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Abstract: Mental mechanism of coordination is indispensable in the construction of certain objects, 
contributing to problem-solving. Although Arnon et al. hypothesized about how two processes are 
coordinated mentally, which is referred to as Arnon's Coordination, further analysis is required. 
Studies related to coordination had explored its emergence in reflective abstraction during problem-
solving. Generally, descriptions of coordination focused exclusively on the outcomes and application 
to problem-solving, particularly direct problems. Therefore, this study aimed to describe how stu-
dents performed coordination between two processes in reverse problem-solving, focusing mainly on 
derivative and antiderivative graphs. Data were collected from 4 of the 44 third-year mathematics 
education students through answer sheets, think-aloud, and semi-structured interviews to examine 
mental mechanisms. The results showed that students coordinated the two processes by adopting 
three cognitive actions, namely determining processes, transforming it into an object through encap-
sulation, and integration through assimilation or accommodation. This also included the challenges 
students experienced with each cognitive action. In conclusion, this study served as a reference for 
educators when designing mathematical problem-solving exercises and lessons. 
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INTRODUCTION 

The ability of an individual to solve problems is assessed based on four mental structures, namely 
action, process, object, and scheme (APOS). Action stage enables an individual to understand and 
identify information from the problems (Syarifuddin et al., 2020). According to Borji and Planell 
(2023) and Nagle et al. (2019), problems are solved by simply applying the procedures memorized, 
without understanding the reasons behind the application. Process stage entails the connection of 
basic and other related concepts (Borji & Martínez-Planell, 2023; Nagle et al., 2019), by using ap-
propriate mathematical techniques to solve problems (Syarifuddin et al., 2020). At the object stage, 
certain concepts are understood as entities that can be manipulated or used in a broader context as 
well as applied to new situations (Borji & Martínez-Planell, 2023; Nagle et al., 2019). Meanwhile, 
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the schema stage entails students constructing frameworks that integrate various mathematical con-
cepts to solve problems in other disciplines (Borji & Martínez-Planell, 2023; Nagle et al., 2019). This 
enables the drawing of conclusions and organizing of data related to concepts into graphs or equations 
to show the relationships between concepts (Syarifuddin et al., 2020). An individual is able to connect 
different concepts by combining several varying processes (Kurniati et al., 2018; Syamsuri et al., 
2017), organized through the mental mechanism of coordination. 

In this context, coordination plays an important role in solving math problems. Dubinsky (2002) 
stated that the ability to perform the coordination needed to solve problems was based on built and 
reorganized schemas. Existing processes were coordinated to develop a new process that could be 
used in problem solving (Akgul & Yilmaz, 2023; Cetin & Dubinsky, 2017; Dubinsky, 2002; Paschos 
& Farmaki, 2006). This new process was further transformed into a mental object and used to under-
stand the problems. According to Arnon et al. (2014), coordination was needed in constructing sev-
eral objects that match the problems. Based on the study conducted by Syarifuddin et al. (2020), a 
coordination mechanism was used to determine the appropriate method to solve math problems. 
Syamsuri et al. (2017) also reported that it allowed students to develop a methodical approach in 
evaluating the relationship between mathematical objects, thereby improving problem analysis abil-
ity. In the truth-seeking process, coordination was applied through cross-concept checking to facili-
tate the identification of logical errors in the problem-solving process (Kurniati et al., 2018). 

Previous research reported that many students cannot properly perform mental mechanisms of coor-
dination. The results by Sopamena et al. (2016, 2018) show the need for reflection to be able to 
produce accurate generalizations. This was due to the results of incomplete coordination and the 
absence between the components of the cognitive structure that have been formed. Other studies 
related to reflective abstraction stated that students with impulsive cognitive styles tended to be im-
perfect in coordination, as well as unable to perform encapsulation and generalization mechanisms 
perfectly during problem-solving (Fuady et al., 2020). A similar circumstance was also observed in 
those with field-dependent cognitive style. The research subjects with this cognitive style are not yet 
able to coordinate the process of interiorization results but are able to change information into math-
ematical models. This led to the inability to develop their mental structure to be able to generalize 
(Fuady et al., 2019). The ability of students to coordinate is the reason for exploring how this mental 
mechanism (coordination) works in depth. Additionally, understanding how mental mechanism is 
conceptually implemented is crucial. 

Based on the description, Arnon et al. (2014) proposed a hypothesis regarding mental actions applied 
during coordination. The present study referred to the coordination implementation hypothesized by 
Arnon et al. (2014). It is regarded as Arnon’s Coordination, where there is a possibility to coordinate 
two processes, supposing students are able to first summarize one of the processes into an object, 
before the integration process. Coordination can be performed in the following way: either the object 
is assimilated and the process applied, or the process is accommodated to enable its application 
(Arnon et al., 2014). However, the hypothesis regarding the mechanism of coordination is still a 
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reference for further analysis (Arnon et al., 2014). Mental mechanisms are difficult to ascertain di-
rectly and can only be inferred through observations when searching for solutions to problems or 
trying to understand certain phenomena (Dubinsky, 1991).  

A particular task used to decipher mental construction of an individual is representation translation. 
The ability to interpret and translate various representations is a tool adopted to show individual 
mental construction of deep mathematical concepts (Cawley, 2016). This is because the representa-
tion translation of an individual enables the determination of the internal abstraction and cognitive 
schema. Pape & Tchoshanov (2001) stated that mathematical representations are explained as inter-
nal abstractions of related ideas or cognitive schemas. Therefore, representation translation is a factor 
that affects understanding of individual concepts. Hähkiöniemi (2004) and Roorda et al. (2009) stated 
that connections between physical applications and mathematical representations are one of the fac-
tors that influenced individual understanding. In this perspective, the understanding of mathematical 
and graphical representations is enabled by the abstraction performed during the construction pro-
cess. 

One of the important concepts related to the translation of representation is the concept associated 
with the graph of derivative and antiderivative functions. Learning about the derivative is fundamen-
tal in using different representations (Borji, Font, et al., 2018; Maharaj, 2013), which connects visu-
alizations with respective symbolizations (Tall, 2011), providing meaningful insights related to for-
mula symbolization and a deeper understanding of the concept (Borji, Font, et al., 2018; Tall, 2011; 
Voskoglou, 2017). Previous studies on the graphical representations of derivative concepts showed 
that students had difficulty in translating representations from to graphs, specifically during initial 
coordination activities (Ikram et al., 2020; Swastika et al., 2020). In constructing the process to de-
termine the function whose derivative is the original, it is important to reverse the process of interi-
orization, which results in relation to the antiderivative issues (Arnon et al., 2014; Dubinsky, 2002). 
Considering this perspective, these types of issues are referred to as reverse problems. 

Reverse problems are among the many mathematical tasks that foster active thinking in students 
(Ikram et al., 2021). Some studies reported that both direct and inverted problems are used to recon-
struct mental processes of an individual, which is associated with reversibility (Ikram et al., 2021). 
Reverse or opposite problems can also be referred to as reversible and are presented in two ways 
(Maf’ulah & Juniati, 2020). According to Maf'ulah and Juniati (2020), the first way includes present-
ing the problems using two different methods relating to its opposite. The first problem is related to 
the inverse, while the second is not associated with the inverse. However, both problems are pre-
sented in the same context. The second way entails presenting the problems in a single form, focusing 
on the known and questionable aspects (Maf’ulah & Juniati, 2020). In this study, the problems solved 
by adopting the second presentation method were used. Other studies refer to this second method as 
dual problems, and when solving related issues, one must have reversibility (Ramful, 2015).  

In problem-solving, reversibility helps in understanding the relationship between concepts. 
Fitmawati (2019) stated that this could be achieved by establishing a two-way correlation based on 
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reversible problems. Reversibility is the ability to perform certain mental operations, including re-
versing the thought process in order to return to the starting point (Slavin, 2014). Piaget defined it as 
the ability to perform an action in two opposite directions while being aware of the fact that the 
actions are similar (Simon et al., 2016). Reversibility is the result of a second-level reflective abstrac-
tion of the original concept (Simon et al., 2016). Moreover, problems related to reversibility enables 
the in-depth analysis of reflective abstraction performed by an individual, specifically mental mech-
anism of coordination. 

The present study was conducted to review the hypothesis of Arnon et al. (2014) related to the coor-
dination of two processes, or Arnon’s Coordination. This study broadens the understanding of coor-
dination in the context of mathematical problem-solving and fills the gaps in previous research, which 
has not deeply explored how students use coordination to solve reverse problems. Furthermore, it 
investigates how students perform the mechanism of coordination between two processes in solving 
a reverse problem, with a particular focus on concepts of derivative and antiderivative graphs. The 
exploration also focuses on analyzing the cognitive actions that students performed with respect to 
Arnon's Coordination framework. The analysis offers a more comprehensive guide for educators in 
designing teaching approaches that promote reverse thinking in calculus. The coordination observed 
by students was detected at each problem-solving step by Polya (1985). The method was selected 
because it enables the observation of mathematical problem-solving strategies that are unique to each 
individual, thereby providing insight into the coordination performed, including the challenges faced. 

 

LITERATURE REVIEW 

APOS and Reflective Abstraction  

APOS theory focuses on how mathematical concepts can be learned, with the acronym depicting 
action, process, object, and scheme regarded as mental structure (Arnon et al., 2014). The description 
of the relationship between mental mechanism of reflective abstraction and mental structure is ex-
plained through APOS theory (Arnon et al., 2014). This framework is used to describe how individ-
uals develop an understanding of the concept through APOS stages, as shown in Figure 1. 

 
Figure 1: Mental structures and mechanisms for constructing mathematical knowledge. Source: Ar-
non et al. (2014) 
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The diagram shows the in-depth relationship between APOS and mental mechanism. The four mental 
structures are related to mental mechanisms in reflective abstraction, which supports and animates 
the construction of mathematical logic (Arnon et al., 2014). There are six mental construction types 
in reflective abstraction: interiorization, coordination, reversal, encapsulation, de-encapsulation, and 
generalization (Arnon et al., 2014). These types of construction are referred to as mental mechanisms, 
with the explanation reported as follows. 
 

Interiorization 

Interiorization refers to the awareness of an action, reflecting on it, and combining it with other ac-
tions. This mechanism allows for mental translation by imagining the execution of steps without 
having to skip and perform each explicitly (Arnon et al., 2014). Students engage in this process by 
reflecting on the procedure, including defining the concept (Cappetta & Zollman, 2013). For exam-
ple, an individual might read, or become aware of the description of a function in terms of domain, 
range (perhaps implicit), and formula, enabling another to understand the problems based on what 
was written (Arnon et al., 2014). The interiorization process starts when an individual views a func-
tion as a type of transformation that pairs elements from a set, called the domain, with those from the 
second set, referred to as the range. 

 

Coordination 

Coordination is adopted to analyze the concepts, including constructing mathematical objects. It is 
defined as the composition of two or more processes to construct a new process (Dubinsky, 2002). 
In mathematics, this new process is constructed to analyze a mathematical concept by examining and 
integrating two or more processes (Cappetta & Zollman, 2013; Sopamena et al., 2018). A process is 
a mental structure that involves the same operations as an action but differs in terms of the transfor-
mations performed. According to Cetin and Dubinsky (2017), the operations performed in a process 
are the same as those performed in an action, but they occur entirely within the individual's mind. In 
actions, an individual must physically or mentally perform the transformation. Unlike an action, a 
process is internally driven, and the individual no longer needs external stimuli for guidance (Burns-
Childers & Vidakovic, 2018). Additionally, external cues are not required at this stage (Arnon et al., 
2014; Cetin & Dubinsky, 2017; Dubinsky, 2002), nor are explicit calculations necessary (Arnon et 
al., 2014). For example, in functions, individuals can imagine any element in the domain being trans-
formed into an element in the range using the function's expression or another method (Arnon et al., 
2014; Cetin & Dubinsky, 2017). Similarly, when observing a polynomial function graph, someone 
at the process stage can understand the type of function and determine its characteristics. 

One example of coordination between two processes in function composition occurs when someone 
combines functions and to obtain. This process requires coordination between the two functions 
(Arnon et al., 2014). This coordination involves applying process to the elements obtained by apply-
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ing process . Another example includes determining the square root of a non-quadratic positive inte-
ger between two natural numbers. Students are expected to coordinate processes: the process of de-
termining the square root of a squared number and the process to carrying out the rational number in 
decimal. This also includes the processes of internalizing the square root of two positive integers 
(Akgul & Yilmaz, 2023). In the context of graphing a derivative functions, the process of determining 
the relationship between two points on a curve and its slope (as the points on the graph become closer 
together) are coordinated with the process of determining the average rate of change (as the difference 
in time intervals becomes smaller, that is as the length of the time intervals gets closer to zero) to 
relate the definition of the derivative to some other interpretations (Asiala et al., 1997).  

 

Reversal 

New mathematical ideas can be constructed by reversing the steps of the original ideas. For example, 
in derivative and antiderivative concepts, an individual may explore the act of determining the deriv-
ative of a function, including correctly solving problems related to the concept and then internalizing 
it into a process (Arnon et al., 2014). Reversal is performed to find the original function, a derivative 
of the known function (Arnon et al., 2014; Dubinsky, 1991). Another example is a problem related 
to square roots. At the process stage, students make progress by identifying the relationship between 
square numbers and their square roots as inverse operations, understood through the reversal appli-
cation. (Akgul & Yilmaz, 2023). 

 

Encapsulation 

The constructed process is packed into an object through the mental mechanism of encapsulation. 
This is achieved when the individual becomes aware of the total process, realizing that a transfor-
mation could act upon the process, or its constructs (Cetin & Dubinsky, 2017). Furthermore, encap-
sulation  occurs when an individual applies an action to a process, simply referring to when the dy-
namic structure (process) is considered static to which the action can be applied (Arnon et al., 2014). 
Cappetta & Zollman (2013) defined this as the act of personifying a concept, i.e. a collection of 
abstract that seemed meaningful to an individual. Related to mental mechanism, Sfard (1991) ana-
lyzed the inherent difficulty of reification (similar to encapsulation in APOS Theory) and suggests 
that the ability to view a familiar task in a completely new way is challenging to achieve. In addition, 
difficulty arises when the process is not transformed into an object (Arnon et al., 2014). A typical 
example of encapsulation in integral material is when an action applied to the Riemann sum process 
is performed to determine or calculate the existence of its limit or value (Arnon et al., 2014). Another 
example is the determination of the square root of natural numbers, shown by using its symbol outside 
the original context of geometry and square numbers. At the object stage, this is extended to non-
square numbers, with the decimals between integers estimated in new situations by adding integers 
(Akgul & Yilmaz, 2023).  
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De-Encapsulation 

The process leading to the object returns through the mental mechanism of de-encapsulation. These 
objects are de-encapsulated to regain the process when relevant (Arnon et al., 2014). For example, 
when working on problems related to the composition of two functions, the object function is de-
encapsulated into its original process, and these processes are then coordinated to form the composi-
tion process, which is subsequently encapsulated into an object (Cetin & Dubinsky, 2017). 

 

Generalization 

Generalization is an existing schema represented and used in a new situation different from previous 
application (Dubinsky, 1991, 2002). Schemas are built as a coherent collection of structures from 
actions, processes, objects, and other schemas (Arnon et al., 2014; Nagle et al., 2019). 

 

Arnon’s Coordination in Mental Mechanism 

In Arnon’s Coordination, two processes, namely PA and PB as shown in Figure 2, are coordinated by 
applying PA to PB. This is realized by ensuring the learner encapsulates PB into an Object, OB, before 
applying PA. Immediately after that is done, the coordination proceeds in the following way: OB is 
assimilated and PA applies, or PA is accommodated enabling the learner to apply it to OB. Previous 
studies stated that another alternative is the application of PB to PA in the same manner (Arnon et al., 
2014). However, the hypothesis regarding the coordination implementation serves as a reference for 
further review  (Arnon et al., 2014). 

 
Figure 2: Coordination of two processes, PA and PB. Source: Arnon et al. (2014) 

The diagram shows that a new process is constructed from the two processes during the coordination 
procedure by adopting several cognitive actions. One of these actions requires encapsulating the pro-
cess before the integration with another predetermined process (Arnon et al., 2014). The subsequent 
action entails integrating the process and object, with Arnon's Coordination enabling the application 
to objects through assimilation or accommodation (Arnon et al., 2014; Goodson-Espy, 2014). The fit 
of the problem's structure to the individual's schema determines the use of assimilation or accommo-
dation in problem-solving.  
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Following the earlier description, knowledge assimilation refers to the mechanism by which an indi-
vidual applies the schema owned without changing it due to the similarity with the structure of the 
problems. In assimilation, the structure of the problem faced is in accordance with the existing 
scheme, resulting in direct integration (Blake & Pope, 2008; Subanji & Nusantara, 2016). Therefore, 
the schema owned is applied directly without change by including cognitive objects that had never 
been encountered (Arnon et al., 2014; Blake & Pope, 2008; Subanji & Nusantara, 2016). The accom-
modation process is a change in the scheme due to lack of inappropriate schemes for the problems 
structure (Blake & Pope, 2008; Subanji & Nusantara, 2016). This process occurs through reconstruct-
ing or modifying existing schemas to address new situations (Arnon et al., 2014; Subanji, 2011). 
During the learning process, students face changes to the schema either by adding components, re-
fining, developing, or changing the old concept (Arnon et al., 2014; Setyaningsih et al., 2018). 

 

METHODS 

Study Design and Subjects  

This study adopted a qualitative approach with a phenomenological method to provide an in-depth 
description of the experiences associated with various individuals related to certain phenomena 
(Creswell, 2015). Moreover, the adoption of the method was in accordance with the purpose of the 
analysis, which concentrated on exploring the coordination between the two processes carried out by 
students in solving a reverse problem, with a special focus on the concept of derivative and antideriv-
ative functions. The phenomenological method enables the understanding of individual subjective 
experiences related to certain phenomena, revealing how meaning is given to these experiences 
(Burns et al., 2022). This study enabled an understanding of individual experiences related to actions 
carried out in coordination, including an exploration of the deeper meaning behind those actions. The 
phenomenological method aims to investigate the subject's experiences in depth, excluding general-
ized conclusions that apply broadly. As a result, this tended to have an impact on subject selection.  

Participants consisted of 44 third-year mathematics education students who had taken advanced cal-
culus courses, including derivative functions and antiderivative graphs. The subjects were selected 
based on a similar problem discussed in this study. The problem in the subject selection is stated in 
the appendix, with several criteria adopted during the selection process. Students who demonstrated 
problem understanding, coordination, and effective communication skills were selected as subjects. 
Furthermore, the understanding of the problem and coordination were viewed through the results 
written in the step of understanding the problem and devising a plan.  
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Data Collection 

Data were obtained through student answers, thinking aloud, and semi-structured task-based inter-
views. The task sheet (Figure 3) gives instructions on how to solve the problem using Polya's prob-
lem-solving steps. As a result, students were asked to write down the processes used to solve the 
problem at each step.  

 

Figure 3: Reverse problem related to graphs of derivative and antiderivative on the task sheet 

Figure 3 was inspired by problems in studies related to the representation translation process 
(Swastika et al., 2023). In view of this perspective, the problem was selected because the translation 
is related to cognitive processes, specifically in terms of connecting one representation (source) with 
another (target); however, the notation remained unchanged (Bosse et al., 2014). Through these prob-
lems, the development of students' cognitive structure was associated with the construction type of 
reflective abstraction performed in solving derivative function graph. The problem could be solved 
using two alternative solutions, namely symbolic or verbal representation. 

 

Analyzing Data 

Data analysis was conducted in three stages, including reduction, presentation, and drawing conclu-
sions (Miles et al., 2013). The reduction stage was carried out by transcribing think-aloud and inter-
view data, as well as selecting, reducing, and exploring student coordination. This study is based on 
the mental mechanisms of Piaget and Dubinsky (Arnon et al., 2014), and Polya's problem-solving 
method (Polya, 1985). In addition, this method allowed for the observation of unique mathematical 
problem-solving strategies. This provided insight into the coordination used by students when apply-
ing respective strategies. The coordination performed was observed at each stage of the problem-
solving process, as outlined by Polya, and shown in Table 1. 

 



                              MATHEMATICS TEACHING RESEARCH JOURNAL      51     
                              WINTER 2025 
                              Vol 17 no 6 
 

 

 
This content is covered by a Creative Commons license, Attribution-NonCommercial-ShareAlike 4.0 International (CC BY-NC-SA 4.0). 

This license allows re-users to distribute, remix, adapt, and build upon the material in any medium or format for noncommercial pur-
poses only, and only so long as attribution is given to the creator. If you remix, adapt, or build upon the material, you must license the 

modified material under identical terms. 

 
 

Polya's  
Concept Steps 

Coordination in Every Step 

Understanding 
the Problems 

1. Coordinating the processes associated with determining the diverse parts of 
a function to identify the characteristics of derivative and antiderivative 
graphs.  

2. Coordinating the processes related to determining the properties of deriva-
tive function to identify the characteristics of antiderivative graph.  

Devising a 
Plan) 

1. Coordinating the processes related to determining the characteristics of de-
rivative and antiderivative graphs to identify the problem-solving steps  

Carrying Out 
the Plan 

1. Coordinating the processes associated with determining the information ex-
tracted from the problem, including the procedure for ascertaining the sym-
bolic representation of a graph. This was aimed at determining the calculated 
result during problem-solving (Symbolic Translation). 

2. Coordinating the processes related to determining the relationship between 
derivative and antiderivative graphs. This included identifying the charac-
teristics of antiderivative functions (Verbal Translation). 

3. Coordinating the processes associated with determining the characteristics 
of a function and how to sketch the graph. 

Looking back 1. Coordinating the processes associated with determining the characteristics 
of derivative and antiderivative graphs to verify the accuracy of computa-
tions and answers in problem-solving. 

Table 1: Coordination in Each Polya Step 

 

RESULTS 

Based on the problem solved by the 44 participants, only four students who met the subject selection 
criteria were selected. This entailed understanding the problem (viewed from what was written re-
garding the given problem), coordination, and effective communication. Even though only one of the 
students could solve the problem correctly, the other three were selected. This was in line with the 
study's objective, which focused on how coordinating the two processes (Arnon's Coordination) en-
abled students to solve a reverse problem. The coordination procedure also included how assimilation 
and accommodation were done in this mental mechanism. Meanwhile, accommodation was realized 
through two procedures, namely modifying existing schemes or forming new structures and ensuring 
these were in line with new information (Subanji, 2011). The problem-solving process provided op-
portunities for the re-assessment of schema through reflection (Sopamena et al., 2018). This could 
also be achieved through questions, which were intended to access relevant parts of the scheme 
(Marshall, 2007). 

The solving of the problem in Figure 3 provided an opportunity for the subject to reflect and provide 
intervention through questions. However, this intervention was carried out on three subjects, and one 
of the coordinations was made. Based on the results of the answers along with transcripts of think-
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aloud and interviews with the four students, one of them was able to complete the task independently 
without intervention (Subject 1 or S1). Two others solved the problem after receiving the intervention 
(Subjects 2 and 3 or S2 and S3, respectively), and the fourth student was unable to solve it despite 
the intervention (Subject 4 or S4). The presentation of the results related to how the coordination 
between the two processes was carried out in solving reverse problem is shown through three cogni-
tive actions performed by students. Cognitive actions refer to mental activities used during coordi-
nation, and the definition is in line with a previous study (Dubinsky, 1991). The results are presented 
in two sub-sections, namely in relation to cognitive actions performed during the coordination of the 
two processes adopted in solving reverse problem and the challenges experienced by students asso-
ciated with the intervention provided. 

 

The Cognitive Actions in Coordination of Two Processes  

Regarding the answers provided, all the subjects used symbolic translations to solve reverse problem 
that had to do with the graphs of derivative and antiderivative functions. The subjects determined the 
symbolic representation of the graphs of 𝑓ᇱ(𝑥) and 𝑓(𝑥). In addition, S1 was able to describe the 
characteristics of the graph of 𝑓ᇱ(𝑥) and relate it to the components of 𝑓(𝑥). S2, S3, and S4 were 
unable to describe the characteristics of the graph 𝑓ᇱ(𝑥) completely, nor did they determine the rela-
tionship between the two graphs. Based on this context, S2 and S3 were only able to identify the 
stationary point of the graph 𝑓(𝑥) by determining the value of 𝑓ᇱ(𝑥).  

The subjects’ coordinations at each step of problem-solving were in line with the method proposed 
by Polya. In the step of understanding the problems, the subjects’ coordinations focused on deter-
mining the characteristics 𝑓ᇱ(𝑥) and 𝑓(𝑥) graphs. Coordination related to determining the character-
istics of 𝑓ᇱ(𝑥) was viewed concretely when S1 divided the graph into several intervals, paying atten-
tion to the points passed through and their shape to understand the characteristics. The results of S1's 
written test about understanding the problems are shown in Figure 4, and following the think aloud 
excerpt: 

 

 

 

 

Figure 4: S1's Written test results in step of understanding the problems 

S1: In relation to the problem, the graph of the function  𝑓ᇱ is known as a piecewise function, 
consisting of three parts. The first step is to identify the respective functions by dividing the 
problems' work order into three. The first part is for the interval that, why not less than or 
equal to? Because this point (pointing to the coordinate point that is the boundary of the 

 

TRANSLATION: 
In the problem, the graph of the function 𝑓′ was 
known as the piecewise function consisting of 3 
parts. 
When 𝑥 < 0 , the shape of the curve is a parabola 
When 0 < 𝑥 < 1, the shape of the curve is a line 
When 𝑥 > 1, the shape of the curve is also a line 
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graph), what is the name of this point? The curve obtained was not included (in the interval 
being considered). For the first part, the negative aspect, excluding zero, was considered. In 
this context, zero was included in the second part. 

Following the work mentioned earlier, it was realized that S1 determined the characteristics of graph 
starting with the intervals. Based on the think-aloud excerpt, it was found that S1 studied the graph 
and realized the meaning of the symbols. In addition, S1 explained the reason for writing the interval, 
implying an understanding of the problem from what was written. This showed that S1 interiorized 
the action into a process related to determining the interval. S1 also paid attention to the shape of the 
graph in each interval, as shown in the following think-aloud excerpt: 

S1: For this first part, (determined while looking at the image of the graph), depicted by the 
parabolic curve. It was evident that even though the parabolic curve did not pass through the 
zero point, the zero was undefined. The point served as a reference used to determine the 
parabolic curve. When is zero, the parabola is at this point (pointing to a point), and the -
value is . Similarly, for the other points, when is , the -value is . … 

Based on the think-aloud excerpt, S1 observed the graph and mentally remembered the diverse forms 
and characteristics. S1 explained the reason behind the shape of the graph. This shows that S1 un-
derstands the problem situation from what is written. It indicated S1 has interiorized the actions into 
processes related to determining the form of the graph. S1 remembered, internalized, and mentally 
processed the procedure of determining the shape of the graph without the help of explicit steps. 
These took place in S1's mind, showing the student was at the process stage of understanding the 
concept of polynomial graph forms. 

Considering the two processes, S1 determined the characteristics of 𝑓ᇱ(𝑥) by coordinating. In this 
coordination, S1 initially ascertained the two processes and then encapsulated the process of deter-
mining the intervals. This encapsulation was evidenced by the ability of S1 to take action on the 
process, including determining the coordinate points at intervals. After that, S1 integrated it into the 
process of determining the graph shape. The following is an excerpt from a related interview. 

R: What does one intend to know about it? How did you come to know these characteristics? (It 
is necessary to ask about the characteristics of 𝑓ᇱ(𝑥)as presented by the subject)  

S1: ...Therefore, the shape of the graph was analyzed (pointing to the graph in the interval), for 
example, if this were analyzed, the curve sketch would be familiar. As a result, when this 
problem was initially encountered, I mainly focused on what would happen if the function 
were reflected. Assuming it was reflected later, the result would be a parabola, leading to the 
inference that this must be a quadratic function ...  

S1 directly determined the characteristics of 𝑓ᇱ(𝑥) based on the shape of the graph in each interval. 
The repeated observations were made only to pay close attention to every detail of the graph image. 
The procedure showed that the coordination was performed without the need to change the existing 
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scheme or simply by assimilating the object (intervals on the graph) into the process (the procedure 
for determining its shape). This was due to the familiarity of S1 with the condition. During the coor-
dination, S1 performed cognitive actions determining the processes, encapsulating one into objects, 
while integrating it through assimilation. S2, S3, and S4 adopted a similar method during coordina-
tion in the step of understanding the problems. 

In terms of devising a plan, all subjects made a solution plan without giving a detailed explanation 
of the design. S1 explained the plan related to determining the integration constant but did not explain 
the plan to sketch the graph. In this context, S2 and S4 explained the plan briefly. Meanwhile, S3 
explained in detail the plan for determining the symbolic representation of the graphs 𝑓ᇱ(𝑥) and 
𝑓(𝑥), including the procedure before sketching 𝑓(𝑥). Similar to S2 and S4, S3 did not explain how 
to determine the constant of integration; only S1 was able to give a detailed explanation. The results 
of S3's written test on steps adopted in devising a plan are shown in Figure 5, and the following think-
aloud excerpt: 

 

 

 

 

 

Figure 5: S3's Written Test Results on the Step of Devising a Plan 

S3: First, the quadratic function equation was determined from graphs 1, 2, and 3, while the 
equation of the straight line was obtained from the point (stops writing and pays attention to 
the problem). Furthermore, after obtaining the equation, from graphs 1, 2 and 3, it was inte-
grated. (Goes back to writing) to determine the quadratic function and straight-line equations 
on the graph. The results obtained were integrated to get the previous function (pauses and 
pays attention to the problem and the graph image). After obtaining the graph equation, the 
points that passed through f(x) were determined (pauses for a moment) and then immediately 
sketched. 

In line with Figure 5 and think-aloud excerpts, S3 coordinates to construct the process of sketching 
the graph of 𝑓(𝑥). This included connecting graphical, symbolic, and conceptual processes to under-
stand the sketching procedure of graph 𝑓(𝑥). In determining this procedure, S3 related various rep-
resentations and mathematical operations such as quadratic functions, straight lines, points, and inte-
grals. This showed the coordination between various processes, including the identification of graphs, 
formation of equations, integration, sketching graphs based on the integration results, and point anal-
ysis. 

  

TRANSLATION: 
Sketch the graph of 𝑓 
a) Determine the equation of the quadratic function of graphs 1, 

2, and 3. Determine the equation of a straight line from a 
point. 

b) Then, after getting the quadratic function and straight line 
equations on the graph. The results obtained were integrated 
to get the previous function. 

c) Determining the points that pass through 𝑓(𝑥) was found. 
d) After... 
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A typical example is the coordination related to determining the symbolic representation of 𝑓(𝑥). 
Regarding the think aloud excerpt above, S3 stated “...that after getting the quadratic function and 
straight line equations...the results obtained were integrated to get the previous function.” S3 started 
to perform interiorization, which involved trying to understand information related to the character-
istics of 𝑓ᇱ(𝑥), including the relationship between graphs 𝑓ᇱ(𝑥) and 𝑓(𝑥) mentally. 

Regarding the two interiorization processes, S3 determined how to find a symbolic representation of 
𝑓(𝑥) by coordinating. In this context, S1 encapsulated the process of identifying the graph into ob-
jects (types of polynomial functions). S3 applied the object to the process of determining the rela-
tionship between the two graphs. S3 was able to directly integrate this process and object due to being 
familiar with the problem. It was inferred that integrating the process and object in coordination was 
performed through assimilation. In devising a plan, the other subjects also carried out the same cog-
nitive action related to coordination.  

In the step of carrying out the plan, all subjects coordinated with the same mechanism as in the 
previous steps. In this step, the coordination included accommodation in the act of integrating. In 
coordination to determine the integration constant, S1, S2, and S3 integrate processes and objects 
through accommodation. S2 and S3 required intervention during the coordination, while S1 per-
formed the coordination without intervention. The results of S1's written test on the step of carrying 
out the plan to determine the integral constant is shown in Figure 6 and the following think aloud 
excerpt: 

 
 
 
 
 

 
 

Figure 6: S1's Written Test Results on the Step of Carrying Out the Plan to Determine the Constant 
of Integration 

 
S1: ...Here, the left and right continuous were used to find 𝐶ଵ and 𝐶ଷ. Since 𝑓 is continuous at 

𝑥 = 0, the limit 𝑥 approaches 0 from the left of 𝑓 must be equal to the limit x approaches 0 
from the right of 𝑓, which is equal to the value of 𝑓(𝑥)... 
For 𝑥 approaches 0 from the left, the value of 𝑓 is unknown; therefore, it can be written di-

rectly,−
ଵ

ଶ
𝑥ଷ +

ହ

ଶ
𝑥 + 𝐶ଵ, equivalent to the limit 𝑥 approaches 0 from the right of −2𝑥ଶ + 𝐶ଶ. 

Already 𝐶ଶ is 0; therefore, it was unnecessary to write it again. Since this polynomial function 
is continuous, there is a need to substitute 𝑥 = 0 immediately. It was directly stated that 

 
 

TRANSLATION: 
Then since 𝑓 is continuous on ℝ, f is continuous at 𝑥 = 0 , 
therefore  

lim
௫→଴ష

𝑓(𝑥) = lim
௫→଴శ

𝑓(𝑥) 

lim
௫→଴ష

൬−
1

2
𝑥ଷ +

5

2
𝑥 + 𝐶ଵ൰ = lim

௫→଴శ
(−2𝑥ଶ) 

 −
ଵ

ଶ
(0)ଷ +

ହ

ଶ
(0) + 𝐶ଵ = −2(0)ଶ 

 𝐶 = 0 



                              MATHEMATICS TEACHING RESEARCH JOURNAL      56     
                              WINTER 2025 
                              Vol 17 no 6 
 

 

 
This content is covered by a Creative Commons license, Attribution-NonCommercial-ShareAlike 4.0 International (CC BY-NC-SA 4.0). 

This license allows re-users to distribute, remix, adapt, and build upon the material in any medium or format for noncommercial pur-
poses only, and only so long as attribution is given to the creator. If you remix, adapt, or build upon the material, you must license the 

modified material under identical terms. 

 
 

−
ଵ

ଶ
(0)ଷ +

ହ

ଶ
(0) + 𝐶ଵ equals −2(0)ଶ, which could be crossed out, ensuring that 𝐶ଵ is also 0. 

... 

Based on the think-aloud excerpt, S1 coordinated two processes to determine the integration constant. 
This is the coordination between symbolic procedures and calculus concepts. S1 combined proce-
dural results (integral) with analytic concepts (limit and continuity) to develop a method for deter-
mining the constant of integration. S1 used information related to the algebraic representation of 
𝑓(𝑥) at each interval. In determining 𝐶ଵ and 𝐶ଶ, S1 only needed to use information related to 𝑓(0) =
0 and the concept of function continuity (related to the concept of limits) to determine 𝐶ଷ. S1's state-
ment that “For 𝑥 approaches 0 from the left, the value of 𝑓 is unknown, therefore it can be written 

directly,−
ଵ

ଶ
𝑥ଷ +

ହ

ଶ
𝑥 + 𝐶ଵ…” shows that S1 has internalized the process of determining the charac-

teristics of the function  associated with its algebraic expression at each interval. This process is done 
mentally without the aid of explicit steps. Additionally, S1 remembered and internalized the condi-
tions for the continuity of the function 𝑓(𝑥) without explicit steps. 

Regarding the two interiorization processes, S1 determined how to find the constant of integration 
through coordination, by encapsulating the adopted process. For example, in determining 𝐶ଷ, S1 en-
capsulated the process related to the requirements for obtaining continuous functions (the function's 
left-hand and right-hand limit values were the same). This was evident when S1 performed certain 
actions, replacing 𝑓(𝑥) with a particular equation as in Figure 6. Furthermore, S1 performed cogni-
tive actions to integrate the process and the object. The following is the think-aloud excerpt related 
to the cognitive action performed: 

S1: ...Well, aside from that, 𝑓 is continuous at  𝑥 = 1 (pauses for a moment). The limit of x ap-
proaching 1 from the left of 𝑓(𝑥) would be equivalent to the limit x approaching 1 from the 
right of 𝑓(𝑥) (pauses for a moment). When 𝑓 approaches 1 from the left, the function value 
is  −2𝑥ଶ... therefore, the limit of x approaches 1from the left, and −2𝑥ଶ would be the same 
as from the right, and 2𝑥ଶ + 𝐶ଷ. When x approaches 1 from the left, then the argument that 
these two functions are polynomials was applied to enable direct substitution, equivalent to 
−2(1)ଶ and 2(1)ଶ + 𝐶ଷ. As a result, the value of 𝐶ଷ is the same as −4. 

The think-aloud excerpt shows that S1 could not directly integrate the process into the object. Unlike 
the coordination to determine C1 and C2, S1 needed to pause for a moment to rethink the use of 
continuous function concepts, even though the possibility of its use in the solution plan had been 
mentioned. This was because S1 was still not sure of their thoughts. The following is an excerpt from 
the interview: 

R: ...After integrating the equation 𝑓′(𝑥) why was the concept of a limit considered in this part? 
(The subject's work related to determining the constant of integration was reviewed). 

S1: ...But what about C1 and C3, considering that 𝑓 is a continuous function? Therefore, the value 
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of the left-hand limit must be equal to the right-hand limit for 𝑥 < 0. The limit of x approach-
ing 1 from left must also be equal to the value approaching 1 from right. It enabled the im-
mediate carrying out of the task, alongside getting used to solving similar problems. 

R: So, you can directly determine the use of the left-hand and right-hand limits.  
S1: Yes, I thought of it right away... 
R: Were any difficulties encountered in coordinating what was in mind concerning the concept 

of limit, and integral including the sketching process? 
S1: Yes, occasionally I was confused about when to use this and that (while pointing to the infor-

mation on the picture related to the characteristics of the graph f(x), which is f(x) continuous 
in ℝ), leading to confusion in terms of usage (pointing to the determination of C3). 

The excerpt shows that S1 needed to make accommodation in the integration action. The accommo-
dation was performed by students in terms of trying to build a new understanding that the constant 
of integration could be determined, although not arbitrarily. This was based on the continuity of the 
function, with the adaptation process performed without any intervention. 

S2 and S3 needed intervention to coordinate the processes. The results of S2's written test in the steps 
of understanding the problems and carrying out the plan to determine the integration constant are 
shown in Figure 7 and the following think-aloud excerpt: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 7: S1's Written test results in the steps of understanding the problems and carrying out the 
plan 

 
 

 
 

TRANSLATION: 
S2's Written Test Results in the Step of Understanding 
the Problem 
Graph ,𝑓′(𝑥)𝑓 is continuous in ℝ with .𝑓(0) = 0 
 𝑓 is continuous if its limit values exist, with the left-

hand limit value equal to the right. 
 There were three functions, two linear and one quad-

ratic. 
graph I is on the interval(−∞, 0) ⇒ 𝑥 < 0 (discontinue) 
graph II is on the interval [0,1] ⇒ 0 ≤ 𝑥 ≤ 1 
graph III is on the interval(1, ∞) ⇒ 𝑥 > 1 (discontinue) 
 

S2's Written Test Results in the Step of Carrying Out 
the Plan 
Since 𝑓 is continuous in ℝ with𝑓(0) = 0 then: 
... 
Since 𝑓 is continuous in ℝ with𝑓(0) = 0 then𝑓ଶ(𝑥) is ob-
tained: 
... 
Since 𝑓 is continuous in ℝ, then: 
.... 
Therefore, 1 only needs to be substituted into 𝑓(𝑥) so 
that... 
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(The intervention for S2 was realized by asking some questions. The first intervention to deter-
mine the processes to be coordinated.) 
 
R: In this context, it was written that 𝑓 '(𝑥) was discontinuous in this interval, while it was con-

tinuous for 𝑓(𝑥), give reasons? 
S2: Oh yes, this implies that a description of 𝑓 in ℝ is continuous. (Writes down the determination 

of 𝐶ଵ)... 
R: What does continuous mean? 
S2: The limit and value of the function were the same. 
R: Is there any other condition for a continuous function? 
S2: A function is continuous if its limit value exists. In addition, it should be equal to the function 

value. 
R: Do you remember the left-hand and right-hand limits? 
S2: The limit exists if the limit from the left is equal to the one from the right....  
R: In this interval (pointing to the intervals 𝑥 < 0), 0 was excluded, but the left-hand limit should 

be included. 
S2: It should be equal to the right-hand limit. 
R: Therefore, the limit should be the same as this one (pointing to the intervals 𝑥 < 0 and 0 ≤

𝑥 ≤ 1)? Try to write it down. 
S2: So 𝑙𝑖𝑚

௫→଴ష
𝑓ଵ(𝑥) = 𝑙𝑖𝑚

௫→଴శ
𝑓ଶ(𝑥) (writes on the answer sheet next to the determination of 𝐶ଵ). 

In line with Figure 7 and the think-aloud excerpt, several instructions including a question, were 
given as an intervention to S2. The first intervention was needed to understand the information used 
in coordination. This aimed to construct the process related to the procedure for determining the 
integration constant. S2 understood the information associated with the problem. However, S2 had 
difficulty ascertaining the concepts to use in unfamiliar conditions. S2 also needed a second inter-
vention to determine the integral result of 𝑓′(𝑥) through the point 𝑥 = 1. This showed the inability 
to encapsulate the process related to continuous function requirements. The result was also evident 
when S2 was unable to take action to determine the equation for x approaching 1. The following 
think-aloud excerpt also proved the need for intervention: 

 (The intervention for S2 is to ask some questions. Second Intervention to encapsulate a process 
into an object) 

S2: And then the third (pauses for a moment). 
R: Notice this (pointing to the graph of 𝑥 > 1 ), because in the graph at, 𝑥 < 0, 𝑥 = 1 was not 

included, right? 
S2: Yes, ma'am (S2 writes back). Since 𝑓 is continuous in ℝ, then for 𝑓ଷ(𝑥) = 2𝑥ଶ + 𝐶ଷ. 

Ma'am, this is different from the previous calculations (points to 𝐶ଵ and 𝐶ଶ, pauses, and 
stops working) 
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R: What did you write earlier (pointing to the writing above in relation to 𝑓 continuous in ℝ), 
therefore, for this function at 𝑥 = 1, how? Based on what was initially written, what are 
the left-hand and right-hand limits? 

S2: As a result, the limit approaches 1 both from the left of 𝑓(𝑥) and from the right... (and then 
speechless) 

Considering the excerpt mentioned earlier, S2 was unable to determine the value of the integration 
constant in the interval 𝑥 > 1. This was due to the inability to enter the value of 𝑥 = 1 in the interval 
directly. S2 felt that although 𝑓 is continuous, in the interval (for 𝑥 = 1) it did not enter the result 
area of the function. The process is clearly explained in the following interview excerpt: 

R: What other difficulties were encountered while working on this problem? 
S2: When trying to find 𝑪𝟑 and plotting the graph, including the third power 
R: What difficulty was encountered in the part about finding 𝑪𝟑? 
S2: Because there was no circle sign, Ma'am (pointing to the symbol of boundary point of graph 

in the interval 0 ≤ 𝑥 ≤ 1, closed circle sign), I had to rethink the process. This implied that 
at that point (point 𝑥 = 1 in the interval 0 ≤ 𝑥 ≤ 1), the limit as x approaches 1 exists. How-
ever, I had a rethink that here the interval started from 0 to 1 (pointing to the graph in the 
interval 0 ≤ 𝑥 ≤ 1 , which is from point (0,0) to (1, −4)). I was unsure whether to substi-
tute 𝑥 = 1 from the left or the right. This led to the assumption of equating the values (point-
ing to the graph in the interval 0 ≤ 𝑥 ≤ 1, which is 𝑥 = 1, 𝑦 = −4) and then finding x again 
(pointing to the graph in the interval 𝑥 > 1). 

Think-aloud and interview excerpts show that S2 was unable to perform the action of calculating the 
integration constant associated with the continuous function requirement and limit concept in the 
interval 𝑥 > 1. Meanwhile, in the interval 0 ≤ 𝑥 ≤ 1, S2 was able to perform this action, resulting 
in the conclusion that S2 had difficulty performing the same action in different situations, including 
diverse intervals. The entire scenario showed S2's inability to encapsulate the process into an object 
(the result of integration). It was also reported that S2 required an intervention to reconstruct their 
understanding related to determining the integration constant. The result was evident in the following 
think-aloud and interview excerpts related to the determination of 𝐶ଷ: 

 (The intervention for S2 is to ask some questions. Third intervention to integrate a process and 
an object) 

R: It was presumed that at 𝑥 = 1, which part was the 𝑓(𝑥)? 
S2: The ones in 𝑓ଶ(𝑥) and 𝑓ଷ(𝑥). 
R: Yes, therefore, which equations are −2𝑥ଶ and  2𝑥ଶ + 𝐶ଷ? 
S2: Yes, ma'am. 
R: As a result, one only needs to enter the value of x, which is equal to 1? 
S2: (S2 remained silent momentarily before looking at the graph of f′(x)) Oh, yes. (writes back) 
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It means that lim
௫→ଵష

−2𝑥ଶ = lim
௫→ଵశ

2𝑥ଶ + 𝐶ଷ, substituting 1 into 𝑓(𝑥), so −2(1)ଶ = 2(1)ଶ +

𝐶ଷ…  

Interview excerpt explaining this was realized after S2 solved the problem: 
R: At first, did you know whether you would need to use the concept of continuity and the infor-

mation that 𝑓(0) = 0? Did you immediately think of using them? 
S2: Perhaps it was because the problems I usually work on never contain anything like this (point-

ing to the information stating that f is continuous and f(0) = 0). So, actually, there was infor-
mation on this problem that could be used to determine the value of C. But I forgot it at the 
time, Ma'am. 

The think-aloud excerpt and interview shows that S2 performed cognitive actions to integrate a pro-
cess and an object through accommodation. This process involved determining the characteristics of 
the function f in relation to its algebraic expression at each interval. It led to an understanding that 
the integration constant is not arbitrary but rather based on the continuity of the function (as an ob-
ject). This demonstrates that the process was reconstructed to accommodate this understanding. 

In the looking-back step, the three subjects (those who were able to solve the problem correctly) did 
not carry it out. However, during the interview, the researcher attempted to ask the subjects for their 
thoughts on the results of their problem-solving process and the possibility of alternative methods to 
solve the problem. All three subjects shared the same perspective that the evaluation of their work 
was based on the accuracy of the calculations and the conformity of the graph's shape with the typical 
forms of quadratic and cubic functions. Moreover, the three subjects were unable to identify alterna-
tive ways to solve the problem other than the method they had used (i.e., determining the symbolic 
representation from the graphical representation). 

Following Arnon's Coordination, the procedure started with two processes that had been determined. 
The procedure was then continued with the cognitive action of encapsulation and integration of pro-
cess and object through assimilation or accommodation as shown in Figure 2. Considering the results 
of the study, the subjects determined the appropriate processes from several existing concepts in 
order to perform coordination. This was in relation with the schema selection, and during problem-
solving, an individual was confronted with the selection process. Therefore, in this study, the coor-
dination of the two processes was described as in Figure 8.  
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Figure 8: Mechanism of Coordination Based on Study Results 

The analysis produced results depicting that the coordination of the two processes consisted of three 
cognitive actions, namely determining the processes, transforming a process to an object or encapsu-
lation, and integration into another process. In addition, the integration of a process and an object 
was realized through assimilation or accommodation, pertaining to the conformity of the problems' 
structure with individual mental structure. The mechanism of coordination was described from the 
subject's selection of the processes to their integration, as shown in Figure 8. 

 

The Challenges of Each Cognitive Action  

During each cognitive action, the subjects faced certain challenges. S1 experienced challenges in 
determining the process and handled it without intervention. Meanwhile, S2, S3, and S4 required 
intervention in one of the coordination performed. Only S2 and S3 were able to coordinate after the 
intervention. The following interview excerpt showed how the challenges were handled by S2 and 
S3: 

R: At the beginning were you aware that you could use the concept of continuity and information 
related to the value of 𝑓(0) = 0? Did you immediately think it could be used? 

S2 : ...because the problem I had worked on was not like this (pointing to the problem description 
regarding the continuity of 𝑓 and the information 𝑓(0)). When solving the problem, the 
information extracted could be used to determine the value of 𝐶, but I did not seem to re-
member that idea (pointing to what was written about what was known from the problem). 

Interview excerpt of S3: 
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R: So, did you have time to think about something to be able to determine the 𝐶 value? This led 
to an explanation associated with continuous f in relation to the limit and 𝑓(0) = 0  (points 
to S3's writing about what is known from the problem). Did you think this would be used?  

S3: no (while shaking his head) 
...  
R: So, you were confused when connecting the concepts of continuous function, limit and inte-

gral? 
S3: Yes, and because I already knew about the nature of continuous functions (pointing to what 

was written in relation to the information extracted from the problem). But I did not think I 
would use it to find the value of the constant of integration. I thought there was a known 𝑓 
that is continuous after a question about the known information from the problem was given. 

Based on the interview excerpts above, it was found that S2 and S3 encountered difficulties in deter-
mining the processes to be used in coordination. S4 experienced the same issue. Furthermore, S2, 
S3, and S4 also struggled with the action of encapsulation. This was evident in the previous think-
aloud excerpt from S2, which related to the intervention given to support the encapsulation process 
within coordination for determining the integration constant. A similar difficulty was experienced by 
S4, leading the researcher to provide an intervention. However, even after the intervention, S4 could 
still not solve the problem. The following are the results of the think-aloud session and the interven-
tion provided: 

S4: ... because we have got the integral, then we draw this... (speechless) 
R: Try to pay attention to what is known 
(S4 was silent and only paid attention to the description part and pointed to f(0)=0 and f is 
continuous in ℝ) 
R: It is continuous on ℝ and 𝑓(0) = 0, what do you think you know? 
S4: If it is continuous, the process implies that the value of the left-hand and right-hand limits 

would be similar. 
R: Well, try to think about whether it can be used? 
S4: Then this is 2𝑥ଶ + 𝐶ଵ on the interval 𝑥 > 1 and −2𝑥ଶ + 𝐶ଶ on the interval 0 ≤ 𝑥 ≤ 1. This 

depicts that 𝐶ଵ and 𝐶ଶ are similar. (stops writing and falls silent) 
R: How can they be the same? 
S4: This is because the left-hand and right-hand limits are the same. (pauses) Oh no, what should 

I do, Ma’am? I’m confused. 

The think-aloud excerpt proves that S4 was unable to properly use one of the conditions for a con-
tinuous function to obtain an integration constant. S4 stated that because the limit values from left 
and right were the same, the integration constant in the intervals 𝑥 > 1 and 0 ≤ 𝑥 ≤ 1 would be sim-
ilar. This showed that S4 could determine the process used but was unable to engage in encapsulation 
in relation to the continuous function condition. The result was evident when S4 was unable to per-
form the action of calculating the integration constant. Regarding this perspective, intervention was 
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stopped because of the inability of S4. The study results showed that each cognitive action presented 
certain challenges, as shown in Table 2. 

 

Cognitive Actions Challenges 

Determining the Processes Subjects had difficulty deciding which process to select. 
This was due to unfamiliar conditions. 

Transforming a Process to an Object  Subjects had difficulty encapsulating the process into an 
object. This was because students were unable to view fa-
miliar situations in a completely new way or under condi-
tions different from before. 

Integrating an Object into Another 
Process 

Subjects had difficulty making accommodations through 
the reconstruction of their respective schemes. This was 
due to students' inability to build relationships between the 
concepts they possessed. 

Table 2: The Challenges of each cognitive action 

In accordance with Table 2, each cognitive action was characterized by the challenges faced by the 
subjects. These had causes that were related to the understanding of the basic calculus concepts, 
including the coherence of schemes owned by subjects. 

 

DISCUSSION 

Coordination is a mental mechanism used to construct new processes in APOS theory. This is defined 
as the composition of two or more processes used to construct a new one (Dubinsky, 2002). The new 
processes are constructed to be adopted in solving problems (Akgul & Yilmaz, 2023; Cetin & 
Dubinsky, 2017; Planell & Trigueros, 2019; Syarifuddin et al., 2020) or to learn a concept (Arnon et 
al., 2014). In this context, Arnon et al. (2014) hypothesized the coordination mechanism (Arnon's 
Coordination), which explains how individuals mentally coordinate two processes. The hypothesis 
is still recommended for future study. Therefore, an educator needs to understand how the mechanism 
functions. This is related to the focus of APOS theory, which provides a framework for understanding 
mental processes that occur when individuals learn mathematical concepts. Considering the descrip-
tion, the mechanism serves as a basis for developing lessons and evaluating student performance in 
solving mathematical problems (Arnon et al., 2014). In this study, a reverse problem was selected to 
determine the mental processes that occurred when students coordinated the processes in problem 
solving. This was because in some studies, direct and reverse problems were used to reconstruct 
individual mental processes associated with reversibility (Ikram et al., 2021). 

The results describe how students coordinated two processes to solve the reverse problem. These 
results were proven through three cognitive actions performed by students in each coordination. The 
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actions include determining the processes, transforming one of them into an object, and integrating 
with other processes that have been determined. This suggests that the hypothesis proposed by Arnon 
et al. (2014) excluded the act of determining processes. In Arnon et al.'s hypothesis (Arnon's Coor-
dination), the coordination implementation mechanism is described by a predetermined process 
shown in Figure 2. However, as this is a crucial factor in the success of coordination, the description 
of the mechanism in the present study started with the cognitive action of determining the processes, 
as in Figure 8.  The result was in line with the theory proposed by Dubinsky (1991) that in coordina-
tion, there is a cognitive action of taking two or more processes and using them to build a new pro-
cess. However, in this study, we term taking processes as determining processes. 

The results show that the first cognitive action of determining processes plays an important role in 
coordination. Students did this cognitive act by determining the necessary processes based on the 
adopted concepts. This finding is consistent with those of Dubinsky (2002), who stated that coordi-
nation entails the evaluation of cognitive actions aimed at identifying pre-existing processes in order 
to construct new concepts. However, not all students can easily do it. According to the research re-
sults description, three students could not determine the integration constant. They were unable to do 
so because they could not construct a new process related to determining the integration constant 
through coordination. They were unfamiliar with the given problem. This is evident from the results 
of their work in the stage of devising a plan, in which they failed to devise a plan related to determin-
ing the integration constant. However, when determining the algebraic representation of, they real-
ized a method was needed to determine the integration constant. Based on interviews, a significant 
challenge encountered in problem-solving was associated with determining the concepts used. In this 
study, three students were given interventions, in the form of questions that helped them reflect on 
what had been done. This was in accordance with the findings of Sopamena et al. (2018), which 
emphasized the need to provide students with opportunities to re-access their respective schemas 
through reflection.  

The intervention enabled the three students to determine the processes to be coordinated. The inter-
vention, in the form of questions, helped students review what had been written in relation to the step 
of understanding the problems. After realizing that the written information had not been used, the 
three subjects started to think about the possibility of its adoption. The response was in accordance 
with the theory proposed by Marshall (2007), which states that questions can be asked with the aim 
of accessing relevant parts of the scheme. After determining the processes used, the coordination 
process was continued by performing the second cognitive action.  

The second cognitive action focused on transforming a process into an object through the encapsu-
lation mechanism. Furthermore, encapsulation occurs when an individual performs actions on a pro-
cess, realizing it as a totality and entity (Arnon et al., 2014; Cetin & Dubinsky, 2017). The results 
showed that cognitive action was evidenced by the ability of students to perform certain actions in a 
process. These included dividing the graph based on the interval, determining the location of a point, 
and the shape of the graph, performing integration and limit operations on a function, as well as 
sketching a function graph and others.  
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The cognitive act of transforming processes into objects played a crucial role in coordination. Stu-
dents who encapsulated the process were able to continue the next cognitive action on coordination. 
Based on the results obtained, as well as in the first cognitive action, three students experienced 
obstacles. This also occurred during the coordination to construct new processes related to the deter-
mination of integration constants. The three students needed intervention. However, despite receiving 
intervention, one of the three students was unable to transform the process into an object. This oc-
curred while she was determining the integration constant. She could not encapsulate the process 
related to obtaining continuous functions. This was in accordance with Borji & Planell (2023), who 
stated that students perform coordination by applying one process to an encapsulated process to con-
struct a new process. The result was also in line with the hypothesis proposed by Arnon et al. (2014), 
that in the coordination of two processes, one of the processes was encapsulated into an object, ena-
bling the other to be applied. 

The challenge encountered in this second cognitive action is associated with the ability of an indi-
vidual to summarize a concept by constructing its meaning. As generally understood, encapsulation 
entails the personification of a concept, specifically, a set of abstract ideas to make it meaningful 
(Cappetta & Zollman, 2013). In this study, students were unable to interpret the results of integration 
to perform limit operations. Although students had successfully performed similar actions on the 
integration, results were obtained at different intervals. This is consistent with the theory proposed 
by Sfard (1991), which focuses on the inherent difficulty of reification (similar to encapsulation in 
APOS Theory). The theory stated that the ability to detect familiarity in a completely new way was 
difficult to achieve. This difficulty arose when a process was not converted into an object (Arnon et 
al., 2014). The object that had been generated was integrated with the other process that had been 
determined.  

The third cognitive action centered on integrating objects into a process that had been determined. 
The results show that when students coordinated the two previously owned processes under the con-
dition of a familiar problem, the cognitive action could be performed directly, without intervention. 
The hypothesis proposed by Arnon et al. (2014) relates to how an individual assimilates the object, 
including applying the process. The study reported that students could directly determine how an 
action was applied to the object. The response was consistent with expert findings, which stated that 
the assimilation of knowledge referred to the mechanism by which an individual can apply the 
schema owned without alteration. This was because the problems' structure was in line with the 
schema already owned (Arnon et al., 2014; Blake & Pope, 2008; Subanji & Nusantara, 2016). How-
ever, not all of these cognitive actions were realized through assimilation. 

In this context, coordination included the impact of accommodation on the cognitive action of inte-
gration. The results show that this occurred when students coordinated two processes they already 
possessed, but in a new or unfamiliar situation. In addition, students obtained accommodation by 
reconstructing the process they owned, adjusting the cognitive object, and applying it to the process. 
This response supported the result of Arnon et al. (2014) that in accommodation, the scheme is re-
constructed and modified to address new situations. The reconstruction of this process was done 
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when students built a new understanding that the constant of integration can be determined, based on 
the continuity of the function. In this study, some students received interventions that enabled the 
reconstruction process. This challenge was encountered because subjects had difficulty obtaining 
accommodation through the reconstruction of the schemes. The difficulty was also caused by stu-
dents’ inability to build relationships between the concepts. Therefore, the intervention was realized 
by questions based on what had been written in terms of building relationships between concepts. 
This result supports the view of Corral et al. (2019), who points out that the core difficulty in learning 
mathematics lies in grasping the interrelationships among concepts within a problem, rather than 
merely executing solution strategies. Previous studies from different perspectives have demonstrated 
challenges in solving reverse problems associated with understanding the relationships between con-
cepts.  

The challenges students encounter in solving reverse problems related to the graphs of derivative and 
antiderivative functions have been reported in previous studies from different perspectives. For ex-
ample, in studies focused on mathematical connections (García & Flores, 2021; Nieto et al., 2023), 
schema formation relied on derivative concepts (Fuentealba et al., 2019), representation translation 
(Swastika et al., 2023), and reversibility (Nieto et al., 2023). In line with this study, a proper under-
standing of the basic calculus concepts played a crucial role in reverse problem-solving. Therefore, 
educators are recommended to provide conceptual learning that focused on the relationship between 
concepts, including graphical-symbolic translation. This is because the connection processes enabled 
solving calculus tasks related to reversibility and translations of representations, such as exercises 
related to drawing  and  without symbolic expression (García & Flores, 2020, 2021; Nieto et al., 
2023). 

The results of this study show how the coordination of the two processes was associated with Arnon's 
hypothesis, and the challenges faced by students in each cognitive action when solving the reverse 
problem. The three challenges affected students' ability to construct a new process through coordi-
nation in each problem-solving step. For example, in terms of devising a plan, only one subject iden-
tified the plan for determining the constant of integration, alongside the step adopted during the ex-
ecution process without intervention. Therefore, the results should be considered by educators when 
designing lessons that focus on the cultivation of deep concepts. This is related to the coherence of 
how actions, processes, and objects were interconnected and organized in larger mental structures 
called schemas. Regarding the description, schema coherence allow an individual to decide whether 
a schema can be used in a particular mathematical situation (Cetin & Dubinsky, 2017). 

Following the description, educators are advised to design lessons that explicitly motivated students 
to analyze and reflect on the actions, processes, and mathematical objects used, as well as connect 
new schemas with existing concepts. This learning enables students to build a deeper and more ap-
plicable understanding of mathematical concepts through APOS-based learning. Borji et al. (2018) 
proved that APOS-ACE-based learning effectively helped students develop a deeper understanding 
through reflection and schema connection. Another possible solution is the provision of calculus-
related problem-solving exercises with different contexts, using similar mathematical concepts. It 
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also helps students to recognize patterns of problems in diverse forms. The result is in line with the 
finding of Setyaningsih et al. (2018), which states that an individual's schema can be developed 
through problems given. These problems can include reverse problems involving the translation pro-
cess between representations, such as the one provided to students in this study. In addition, educators 
are expected to evaluate the learning process by asking reflective questions to determine the extent 
to which students understand a concept. The results of such evaluations can inform the design of 
instruction that supports the development of students' conceptual understanding. 

 

CONCLUSIONS 

In conclusion, the mechanism of coordination between two processes carried out by students in solv-
ing the reverse problem associated with the graph of derivatives and antiderivative functions is ex-
plained through three cognitive actions. These include determining processes, transforming a process 
into an object through encapsulation, and integration through assimilation or accommodation. This 
result shows differences in line with the hypothesis proposed by Arnon regarding the coordination 
(Arnon's Coordination). The difference is the first cognitive action, namely the determination of the 
process. Based on the results, this cognitive action affects the success of coordination.  

Other results are related to challenges encountered during each cognitive action and its causes. In the 
first cognitive action, students had difficulty determining the process to be selected. This was because 
the conditions of the problem were unfamiliar or had not been encountered. In the second cognitive 
action, students had difficulty encapsulating the process into an object due to the inability to view 
familiar tasks in a completely new way or in different conditions. Meanwhile, in the third cognitive 
action, students encountered difficulty making accommodations through the reconstruction of 
schemes owned because of the inability to build relationships between the concepts. These three 
challenges depended on students' understanding of the basic concepts of calculus and the coherence 
of their respective schemes. 

Regarding the results obtained, students' success in the mental mechanism of coordination in solving 
reverse problems is influenced by conceptual understanding. Therefore, educators are recommended 
to design lessons that explicitly motivate analysis, alongside the reflection of an action, process, and 
object, including the connection of new and existing schemas. Another possible solution is to provide 
calculus-related problem-solving exercises with different contexts using similar mathematical con-
cepts. The exercises are expected to be direct and reverse problems, including the translation process 
of representation. In addition, educators are expected to evaluate learning through reflective ques-
tions to determine the understanding level of students' concepts. This study recommends future anal-
yses related to the effectiveness of learning strategies designed based on the results associated with 
improving students' understanding of mathematical concepts and solving reverse problems. 
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APPENDIX 

Appendix 1. Pre-Test Problems   

 

Note: The pre-test problem is only used to select students who will be used as research subjects 

 


