equal numbers.
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Activity 8: Introduces the division in the context of quotitive division

The teacher places a dots on the board (e.g., a=8) for the whole class to observe. Students are asked
to verbally state the situation and write appropriate division equations based on the observed im-
age. Once students provide the correct answers, the teacher emphasizes: In the division 8: 2=4, we
know the number of parts is 2, so we divide the dots equally into 2 parts. Next, the teacher intro-
duces the concept of quotitive division and presents the corresponding division equation as 8: 4=2.
The teacher highlights: In this division, we know that each part must have 4 dots. With 8 dots, we
can divide them into 2 parts.

Activity 9: Distinguish between partitive division and quotitive division
Task 1. Two divisions with flowers and vases

e Describe: In this task, vases are created by gluing colored craft paper onto an A4
sheet, forming vase shapes, so that hand-made flowers can be placed in
them. Each A4 sheet has three vases. Each group receives six vases (on
two A4 sheets) and fifteen flowers. Students discuss how to evenly ar-
range the flowers into the vases based on the teacher's instructions. After-
ward, they write the appropriate division equation and verbally describe
the corresponding situations. For example, when students are asked to
"evenly place fifteen flowers into three vases" or "place five flowers into
each vase", their arrangement will match what is illustrated in Figure 6.

Figure 6. 15 flowers into three vases

e Analysis: This task is designed to help students understand the concept of division
by both equally distributing objects and identifying groups. By physically
arranging flowers into vases, students can see how division works in prac-
tice. The first scenario: evenly placing fifteen flowers into three vases
demonstrates division when the total number of objects is known and the
goal is to divide them into a specific number of parts (vases), which rep-
resents partitive division. The second scenario: placing five flowers into
each vase helps students conceptualize division where the number of ob-
jects per part is fixed, and the task is to determine how many parts (vases)
can be formed, which illustrates quotitive division.
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Task 2. Two divisions with stars (stickers) and rows

e Describe: Each student receives two rows of stickers, with eight stars in each row,
and Worksheet A as shown in Figure 7.

PHIEU HQC TAP

Hay dén cdc ngdi sao theo yéu ciu. Pién sb va déu thich hop vao 6 tréng.

C6 8 ngdi sao, dan déu thanh 2 hang, méi hang c6 \:I ngdi sao.

nossan [T T T T

Figure 7. A part of the worksheet A

[The translation of Figure 7: Worksheet A. Paste the star stickers as instructed. Fill in the blanks
with the correct numbers and symbols. [Space for pasting stickers] There are § stars, evenly dis-
tributed into 2 rows, each row having [blank] stars. We have the division: [5 consecutive blank
spaces]].

e Analysis: In this task, students explore division through the physical manipulation of
stars (stickers) on worksheet A. Similar to Task 1, this task reinforces two
types of division: partitive division and quotitive division.

Task 3. Observe the picture of b groups of a — state two division situations

The teacher attaches each picture of b groups of a on the blackboard. Students are asked to
observe the picture and state two different division situations that could apply. For each
situation, students must write the corresponding division equation. The teacher only moves
on to a new picture once the class has correctly identified two situations and stated the
matching division equations.

Task 4. Write two division equations with a given image of b groups of a

e Describe: Students work individually on Worksheet 3, which contains images of b
groups of a objects (e.g., 4 bouquets of 3 roses). Students are required to
observe the image and write two corresponding division equations.

e Analysis: This task serves as an assessment tool to gauge students' grasp of division
after completing the HLT. As presented in Tables 1 and 2, Worksheet 3
will be used to evaluate whether students can independently identify both
partitive and quotitive division situations.
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Results of Implementing Activities in the HLT and Students' Learning Outcomes

Based on video recordings of each group's activities throughout the four intervention lessons, as
well as data collected from the students' work on worksheets, we summarize the results of imple-
menting the activities in the HLT and students' learning outcomes for each lesson.

During the first lesson, students transitioned from concrete representations to abstract understand-
ing through carefully designed activities involving real-life contextual problems and manipula-
tives. In the first task of Activity 1, the whole class participated in dividing into groups. After the
teacher assigned five students to hold group name cards for Group 1 through 5, the remaining
students moved to their respective groups. In total, ten students participated in this task, as one
student arrived late. In the second task, students worked in groups to divide 12 cakes or candies
evenly among 3 plates (three groups received 12 cakes, while two groups received 12 candies).
The students collaborated well, employing different methods for equal distribution (see Table 4),
and successfully arranged 4 cakes or candies per plate. This hands-on experience served as a tan-
gible representation of partitive division, allowing students to visually and physically explore the
concept. After manipulating the items, they articulated their understanding by answering questions
like "Each plate has four cakes". Moving on to Activity 2, the teacher guided students in expressing
how to divide a total equally, encouraging them to articulate their thought processes and strategies
for equitable distribution.

Way Describe Students

1) Students took each cake and placed it on each plate, repeating the action =~ B2 & B11
4 times. After verifying that no cakes remained, they counted the  B5 & B6
number of cakes on each plate.

2) One student poured a bag of 12 candies onto the table. Each student took B4 & B8
one candy, equally dividing the candies between 2 students. Then, each
student divided their 6 candies into 3 plates. Each plate ended up with 4
candies.

3) One student placed 3 cakes on one plate, then repeated the process for B9 & B10
the second and third plates. The remaining 3 cakes were added to each
plate by two students, one cake at a time.

4) Three students each took a plate. Student B7 placed 2 cakes on each B1,B3 &
plate, paused, and then continued placing 2 more cakes on each plate. B7
Afterward, students B1, B7, and B3 counted the cakes on all three plates.

Table 4. Ways students used to divide cakes or candies equally

In Activity 3, students further manipulated objects like magnetic dots and math-link cubes to divide
them into equal parts. By dividing 18 magnetic dots into 3 equal parts and various colored cubes
into 2, 3, 4, and 6 parts, students gained additional concrete experiences (model-of). Different
groups employed various methods for equal distribution, as detailed in Table 5. The progression
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of these tasks helped solidify their understanding, eventually allowing students to internalize and
abstract the process (model-for). This was evident in their ability to complete Worksheet 1 inde-
pendently, with 9 out of 11 students correctly filling in all blanks based on how the objects were
divided. Overall, the results illustrate how physical manipulation, followed by guided reflection,
supported students in moving from concrete actions to abstract reasoning about division.

Way Describe Group

1.1)  Students broke and placed a cube to represent a part. After repeating B9 & B10
this 3 times, they set up 3 parts. They then continued breaking each
cube and distributed one cube evenly into each part until all the cubes
were gone.

B5 & B6

1.2)  The teacher drew 3 circles on the table to support the group. Students B1& B3
placed each cube into each circle, repeating this 4 times. They then

linked 4 cubes to form a block of 4 cubes at each circle, resulting in 3
blocks of 4.

2) Students split 4 cubes at a time, breaking them 3 times until finished. @ B2 & B11

They then counted again to confirm there were 3 equal parts. B4 & BS: B7

Table 5. The ways students used in activity "divide equally 12 math-link cubes into 3 parts"

By the end of the first lesson, the concepts of equal sharing and equal parts were emphasized to
lay the foundation for introducing the concept of division in the second lesson (Activity 4). After
forming the concept, students continued with Activities 5 and 6 to further solidify their grasp of
partitive division through both concrete manipulation and abstract reasoning. Classroom observa-
tions in Activity 5 show that, in the first task, students initially manipulated 12 cubes, dividing
them into 2 equal parts and then 6 equal parts. Through this concrete manipulation (model-of), all
students correctly wrote the corresponding division equations, 12:2=6and 12: 6=2, demonstrating
their ability to connect physical division to abstract numerical equations (model-for). This hands-
on activity reinforced their understanding of partitive division. In a subsequent task, students
worked in groups to divide a block of 16 math-link cubes evenly and wrote the appropriate division
equation. With the teacher's support, Figure 8 shows that nearly all groups correctly wrote the
equations, showing a successful transition from concrete manipulation to abstract reasoning. How-
ever, one group (Bl & B3) made some errors, indicating a need for further reinforcement. In the
second task, students were asked to write division equations based on an image in Worksheet 2.
Ten out of eleven students correctly wrote all five equations, while one student (B3) wrote four
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out of five. This result suggests that most students had successfully applied their understanding of
division from earlier manipulations to abstract representations, though some may need additional
support.

ﬁZ&Bll ?9&310 BS & B6 B1 & B3

2¢ir=h A5 =3
K 72 =8 763+=

16> 8=2- [B4&BS

Figure 8. Results of the groups in Activity "evenly divide a block of 16 math-link cubes"

Classroom observations in Activity 6 show that all five called-upon students correctly stated the
situation of a given division equation. For example, when given 10: 5=2, student B9 stated, "There
are 10 teddy bears, divided among 5 people, each person gets 2 teddy bears", while student B4
stated, "There are ten cars divided among 5 people; each person gets 2 cars". In interviews con-
ducted at the end of the lesson, students expressed enjoyment of the class and demonstrated their
understanding of equal division. Seven out of eight students correctly answered questions such as:
6:2=?, 6:1=?, 6:6=2, 10: 2=?, 24:2=2,30: 3=?.

In the third lesson, students continued with tasks of Activities 3 and 5, then progressed to Activity
7 before being introduced to quotitive division in Activity 8. Each student manipulated 10 cubes,
dividing them into 2 and 5 equal parts, and 9 cubes into 3 parts. Classroom observations showed
that students correctly answered with something like, "Each part has ... cubes", and wrote the cor-
responding division equations (task of Activity 3). They then divided 9 cubes into 3 equal parts, 8
cubes into 4 equal parts, and 8 cubes into 2 equal parts, successfully writing the equations 9: 3=3;
8:4=2;8:2=4 (task of Activity 5). In tasks 1, 2 of Activity 7, students demonstrated their under-
standing by dividing objects equally and correctly identifying the number of parts or people. In
task 3 of Activity 7, students experienced mathematization, recognizing numbers as sums of equal
numbers (Table 6). Based on images received, students correctly answered that 12 can be divided
into four numbers 3, three numbers 4, two numbers 6, six numbers 2, and twelve numbers 1.
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Turn Images received after Mathematics
manipulating

1) 12=3+3+3+3
12:3=4

2) 12=4+4+4
12:4=3

3) 12=242+2+2+2+2
12:2=6

4) 12=6+6
12:6=2

5) 12=1+1+1+1+1+1+1+1+1+1+141

12:1=12

Table 6. Mathematization in task 3 of Activity 7

In the fourth lesson — the last lesson in the HLT — students perform four tasks in Activity 9 to
clearly distinguish between partitive division and quotitive division. In Task 1, students worked
with two division scenarios involving flowers and vases: 6 flowers and 3 vases, 9 flowers and 3
vases, 12 flowers and 2 vases, and 15 flowers and 5 vases. All groups followed the instructions
and correctly stated the corresponding division equations, demonstrating a clear distinction be-
tween partitive and quotitive division. Classroom observations, students' work in Task 2, and the
results of 11 students on Worksheet A show that students demonstrated correct understanding.
After evenly pasting 8 stars (stickers) into 2 rows, students correctly filled in the number 4 and
wrote 8: 2=4. Likewise, after pasting 4 stars in each row, students filled in the number 2 and wrote
8:4=2. In Task 3, students were asked to observe a picture representing "b groups of a" and state
two division situations. Eight out of nine called-upon students correctly stated the division situa-
tions, while student B3 was unable to respond. Finally, in Task 4, students were asked to write two
division equations with a given image of group a. Results from Worksheet 3 show that 8 out of 11
students correctly wrote all 6 division equations, 2 students correctly wrote only 2 equations, and
student B3 did not write any equations correctly. The following Figure 9 shows student B8's work
in the sticker activity and student B6's work on the worksheet 3. Overall, the findings indicate that
most students successfully distinguished between the two types of division, though a few may need
further support.
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Figure 9. Student B8's work on Worksheet A and student B6's work on Worksheet 3

Full name: ‘WORKSHEET 3 Name:
Write two appropriate division equations for each image
WORKSHEET A
Paste the star stickers as instructed. Fill in the blanks with the correct numbers and symbols. n ! - = {3 v
o [ 4] oo
, B LT T T e
‘There are 8 stars, evenly distributed into 2 rows, each row having |:| stars. —
(bouquets)
We have the division e e
[]:l CT T T T oo
I O O I
‘There are 8 stars, paste 4 stars into one row, making |:| TOWS. % %%%
aaaaa ts)
We have the division

Figure 10. The translation of Figure 9 into English
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DISCUSSION

The results of this study show that the designed HLT for teaching division independently of mul-
tiplication offers a promising approach to helping primary students build a conceptual understand-
ing of division. By incorporating RME principles—especially hands-on manipulatives and realistic
contexts—students engaged more deeply with division, focusing on grasping core concepts instead
of memorizing procedures. This aligns with studies demonstrating the effectiveness of RME in
improving students' understanding, problem-solving skills, and test performance (Leng et al.,
2020; Drijvers et al., 2019; Syafriafdi et al., 2019; Laurens et al., 2018; Papadakis et al., 2017;
Lestari & Surya, 2017). Moreover, RME enhances the meaningfulness of math learning and
strengthens reasoning (Fauzan et al., 2020).

The research also highlights the pivotal role of classroom teachers in the RME approach: organiz-
ing activities align with the goals of the HLT (Duyen & Loc, 2022) and supporting learners
(Wahyudi et al., 2017). Throughout the instructional process, teachers actively observe students'
learning activities and provide timely guidance, ensuring that learners can independently reinvent
mathematical concepts.

Challenges emerge particularly in helping low-ability students transition from concrete to abstract
understanding. While manipulatives supported an initial grasp of division, these students struggled
with abstract representation, highlighting the need for additional scaffolding. This aligns with re-
search on students' problem-solving abilities, which shows that high-ability students tend to exhibit
the greatest fluency and flexibility when solving problems. In contrast, low-ability students often
struggle to comprehend the problems and make frequent errors during the problem-solving process
(Arifin et al., 2021).

Overall, the study highlights both the strengths and potential limitations of using the RME ap-
proach. Future studies could explore how additional scaffolding or technology-based tools might
further assist low-ability students in mastering the abstract aspects of division.

CONCLUSIONS

The findings of this study underscore the significance of teaching the division of two natural num-
bers to primary school students independently of multiplication through the principles of RME.
The designed HLT facilitated a conducive learning environment, enabling students to engage
deeply with the concept of division. By experiencing mathematization, students were able to dis-
tinguish between partitive and quotitive division, articulate their understanding through appropri-
ate real-world contexts, and write accurate division equations.

The positive outcomes suggest that RME not only supports the understanding of division as a
standalone concept but also enhances students' ability to apply mathematical reasoning in practical
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situations. This approach addresses the challenges learners face when learning division, offering a
framework that encourages exploration and critical thinking.

Future research could expand on these findings by investigating the long-term effects of teaching
division independently of multiplication, exploring additional real-world contexts, and examining
the impact on diverse learning styles. Overall, this study contributes valuable insights into effective
mathematics education practices for primary school students, emphasizing the need for instruc-
tional strategies that prioritize conceptual understanding over rote learning.
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