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Abstract. Intrinsic frequency fluctuations with a f1/  power spectral density 
limit the short-term stability in quartz crystal ultra-stable oscillators. The 

physical origin of this f1/  noise remains not clearly explained. In this paper, 
a review of an experimental study on numerous ultra-stable quartz crystal 
resonators is presented. A comparison with past measurements is given. A 
theoretical approach, based on the fluctuation–dissipation theorem, is used 

in order to put numerical constraints on a model of f1/  noise caused by an 
internal (or structural) dissipation proportional to the amplitude and not 
to the speed, in the limit of low frequencies. The order of the magnitude of 
the noise is then discussed using a candidate physical process. Comparisons 
between theoretical and experimental results show that internal damping of 
thickness fluctuations by any internal friction force proportional to strain and 
independent of frequency may not be the dominant noise mechanism for the 
best SC-cut quartz resonators. Finally, we conclude on the work that could be 
done to solve the remaining open problems.
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1. Introduction

Quartz resonators have now existed for almost a century. They have made great 
progress in terms of frequency stability during all these years. However, there are 
still relative fluctuations of this frequency at a level of the order of 10−14 that are 
quite small but nonetheless limit some applications. The power spectral density of 
these fluctuations follows a f1/  trend at frequencies lower than about 1 Hz. The 
origin of this f1/  noise observed in the beat frequency is still an unsolved problem. 
Consequently, several European manufacturers of high-quality resonators and oscilla-
tors recently teamed up with Franche-Comté Électronique Mécanique Thermique et 
Optique-Sciences et Technologies researchers (FEMTO-ST) under a Centre National 
d’Etudes Spatiales contract (CNES) to tackle this problem, first to improve the yield 
of excellent resonators and second to assess the intrinsic lower limit for the resona-
tor noise. A decision was taken at the beginning to concentrate on 5 MHz Stress-
Compensated-cut quartz resonators (SC-cut), since this kind of resonators using a cut 
that exhibit Stress Compensation is today considered the best kind of resonators to be 
used in quartz oscillators, owing to their excellent performances for short-term stabil-
ity (1–10 s) [1–3].

In this contribution, we first give some relevant information on the production of 
the 5 MHz SC-cut resonators used in this study. Then, we report the resulting short-
term stability of the resonators as a function of the position of the resonators inside 
the mother crystal block. Concerning the second goal, a theoretical approach based on 
the fluctuation–dissipation theorem is used in order to put numerical constraints on a 
model of f1/  noise caused by an internal (or structural) dissipation proportional to the 
amplitude and not to the speed. The order of magnitude of the noise is then discussed 
using a candidate physical process. Finally, we conclude on the work that could be done 
to solve the remaining open problems.
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2. Resonator achievement and crystal analyses

For these investigations, quartz crystal resonators have been cut from a quartz crystal 
block supplied specifically for this study on f1/  noise (see figure 1). This crystal block is 
obtained from a seed cut in a previous synthetic crystal that was grown using a natu-
ral seed. The quartz mother block’s dimensions were approximately 110 mm along the 
X-axis, 220 mm along the Y-axis, and 36 mm along the Z-axis.

Four (Y-cut) plates 1.5 mm thick were cut with their main faces perpendicular to 
the Y-axis and later used to evaluate the dislocation densities by x-ray topography. 
Moreover, 14 oriented bars were cut in that block. These 70 mm long oriented bars 
were numbered from 1 to 14 (figure 1(a)) and used to obtain about 24 blanks per bar 
(figure 1(c)) with a final X-axis rotation φ of approximately 21.93° and a Z-axis rota-
tion θ equal to 34.11°. These values of angles (SC-cut) ensure a low sensitivity to ther-
mal and mechanical stress and better aging than other cuts [4]. Then, these blanks 
were distributed to the various manufacturers so that they could make disk resonators 
(figure 1(d)) out of them and give them back for analysis to FEMTO-ST and CNES. 
The dimensions of these resonators are typical for 5 MHz SC-cut resonators, with a 
resonator diameter of about 14 mm and a thickness of about 1 mm, adjusted to get the 
5 MHz resonance frequency using the 3rd overtone of the slowest thickness shear mode 
(C-mode). A plano-convex shape allows the energy trapping for this mode. A radius of 
curvature of about 140 mm was chosen to optimize this energy trapping according to 
the Tiersten–Stevens model [5], in order to obtain a theoretical ratio of the vibration 
amplitude at the center of the resonator to the one at its edge higher than 106. The 
diameter of the electrodes was chosen equal to 8 mm. Figure 2 presents the mode shape 
pattern obtained by x-ray topography. It shows the optimized energy trapping of the 
(300) C-mode vibration. The temperature turnover point of the resonator was chosen 
between 80 °C and 85 °C by adjusting the cutting angles φ and θ [6].

The chemical impurities of the crystal block were measured by an inductively cou-
pled plasma mass spectrometry technique (ICP-MS method). This method is a type of 
mass spectrometry capable of detecting metals and several non-metals at concentra-
tions as low as one part in 1012 (part per trillion). This is achieved by ionizing the sam-
ple with inductively coupled plasma and then using a mass spectrometer to separate 
and quantify those ions. An ICPMS 7500ce from Agilent technologies (Tokyo, Japan) 
was used to achieve the analyses. A certified reference material, the NIST 612 (National 
Institute of Standards and Technology, USA), was chosen to validate the optimized 
working conditions, due to its low concentrations in some analyzed elements. About 
three grams of quartz samples were used for analysis. Table 1 presents the results of 
two samples from the crystal parts at the front and end of the block. The impurities 
rates are very low. The Li concentration is similar in both samples. The concentrations 
of Al, Na, Li, and K, lower than 0.1 μg g−1, correspond to a very high-quality crystal, 
even though the Ca concentration varies between 0.2 to 0.5 μg g−1. The Fe concentra-
tion (lower than 1 μg g−1) seems to be more important at the front of the block.

Residual dislocations were observed inside the crystals by x-ray topography. The 
analyses were therefore carried out on thin plates (‘blanks’) cut perpendicularly to 
the Y-axis, which corresponds to the longest dimension of the crystal block. Figure 3 
presents the results obtained with two such plates. The duration of the exposure of the 

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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Figure 1. (a) Quartz crystal resonator bars according to their positions in the 
mother block. These 70 mm long bars are numbered from 1 to 14. (b) View of ten 
bars. (c) About 24 blanks were obtained from each bar. (d) Final SC-cut electrode 
resonator.

Figure 2. X-ray topography of the resonator in its (3 0 0) vibration mode.

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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photos is about 5h30 with an x-ray vertical beam given by a generator of 45 kV with 
25 mA.

The dislocations are counted inside the pure Z zone (rectangular part with the 
dashed delimitation, with seed excluded). We found about one to three dislocations per 
cm2, which corresponds to a very high-quality quartz crystal.

Surface defects occur principally due to the polishing of the convex face of the 
resonator. This process step may be done dierently by the manufacturers with which 
we have worked and is covered by confidentiality agreements. However, the ecient 
trapping of the vibration energy inside the bulk of the resonator (figure 2) gives us 
confidence that the eect of the surface defects is negligible compared to the eect of 
the bulk defects [7].

3. Experimental results

The passive technique using carrier suppression is used to characterize the inher-
ent phase stability of the ultra-stable resonators [8]. The general idea of this passive 
method, presented in figure 4, consists in reducing the noise of the source as much as 
possible. This suppression is obtained by a first stage, where the signals of both ways 
are subtracted and then the resulting signal is amplified. Furthermore, this last signal 
is mixed with a part of the driving source signal to go down at low frequency and then 
amplified to be higher than the noise floor of the fast Fourier (FFT) spectrum analyzer.

Table 1. Chemical impurities measured in the crystal block.

(in ppmw) Front block End block

Li 0.09  ±  0.03 0.1  ±  0.02
Na <0.07 <0.05
Mg <0.0004 <0.0003
Al <0.03 <0.02
K <0.06 0.058  ±  0.001
Ca 0.22  ±  0.02 0.45  ±  0.03
Fe 0.98  ±  0.02 <0.0001

Figure 3. X-ray topography of the Y-cut plates.

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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A measured example of the single sideband power spectral density (PSD) of phase 
fluctuations [9], ( )L f , is presented in figure 5. The drive level power dissipated by the 
resonators is about 55 μW. The noise of the resonator is clearly above the noise floor 
of the system, as measured by using a resistor instead of the resonator for frequencies 
lower than ten hertz. Below a cut-o frequency FL, the slope in this log–log plot is 
about  −1 (hence the f1/  noise denomination), while above FL the noise is filtered by the 
resonator itself (1/f 3 slope).

Due to the fact that we have f1/  noise, at 1 Hz, the conversion of (   )L Hz1  into the 
PSD of normalized frequency fluctuations, (   ) S 1 Hzy  is given by the following relation-
ship [8]:

(   ) (   ) (   )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=
+

=
L         S

F

f
F

f

Q
1 Hz

1 Hz 1 Hz

2
with

2
,y

L
L

L

2 2

res
2

res
 (1)

where fres is the resonant frequency of the resonator and QL the loaded quality factor 
of the resonator.

The ( ) S 1 Hzy  results obtained by means of equation (1), for about one hundred 
resonators are presented in figure 6. Each resonator was measured against the same 
reference resonator. If the resonator is considered to be nearly identical to the reference, 
then only half of the measured noise is attributed to the measured resonator (mea-

sured PSD ( ) ⩽  − −L    f 135 dBc Hz 1). The best resonators were also measured against 
one another, but none of them gives better results than against the reference resonator.

The PSD of the normalized frequency fluctuations of a large portion of these 
resonators were measured to be lower than 7  ×  10−27. However, some of the others 
show much worse results by around three orders of magnitude, though they were 
fabricated using exactly the same process as the best ones. Although the positions of 
the blanks are known, no clear correlation between the noise results and the blanks’ 
positions (e.g. center or edges) can be found for these bars, nor is there a clear cor-
relation with the position of impurities in the original bar [10]. We are consequently 

Figure 4. Scheme of the passive measurement system.

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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still carrying out investigations into the origin of these dierences. As an example, 
figure 7 presents the measured PSD of the normalized frequency fluctuations at 1 Hz 
as a function of the intrinsic Q factors of the resonators. It can be observed that the 

Figure 5. Typical phase noise measurement of the resonators. The dashed line 
represents the noise floor of the measurement system. The cut o frequency, FL 
can be obtained by the f −1 and f −3 slope crossing.

Figure 6. PSD of the normalized frequency fluctuations of quartz crystal resonators 
according to the position in the mother block.

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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noise results for a single Q value span about three orders of magnitude, showing that 
the Q factor is not a pertinent parameter to characterize the level of noise in such 
ultra-stable resonators.

In figure 8, these results are compared with several previously published results 

[1–3, 11–13]. One can see that the Q1/ 4 law drawn in the past by Gagnepain [13] (the 
black straight line in figure 8) seems to be only an average tendency if looking at sev-
eral frequency decades. Nonetheless, we can also observe that the best points in terms 

of noise for a given Q factor can be approximately joined by a Q1/ 4 line. Thus, further 
investigations into the Q factor dependency of the f1/  noise amplitude are necessary 
to study whether this law could still be valid but as a way to estimate the noise floor 
for a given Q.

4. Theoretical approach

The fluctuation–dissipation theorem [14–16] (FDT) is used to estimate the power spec-
tral density of thermal noise coming from fluctuations in the thickness (2h) of quartz 
resonators (see figure 9).

As shown by Saulson in another context [15], the addition of a constant internal 
friction term ϕ to the usual wave equation, allows one to obtain a f1/  spectrum at low 
frequencies through the FDT. Indeed, for the thickness-fluctuation mode, characterized 
by a mechanical displacement inside the resonator ( )u x t,2 2 , the fundamental principle 
of dynamics for continuum media can be written as:

Figure 7. PSD of the normalized frequency fluctuations of quartz crystal resonators 
according to their intrinsic quality factors.

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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( )ρ ϕ η
∂
∂

= +
∂
∂

+
∂
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u

t
c

u

x

u

x t
1 j ,

2
2

2 22

2
2

2
2 22

3
2

2
2 (2)

with c22 the elastic constant and η22 the viscoelastic damping constant of the quartz 
crystal. ϕ is an internal friction coecient and ρ is the quartz mass per unit volume. 
Searching for solutions of the type:

Figure 8. Compilation of our results and previously published values [1–3, 11–13] 
for the PSD of the normalized frequency fluctuations at 1 Hz of quartz crystal 
resonators, according to their intrinsic Q factors.

Figure 9. Resonator design, 
���
n defines the normal to the resonator surface, 2h is the 

thickness of the resonator along the rotated x2 axis, 
���
u2 is the displacement inside 

the resonator, and 
� ���

F  is the applied external force.

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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(   ) [ ( ) ( )]= + ωu x t a kx b kx, sin cos e ,t2 2 2 2
j (3)

with limit conditions given by the stress T2:

(   )± = ⋅ ωT h t F S, e / ,t
2

j
 (4)

with F the modulus of the harmonic mechanical force applied to the surface S of the 

electrodes (perpendicular to x2), one finds that [ ( ( ))( )]η ω= +a F S k kh c/ cos j22 22 , =b 0 

and ( )ρω η ω= +k c/ j2 2
22 22 . The complex mechanical admittance of the system can then 

be computed by:

( ) ( )
(   )

ω
ω

≡
± ⋅

=ω

∂ ±
∂Y

F

a kh

Fe

j sin
.

u h t

t
t

,

j

2

 (5)

The FDT then states that the spectral power density of the thickness fluctuations 
in a bandwidth BW , can be computed by [14–16]:

( ) ( ( ))ω
ω

ω
±

=
u h k T

Re Y
,

BW

4
,2

2
B

2
 (6)

with T  the absolute temperature (in K) and kB the Boltzmann constant (in J K−1).
The comparison with the experimental results in figure 10 allows the assumption 

ϕ� 1. Furthermore, since η = × × − ~c / 115 10 /1.36 10 1022 22
9 3 14 rad s−1 is really much 

bigger than the resonance circular frequencies of the resonators we used  π ⋅ −10 rad s14 1~(   ), 
we can assume ω η� c /22 22. Thus, we can write:

( ) ( )ω
ω

η ω ϕ
±

≈ +
u h k Th

S c
c

,

BW

4
.2

2
B

22
2 22 22 (7)

Moreover, we can consider that the circular frequency at resonance is ωr ∼ 1/h. 
Thus:

( ) ( ) ( )
( )

⎛
⎝
⎜

⎞
⎠
⎟ω

δω
ω

ω
ω

η
ω ϕ≡ =

±
≈ × +S

u h

h

k T

Vc cBW

,

2 BW

1 2
y

r

r

B
2

2
2
2

2
22

22

22
 (8)

where V is the volume of the resonator. One can then see from the previous expression 

that for circular frequencies lower than ϕ ηc /22 22, the internal friction becomes domi-
nant and gives a f1/  spectrum, with an Allan standard deviation given by [9]:

( ) (   ) ( )   σ ϕ≡ =_ S Hz
k T

Vc
2 ln 2 1 2 ln 2

2
.y y fflicker , 1/ part

B

22
 (9)

We note in passing that ϕ could depend on the temperature and that no assumption 
was made about this possible dependence.

In order to numerically evaluate this quantity for a typical 5 MHz oscillator equipped 
with an SC-cut quartz crystal resonator, we have to take into account the fact that, 
due to the rotation of the axis, the 2 axis is not the usual crystallographic one, so that 
the constants must be evaluated in the rotated basis: c22  =  115 GPa, η22  =  1.36  ×  10−3 
Pa s, T  =  350 K and V  =  0.104 cm3. This gives:

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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σ ϕ≈ ×_
−1.06 10 .y flicker

12
 (10)

In order to recover the measured values of σ _y flicker with this expression, we would 
need to have ϕ between −10 1 and −10 3 (figure 10), which would mean that even at 
resonance the internal damping would be dominant over the viscoelastic damping. We 
therefore conclude that the internal damping of thickness fluctuations by any force pro-
portional to strain and independent of frequency, may not be the dominant noise mech-
anism for the best SC-cut quartz resonators. However, other modes may be noisier.

Nonetheless, we try to evaluate this coecient by the modified Granato–Lücke the-
ory [17] of the energy loss due to some kinds of dislocation motion in the low frequency 
range. In [17], the authors first supposed that the pinning force F of the impurity 
atom that arises from elastic interactions depends on the orientation of the dislocation 
line. Second, they supposed that, once a dislocation has broken away from its pinning 
points, its motion is not necessarily limited by its line tension, but that the distance it 
moves may be determined by the stress field of neighboring impurity atoms (figure 11).

With these assumptions, they studied the logarithmic decrement ∆, defined as the 
natural logarithm of the ratio of two successive maxima of weakly damped oscillations, 
when no external forces are applied to maintain the oscillations. They found an expres-
sion of ∆ for the impurity spacing controlled dislocation motion that, in the small stress 
amplitude limit, is given by:

  β
π

∆ =
ε

NbL

c
,N

1/3 (11)

where β is a parameter having an approximate value of 1.5. N is the total length of 
the dislocation line in a unit volume of material. Following [18], we estimated this 

Figure 10. Comparison between theoretical and experimental σy_flicker.

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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quantity by two times the surface dislocation density, thus finding a value of the order 
of ≈N 6 cm cm−3 using the maximum value of the surface dislocation density found 
with figure 3. b is the mean length of a Burger’s vector  ≈  3  ×  10−8 cm. LN is the net-

work length ≈ N3/ . c is the atom fraction of impurity that must be lower than 1 ppm 

to get Q values as high as a few 106. ε is the fractional dierence between the radius 

of impurity and host atoms taken to be of the order of 20 %. Finally, we recall that 

previously we saw that ϕ= +Q Q1/ 1/eff viscous , with η ω=Q c1/ /viscous 22 22. Therefore, at 

low frequencies, ϕ≈Q1/ eff . Hence, we attempt to identify ∆ with πϕ at low frequencies, 
in a first approximation, in spite of the fact that we are not in the dominantly viscous 

regime. This would give ≈Q 10eff
5 and ϕ≈ −10 5 in the low frequency regime, which 

would be an interesting order of magnitude to attribute at least some non-negligible 
part of the f1/  noise to the fluctuations of thickness. However, this would also mean 

that at resonance ϕ ϕ= + ≈ × + ≈ =− − −Q Q1/ 1/ 4 10 10 10eff viscous
7 5 5 , and hence that 

the viscous damping would not be dominant at resonant frequency, which is contradic-
tory to the experimental facts.

5. Conclusion

The intrinsic noise of 5 MHz ultra-stable resonators has been studied according to the 
resonator positions in the quartz mother crystal. A three orders of magnitude span has 
been observed in the noise results, but about thirty percent of the achieved resonators 
have a noise lower than 8  ×  10−14. A correlation between the resonator position in the 
crystal block and the quality in terms of noise is not demonstrated. It is also shown 
that the quality factor of the resonators is not a precise parameter to predict the noise 
of a resonator.

Theoretically, we have seen that it is possible to find f1/  noise through the 
fluctuation–dissipation theorem by adding a constant complex part to the elastic con-
stant in the usual dierential equation characteristic of a viscously damped harmonic 
oscillator. This corresponds to a frequency independent energy loss in the limit of 

Figure 11. Hysteretic motion of a dislocation under a stress increasing from the 
top to the bottom parts of the figure. When the stress is reversed, the dislocation 
does not rebind spontaneously to the impurities it was pinned to before (the solid 
dots).

http://dx.doi.org/10.1088/1742-5468/2016/05/054025
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small frequencies. The hysteretic motion of the dislocations described by a modified 
Koehler–Granato–Lücke model could a priori describe such a loss mechanism. Indeed, 
it could provide an explanation for the experimental observations that the logarithmic 
decrement generally decreased when the dislocation density decreased when the quartz 
was not as good as now, and that sometimes a slightly higher concentration of impurity 
could improve the quality factor. However, the numerical estimations seem to provide 
values that are at least an order of magnitude too high. Hence, the physical origin 
of f1/  noise in quartz crystal ultra-stable oscillators still remains an open question. 
Nonetheless, we point out that taking into consideration a term that is independent of 
frequency in the limit of small frequencies (so-called ‘structural damping’) does provide 
a simple mathematical explanation for the experimental fact that phase noise at low 
frequencies seems uncorrelated with the Q factor measured at resonance, for current 
state-of-the-art resonators. Since the numerical estimations for the contribution of 
structural damping to thickness fluctuations show that they may not be the dominant 
contribution to noise, we therefore plan to study the direct eect on the shear oscilla-
tions of thermally activated nucleation and motion of kink–antikink pairs along disloca-
tions, with possibly several dierent activation energies. This could lead to f1/  noise by 
the mechanism of Lorentzian summation [19] or by the above fluctuation–dissipation 
theorem approach.
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