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Abstract: This study investigates the interplay between student reasoning and instructional strat-
egies in trigonometry education. A qualitative case study was conducted to examine how Grade 
10 students employ various reasoning approaches - deductive, induc-
tive, abductive, analogical, and algorithmic - when solving trigonometry problems. Each ap-
proach offers unique strengths and limitations, impacting students' problem-solving strategies 
and comprehension of trigonometric concepts. The research also emphasizes the importance of 
validation, justification, and formal proving as integral steps in solidifying mathematical reason-
ing, transitioning students from practical experimentation to theoretical understand-
ing. Classroom observations and teacher interviews provide insights into effective instructional 
strategies that leverage student reasoning. Teachers adapted methods to accommodate these di-
verse approaches, emphasizing scaffolding, guided inquiry, and contextualized learning experi-
ences. Hands-on and experiential learning proved effective, fostering deeper engagement and in-
tuitive understanding. Integration of formal mathematical reasoning ensured students grasped 
abstract concepts and their real-world applications. Meta-cognitive reflection and discourse en-
hanced students' problem-solving abilities and collaborative skills. These findings underscore 
the importance of flexible and inclusive mathematics instruction, equipping students with essen-
tial skills for success in mathematics and beyond. 
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INTRODUCTION 
 
Developing meaningful mathematical knowledge hinges on students actively engaging with prior 
experiences and constructing new understanding (Romberg, 2000). This requires students to 
identify patterns, create models of concepts, develop symbolic representations, and devise solu-
tions to complex problems (Battista, 1999). Trigonometry, integrating geometry, algebra, and 
graphical representations, offers a rich environment for fostering these skills. However, current 
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practices often emphasize rote memorization and calculations, neglecting opportunities for deep-
er reasoning (Shield, 2004). 

The abstract nature of trigonometry and its intricate connections between geometry and algebra 
pose learning challenges (Bressoud, 2010; Cavanagh, 2008; Thompson, 2008). Overcoming 
these hurdles necessitates a shift from purely technical instruction to a broader approach that cul-
tivates reasoning and understanding. Investigating how students approach problem-solving in 
trigonometry holds the key to unlocking effective pedagogical methods. 

Previous research highlights the importance of recognizing diverse student reasoning styles and 
tailoring instruction to cater to individual learning preferences (Thompson et 
al., 2007). However, a gap exists in the literature regarding the interconnectedness between stu-
dent reasoning and teacher strategies specifically within trigonometry education. 

The effectiveness of teaching trigonometry hinges on how teachers engage with students' solu-
tions, responses, and reasoning (Hiebert & Stigler, 2023; Herbert & Bragg, 2021). Understanding 
how teachers navigate these aspects significantly impacts the quality of instruction. This study 
investigates this dynamic relationship between student reasoning and teacher pedagogical meth-
ods in teaching trigonometry. By examining diverse student problem-solving strategies, the re-
search explores how teachers can leverage these solutions to foster conceptual understanding. 

The study addresses the following key research questions: 

1. What mathematical reasoning approaches and processes do students employ when solv-
ing and explaining solutions to trigonometry problems? 

2. What instructional methods do teachers employ to accommodate and leverage students' 
diverse mathematical reasoning approaches and processes? 

 

LITERATURE REVIEW 
 
Innovative Pedagogical Approaches in Teaching Trigonometry 
 
Traditional trigonometry instruction often relies on rote memorization, hindering students' ability 
to apply concepts effectively (Gillman, 1991; van Laren, 2012). To address this, innovative ped-
agogical approaches are emerging to foster deeper understanding and critical thinking (Quinlan, 
2004). One critical challenge is overcoming common misconceptions (Ghola-
mi, 2022). Cooperative Learning Strategies (CLS) such as Cooperative Teaching and Learning 
(CTL) have demonstrated effectiveness in addressing this issue by creating collaborative learn-
ing environments (Asomah et al., 2023; Patterson et al., 2020; Quinlan, 2004). 
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Developing critical thinking and problem-solving skills is paramount in trigonometry instruc-
tion. Structured classroom discussions, hands-on activities, and real-world applications can sig-
nificantly enhance student understanding (Kohlmeier & Saye, 2019; Thompson et al., 2007; Vale 
et al., 2019; Weber, 2005). To cater to diverse student needs, differentiated instruction is essen-
tial. By tailoring teaching strategies to individual learning styles and cognitive abili-
ties, educators can create inclusive learning environments (Aiyub et al., 2024; Hiebert & Stigler, 
2023). 
 
Ultimately, innovative pedagogical approaches are crucial for transforming trigonometry instruc-
tion from rote memorization to a discipline that fosters deep understanding, critical thinking, and 
real-world application. 
 
 
Reasoning Approaches in Trigonometry 
 
The enhancement of trigonometry instruction is closely linked to understanding the various rea-
soning approaches that students employ. By examining different approaches to reasoning, teach-
ers can gain critical insights into students' cognitive processes, which is essential for fostering 
deeper mathematical thinking and problem-solving skills (Gómez-Veiga et al. 2018).  
 
Inductive reasoning, a key component of cognitive functioning, is crucial for students as they ob-
serve patterns and generalize from specific instances in trigonometry. This type of reasoning 
helps students recognize patterns and representations, which supports higher-order cognitive 
abilities like abstract thought and problem-solving (Bao et al., 2022; Klauer  & Phye, 2008; Mol-
nár et al., 2013). Inductive reasoning is important in discovering trigonometric identities, demon-
strating that encouraging students to explore patterns significantly enhances their problem-
solving abilities and deepens their conceptual understanding (Gunderson & Rosen, 2010; Hamers 
et al., 1998; Pellegrino & Glaser, 1984). This suggests that instructional strategies that engage 
students in pattern recognition and conjecture formation are particularly effective in trigonome-
try education. 
 
On the other hand, deductive reasoning, which involves deriving specific conclusions from gen-
eral principles, is essential for solving trigonometric problems using known identities and formu-
las (Sánchez et al., 2023). This reasoning process is crucial for enabling students to apply estab-
lished facts to new problems, thereby generating new knowledge (Díaz Quezada & Sepúlveda 
Albornoz, 2023; Duval, 1991;  Harel & Weber, 2020). However, research indicates that many 
students rely heavily on memorized formulas without fully understanding the underlying logic of 
trigonometric principles, which can limit their ability to apply these principles flexibly across 
different contexts (Siyepu, 2020). Therefore, enhancing trigonometry instruction requires a 
stronger emphasis on deductive reasoning, encouraging students to understand and apply logical 
rules rather than relying solely on memorization.  
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Furthermore, analogical reasoning involves drawing parallels between similar situations or prob-
lems to infer solutions or understand new concepts. This type of reasoning is essential in mathe-
matics, where students often encounter new problems that can be understood by relating them to 
previously solved problems. Analogical reasoning is a powerful tool in mathematics education 
because it enables students to transfer knowledge from one context to another (Goswami, 1991). 
For instance, understanding the solution to a geometric problem can often be facilitated by rec-
ognizing its similarity to another problem that the student has already solved (Gray & Holyoak, 
2021). Furthermore, analogical reasoning helps in the consolidation of knowledge, as it allows 
students to build on existing knowledge and apply it to new, more complex situations (Richland 
et al., 2007). 
 
Moreover, algorithmic reasoning refers to the step-by-step application of procedures or algo-
rithms to solve problems. This type of reasoning is pervasive in mathematics, especially in areas 
like algebra and calculus, where specific algorithms are applied to simplify expressions, solve 
equations, or compute values. Algorithmic reasoning is critical in developing procedural fluency 
in mathematics (Rittle-Johnson et al., 2001). While it is often seen as mechanical, algorithmic 
reasoning also requires a deep understanding of the underlying principles to be applied effective-
ly. Star (2005) notes that students who develop strong algorithmic reasoning skills are better 
equipped to handle complex problems, as they can efficiently and accurately apply the necessary 
procedures. However, it is also important to balance algorithmic reasoning with other types of 
reasoning to ensure that students do not become overly reliant on procedures without understand-
ing the concepts behind them. 
 
The inclusion of inductive, deductive, abductive, analogical, and algorithmic reasoning in this 
study is grounded in the belief that a comprehensive understanding of problem-solving involves 
a multifaceted approach (Gyan et al., 2021). These reasoning modes represent distinct cognitive 
processes that collectively contribute to a robust problem-solving repertoire (Gyan et al., 2021; 
Pruner, 2023). Inductive and deductive reasoning form the cornerstone of scientific in-
quiry, allowing for the observation of patterns, the formulation of hypotheses, and the application 
of logical rules to test those hypotheses (Molnár et al., 2013). Abductive reasoning stimulates 
creativity and critical thinking by encouraging students to generate multiple potential explana-
tions for observed phenomena, fostering a deeper understanding of problem complexity (Hi-
dayah et al., 2023; Paavola, 2023; Pedemonte & Reid, 2011). Analogical reasoning facilitates 
knowledge transfer and problem-solving flexibility by enabling students to connect new prob-
lems with familiar situations, promoting adaptability and innovation. And algorithmic reason-
ing emphasizes computational thinking and systematic problem-solving, equipping students with 
essential skills for the digital age and preparing them to tackle complex challenges. By incorpo-
rating these diverse reasoning approaches, the study aims to provide a rich and engaging learning 
experience that develops students' cognitive flexibility, critical thinking, and problem-solving 
abilities. This holistic approach aligns with contemporary educational goals that emphasize the 
importance of 21st-century skills.  
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Enhancing trigonometry instruction requires a comprehensive approach that goes beyond tradi-
tional methods. By addressing misconceptions, fostering collaboration, promoting critical think-
ing, and accommodating diverse learning needs, educators can significantly improve students' 
understanding and application of trigonometric concepts. Furthermore, integrating insights from 
various reasoning approaches—inductive, deductive, abductive, analogical, and algorithmic—
into instructional design can lead to more effective learning outcomes in trigonometry. As the 
field continues to evolve, future research should focus on examining the long-term impacts of 
these innovative pedagogical approaches on student achievement and their overall attitudes to-
ward mathematics. 
 
 
Mathematical Reasoning Processes 
 
Mathematical reasoning forms the foundation of problem-solving, critical thinking, and innova-
tion. This paper presents a structured framework for mathematical reasoning, centering on four 
key processes: validation, justification, informal proving, and formal proving. Each process is 
examined through the practical problem of determining ladder stability, providing a concrete ap-
plication that illustrates the framework in action. 
 
Validation serves as the initial step in mathematical problem-solving and is extensively discussed 
in literature. This process resembles experimentation and prototyping in design thinking (Brown 
et al., 1989) and can be likened to empirical verification in mathematics, akin to data collection 
in scientific inquiry. While empirical data provides essential insight, theoretical support is often 
needed for broader applicability and robustness. 
 
Justification is the process of linking observations to foundational principles, a crucial step in 
constructing coherent arguments. This process is integral to disciplines such as philosophy, law, 
and mathematics (Toulmin, 2003). Polya's (1945) problem-solving heuristics underscore the im-
portance of reflection and understanding the rationale behind solutions, reinforcing the role of 
justification in establishing sound reasoning. 
 
Proving is a core activity in mathematics, involving the development of logical arguments based 
on axioms, definitions, and established theorems. Euclid's Elements remains a classic example of 
deductive reasoning, demonstrating the foundational approach to proofs. Contemporary research 
has delved into the philosophical and logical underpinnings of proof, enriching our understand-
ing of its principles and methods (Balacheff, 1988; Hartshorne, 2000). 
 
Formal proving represents a rigorous evolution in the practice of mathematical proof, gaining 
traction with the advent of computer-assisted proof systems (de Villiers, 1999). This process en-
tails converting mathematical statements into formal language and utilizing automated tools to 
verify their validity with precision. Foundational work by De Bruijn (1980) and Boyer and 
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Moore (1979) has shaped formal verification methodologies, establishing frameworks that con-
tinue to influence modern mathematical proof systems. 
 
Together, these four processes—validation, justification, informal proving, and formal proving—
offer a comprehensive framework for understanding mathematical reasoning and applying it to 
concrete problems. 
Theoretical Framework 
 
This study centers on a framework for examining students' mathematical reasoning (MR) ap-
proaches and processes, developed by Jeannotte and Kieran (2017). This framework provides a 
comprehensive structure for analyzing MR in trigonometry education, interweaving four inter-
connected strands: mathematical objects, activities, processes, and concepts. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Mathematical Reasoning Framework based on Jeannotte and Kieran (2017). 
 
 
Figure 1 shows the framework consists of two main sections which are  the mathematical objects 
and activities, and the mathematical processes and concepts. These sections are interconnect-
ed, representing the interplay between the elements students work with and the cognitive pro-
cesses they employ. Students engage in activities using mathematical objects. They utilize math-
ematical processes to understand and make sense of these objects and activities. These mathe-
matical objects encompass the entities students interact with, such as numbers, shapes, and trigo-
nometric functions in this context. Mathematical activities encompass the observable actions stu-
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dents undertake, including problem-solving, trigonometric reasoning, and solution articula-
tion. In contrast, mathematical processes refer to the underlying cognitive and metacognitive 
strategies employed by students as they engage with mathematical tasks. Lastly, mathematical 
concepts explore the underlying principles and relationships students are expected to grasp with-
in trigonometry, such as connections between angles and their trigonometric ratios. This diagram 
provides a visual representation of the framework, highlighting the interconnected nature of the 
components and their role in understanding students' mathematical reasoning in trigonometry 
education. 
 
By investigating these interconnected strands, the study goes beyond simply identifying correct 
or incorrect answers. Instead, it examines the 'why' behind student reasoning. This comprehen-
sive framework provides valuable insights into students' thought processes and potential areas of 
difficulty. This information can then be used to develop targeted instructional strategies that cater 
to diverse learning styles and promote a deeper understanding of trigonometry for all students. 
 
 
Instructional Design 
 
Based on the framework, a multifaceted approach to analyzing mathematical reasoning through 
four key components are employed: 

1. Mathematical Objects: These are the entities students interact with, such as numbers, 
shapes, and, in this context, the angle in a right triangle. 

2. Mathematical Activities: These refer to the actions students take when grappling with 
trigonometry concepts. The primary activity here is answering problems, focused on a re-
al-world scenario—the "leaning ladder challenge." 

3. Mathematical Processes: These examine the cognitive and metacognitive strategies stu-
dents employ when engaging with mathematical tasks. In this activity, students apply pri-
or knowledge and reasoning skills to explore and solve real-world problem using mathe-
matical thinking. 

4. Mathematical Concepts: These explore the underlying principles students are expected to 
learn, such as the relationship between the angle of inclination and the stability of the 
ladder. 

 
 
Reasoning Approaches 
 
In this study, various reasoning approaches are examined as students engage with a complex re-
al-world problem. Each reasoning approach contributes uniquely to their understanding and sup-
ports different aspect of the problem-solving processes: 
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Inductive reasoning involves students observing how changes in certain conditions affect out-
comes through experimentation. By analyzing patterns in these observations, they form general 
conclusions and make predictions about similar scenarios. 
 
Deductive reasoning comes into play when students apply established mathematical or physical 
principles to reach specific conclusions. By using known theorems or formulas, they reason from 
general laws to determine precise outcomes in the problem context. 
 
Abductive reasoning involves students generating plausible explanations for observed phenome-
na. This form of reasoning encourages creative thinking and critical thinking as they consider  
multiple  possible causes for the behavior they observe, promoting deeper investigation and un-
derstanding.. 
 
Analogical reasoning is used when students compare the leaning ladder to other familiar objects 
or situations. For example, by relating the scenario to common objects like ramps or seesaws, 
they transfer prior knowledge to new contexts, enhancing their conceptual understanding. 
 
Algorithmic reasoning involves breaking down into a complex situation into a series of logical, 
step-by-step procedures. By systematically considering relevant factors, they develop a struc-
tured approach that leads them to a solution efficiently and consistently. 
 
 
Reasoning Processes 
 
The following reasoning processes are investigated as students worked on the solution to the 
problem. 
 
Validation. Students physically test various scenarios to observe outcomes directly. This hands-
on experimentation provides immediate feedback and helps develop an intuitive understanding 
of the relationships involved. 
 
Justification. After initial observations, students support their conclusions by connecting their 
observations to relevant concepts (e.g. balance, friction, or geometric relationships. This process 
bridges experiential learning (e.g. physical observations) with formal mathematics or underlying 
mathematical principles. 
 
Proving. Students construct mathematical models using variables that influence the situation. 
 For example, they apply algebra, geometry and trigonometry to derive equations, allowing them 
to demonstrate why a particular outcome occurs under defined conditions. 
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Formal proving. For a more rigorous approach, students use formal logic and theorem-proving 
tools. They define all components of the problem within a  formal system and produce proofs 
that verify conclusions with complete precisions and generality. 
 
 
The Leaning Ladder Challenge 
 
Background 
 
Proper ladder use is crucial in both occupational and domestic settings, as incorrect placement 
can lead to serious injuries or fatalities. The angle at which a ladder is positioned is essential for 
maintaining stability. A ladder set at too steep an angle risks slipping, while a too shallow angle 
may cause it to tip over. Safety guidelines recommend a ladder angle of approximately 75 de-
grees from the ground, balancing stability and reach (Simeonov et al., 2012). This angle, also 
known as the "4 to 1 rule," suggests that the ladder base should be one meter from the wall for 
every four meters of height (Schaffarczyk, 2017). 
 
Following these guidelines is critical to prevent ladder-related accidents, with studies showing a 
strong link between incorrect ladder angles and increased fall risk (Smith et al., 2018; Jones & 
Martin, 2020). Integrating these safety principles into training helps students apply proper ladder 
placement in real-world situations. 
 
Engaging Scenario 
 
The learning experience centers on a real-world scenario—the "leaning ladder challenge." Stu-
dents are presented with the following problem: 
Imagine you have a 5-meter ladder that you need to lean against a wall to reach a high point 
safely. Setting the ladder up at the right angle is crucial for stability and safety. 
 
Challenges to Consider 
 

 If the ladder's base is too far from the wall, it might slide out, causing the ladder to col-
lapse. 

 If the ladder's base is too close to the wall, there's a danger of the ladder tipping over 
backward. 

 
The Task 
 
Students are tasked with determining the optimal angle for the ladder to ensure stability and safe-
ty. 
 
 



                             MATHEMATICS TEACHING RESEARCH JOURNAL      129     
                             SUMMER 2025 
                             Vol 17 no 3 
 
 

 
This content is covered by a Creative Commons license, Attribution-NonCommercial-ShareAlike 4.0 International (CC BY-NC-SA 

4.0). This license allows re-users to distribute, remix, adapt, and build upon the material in any medium or format for noncommercial 
purposes only, and only so long as attribution is given to the creator. If you remix, adapt, or build upon the material, you must 

license the modified material under identical terms. 

 

Guiding Questions to Spark Inquiry 
 

 What happens when the ladder is almost vertical (close to 90 degrees)? 
 How does the ladder behave when the angle is smaller than 75 degrees? 
 Can you find an angle that balances the risk of sliding and tipping over? 

 
Collaborative Learning Through Group Work 
 
Students work in groups to foster collaboration and knowledge sharing. This allows them to dis-
cuss prior knowledge, explore strategies, and build upon each other's ideas. 
 
 
Expected Learning Outcomes 
 
Through this activity, students are expected to achieve the following outcomes: 

 Apply Trigonometry Concepts. Students will use their understanding of right triangles and 
trigonometric ratios to analyze the leaning ladder problem. 

 Develop Problem-Solving Skills. Students will engage in a logical and systematic ap-
proach to determine the optimal angle for the ladder. 

 Refine Critical Thinking Skills. Students will analyze the consequences of different angles 
and justify their reasoning through discussions. 

 Recognize Practical Applications. The leaning ladder challenge will help students see the 
real-world relevance of trigonometry in ensuring stability and safety. 

 
 
METHODS 
 
To gain a deep understanding of how students reason in trigonometry and how teachers support 
this reasoning, a qualitative case study approach was adopted. This method was selected for its 
capacity to explore complex phenomena in-depth, allowing for a rich, contextualized investiga-
tion of student and teacher practices (Yin, 2014). By focusing on a specific classroom or 
school, this study aimed to uncover the nuanced ways students approach trigonometry problems 
and how teachers adapt instruction to accommodate diverse reasoning strategies. 
 
To ensure representativeness, cross-sectional observations were conducted in three different 
mathematics classes within a single school. This strategic approach allowed for capturing student 
reasoning processes from a diverse student population and across various instructional set-
tings. Notably, the student sample (10 students per class) was carefully chosen to encompass a 
range of mathematical reasoning abilities. 
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Participants and Participants Selection 
 
The study involved 127 Grade 10 students, aged 16-17, who volunteered from three classes with-
in the same school. Class 1 had 22 females and 20 males, Class 2 had 27 females and 18 males, 
and Class 3 had 24 females and 16 males. 
 
To explore the students’ problem-solving strategies in depth, five focus groups were formed. 
Each group was composed of three students, each selected from one of the three classes to ensure 
a representation of different mathematical reasoning approaches: inductive, deductive, analytical, 
algebraic, and spatial. The selection was based on their demonstrated problem-solving strategies 
in response to a specific problem. 
 
This approach ensured a diverse range of perspectives in the discussions, reflecting various prob-
lem-solving methods. By including students from each class with distinct reasoning approaches, 
the focus group discussions provided a comprehensive view of how different mathematical strat-
egies are applied in problem-solving. 
 
 
Research Instruments 
 
This study employed three primary research instruments to gather comprehensive data on stu-
dents' reasoning approaches in trigonometry and the instructional strategies used by teach-
ers: analysis of student work, classroom observations, and teacher interviews. 
 
Student work analysis served as a critical instrument to evaluate and understand the mathemati-
cal reasoning processes employed by students when solving the  problem. A detailed coding 
scheme was developed to capture the nuances of students' reasoning strategies, ensuring that the 
analysis accurately reflected their cognitive processes. Inter-rater reliability checks were con-
ducted to enhance the reliability of the coding process. 
 
Classroom observations provided a real-time perspective on teachers' instructional practices and 
the classroom dynamics. To mitigate observer bias, multiple observers were involved, and de-
tailed field notes were recorded. Observers underwent training to ensure consistent data collec-
tion, and inter-observer reliability was assessed. 
 
Teacher interviews were conducted to gain in-depth insights into teachers' instructional strategies 
and their perceptions of students' reasoning approaches. The interview protocol was designed to 
align with the study's research questions, and its clarity and structure were refined through pilot 
testing. Member checking was employed to ensure the accuracy of the interpretations drawn 
from the interviews. 
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Data Collection 
 
To gain a rich understanding of student reasoning processes, the researcher employed a multifac-
eted approach. This involved closely observing student group work while they tackled the as-
signed trigonometry challenge. Particular attention was focused on groups exhibiting different 
reasoning approaches. This allowed the researcher to identify and track the emergence of diverse 
strategies students employ when grappling with the problem. 
 
Following the group work, the researcher conducted focused follow-up discussions with selected 
student groups. These discussions aimed to elicit in-depth insights into students’ collaborative 
experiences, cognitive processes, and problem-solving approaches. Participants were prompted 
to articulate their reasoning and justify their problem-solving strategies. Table 1 outlines the spe-
cific data collection foci. 
 
Components Description 
Conceptual under-
standing 

How well students grasp the underlying trigonometric concepts relevant to the 
challenge. 

Cognitive strategies The specific thought processes students utilize to approach the problem, such as 
visualizing geometric relationships, applying trigonometric formulas, or em-
ploying algebraic manipulations. 

Collaboration and 
communication 

How effectively students work together within their groups, share ideas, and 
build upon each other's reasoning. 
 

Metacognitive 
awareness 

The students' level of reflection on their own learning process, their ability to 
identify areas of strength and weakness, and their approaches to overcoming 
challenges. 

Table 1: Components and Description of Data Collection 
 
These discussions provided a crucial qualitative layer to the study, complementing the observa-
tions of group work. By triangulating the data from both sources, the researcher could gain a 
more comprehensive picture of how students reason in trigonometry and how these reasoning 
patterns relate to different instructional approaches employed by the teachers. 

 
 
Data Analysis 
 
To explore the first research question, an in-depth analysis of students' work on trigonometry 
problems was conducted. The student responses based on the reasoning approaches and process-
es they employed were categorized based on the conceptualization of these constructs. This cate-
gorization allowed for identifying patterns. Then, the students' explanations were examined to 
uncover the underlying reasoning processes. Through this analysis, both common and diverse 
reasoning strategies that students used when solving the problem were identified. 
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To answer the second research question, a thorough analysis of teacher practices using data from 
classroom observations and teacher interviews was conducted. The observations focused on in-
structional strategies and activities that encouraged various reasoning approaches. By analyzing 
this data, a range of instructional methods that teachers used to accommodate and enhance stu-
dents' diverse reasoning strategies were identified. Additionally, this analysis shed light on how 
teachers created opportunities for students to develop and refine their reasoning skills in the 
classroom. 
 
 
Ethical Considerations 
 
This research was committed to upholding the highest ethical standards to ensure the well-being 
and rights of all participants. Adhering to core ethical principles, the study prioritized informed 
consent, confidentiality, and minimizing risks to participants, with a particular focus on protect-
ing students from undue stress or harm. 
 
Both teachers and students participated voluntarily after providing informed consent. The in-
formed consent process clearly outlined the purpose of the study, how data would be used, and 
participants’ right to withdraw at any time without consequence. This ensured that participants 
fully understood their involvement and were able to make an autonomous decision about their 
participation, thus respecting their rights and choices. 
 
To safeguard participants' privacy, all data collected underwent a thorough anonymization pro-
cess. Any identifiable information from student work, interview transcripts, and observation 
notes was removed to protect participants’ identities. Maintaining confidentiality not only helped 
preserve privacy but also fostered trust between the researcher and participants, encouraging 
open and honest communication throughout the study. 
 
The researcher implemented specific safeguards to prioritize students’ mental and emotional 
well-being. For instance, all interactions took place in safe, familiar environments, such as class-
rooms, to foster a sense of security. The researcher also offered breaks during data collection to 
prevent fatigue and maintained a supportive, non-judgmental tone during interviews and obser-
vations. For students who appeared nervous, the researcher provided additional reassurance that 
there were no “right” or “wrong” answers. By respecting students’ natural pacing and prefer-
ences, the study aimed to make participation feel as comfortable and stress-free as possible. 
 
Finally, the researcher took proactive measures to monitor and mitigate any signs of stress or 
anxiety in students during the study. For instance, before starting data collection, the researcher 
conducted a rapport-building session to familiarize students with the researcher and clarify that 
the study was not evaluative but exploratory. The study avoided sensitive or potentially distress-
ing topics, instead focusing on general academic and classroom experiences. Additionally, the 
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researcher remained vigilant for any signs of discomfort; in such cases, the researcher immedi-
ately offered the option to pause, skip, or withdraw from the activity. 
 
 
RESULTS 
 
This study examines the various reasoning methods students employ when solving trigonometric 
problems, focusing on the Leaning Ladder Challenge as a case study.  
 
Mathematical Reasoning Approaches Employed by Students 
 
The research provides insights into the effectiveness and limitations of each approach in mathe-
matical problem-solving. Table 2 presents an overview of reasoning approaches, including de-
ductive, inductive, abductive, analogical, and algorithmic approaches, providing insights into 
their respective strengths and limitations in the context of trigonometric problem solving. 
 
Reasoning 
Approach 

Student 
Answer/Behavior 

Explanation of 
Reasoning 

Strengths Limitations 

Deductive 
Reasoning 

Relying on rules and 
formulas (e.g., 4:1 ra-
tio, 76-degree angle) 

Applying general prin-
ciples to specific situa-
tions 

Provides clear guide-
lines, efficient 

Relies on accurate initial 
information, may not ac-
count for all variables 

Inductive 
Reasoning 

Experimenting with 
different angles, ob-
serving patterns 

Learning from experi-
ence and observation 

Fosters hands-on 
learning, adaptable 

Time-consuming, conclu-
sions may be tentative 

Abductive 
Reasoning 

Making educated 
guesses based on ob-
servations 

Generating hypotheses 
based on limited infor-
mation 

Quick decision-
making, stimulates 
creativity 

Relies on intuition, lacks 
concrete evidence 

Analogical 
Reasoning 

Comparing the ladder 
to other objects (e.g., 
ramp, seesaw) 

Transferring knowledge 
from familiar situations 

Facilitates under-
standing, promotes 
creativity 

Depends on relevant 
analogies, may oversim-
plify 

Algorithmic 
Reasoning 

Using formulas and 
calculations (e.g., trig-
onometry) 

Applying step-by-step 
procedures to solve 
problems 

Precise and accurate, 
reliable 

Requires mathematical 
knowledge, time-
consuming 

 
Table 2: Mathematical Reasoning Approaches in Students' Solutions to the Leaning Ladder Challenge 
 
Deductive Reasoning 
 
The results indicate that students were actively engaged in the deductive reasoning, demonstrat-
ing their ability to apply mathematical concepts to real-world context, collaborate effectively, 
and reflect on the significance of their findings. The teacher played a crucial role  as a facilitator, 
guiding student learning and encouraging critical thinking. Below is an excerpt from a conver-
sion among students (S1, S2, S3, S4) and teacher (denoted with T) 
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S1: If we need to find the safest angle for the ladder, so let's start with what we know. We 
have a 5-meter ladder and we want to reach a certain height. 
S2: … we know that if the ladder is too steep, it might slip. So, we need to avoid a very 
large angle. 
S3:  Also, if the angle is too small, we won't be able to reach very high. 
S4: I remember our teacher saying that there's a safe ratio for ladder placement. It's 
something like four units out for every one unit up. 
S1: That sounds right. If we use that ratio, we can calculate the distance from the wall. 
S2: Yes, and then we can use trigonometry to find the angle. 
S3: But we should also consider the ground. If it's slippery, we might need to adjust the 
angle. 
S4: We can use what we know about friction to estimate how much the angle should be 
reduced. 
S1: Okay, let's start with the 4:1 ratio and see what angle we get. Then we can adjust lat-
er. 
T: That's a good start, but remember, we already know the ladder length. What else can    
we use? 
S2: We can use the cosine function to find the angle, since we know the adjacent side 
(distance from the wall) and the hypotenuse (ladder length). 
T:  Excellent! Can you explain how you would set up the equation? 

 
Student engagement was evident in their active participation in the problem-solving pro-
cess. Students demonstrated a strong foundation in mathematical concepts by suggesting the use 
of the Pythagorean theorem and trigonometric functions. When faced with challenges, they ac-
tively sought clarification and guidance from the teacher. For instance, Student A's suggestion to 
use the Pythagorean theorem prompted the teacher to redirect their focus towards utilizing the 
given information more effectively. 
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        Figure 3: Sample students’ calculation to find the angle 
 

T: What does this angle 76 degrees represent in relation to the ladder and the wall? 
S3: It's the angle between the ladder and the ground. 
T: Correct. Now, does this angle meet the safety requirement? 
 

The teacher's role as a facilitator was crucial in guiding students towards a deductive solu-
tion. By asking probing questions, the teacher encouraged students to think critically about the 
problem and justify their reasoning. For example, asking Student C to explain the meaning of the 
calculated angle promoted deeper understanding of the mathematical concept in relation to the 
real-world scenario. 
 
Students often relied on previously learned information, such as the "4 to 1 rule" for ladder safe-
ty, demonstrating the application of deductive reasoning. However, the teacher emphasized the 
importance of accurate foundational knowledge. As students applied general principles to specif-
ic challenges, their understanding of the problem deepened. They recognized the influence of 
variables like ground conditions and load on the optimal ladder angle, indicating a nuanced grasp 
of deductive reasoning. 
 
The integration of real-world constraints enhanced problem-solving, requiring students to apply 
mathematical concepts to practical scenarios. The use of calculators facilitated computa-
tions, allowing for a greater focus on conceptual understanding and problem-solving strategies. 
 
 
Inductive Reasoning 
 
Students began by experimenting with different ladder positions, using a miniature model of  
ladder,  systematically collecting data on angle, distance from the wall, ladder 
height, stability, and reach. For each trial, they calculated the distance-to-height ratio to assess 
compliance with the safety standard. This process of observation and data collection laid the 
groundwork for inductive reasoning. An excerpt from a conversation among students (S1, S2, 
S3, S4( illustrates this reasoning in action: 
 

S2: I wonder what's the best angle for this ladder. If it's too steep, it might slip. 
S2: Yes, and if it's too flat, we won't reach the window. 
S3: I tried leaning this miniature ladder against the wall at different angles. It seemed 
safer when it was a bit more flat. So we try using different angles.  
S4: I saw a video online where a guy talked about how ladders should be placed. He said 
something about a safe distance from the wall. 
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S1: Let's try leaning the ladder at different angles and see what happens. Maybe we can 
find a pattern. 

As illustrated in the following excerpt from a conversation among students (S1, S2, S3, S4) and 
the teacher (T), students analyzed the collected data and identified patterns among key variables. 
They concentrated on trials that satisfied safety criteria, observing how angle, stability, and reach 
were interrelated. Through these observations, they inductively concluded that an angle between 
55 and 65 degrees generally offered a safe and effective solution.  They understood that angles 
below 55 degrees might compromise reach, while angles above 65 degrees could jeopardize safe-
ty. This generalization process demonstrated the ability to infer general principles from specific 
observations. 

 
S1:  Our 45-degree angle is too close to the wall. It doesn't meet the 1:4 ratio. 
S2: We got a 60-degree angle, but it feels a bit too steep. Let's check the ratio. 
S3: Our angle is safe, but we're not reaching the window. We need to find a balance. 
T: How can you adjust your ladder position to meet both the safety standard and your 
goal of reaching the window? 
S3: We need to find an angle that's steep enough to be safe but not too steep to reach the 
window. So what about the safety standard that was mentioned at the start of the lesson? 

 
Student discourse revealed a nuanced understanding of the problem's complexities. Students bal-
anced safety concerns with practical objectives, as exemplified by the challenge of achieving de-
sired height while maintaining stability. The teacher's role in guiding students towards a holistic 
perspective was crucial. 
 
To foster inductive reasoning, controlled experimentation and rigorous data analysis were em-
phasized. Students systematically manipulated ladder angles and recorded observations. As one 
student noted, "Iterative adjustments revealed that an angle between 65 to 80 yielded optimal 
stability." While inductive reasoning provided valuable insights, challenges such as time con-
straints and uncontrolled variables emerged. Teachers stressed the importance of structured ex-
perimentation and data analysis for reliable conclusions. 
 
 
Abductive Reasoning 
 
The study highlighted the dynamic and iterative nature of abductive reasoning in mathematical 
problem-solving, particularly in the context of balancing safety and practicality under a 4:1 safe-
ty ratio constraint. Students generated initial hypotheses, tested them against real-world con-
straints, and refined their thinking based on emerging evidence. While all students ultimately ar-
rived at  viable solutions, the depth and sophistication of their reasoning varied as illustrated in 
the following conversation among students (S1, S2, S3) and the teacher (T). This research under-
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scores the potential of abductive inquiry to enhance critical thinking and problem-solving skills 
in students. 
 
Initial Hypotheses with Safety Consideration 

S1: We still think a 45-degree angle is a good starting point, but we need to check if it 
meets the 4:1 safety ratio. 
S2: Our 60-degree angle might be too steep to meet the safety regulations. We need to 
adjust it. 
S3: We need to find an angle that is both safe and allows us to reach the desired height. 

 
The initial hypotheses reflected diverse approaches to the problem. Student A hypothesized a 45-
degree angle, likely based on prior knowledge or visual estimation. Student B's suggestion of a 
60-degree angle may have stemmed from considerations of stability or reach. In contrast, Student 
C took a more exploratory approach, aiming to find a solution that balanced both safety and 
practicality. 
 
Teacher probing with safety emphasis 

T: How can you adjust your ladder position to meet the safety regulations without com-
promising the ladder's reach? 
S1: We can try a steeper angle, but we need to make sure it's not too steep. 
T: Can you explain why your initial angle didn't meet the safety standard? 
S2: We focused on stability but forgot to consider the distance from the wall. 
 

As students engaged in experimentation and measurement, they refined their initial hypotheses. 
A student, after calculating the distance from the wall with a 45-degree angle, realized it did not 
meet the safety criteria. This led to a revised hypothesis of a steeper angle. Similarly, a meas-
urement from another student showed that the 60-degree angle compromised safety. Through 
these iterative processes, students demonstrated abductive reasoning by proposing explanations 
for unexpected results and modifying their conjectures accordingly. 
 
Eventually, the groups converged on a solution that met both the safety requirements and the 
practical need to reach the desired height. 
 

S1: We found an angle of 63 degrees that meets the safety ratio and allows us to reach 
the window. 
S2: After several adjustments, we also arrived at a similar angle that complies with the 
safety regulations. 
S3: Our initial angle was too shallow, but we were able to find a suitable angle that 
meets both criteria. 
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Students’ approach was notably more systematic. By considering the relationship between angle, 
ladder length, and wall height, they were able to generate a hypothesis that closely aligned with 
the safety requirements. This suggests a stronger application of mathematical reasoning and 
problem-solving skills. 
 
The students’ approaches, while often relying on visual cues or intuitive judgments, highlighted 
the strengths and limitations of abductive reasoning. For instance, a student stated, "As I was ad-
justing the ladder, I noticed that it seemed to stand firm when the angle was somewhere around 
70 degrees. I didn’t have the exact data, but based on how it looked and felt, I guessed that this 
was probably the safest angle to use." 
Abductive reasoning served as a foundation for students to explore potential solutions to the lad-
der challenge. However, to enhance the reliability and validity of their conclusions, students 
must complement their initial inferences with empirical evidence or logical reasoning. This study 
demonstrates how abductive inquiry, when combined with critical thinking and data analysis, can 
foster a deeper understanding of mathematical concepts and problem-solving strategies. 
 
 
Analogical Reasoning 
 
As illustrated in the following except from conversation among students (S1, S2, S3, S4), they 
identified analogous systems that shared similarities with the ladder scenario. By drawing on fa-
miliar experiences, they aimed to transfer existing knowledge to deepen their understanding and 
guide their problem-solving approach.  
 

S1: This ladder problem reminds me of building a ramp. 
S2: How's that? 
S1: Well, a ramp needs to have more or less a correct angle to be safe and effective. 
S3: And it needs to be strong enough to hold weight. 
S4: So, we need to find the perfect slope for the ladder, just like a ramp. 

 
Students demonstrated a propensity for analogical reasoning when confronted with the ladder 
problem. Common analogies included ramps, bridges, and trees, highlighting the transfer of 
knowledge from familiar systems to the novel context. 
 
One student response exemplified this approach: “I remembered helping my dad set up a ladder 
when he was painting our house. He placed the ladder at an angle that looked like around 75 de-
grees, and it was really stable. So, I tried to mimic that same angle here, thinking it would be safe 
and balanced”. While analogical reasoning facilitated rapid decision-making, its effectiveness 
depended on the appropriateness of the analogy. Students needed to critically evaluate the simi-
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larities and differences between past experiences and the current situation to avoid misconcep-
tions. 
 
To enhance the reliability of analogical reasoning, students were encouraged to explicitly articu-
late the similarities and differences between the analogical system and the ladder problem. This 
process facilitated more informed decision-making and reduced the likelihood of erroneous in-
ferences. 
 
The teacher's role in guiding students through the analogical reasoning process was crucial. By 
prompting students to identify key similarities and differences, the teacher helped them to trans-
fer knowledge effectively. Analogical reasoning proved to be a valuable tool for problem-solving 
in the ladder challenge. By leveraging prior knowledge from familiar systems, students generated 
hypotheses and developed a deeper understanding of the problem. However, the effectiveness of 
this strategy was contingent on students' ability to critically evaluate the appropriateness of the 
analogy and to explicitly articulate the underlying relationships. 
 
 
Algorithmic Reasoning 
 
This study examined the application of algorithmic reasoning to determine the optimal angle for 
a leaning ladder, subject to safety regulations. Specifically, they developed structured, step-by-
step procedures to determine a suitable ladder angle. Students like S4 and S5 identified relevant 
variables, applied the 4:1 safety ratio. And use trigonometric functions to calculate angles.  The 
integration of technology further supported their work, enhancing both  computational efficiency 
and accuracy – highlighting the valuable role of digital tools in mathematical problem-solving. 
 

T: Can you outline the steps involved in solving this problem? 
S4: First, we need to find the distance from the wall using the safety ratio. Then, we can 
use the cosine function to calculate the angle. 
T: How can we check if this angle is practical for real-world use? 
S5: We can compare the height reached with the desired height. 

 
Teacher-student interactions played a vital role in guiding the process. By asking probing ques-
tions, the teacher encouraged students to articulate their thought process and consider the practi-
cal implications of the solution. This facilitated a deeper understanding of the problem and the 
algorithmic approach. 
 
Step-by-Step Procedure 

1. Define variables: 
o L = ladder length (5 meters) 
o D = distance from the wall to the ladder base 
o H = height reached on the wall 
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o A = angle between the ladder and the ground 
2. Establish the safety constraint: 

o D = L / 4 
3. Apply trigonometric function: 

o cos(A) = D / L 
4. Calculate the angle: 

o A = arccos(D / L) 
5. Check for feasibility: 

o Ensure the calculated angle provides sufficient height to reach the desired point. 
 
The results indicate that algorithmic reasoning is an effective strategy for well-defined problems 
with clear constraints. By decomposing the problem into smaller, manageable steps, students de-
veloped structured and efficient solutions. Technology integration enhanced computational effi-
ciency, expanding problem-solving capabilities. 
 
However, the effectiveness of algorithmic reasoning is contingent upon problem complexity and 
students' mathematical proficiency. While powerful for well-defined problems, it may be less 
suitable for complex or open-ended scenarios. A strong mathematical foundation is essential for 
successful implementation. Thus, balancing algorithmic approaches with other problem-solving 
strategies for holistic development is important.  
 
 
Mathematical Reasoning Processes by Students 
 
Based on classroom observations and in-depth focus group discussions with students, this study 
unveiled a multifaceted spectrum of problem-solving strategies. Students exhibited a wide range 
of approaches, from concrete and intuitive manipulations of physical representations to more ab-
stract and algorithmic reasoning. These findings underscore the intricate nature of mathematical 
cognition and highlight the necessity of instructional practices that support diverse problem-
solving pathways. Table 3 shows various mathematical reasoning processes students used in ap-
proaching the problem, from validation of ladder stability to formal integration of findings into 
mathematical theories. 
 
Mathematical Reasoning 
Processes 

Description Student Example 

Validation in Determining 
Ladder Stability 

Initial step in problem-solving; hands-on 
method to engage with the problem and gain 
immediate feedback. 

Student set up the miniature 
ladder at different angles and 
observed its stability. 

Justification: Adding Depth 
to Reasoning 

Explaining the reasoning behind a chosen 
approach or solution; linking initial observa-
tions to broader principles or guidelines. 

Student advocated for a 75-
degree angle based on safety 
guidelines. 
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Mathematical Reasoning 
Processes 

Description Student Example 

Proving: Concrete, Theoreti-
cally Grounded Conclusions 

Offering concrete, systematic conclusions 
based on mathematical principles; quantita-
tive validation or refutation of initial obser-
vations. 

Student employed trigono-
metric calculations to deter-
mine the optimal ladder an-
gle. 

Formal Proving: Integrating 
Findings into Existing Theo-
ries 

Integrating findings into existing or new 
mathematical theories; elevating problem-
solving to theoretically grounded inquiry. 

Student formalized a mathe-
matical theory around ladder 
stability. 

Table 3: Mathematical Reasoning Processes in Students' Approaches to the Leaning Ladder Challenge 
 
Validation served as the foundation for exploring ladder stability. Initially, students engaged in 
hands-on experimentation by adjusting ladder angles on miniature models to collect empirical 
data. Through this experiential learning, they gained a deeper understanding of the problem, 
which subsequently informed and strengthened their reasoning. 
 
Moreover, justification enriched students' problem-solving approaches by clarifying the rationale 
behind their choices. Although safety guidelines provided an initial framework for decision-
making, students recognized that real-world contexts often require a degree of flexibility, moving 
beyond strict adherence to standard protocols. 
 
Additionally, the process of constructing mathematical proofs added a layer of mathematical ri-
gor, essential for validating initial observations. Through trigonometric calculations, students 
generated concrete evidence to support their findings, thereby enhancing the credibility of their 
conclusions. Embedding these calculations within established mathematical frameworks demon-
strated a high level of reasoning, effectively bridging empirical insight with theoretical under-
standing. 
 
However, while formal proofs provide a solid foundation, a balance is necessary between theo-
retical rigor and practical adaptability. Although formal proofs offer reliability, real-world com-
plexities often call for flexible, adaptable problem-solving strategies to effectively address unex-
pected challenges. 
 
 
Instructional Strategies Employed by Teachers  
 
This study investigated how teachers can effectively accommodate and leverage diverse student 
mathematical reasoning in the context of a ladder problem. Findings indicate that students em-
ployed a range of reasoning strategies, including deductive, inductive, abductive, analogical, and 
algorithmic approaches. Teachers responded by tailoring instruction to support these varied 
styles (See Table 4). 
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Theme Description of the Theme Sample Utterances from Interviews and Probing 

Hands-on and 
Experiential 
Learning 
 
 

Integrating physical manipula-
tives and real-world contexts to 
enhance student engagement 
and understanding. 
 
 
 

"Hands-on activities provide students with a tangible way to 
explore mathematical concepts." (Teacher A) 
 
”By engaging in these activities, students had the opportuni-
ty to manipulate objects, observe real-world phenomena 
firsthand, and develop a deeper intuitive understanding of 
mathematical concepts." (Teacher B) 

Scaffolding 
and Guided In-
quiry 

Providing structured support 
and guidance to facilitate stu-
dent learning and development 
of diverse reasoning abilities. 

“By asking probing questions, teachers encouraged students 
to articulate their reasoning and reflect on their findings." 
(Teacher B) 

Contextualized 
Learning 
 

Grounding mathematical con-
cepts in real-world experiences 
to enhance engagement and un-
derstanding. 
 

"When students see how math is relevant to their world, 
they become more engaged and motivated to learn." 
(Teacher C 
"By prompting students to consider how mathematical for-
mulas could represent relationships in a real-world scenario, 
teachers helped students perceive the practical utility of 
mathematics." (Teacher B) 

Metacognitive 
Reflection and 
Discourse 

Fostering student reflection and 
communication about their 
thinking processes. 

"By talking through their thought processes, students can 
solidify their understanding, identify misconceptions, and 
learn from their peers." (Teacher A) 

Integration of 
Formal Math-
ematical Rea-
soning 
 

Balancing formal and informal 
reasoning to develop well-
rounded mathematical thinkers. 
 

"It's important for students to see how the math they learn in 
class connects to real-world problems." (Teacher E) 
"By fostering a balance between formal and informal rea-
soning, teachers can empower students to approach mathe-
matical problems with flexibility and precision." (Teacher 
D) 

Table 4: Strategies Employed by Teachers  
 
Hands-on and Experiential Learning 
 
The findings demonstrated that these instructional strategies significantly enhanced student en-
gagement, understanding, and problem-solving skills. 
Teachers effectively integrated hands-on activities, allowing students to physically manipulate 
objects and directly observe real-world phenomena. For example, students used miniature lad-
ders to experiment with different angles, exploring ladder stability in a tangible way. As one 
teacher explained, "Hands-on activities provide students with a tangible way to explore mathe-
matical concepts. It helps them make connections between abstract ideas and real-world applica-
tions" (Teacher A). This approach helped students develop a deeper, more intuitive understand-
ing of mathematical concepts compared to traditional instruction. 
 
Teacher questioning further guided student learning, encouraging them to articulate their reason-
ing and reflect on their findings. One teacher asked, "I noticed you tried different angles. Can 
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you explain how you decided which angle was best?" (Teacher B). Such probing questions pro-
moted critical thinking and deeper conceptual understanding. 
The study supports the integration of hands-on and experiential learning in mathematics instruc-
tion, showing that these methods create a more engaging, effective, and inclusive learning envi-
ronment. 
 
 
Scaffolding and Guided Inquiry 
 
Teachers used strategic prompts and feedback to facilitate student learning. For instance, when 
students applied deductive reasoning using the 4:1 rule, a teacher might ask, “How did you apply 
the 4:1 rule to determine the angle?” This question encouraged students to articulate their 
thought processes and deepen their understanding. 
 
Similarly, when students engaged in inductive reasoning, teachers supported them by asking, 
“How can you organize your data to identify patterns or trends?” For those using abductive rea-
soning, teachers fostered critical thinking by prompting, “What evidence supports your hypothe-
sis?” This approach helped students evaluate alternative explanations and justify their claims. 
The study emphasized that scaffolding and guided inquiry are indispensable in cultivating di-
verse mathematical reasoning skills, enabling students to explore, question, and construct their 
own knowledge. 
 
 
Contextualized Learning in Mathematics 
 
Teachers effectively used real-world examples and cultural references to bridge the gap between 
abstract concepts and students' lives. For instance, when a teacher asked, "How does understand-
ing the tightrope walker help us solve the ladder problem?" (Teacher A), students were encour-
aged to connect familiar concepts to the mathematical challenge. This approach not only deep-
ened students' understanding but also enhanced their appreciation of mathematics. 
 
Furthermore, contextualized learning provided opportunities for students to apply mathematical 
knowledge to real-world problems. Teachers prompted students to consider how mathematical 
formulas represent relationships in practical scenarios, such as asking, "How can we use mathe-
matical formulas to represent the relationships between the different parts of the problem?" 
(Teacher B). This helped students see the practical utility of mathematics. Contextualized learn-
ing proved to be a powerful tool for enhancing student engagement, motivation, and understand-
ing in mathematics. 
 
 
Metacognitive Reflection and Discourse 
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The study found that fostering metacognitive reflection and discourse is a critical component of 
effective mathematics instruction. By encouraging students to think about their thinking and 
communicate their ideas, teachers created an environment that supported the development of 
higher-order thinking skills. 
 
Teachers prompted students to articulate their reasoning processes and consider alternative per-
spectives, deepening their understanding and promoting collaborative learning. For instance, a 
teacher might ask, "Tell me about the process you went through to reach that conclusion. What 
patterns did you observe?" (Teacher A). Such questions encouraged students to reflect on their 
problem-solving processes, identify misconceptions, and learn from their peers. These findings 
highlight the importance of metacognitive reflection and discourse in enhancing students' math-
ematical problem-solving abilities and overall learning experiences. 
 
 
Integration of Formal Mathematical Reasoning 
 
A significant finding of this study was the importance of integrating formal mathematical reason-
ing into instruction. Students demonstrated proficiency in applying formal reasoning techniques, 
such as trigonometric calculations, when provided with appropriate guidance. 
 
Teachers played a crucial role in facilitating this integration by creating contexts that bridged ab-
stract concepts and real-world applications. For example, when students used the 4:1 ratio for 
deductive reasoning, teachers prompted them to connect this to formal trigonometric concepts by 
asking, "Remember that formula we learned about right triangles? How can we apply it here to 
find the missing side?" (Teacher A). This helped students see the relevance of formal reasoning 
in practical problem-solving. 
 
 
DISCUSSION 
 
The Leaning Ladder Challenge provided a valuable context for examining the variety of reason-
ing strategies students use to approach trigonometric problems. This study revealed that students 
engaged in diverse reasoning methods—deductive, inductive, abductive, analogical, and algo-
rithmic—each offering unique strengths and limitations. 
 
To begin with, deductive reasoning emerged as a common approach, where students applied 
general principles to specific cases (Jeannotte & Kieran, 2017). This structured method of prob-
lem-solving proved beneficial, although it was highly dependent on the accuracy of initial infor-
mation. As Selden and Selden (1995) caution, incorrect foundational assumptions can lead to 
flawed conclusions, highlighting a key limitation of this approach. 
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In addition, inductive reasoning, marked by experimentation and pattern recognition (Polya, 
1957; Pellegrino & Glaser, 1984), allowed students to gain insights through systematic observa-
tion and data analysis. While this method promoted a deeper understanding, relying solely on in-
ductive reasoning risked overgeneralization without the complementary support of deductive 
methods (Klauer & Phye, 2008; Lesh et al., 2000). 
 
Furthermore, abductive reasoning, or the generation of hypotheses from limited information (Hi-
dayah et al., 2023; Shodikin et al., 2021; Paavola, 2023; Pedemonte & Reid, 2011), fostered 
creativity and flexibility. Students using this approach often demonstrated innovative thinking by 
proposing rapid solutions. However, as noted by Selden and Selden (1995), abductive reason-
ing’s intuitive nature can make it less rigorous, potentially leading to inaccuracies if not substan-
tiated by sufficient evidence. 
 
Moreover, analogical reasoning provided a practical problem-solving tool by drawing parallels 
between familiar and new situations (Gentner, 1989; Goswami, 1991). Leveraging prior 
knowledge, students generated creative solutions; however, the success of this approach hinged 
on the relevance of the analogy and the students’ ability to discern meaningful similarities and 
differences (Vinner, 2002). 
 
Finally, algorithmic reasoning, which involves step-by-step procedures and mathematical formu-
las (Zazkis & Campbell, 1996), offered precision and structure in well-defined problems. How-
ever, its effectiveness was dependent on students’ mathematical proficiency, as those less fluent 
in mathematics faced challenges applying this reasoning method effectively. 
 
Taken together, these findings points out the importance of integrating and validating multiple 
reasoning strategies in problem-solving. Effective problem-solvers demonstrated adaptability, 
moving flexibly between approaches to meet the specific demands of the situation—a critical 
skill for navigating the complexities of the Leaning Ladder Challenge. 
 
Crucial to this problem-solving process were the stages of validation, justification, and proving, 
each offering distinct contributions. Validation often began with hands-on experimentation, 
providing immediate feedback and grounding students’ understanding of the problem. For exam-
ple, Student B’s manipulation of a ladder to observe its stability underscored the value of experi-
ential learning, reinforcing abstract concepts through real-world experimentation. 
 
As students moved from observation to analysis, justification became essential for refining their 
reasoning. By connecting their approaches to broader principles or established guidelines, stu-
dents strengthened their arguments. For instance, some students referenced to safety guidelines 
demonstrated how aligning observations with recognized standards added robustness to their rea-
soning. 
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To further enhance the rigor of their solutions, students engaged in formal mathematical reason-
ing to derive well-supported conclusions. For example,  one particular student used trigonometric 
calculations to determine a precise solution, demonstrating how quantitative validation can 
strengthen both the credibility and mathematical soundness of the problem-solving process. 
 
In addition to these findings on student strategies, the study highlighted how teachers adapted 
their instructional methods to support students’ diverse reasoning approaches during the Leaning 
Ladder Challenge. Effective strategies included hands-on and experiential learning opportunities, 
such as using miniature ladders to help students connect abstract mathematical concepts to real-
world applications. This tangible connection fostered a deeper comprehension and retention of 
mathematical ideas. 
 
Furthermore, scaffolding and guided inquiry emerged as pivotal instructional approaches. By of-
fering structured support through prompts and feedback, teachers guided students through com-
plex problems, helping them articulate their thought processes and deepen their understanding. 
This scaffolding effectively bridged the gap between students’ current knowledge and desired 
learning outcomes (Van de Pol et al., 2020). 
 
Equally important was the role of contextualized learning in enhancing student engagement. 
Teachers incorporated real-world examples and cultural references to make mathematical con-
cepts more relatable, thereby motivating students by demonstrating the practical utility of math-
ematics. This approach contributed to a more inclusive and meaningful learning environment 
(Rubel & McCloskey, 2021; Yang et al., 2021). 
 
Moreover, teachers promoted metacognitive reflection and discourse, encouraging students to ar-
ticulate their reasoning and explore alternative perspectives. This practice fostered higher-order 
thinking skills and collaborative learning, ultimately enhancing students’ problem-solving abili-
ties (Schoenfeld, 2022). By balancing formal and informal reasoning approaches, teachers guid-
ed students to connect abstract concepts like trigonometry with practical applications, helping 
them develop into well-rounded mathematical thinkers. 
 
 
CONCLUSION 
 
The Leaning Ladder Challenge offered a valuable lens into the diverse reasoning strategies em-
ployed by students in tackling a trigonometric problem. Students exhibited a rich repertoire of 
approaches, including deductive, inductive, abductive, analogical, and algorithmic reasoning. 
These findings align with previous research highlighting the multifaceted nature of mathematical 
problem-solving (e.g., Schoenfeld, 2022). 
 
Teachers played a pivotal role in fostering these diverse reasoning approaches. By incorporating 
hands-on experiences, scaffolding student thinking, and creating opportunities for metacognitive 
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reflection and discourse, educators created a supportive learning environment. This aligns with 
research emphasizing the importance of contextualized learning (Brown et al. 1989), guided in-
quiry (Vygotsky, 1978), and metacognition (Flavell, 1979) in mathematics education. 
 
The integration of formal mathematical reasoning into instruction was also crucial. While less 
frequently observed, its application demonstrated the potential for precise and accurate problem-
solving. However, a strong foundation in mathematics is essential for effective use (Zazkis & 
Campbell, 1996). 
 
Teachers play a pivotal role in fostering this flexibility by creating learning environments that 
prioritize experimentation, justification, and critical thinking. By accommodating and leveraging 
diverse reasoning approaches, teachers can promote deeper learning and enhance mathematical 
proficiency (Cardino & Cruz, 2020). The Leaning Ladder Challenge served as a catalyst for ex-
ploring the multifaceted nature of mathematical reasoning, equipping students with tools to navi-
gate complex problems effectively. By understanding the nuances of student reasoning, teachers 
can tailor instruction to meet the needs of all learners and foster a deeper appreciation for the 
beauty and utility of mathematics. 
 
 
Future Research Directions 
 
Future research should investigate the intricate relationship between these reasoning modes and 
students' mathematical identities. Future research should delve deeper into the factors influenc-
ing the selection and application of these reasoning strategies. Investigating how students devel-
op these skills over time, the impact of cultural and socioeconomic factors, and the development 
of assessment tools to measure reasoning proficiency are essential next steps. By understanding 
the nuances of student reasoning, educators can tailor instruction to optimize student learning 
and prepare them to become confident, adaptable problem-solvers. Moreover, longitudinal stud-
ies are necessary to ascertain the enduring impact of these instructional approaches on students' 
problem-solving abilities and overall mathematical disposition. 
 
To fully realize the potential of these findings, sustained professional development is essen-
tial. Teachers require ongoing support in identifying, nurturing, and leveraging diverse reasoning 
strategies within their classrooms. By cultivating a culture of mathematical inquiry and explora-
tion, educators can empower students to become proficient, critical thinkers and problem-solvers. 
 
 
Limitations 
 
The "leaning ladder challenge" offers a practical and engaging context for applying trigonome-
try, yet it presents several limitations. This instructional activity simplifies the complexities of 
real-world ladder use by excluding factors such as wind, surface traction, and the ladder’s mate-
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rial properties, which significantly impact ladder stability. Furthermore, it assumes static condi-
tions, overlooking dynamic forces that could arise during actual ladder use. The scenario also 
does not consider human factors like the user's weight, experience, or the unique conditions of 
specific tasks, which are critical in real-life applications. While the challenge promotes ladder 
safety awareness, it does not cover other essential safety considerations inherent to working at 
heights. 
 
Drawing on the instructional design principles of Jeannotte and Kieran (2017), this challenge 
seeks to foster a deeper understanding of trigonometric concepts through real-world problem-
solving and collaborative learning. By grounding trigonometry in a familiar scenario, the activity 
aims to strengthen students’ mathematical reasoning and their ability to apply theoretical con-
cepts to practical situations. 
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