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ABSTRACT 

The second tier processing task performed by a radio receiver is 

that of estimating the vector of unknown parameters associated 

with its received signal. These estimators fail when the received 

signal has a significant unknown frequency offset. Hence, when 

a frequency offset does exist, it must be estimated and removed 

prior to other processing tasks in the receiver. While the band 

edge filter can be used to resolve the frequency offset there is 

remarkably little discussion in the literature of the design, im-

plementation, and performance of this neglected processing 

option. In this paper we review the maximum likelihood fre-

quency estimator based on the band edge filter and discuss im-

portant properties not addressed in earlier literature. We also 

present an interesting variation of the ML process along with a 

discussion on performance parameters related to both carrier 

acquisition and timing acquisition. 

  

I. INTRODUCTION 

The complex envelope of a signal formed at the transmitter of a 

communication system is the sum of weighted time delayed 

versions of known wave shapes g(t-nT). The weighting terms 

a(n) are complex amplitudes often presented as the in-phase and 

quadrature components of the sample points in a constellation 

diagram. This complex baseband signal is up-converted by qua-

drature mixers and delivered to the receiver through an attenuat-

ing channel. Amplifiers in the receiver apply the appropriate 

gain to cancel the channel attenuation and in doing so add noise 

to the amplitude corrected version of the received signal.                           

. 

The receiver also performs filtering to limit the bandwidth of 

the added noise to approximately that of the signal bandwidth 

and attempts to cancel the up-conversion operation at the 

transmitter with an aligned down conversion operation at the 

receiver. Frequency difference between the up-conversion and 

the down-conversion operations results in a residual frequency 

offset between the received signal spectrum and the frequency 

response of the filtering stage following the down conversion. 

Small frequency offset are observed as slowly spinning constel-

lation points at the filter output which can be de-spun in a sub-

sequent phase locked loop. It is the large frequency offsets that 

interest us here. A large frequency offset results in significant 

and irreversible signal distortion as the filter rejects part of the 

input signal bandwidth.  

 As indicated in (1) the optimum processor of the received sig-

nal maximizes the energy at the output of the matched filter or 

correlator shown in (2). As shown in (3), to determine the peak 

of the correlator output we take the derivative of the correlator 

output with respect to the frequency offset  and set that deriva-

tive to zero. We form this derivative in (4) which unexpectedly 

forms a time weighted version of the input signal. We choose to 

associate the time weighting with the matched filter and we 

interpret its meaning in (5). In (5a) we note the matched filter 

time-frequency pair gMF(t) and GMF( ). In (5b) we recognize 

the time weighting of the matched filter gMF(t) corresponds to 

the frequency derivative of its spectrum GMF( ). Finally in (5c) 

we recognize and define the frequency derivative matched filter 

GFMF( ). 
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We interpret (3) and (5c) as directions to estimate and remove 

the frequency offset of an input signal. We form the conjugate 

product of the outputs of the matched filter with the frequency 

matched filter and adjust the frequency correction in the direc-

tion that drives the real part of this product towards zero. This 

frequency acquisition process implemented as a frequency 

locked loop (FLL) is shown in figure 1. 

Before we study the function performed in the FLL of figure 1 

we should examine the frequency matched filter embedded 

within it. Figure 2 presents the frequency responses of the sqrt 

Nyquist matched filter and of its frequency matched filter as 

well as the spectrum expected from the output of the frequency 

matched filter processing the frequency aligned input signal 

shaped by the same shaping filter. Looking at the frequency 

response, we quickly understand why the frequency matched 

filter is often called a band edge filter. 
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Figure 1. Frequency Locked Loop with Frequency Matched 

Filter 
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Figure 2. Spectra of SQRT Nyquist Matched Filter, Corres-

ponding Frequency Matched Filter, and Spectral Response of 

their Cascade. 

 

We note that the frequency derivative filter has a non-zero re-

sponse limited to the transition bands of the matched filter. 

Since the transition shape of the standards cosine tapered Ny-

quist is a quarter cycle of a cosine, the sqrt Nyquist taper must 

be a quarter cycle of an offset cosine. The quarter cycle band 

edge shapes of the frequency matched filter are discontinuous 

hence cannot be implemented. Our approach to implement this 

filter is to continue the spectral shapes past the discontinuity to 

form a half cycle of the spectral cosine. This is shown in figure 

3. Here we explicitly show the width of the MF transition as 

/Tsym and that of the extended half cycle of the FMF as 

2 /Tsym. We also show the base banded version of the band 

edge half cosine spectrum extended once again to show the 

width of a single cycle as 4 /Tsym. 

 

The time series corresponding to the baseband half cosine spec-

trum of the bottom part of figure 3, as shown in figure 4, is the 

sum of two offset sinc functions. The peak-to-zero interval of 

the sinc functions is the reciprocal width, TSym/(2 ), of the half 

cosine frequency pulse and their offsets are the reciprocal, 

TSym/(4 ),  of the cosine period. Note that the spacing between 

the positive and negative time offset matches the distance from 

peak to zero crossing of the sinc functions.  We recognize this 

function as the window that formed the original cosine tapered 

Nyquist pulse. 
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Figure 3. Spectra of Matched filter, of Extended Derivative 

Matched Filter and of Baseband Version of Band Edge Filter 
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Figure 4. Time Series of Base-Band Half Cosine Band Edge 

Filter 

 
 

Figure 5. Spectra of Matched and Band Edge Filters 

 

MATLAB script to generate the matched filter and the base-

band half cosine band edge filter is presented in this paper‟s 

appendix. Figure 5 presents the spectra of the matched filter and 

of the band edge filters designed by the Matlab script file 
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II. FILTER PROPERTIES 

 

Conceptually, the band edge filters gather the energy of the in-

put signal in the bandwidth they share. Figure 6 shows the spec-

tra of two base-band centered and non-band centered input sig-

nals along with the frequency response of the two band edge 

filters. The band centered signal is symmetric about the origin 

and overlaps the two band edge filters by equal amounts. The 

responses of the two band edge filters are the same hence con-

tain equal energy. The spectrum of the offset, non centered sig-

nal does not overlap the band edge filters by equal amounts. For 

the example shown in figure 6, the negative frequency band has 

more overlap with the input spectrum than does the positive 

frequency band. With more overlap, the left band contains more 

energy than does the right band. We will show that the energy 

difference between the two band edges is a sensitive indicator 

of frequency offset. 
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Figure 6. Spectral Response of Band Edge Filters to Band Cen-

tered and non Band Centered Input Spectrum  

 

Noting that the two filters of figure 1, the matched filter and the 

frequency matched filter only share energy in their overlapped 

band we are tempted to extract only the overlapped bands and 

discard the non overlapped spectral bandwidth of the matched 

filter. We do this because we know that only the energy in the 

transition bandwidth contributes to frequency offset estimate 

and we have reason to believe that the in-band modulation 

energy will contribute to the variance of the estimate. Averag-

ing the estimate will reduce the noise bandwidth but since the 

band edge filter have already accomplished the noise bandwidth 

reduction we should take advantage of the work already done. 

Thus, rather than form a single filter with the upper and lower 

band edge segments we consider an alternate approach. We 

form two separate band edge filters, specifically the upper band 

and the lower band, and from these generate two combined 

bands as the BE sum, denoted CC, and the BE difference, de-

noted SS, of the two band edge filters. The notation CC and SS 

are used to reflect the even and odd symmetry of a cosine and 

sine. The BE-sum (CC) carries only the band edge spectral 

component of the matched filter (MF) while the BE-difference 

(SS) carries the spectral components of the frequency matched 

filter and is in fact the FMF. We now have three filters, the MF, 

the CC (BE-sum), and the SS (BE-diff). We now examine some 

properties of these filters. 

 

We first examine the eye-diagrams of the three filters shown in 

figure 7. We note that the CC and the SS filters have time dis-

placed responses and that the zeros crossings of the SS and CC 

coincide with the maximum eye openings and the zero cross-

ings of the MF respectively. We now examine the spectra of the 

conjugate products of the time series from the MF and FMF and 

of the time series from the CC and SS. Figure 8 shows these 

spectra when the input signal has zero frequency offset. The 

first important feature of these spectra is the presence of spec-

tral lines at symbol rate. 

 

 
 Figure 7. Eye-Diagrams of MF, CC (BE-sum) and SS (BE-

Diff).  

 

These symbol rate lines, the response to the cyclo-stationary 

statistics formed by the conjugate products, are frequency and 

phase aligned with the modulation signal. These lines can be 

used for non data aided timing acquisition. The second impor-

tant and distinctive feature is the presence of the broadband 

modulation spectra in the MF*FMF product and the absence of 

this broadband modulation spectra in the CC*SS product. The 

band edge filters have limited the bandwidth contributing to the 

conjugate product and thus exhibit reduced noise bandwidth 

around the symbol rate lines. Figure 9 shows these same spectra 

when the input signal has a non-zero frequency offset. As in the 

previous figure the first important feature of these spectra is the 

presence of spectral lines at symbol rate as well as a new spec-

tral line at DC. The amplitude of this DC line is proportional to 

frequency offset. We extract this term as the observable in a 

frequency lock loop. Again, as in the previous figure, the 

second distinctive feature is the presence of the broadband 

modulation spectra in the MF*FMF product and the absence of 

this broadband modulation spectra in the CC*SS product. The 

band edge filters have limited the bandwidth contributing to the 

conjugate product and thus exhibit reduced noise bandwidth 

around the symbol rate lines and the DC line. Notice the high 

noise level around the DC line in the MF*FMF product and the 

significantly reduced noise level if the CC*SS product. We note 

that a maximum likelihood estimator is not a minimum variance 

estimators and our earlier supposition that the CC filter with 
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suppressed modulation bandwidth held the promise of reduced 

noise is confirmed.  

 

Figure 10 presents some interesting statistics about the DC line 

that appears in figure 9. The top subplot shows the mean value 

of this line as a function of frequency offset for signals mod-

ulated in shaping filters with excess bandwidths of 0.2, 0.4, 0.6 

and 0.8. These are the frequency offset detector transfer func-

tion, often called the discriminator S-curve.  The middle subplot 

shows the standard deviation of the same DC tem as a function 

of frequency offset for the same values of excess bandwidth. 

The standard deviation reflects the energy in the spectral noise 

mass surrounding the DC term and it is seen to rise with fre-

quency offset almost in concert with the increase in the DC lev-

el. The third subplot of figure 10 shows SNR, the ratio of mean 

to standard deviation, of the DC line as a function of frequency 

offset. To a first approximation, the SNR is constant and nearly 

independent of , the signal‟s excess bandwidth.  

 

 
 

Figure 8. Spectra: Conjugate Products, MF*FMF and CC*SS, 

with no Frequency Offset 

 

 
 

Figure 9. Spectra: Conjugate Products, MF*FMF and CC*SS, 

with frequency offset. 

 

III. BAND EDGE SPECTRAL COMPONENTS 

 

We now present a simple derivation of the spectral terms 

formed by the conjugate product of the CC and SS filters de-

scribed in section II. Figure 11 shows the stylized spectra of the 

time signals obtained from the two band edge filters centered at 

+fSym /2 and -fSym/2 denoted by A(f-fSym/2) and B(f+fSym/2) re-

spectively. Equation (6) presents a description of the complex 

envelope time series a(t) and b(t) translated to their respective 

center frequencies +fSym/2 and -fSym/2. In (7) we form the sum 

and difference of the two band edge filters to form the filters we 

previously identified as CC and SS. In (8) we form the conju-

gate product of CC and SS. The first term in the product is seen 

to be the difference of the magnitude squared signal compo-

nents from the two band edge filters. It is this term that forms 

the DC term and the baseband noise. 

 

  
 

Figure 10. Mean, Standard Deviation and SNR of DC Term 

Formed by Band-Edge Offset Frequency Discriminator. 

 

If all we want from this process is the DC term, there is no need 

to form the auxiliary signals cc(t) and ss(t), we can form the 

difference of the magnitude square terms directly from the band 

edge filters. This option is shown in figure 12. We note that the 

second term in (8) is the difference of two expressions with the 

second being the conjugate of the first. Of course the difference 

of two conjugate terms is twice the imaginary part which gives 

us the alternate description shown in (9). We recognize this 

second term as the symbol rate spectral line seen in figures 8 

and 9. 
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Figure 11. Spectra of Band Edge Filters and their Sum and Dif-

ference. 
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Figure 12. Band Edge Filter Frequency Locked Loop 
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IV. CLOSING COMMENTS 

 

We have presented a short intuitive derivation of the fre-

quency matched filter designed to estimate the frequency offset 

of the base banded complex input signal to a receiver.   We de-

scribed a reasonable modification of its spectral shape required 

due to the amplitude discontinuity at its boundaries. We tempo-

rarily translated the modified band edge shape to baseband 

where it was a simple matter to form the time series matching 

that spectrum. It was then a simple matter to translate the spec-

trum of the baseband signal to the two band edge frequencies. 

We attached in an appendix the Matlab script file that outputs 

the impulse responses of the matched filter, the baseband band 

edge filter and the positive frequency band edge filter.  

 

 

 

 

 

 

 

 

 

 

The impulse response of the companion band edge filter is the 

conjugate of the positive frequency filter. The band edge filters 

can be combined to form the CC and SS filters to be used as in 

figure 1 to obtain timing lines as well as the DC frequency off-

set line or they can be used directly as in figure 12 to obtain 

only the DC frequency offset line.  

 

APPENDIX 

 

function [hh,gg,g]=  

band_edge_harris(m_smpl,alpha,m_dly) 

% band_edge_harris(m_smpl,alpha,m_dly),  

% hh is sqrt Nyquist matched filter 

& gg     positive freq band edge filter 

% g      baseband band edge filter 

% m_smpl samples/symbol, alpha excess bw 

% m_dly is delay in symbols to filter center 

% n_len=2*m_dly+1 

 

hh=rcosine(1,m_smpl,'sqrt',alpha,m_dly); 

hh=hh/sum(hh); 

nn=length(hh); 

tt= (-m_dly*m_smpl:1:m_dly*m_smpl) 

g=sinc(2*alpha/m_smpl*tt-0.5)... 

 +sinc(2*alpha/m_smpl*tt+0.5); 

g=g/sum(g); 

mm=nn/2; 

 

% now translate center to (1+alpha)*fs/2 

phi=(1+alpha)*(-mm:0.5:mm)/(2*m_smpl); 

phi=phi(2:2:length(phi)); 

gg=exp(j*2*pi*phi).*g; 
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