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Abstract: In this article, we look at the exploratory aspects of student projects. We discuss a spe-
cific project from a course on quaternions and see how incorrect theorems, student omissions, etc.,
led to some new mathematical results. In particularly, the fact that H/Z, was not just another
division algebra but simply a ring with zero-divisors opened new questions to be explored, such
as finding non-trivial idempotents, tripotents, and exploring extensions to larger rings such as
O/Zy. This serves as a reminder that student projects occasionally could also have academic ben-
efits for the students or the instructors. These are outcomes that could enhance the students’ or
the instructors’ academic and professional development.
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INTRODUCTION

Student projects! within a college course are not only pedagogically beneficial to students but also
could occasionally have academic benefits’ for students or instructors too. The general benefits for
the students and instructors were discussed in (Osburn & Karukstis, 2009) and more briefly in
(Petrella & Jung, 2008). In both articles, the initiation and production of research and new results
is identified as one of the benefits, and these fall into what I would call academic benefits. In this
article, we show an instance of academic benefit for the instructor and how it actually occurred. In
other words, we will see how engaging students in projects yielded research questions and new
results which led to publications. Interestingly, in our case, the new results did not come from the
students’ produced results but from their omissions, mistakes, and from the material used and
studied during their project work.’

! By “student projects” I mean traditional projects given to students (or initiated by them) in order to explore something during a course. I am not
referring to “project-based learning” which is a bit different and I have criticized in (Aristidou, 2020).

2 By “academic benefit” I mean any by-product of an activity that could boost the teacher’s or the student’s academic and professional develop-
ment. For example, research that could lead to a publication in a scientific journal could be such a by-product. The term was elaborated further in
(Aristidou, 2020).

3 For some other examples of projects which produced academic benefit for students see (Aristidou, 2020). And for some that produced academic
benefit for students and instructors see (Aristidou, 2020), (Aristidou & Hailemariam, 2021) and (Marciniak, 2018).
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More specifically, I will discuss a new result that came out of one of my courses at DigiPen Insti-
tute of Technology in 2008.* It was from a course on quaternion algebra and its applications in
computer graphics in which the students had the option to work on a project of their liking in
groups of two (see Appendix 1 for the Syllabus and more details). The students were strongly
encouraged to come up with their own ideas for a project, but they were also told in class that a
list of possible project suggestions would be available by the instructor at a later time. Three groups
of two students accepted my suggestion to explore quaternions with coefficients not from the field
of real numbers R but from the finite field Z,.

In the following sections, we will describe how the assignment played out and what new came out
from it. First, I will provide some basics on quaternions H and the quaternion ring H/Z,, (see also
Appendix 2 for brief explanations of the key mathematical terms). Then, I will describe the mistake
we found and its algebraic ramifications. Finally, in the last section, we will draw some conclu-
sions.

THEORETICAL FRAMEWORK
The Quaternions H and the Ring H/Z,

The quaternions, denoted by H, were first discovered by William R. Hamilton in 1843 as an ex-
tension of complex numbers into four dimensions (Remmert et al., 1991). Namely, a quaternion is

an element of the form x=a,+a;i+a,j+a,k, where a; are from R (real numbers) and i, j, k are
such that i = /2 = i = jjk = -1.

For example, x =2+3i— j+7k is a quaternion. So are y=3k ,z=i+2j and w=-2.

The operations of addition “+” and multiplication *.” in H are defined in (Herstein, 1975, p.124).’
Basically, addition is done component-wise and multiplication distributive-wise resulting in the
following formulas:

x+y=(a,+ai+a,j+ak)+(b,+bi+b,j+bk) (1)
=(a,+b,)+(a,+b)i+(a,+b,)j+(a,+b)k
xy=(a,+ai+a,j+ak)b,+bi+b,j+bk) (2)

=(a,b, —ab, —a,b, —a,b,)+(a,b, + a,b, + a,b, — a,b, )i +
(a,b, —ab, +a,b, +ab) j+(a,b, +ab, —a,b +ab,)k

4T am referring to DigiPen’s main campus in Redmond, WA.
° Multiplication is associative but not commutative, because ij = k and ji = -k.
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For example, adding x=2+3i— j+7k and z=i+2; from the previous example above we get:

X+z=(2+3i—j+7k)+(i+2))

=(243i—-j+T7k)+(0+i+2j+0k) 3)
(2+0) + (B3+1)i + (-1+2); + (7+0)k
=2+4i+j+ 7k

And, multiplying x=2+3i—j+7k and z=i+2;j we get:

xz=(2+3i—j+T7k)i+2))
=(2+3i—j+7k)0+i+2j+0k) 4)
=0-3+2-0)+(2+0+0-14)i +
4-0+0+7y+(O0+6+1+0)k
=-1-12i+11j+7k

The ring H/Z,, contains finitely many elements of the form x =q, +a,i +a,j+a,k , where the a;’s

come from Z,. That is the set Z, = {0, 1, 2, ..., p-1}, i.e., the set of remainders modulo p. In other
words, the numbers resulting after we “subtract off” multiples of p. In regards to the ring H/Z,, as
p=01nZ, , the operations are defined as in H but taking into consideration the modulo p operation
(modp). Notice also that as H is non-commutative, so is H/Z),.

For example, in H/Zs, adding x =2+3i+ j+4k and z =2i+ 2k we get:

X+z=(2+3i+j+4k)+(2i+2k) (5)
=2+5i+j+6k
=2+j+k

(because 5=01in Zs. Hence, 6=5+1=0+1=1, etc.).

And, in H/Zs , multiplying x =2+3i+ j+4k and z = 2i+ 2k we get:

xz=(2+3i+j+4k)(2i+2k) (6)
=-14+6i+2j+2k
=1+i+2j+2k

(because 5=01n Zs. Hence, 15=14+1 = 53=14+1 = 0=14+1 = 14=-land6=5+1=0+1=1, etc.).
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Algebraically speaking, H forms a non-commutative normed division algebra (skew field) over R
of dimension 4 (Remmert et al., 1991, p.195-196). There are only four normed division algebras
(Hurwitz, 1898), namely R, C, H and O, with the octonions O (which are non-commutative and
non-associative) being the largest.

The structure and some of the properties of the finite ring H/Z,, where p is a prime number, was
done in Aristidou and Demetre (2009). A more detailed description of the structure H/Z, was given
by Miguel and Serodio (2011). Among others, they found the number of zero-divisors, the number
of idempotent elements, and provided an interesting description of the zero-divisor graph.

METHOD
Students’ Projects

The study of H/Z, was exactly the project suggested to some students in the purposes of the course
on quaternions that we described in the Introduction. The students were asked to explore H/Z,,
trying perhaps to define its operations, work out examples, look for some idempotents, solve sim-
ple equations in H/Z, and possibly explore similar things in O/Z,. At the time I was unaware that
H/Z, and some of the questions posed above were included as an exercise in (Herrnstein, 1975,
p.136). What I found instead was an article by Kandasamy (2000) which I shared with the students
as material to help them with their project. Certainly, Kandasamy’s paper was a good source of
information for them, due to its content and accessible level. But, unfortunately, a paper from
which they used results at face value and imitated proofs without much caution.

Then, a serious problem appeared while grading the students’ projects. My colleague A. Demetre
and I found a counterexample to what the students claimed and supposedly proved. So, we were
convinced that there must have been a mistake somewhere in their work. Initially, we did not notice
any mistake in the original article by Kandasamy which was given to the students as reference.
After all, the latter was supposedly peer reviewed and published, so one did not have a reason to
doubt it or double check it. But, since the students pretty much imitated a key theorem “proved”®
in Kandasamy’s article in their work, that raised a suspicion and gave us a reason to re-examine
Kandasamy’s result more carefully.

The students had also their own suspicions of Kandasamy’s article. For example, in one project
(see Figure 1), students already found several typos and errors in the article. Furthermore, they
expressed suspicions for the proof of Kandasamy’s Theorem 2 mentioned above (see footnote 6),
which was relevant to their work. Nevertheless, they considered the result to be correct and played
along trying to give their own proof of the same “fact,” naturally making similar mistakes. It seems

6 That was Theorem 2 in Kandasamy’s article (2000, p.133), which falsely stated that H/Zp is a skew field.
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that from the four stages of creativity identified by Wallas (1926) (see also Marciniak, 2020),
namely preparation, incubation, illumination and verification, the students missed the last stage.

I_ This was our first challenge in deciphering this paper, because many tems in the

MAT 351 Final Project

Deciphering Finite Quaternion Rings and Skew Fields multiplication definition were in the wrong place, or used the wrong values.
Our project is on a paper entitled “On Finite Quaternion Rings and Skew Fields’ The first theorem defines P as before. but instead of Zn we use a set called Zp
by Vasantha Kandasamy. In this paper, she first defines quaternions using a ring of
) ) . o where Zp is {0, 1, 2.....p-1} where p is a prime number. The theorem states that P is a
integers modulo n. These are used for the coefficients of i, j, and k. She defines addition e —
and multiplication for this set and then proves that it is in fact a division ring. She goes finite skew field. To prove this we need to show that there is a, b E P such that ab= 1 for

on to prove that using a ring of prime numbers creates a finite skew field, and composite . =
4 L i some a that does not equal zero. For this proof, see ‘Proof 1" on the attached sheets. As

numbers create a non-commutative ring with zero divisors. At the end she describes a

few other interesting facts and leaves a few things up to the reader to work out. This is a before, this pIOOf made no sense when we first weat lhl'Ollgl it So instead of ying to

relatively short paper, and seemed simple enough at first glance, but on further inspection | correct it, we proved the theorem ourselves and checked it against the proof in the paper.
there are many typos and errors that make the reading of this document much more ’ . .
There were many misplaced variables and parenthesis, but we were able to work through
difficult. In this paper we will attempt to decipher and correct this paper, and complete

the exercises at the end of it. It

|
Figure 1. Student project #1. Suspicions were cast on the reference paper they used for their project.

Finite Octonionic Rings and Skew Fields

In this paper, modeled after [1], we construct finite octonionic rings and skew fields, and
examine certain properties they possess. The set of all real octonions, O, is an
established infinite division ring, while the octonions we construct here belong to finite
subsets; some of which are rings and others which are division rings.

THEOREM 1: If

O =fo, soizo jrokiolen (iNen (Mo (o o o o o . 0

o, e .e,.0,.2

where p is a prime, then O, is a finite skew field (division algebra).

PROOF:
As stated above, we know that O_ is a finite non-associative ring. To demonstrate that it is

a finite skew field we must show that every element & € O_has a multiplicative
] ’
inverse § € O, such thatafS =1.

Leta =a, +aji+a,j +ak+ald+a,il)+ a,(jl)+ a. (ki) and using the general
octonion inversion formula for § we have:

g=a; +a; +a; +a; +a; +a; +a; +a; € Z_, where g has a multiplicative inverse

g7 € Z_(since p is a prime number there exists a multiplicative inverse g™' € Z _for

Figure 2. Student project #2. Attempt to generalize the main result from the ring H/Z,, to the ring O/Z,
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They simply did not check the validity of their ideas, even though they did express doubts on some
of the information in the reference article.

In another project (see Figure 2) students also used Kandasamy’s Theorem 2 (see footnote 6) and
imitated her proof in order to extend the result from the quaternionic ring H/Z, to the non-associ-
ative octonionic ring O/Z,. The latter was also mistakenly “shown” by the students to be a skew
field which caused a different kind of suspicions because the octonions, as Baez said, “are the
crazy old uncle nobody lets out of the attic” (Baez, 2002). They are an “exceptional” structure that
usually does not follow common algebraic expectations in the hyper-complex numbers’ family
(non-associative, not a Lie group, etc.). Which made the students’ result sound a bit too good to
be true and beg a careful examination. Clearly, this group of students missed Wallas’ fourth stage
of creativity (i.e., verification) too (Wallas, 1926, Marciniak, 2020). They did not check the valid-
ity of their results.

As we already mentioned, a counter-example was produced (see next section) which contradicted
Kandasamy’s supposed Theorem 2 (2000, p.133) which claimed that H/Z, is supposedly a skew
field. As one of the purposes of the student project was to promote exploration and inquiry-based
learning’, the specific counter-example was not revealed immediately to the students. Instead, the
two groups of students were asked to produce some examples that confirm or disconfirm their
work. Surprisingly, neither of the two groups included examples in their submitted articles even
though Kandasamy’s reference article includes two examples, namely H/Z3 and H/Z4, without the
computational details (for H/Z3 it incorrectly states that is a skew field). In a meeting after the
students submitted their projects, the counter-example was shown to the students and their work
was discussed. The students were quite surprised and almost in disbelief in how could that be since
they were following a published and therefore correct result. One student protested, “Isn’t a theo-
rem something that is proved and is therefore true?”. Another student simply said, “I knew it that
something was wrong with this story!” I pointed out to the students of both groups that, perhaps,
had they tried to do the calculations themselves even for the H/Z; case from the article they might
have noticed that the example does not agree with the supposed theorem.

The students in the 1st group admitted that they were carried away and thought that the example
was definitely correct because there was a general theorem proved for H/Z, (i.e., for all primes)
and for p = 3 one simply had a special case. The students in the 2nd group, the ones trying to
extend the main result from H/Z, to the octonionic ring O/Z,, already disproved that O/Z, is a skew
field without providing a counter-example (they imitated Kandasamy’s disproof and expanded the
calculations). So, it was reasonable to expect at least from that group to produce some concrete
counter-examples for O/Z,, hoping that the calculations would lead them perhaps to some counter-

7 Inquiry-based learning is a student-centered teaching method where students explore topics, investigate questions, conduct projects, etc., and
obtain knowledge by self-study and discovery. Students are not passive recipients of in-formation from the teacher. Instead, they are encouraged
to actively participate in the learning process which helps them strengthen their critical thinking and research skills.
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examples for O/Z,. Their explanation was that they did not actually feel the need to check for
counter-examples for O/Z, as they believed that there were not any because in their “proof” that
O/Z, is a skew field, they simply imitated an established result from the reference article. Later
that week, the 1st group of students produced one more counter-example of zero divisors in H/Z,
and sent it to me by email. Also, the 2nd group came by my office showing me a counterexample
for O/Z, , confirming their disproof that O/Z, is a skew field. They did not produce a counterex-
ample for O/Z, .

Overall, upon reflection, I think that the project and the follow-up discussions had an impact on
the students' learning experience and their understanding of quaternions, octonions, and abstract
algebra in general. The students realized that one needs to be more careful when studying abstract
and unfamiliar spaces. Furthermore, re-working some examples and doing the calculations is ben-
eficial and gives more experience and insight. Finally, even though mathematics is a rigorous sci-
ence, mistakes could happen, and one should always keep a skeptical eye on the various claims
and results. Certainly, inquiry-based learning is not easy for the students or teachers. It is a peda-
gogical method that requires commitment and some degree of mathematical maturity from the
student. But, it also requires time and good preparation from the teacher. The above-mentioned
quaternion course was not specifically designed as an inquiry-based course. It was a lecture course
that required a project in which students were free to explore topics related to the course content
but not necessarily curriculum or standard topics. Nevertheless, some of the course objectives were
“improving problem-solving skills”, “develop the ability to answer questions and present material
coherently”, etc., which were observed and assessed especially via the project. Overall, I believe
that the students got a small taste of inquiry-based learning and tried their best. I also believe that
some improvements could be made from the instructor’s side, in terms of project choices, closer
monitoring, time management, etc. The latter are certainly crucial if the approach I just described
is to be implemented in other mathematics courses too, especially to lower-level courses.

Given our counter-examples and our suspicions of some of the claims in Kandasamy’s article, I
wrote early on a polite email® to Kandasamy requesting some explanations on how to interpret
these results, asking if we could possibly be mistaken, to which email unfortunately I never re-
ceived a reply. In the meantime, as I mentioned above, more counter-examples were produced and
while we were waiting for a reply, we were trying to find where Kandasamy’s proof went wrong.
I have to admit, we too missed the mistake the first time. Most likely just as the reviewers missed
it during the review process before its publication. It was a subtle, yet simple, point which my
colleague A. Demetre and I finally caught the second time around and it concerned a calculation
in Z,. The results were presented in (Aristidou & Demetre, 2009) which I summarize in the fol-
lowing section.

8 Sadly, no record of that email remains as the specific work-email was deactivated after I moved to a different college in 2009.
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The “Theorem” and the Details

Kandasamy in Theorem 2 (2000, p.133) “shows” that H/Z,, p prime, is a finite skew field. But this
claim is false and hence its supporting proof incorrect. That is because the result contradicts well
established results on finite division rings and because one can construct counterexamples to Kan-
dasamy’s “Theorem 2.” The conjecture Kandasamy set out to prove was:

Conjecture: Let H/Z, = {a, +aji+a,j+ask | a, €Z , p prime, i’ =j*=k=p—1}. Then,
H/Z, is a finite skew field.

The conjecture though is clearly false, as the following counterexample (Aristidou & De-
metre, 2009) shows:

Counterexample: Let p = 5 and consider ¢, =1+3i+1;+3k ,q, =i+2j of H/Z;.

Multiplying the two, we get:
g9, =A+3i+1j+3k)(i+2j)=0 (7
This shows that H/Z  has zero divisors, and hence H/Z 5 is not a skew field.

More specifically, in the “proof” Kandasamy constructs g = o, + &, + a,” + a;" € Zp, a quantity
required for the inverse of a = a, + i+, j + a;k €H/Z, (see Figure 3). Then, she claims that g

is non-zero, probably because it is a sum of squares of non-zero elements of Z,. But even though
this is true in R, it is not true in Z,. For example, in Z3 one has g = 12 + 12+ 12 =3 = 0. So, an
inverse cannot always be constructed in H/Z,, and therefore the “theorem” is false.

Another short proof that H/Z, is not a skew field is the one we showed in (Aristidou & Demetre,
2009). Namely:

Theorem: H/Z,, p prime, is not a skew field.

Proof: Assume that H/Z, is a skew field. Since it is a finite skew field, by the Wedderburn’s Theo-
rem’ we have that H/Z,, is also a field. Hence, this gives the following relations:

mod p

j=ji,j=k,ji=-k = (p-Dk ®)

% In 1905, Wedderburn proved that “Every finite skew field is a field” (Herstein, 1975, p.361).
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But then, from (8), one also gets:
0=ji—ij=(p-Dk—k=(p-2)k 9)

which is a contradiction if p > 2. The case p = 2 is trivial, since H/Z> is clearly not a skew field.
(Just take a = 1 + i, and notice that a-a = 0, even though a # 0).

MPLE 1 : Let P= {0+ 0y + 0y + 03k | 0, 08}, 0, 03 € 23=1{0, 1,2}}. Now P is
finite ring of real quaternions of characteristic 3. Clearly the number of elements in P is
=81 and P is a skew field infact it has no divisors of zero.

PLE 2 : Let P= {0+ 0 yi +0pf + 0y | 0, 0, 0, 03 € Z= (0, 1, 2, 3} ; ring of in-

ly P is not a division ring but a ring having zero divisors and |P| = 4% = 256.

EOREM 2 : Let P={0g+0yi+0gj+0skloy 0, 0,03 € Z,=0,1.....p=-1:p a
ime number and i* =j2 =K =p~—1}. Then P is a finite skew field.

OOF : Let oy = 0y)i + 0ji + Olpj + 03k € P to show there exists a B € P such that off = 1
o #0). We already know P is a non-commutative finite ring with | P| = P*.

- 1) o
[g=a(2,+af+a%+a§.}akeﬂ=%+——@ %

4

@-Doy @-1)ozk
+ + -
8 8

Figure 3. The main mistake in Kandasamy’s proof. ¢ =« "+ o’ +a,” +a," couldbe 0inZ, .

CONCLUSIONS

Having students work on projects within a course is pedagogically important for students. Projects
require students to move beyond mere memorization of the lessons taught. Engaging into deeper
learning, research, and more serious problem solving ensures better understanding of the concepts
involved and fosters critical thinking. Projects stimulate the students’ curiosity, imagination, and
enhances their creativity. Furthermore, projects promote important social skills such as good man-
agement of time, management of the material gathered, and organization and collaboration with
other students and teachers.

In addition, student projects also occasionally have academic benefits for the students or the in-
structors. These are outcomes that could enhance the students’ or the instructors’ academic and
professional development. As we mentioned earlier, a publication in a scientific journal would
definitely be one such benefit. Academically it could certainly enhance creativity, knowledge, etc.,
but additionally it could also professionally improve one’s C.V., open opportunities for
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scholarships, funding, promotions, etc. Such benefits are benefits that could also motivate the
teaching/learning process.

We discussed an example of a student project which resulted to some new mathematics. The new
results did not come from the students’ new positive ideas but from some of their mistakes, which
in turn revealed deeper mistakes in an article they used as study material and as reference. The
new results were presented in a conference and later published as a paper in a journal (Aristidou
& Demetre, 2009). In particularly, the fact that H/Z, was not just another division algebra but
simply a ring with zero-divisors opened new questions to be explored, such as finding non-trivial
idempotents, tripotents, and exploring extensions to larger rings such as O/Z,.'"° Consequently,
four more articles were published based on (Aristidou & Demetre, 2009) which interestingly
started as a student project. This is a clear example of a student project resulting to academic
benefit for the instructor. In addition, article (Aristidou & Demetre, 2009) yielded academic ben-
efits for students who worked on subsequent related projects/papers (Aristidou & Hailemariam,
2021) and to other instructors who used the new published results of (Aristidou & Demetre, 2009)
in their own research and publications.

10 Surprisingly, both rings also have real life applications in Cryptography (some are mentioned in (Aristidou & De-metre, 2009).
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APPENDIX
Appendix 1. Syllabus

SYLLABUS

MATH 351/551
9:30-10:50 T,Th
(Michelangelo)
Instructor: Dr. Michael Aristidou Phone: 425-895-4400, ext.4464
Office Hours: 3:00-4:00 M,W E-mail: maristidou@digipen.edu

Textbook: Class Notes (No textbook required) W

Other sources: (1) Visualizing Quaternions, by A. J. Hanson, Morgan Kaufmann, 2006.
(2) Quaternions and Rotation Sequences, by J. B. Kuipers, Princeton Univ. Press,
1999.
(3) Other related papers and articles, such as:
(1) Quaternions, Interpolation, and Animation, by E. B. Dam, M. Koch, and
M. Lillhom, Technical Report, Univ. of Copenhagen, 1998.
(il) Exploiting Quaternions to Support Expressive Interactive Character
Motion, by M. P. Johnson, PhD, MIT, 2003.
(iii) Animating Rotation with Quaternion Curves, by K. Shoemake, Siggraph
Proceedings, 1985.
(iv) Smooth Interpolation of Orientations with Angular Velocity Constraints
Using Quaternions, by A. H. Barr, B. Currin, S. Gabriel, and J. Hughes,
Siggraph Proceedings, 1992.
(v) The Octonions (section 2), by J. C. Baez, Bullentin of American Math.
Society, 2002.

Course Overview: This course gives an introduction to several mathematical topics of foundational im-
portance in abstract algebra, and in particularly in the algebra of quaternions. Topics include:

Operations, Groups, Rings, Fields, vector Spaces, Algebras, Complex Numbers, Quaternions,
Curves over the quaternionic sphere, Interpolation Techniques, Splines, Octonions, and Clifford
Algebras.

Goals and objectives:
(1) Familiarize students with certain abstract discrete mathematical structures, such as
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groups, rings, algebras, etc, and most importantly the quaternion group, quaternion
algebra, and parameterized curves, and encourage them to apply the latter in graphics
and other projects of their interest.

(2) Improve their problem—solving skills, develop their ability to present material and
answer questions, coherently, completely and accurately, and enabling them to
explain things to others clearly.

(3) Developing skills for teamwork by working in groups.

Grading: MATH 351: 40% - 2 Tests
40% - 2 Homework assignments (take-home)
20% - Project (15% paper + 5% 15-min presentation)
MATH 551: 40% - 2 Tests
30% - 2 Homework assignments (take-home)
30% - Project ” (25% paper + 5% 15-min presentation)
(All test dates will be announced in class on due time and NQ test scores will be dropped) &

Project: The project could be of practical or theoretical nature, but always related to the
material and objectives of the course. Concepts from the material taught should
be used within the project. Students should form groups of two individuals and
cooperate. Equal contribution from both members of the group, in both the
project and presentation, is expected. Each group should come up with its own
project. The projects could be related to works from other courses, but they
should always be relevant to the topics covered in this course.

Deadline: April 24, 2008.

Grading Scale: The grade G for the course is then determined as follows:

A 90% < G £100%
A- 85% <G <90%
B+ 83% <G <85%
B 77% < G < 83%
B- 75% <G <77%
€% <6 = 5%
€ 67% <G <73%
C- 65%<G<67%
D 50% <G <65%
F 0% <G <50% .

Test Make-up Policy: Speak to me before the test or leave a telephone or an e-mail message. If you are
not able to contact me before the test, contact me within the next couple of days. Documentation to verify
the reason you missed the test is required. Only one make-up test will be allowed for the semester and that
if there are extremely special circumstances.
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Special needs: DigiPen Institute of Technology will provide reasonable accommodations and academic ad-
justments for persons with documented disabilities, as indicated in the catalog. Students need to contact the
Student Services Director at the beginning of the semester to ensure that classroom and academic accommo-
dations are implemented in a timely fashion. All communication between students, the Director of Student
Services, and the professor, concerning special needs will be strictly confidential.

Class Policy: Attendance in class is expected, although not mandatory. Keep in mind, though, that if you are
absent for 2 weeks, or more, you are considered to have withdrawn from the course. Also, repeated absence
might result to complications with financial support for some students. If you decide to drop the course it is
your responsibility to do the paperwork and follow the correct procedures. Only pencil is to be used on tests.
Calculators like TI-89, or TI-83, are useful to have, but are not required. All tests must be your work. Cell
phones, pagers, laptops, ipods, etc, are expected to be turned off during class. No food or drinks are allowed
in class.

Academic dishonesty: Academic dishonesty (including cheating and plagiarism) is a serious matter, and
will not be tolerated. It will be dealt with appropriately as indicated in the student handbook. Homework
and solutions of problems should be your own work, and not be copied. It is fine to consult others and dis-
cuss problems with each other, but the final solution should be your own work and in your own words, with
your own drawings and your own explanations.

Notes: (1) Some useful material regarding this course, or other courses, you may here:
https://digipen.edu/~maristidou
(2) Students in MATH 551 will be expected to read at least one research paper, and show some
degree of originality in the content of their papers.
(3) Changes, if any, to this syllabus will be announced in class.
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Appendix 2. Key Terms

Complex Number: a complex number is a number of the form a + bi, where a, b are real numbers.
The i is such that i* = -1 and is called the “imaginary unit”. For example, 2 + 3i, 5, -2i, %-F\/El'

are complex numbers. Complex numbers extend the real numbers and they are 2-dimensional.
Unlike real numbers complex numbers do not have natural ordering.

Quaternion: a quaternion is a number of the form a + bi + ¢j + dk, where a, b, c, d are real
numbers. The i, j, k, are imaginary units, where that i> = ;2> = k> = jjk = -1. For example, 2 + 3i -j +
Tk, -j, \/§ —k are quaternions. Quaternions extend the complex numbers and they are in 4-dimen-

sional. (there is no complex number extension in 3-dimensions). Unlike real and complex numbers
quaternions are not commutative.

Octonion: octonion is a number of the form a, +a,¢e, +a,e, +a,e, +a,e, +a.e, +ae, +a.e,, where

a; are reals and the e; ‘s are imaginary units. Namely, e = -1 and ei ej-ex , ej ej - -ex. (see multipli-

. 5
cation table below). For example, -2+ ¢, In(2)e,, v10e, — 100 += 3¢ are octonions. Octonions
extend the quaternions and they are 8-dimensional. Octonions are neither commutative nor asso-

ciative.

€i€j | o | € €2 €3 €4 €5 €4 €7

€p € €] (] €3 €4 €5 €6 €7

€] €] —€p €3 — es —€4 | —€7 €g

€ |e2]| —e3 | —¢€ & (&3 €7 —C4 | —C5

C3 C3 €2 C] o €7 Ch C5 C4

€4 |C4 ]| —=C5 | =C6 | —€7] —~C0| €1 C2 C3

€5 |€5]| €4 —€7 | €5 —€1 | =€) | —€3 | €2

€6 |1C6| €7 €4 | =€) —€C2| €3 | —€| —€1

e7 |er| —es| es ey | —ez3|—ea| € | —eg

Ring: a ring is an algebraic structure consisting of a set with two operations which obey the same
basic laws as addition and multiplication of integers, which multiplication does not have to be
commutative. Also, multiplicative inverses are not required to exist. For example, Z (integers), Z4
(4-modulo space), R (reals), H (quaternions), M2x2(R) (2-by-2 matrices) are rings.

Field: a field is a commutative ring in which every nonzero element has a multiplicative inverse.
For example, Zs (5-modulo space), R (reals), C (complex numbers) are fields.

Skew Field: A skew field (or division ring) is a ring (not necessarily commutative) in which every
element has a multiplicative inverse. A commutative skew field is a field. For example, C (complex
numbers), H (quaternions) are skew fields. Notice that H is a non-commutative skew field. A non-
commutative, non-associative skew field is O (octonions).
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Norm: the norm of a vector is basically its length. More generally, the norm of a mathematical ob-
ject is a quantity that in some sense describes the object’s size. It is usually denoted by || ||. For
example, the norm of the number 7 is ||7|| = |7| = 7. The norm of the vector u = (1,3) is ||u || =

i =12 +3* =410

Zero Divisors: zero divisors are non-zero elements a, b of a ring such that ab = 0. For example,
in the ring Zs (6-modulo space) the elements 2 and 3 are zero divisors. Indeed, 2 and 3 are non-
zero, but 2.3 = 6 = 0. Notice that Z (integers) is a commutative ring with no zero divisors (such
rings are called integral domains). Also. in a field (or a skew field) there are no zero divisors. In
other words, in a field ab = 0 implies a = 0 or b = 0. The latter is crucial when students learn to
solve equations by factoring.

Idempotent Element: an idempotent is an element a of a ring such that a*> = a. For example, in
the ring Zs (6-modulo space) the element 4 is an idempotent. Indeed, 4> = 16 = 4. In the ring Z
(integers) the only idempotents are the trivial elements 0 and 1. Any non-trivial idempotent a is
a zero divisor because for a, b non-zero, where b = 1 — a, we have ab = 0. This means that integral
domains, skew fields and fields do not have such idempotents.

Theorem: a theorem is a mathematical statement that has been proven to be true. A theorem is
usually a more significant result than other propositions within a mathematical context.

Conjecture: a conjecture is a mathematical statement that is believed to be true, but for which a
proof or disproof has not been found yet.

Counter-example: a counterexample is an example that disproves a conjecture.
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