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Chapter 1
Introduction
These notes are written for a seminar presented by the author in the Universidad de
Pamplona (Colombia) during the first semester of 2017. The notes as well as some
documents related to them can be found in my website 1 . In addition they can be found
on this website 2 under the name “seismic migration.pdf”. I will be updating this file
regularly.
In the development of these notes, I use the open domain package Sesmic Unix 3
from the Center of Wave Phenomena (CWP) of the Colorado School of Mines (CSM).
The software is used to create plots as well as to indicate examples of implementations
of code to create the synthetic data shown here. In addition the notes are prepated with
LATEXand I used the Tikz tool 4 pacakge to draw the figures.
Migration, in the context of seismic exploration, is a technique that translates surface
wavefield recordings to images of the earth’s subsurface. We motivate the definition of
seismic migration with a small experiment. Let us refer to Figure 1.1. On the left we
have a model of a dipping straight interface (in brown). We focus on two points of that
interface. Those are the two brown balls at the edges of the interface. The two edges of
the interface are located at the points (x00 , z0 ), (x01 , z1 ). We want to send echoes from the
surface to the dipping interface and focus on what happens at the points x0 and x1 on the
surface where we record all the echoes (wave motion) into geophone devices (represented
here by the little black triangles). The energy source for the echoes is located at the
same place of the receiver. This is a special case known as zero offset . Later we will
consider the case of a separation between the source and the receiver (non–zero offset.)
1

www.jaramilloherman.com
http://tinyurl.com/seismic-migration
3
http://www.cwp.mines.edu/cwpcodes/
4
http://www.texample.net/tikz/
2
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Figure 1.1: On the left we have a model of a dipping interface (brown). On the right
we see a representation of the recorded data with blips that mark the travel time of the
rays shot from the points x0 and x1 on the model.
Two points chosen here for the location of the receivers are special. They are such that
the signal sent to the dipping interface hits with a normal incidence angle.
Let us assume that we have a constant velocity medium with wavespeed v. We
perform some small computations
The time t0 taken from the point in the surface x0 to reach the dipping reflector at
normal incidence is

t0 =

2d
v

where d is the length of the segment (ray) from the point (x0 , 0) to the point (x00 , z0 ),
and the 2 factor is here because the ray goes down and bounces back to the source point
in the surface (x0 , 0). Since the dip of the reflector is given by the angle θ we have that

sin θ =

d
x0

from which d = x0 sin θ, and the time t0 is given by
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t0 =

2x0 sin θ
.
v

t1 =

2x1 sin θ
.
v

Likewise

Since the reflector is flat, we expect the time curve between the times t0 and t1 to
be flat as well. The result would be linear (constant dip) signal as shown on the right
of Figure 1.1, where the peaks of the blips correspond to the points (x0 , t0 ) and (x1 , t1 ).
The proof that the signal has a linear trend (known in the seismic literature as move
out ) is simple. The plot on the right has axis x0 (horizontal) and t0 vertical. The slope
(at t0 , see eqtheuation above) is
2 sin θ
dt0
=p
=
dx0
v

(1.1)

and since v constant, and the angle θ is fixed, the slope is constant. So the trend is linear.
Note the symbol p at the right of the equation. This is a very important symbol is seismic.
It is known as horizontal slowness since, indeed it is the horizontal component of the
slowness vector t̂/(v/2), with t̂ a unit vector tangent to the propagation trayectory (the
ray). In the figure (on the left) t̂ = (sin θ, cos θ) is normal to the reflector.
This p is also known as the ray parameter .
From the triangle with vertices at (x00 , 0), (x0 , 0) and (x00 , z) we see that the angle at
the vertex (x00 , z) is also θ and so

tan θ =

x0 − x00
z

and from here
x0 = x00 + z tan θ.
This yields, the up to know, x0 location of the specular geophone recorded and displayed
on the right.
We then found two parametric equations

8
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t0 =

2(x00 + z tan θ) sin θ
v

,

x0 = x00 + z tan θ.

(1.2)

This equation is actually the modeling equation since here we know v, θ and x00 .
We want to make several observations.
(i) The model slope is tan θ.
(ii) The signal (data) slope is p = dt/dx = 2 sin θ/v. Note the notation p which is
common for this slope.
(iii) We can not compare slopes in a fair way since the wavespeed v is involved in the
data display. That is, the data is stretched (or compressed for v > 2 ) by the factor
2/v.
(iv) If we get rid of the stretching factor due to the wavespeed v, that is, if we do a timeto-depth conversion in the data by multiplying the vertical axis by by v/2, (again,
the 2 is because we have a two-way time but only a one-way depth) we would get
a fair apples-to-apples comparison of slopes. That is, we have the slope of the data
in depth as sin θ. Clearly sin θ ≤ tan θ where the equal sign is only achieved by
θ = 0 where we have a model which is horizontal and then the reflections should
be horizontal as well.
(v) The process of going from the left to the right frames is called modeling. The
(inverse) process of going from the right to the left frame is called migration . The
dipping event on the model is called a reflector, and the dipping event on the data
is called a reflection event. Then, from the previous observation, modeling flattens
out reflectors into reflections while migration steeps out reflections into reflectors.
(vi) Another feature that is interesting is the lateral shift that occurs on the event from
a reflector to a reflection. Note that the model (dipping event) is defined as a
segment between the points (x00 , z0 ) and (x01 , z1 ). The lateral coordinates are given
by x00 , x01 , while the data traces ( a trace is the time series plotted vertically as in
the data set of the figure with the recordings of the wavefield ) are pinned to the
lateral positions x0 , x1 . Hence we have on the modeling problem a lateral shift of
∆x0 = x0 − x00 for the left edge and ∆x1 = x1 − x01 for the right edge. We quantify
this shift.
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From the left frame of the figure (the model) and the triangle formed by the points
in surface x00 , x0 , and the left edge (x00 , z0 ) we observe that the angle from the left
edge vertex is θ. Hence we have that

sin θ =

2(x0 − x00 )
x0 − x00
=
,
d
v t0

then

x0 − x0 =

v t0 sin θ
.
2

(1.3)

So the lateral displacement produced by migration, increases monotonically with
the reflector dip θ, velocity and the travel time. Of course, if θ = 0 there is no
lateral displacement and the only correction or change from model to data is a
time-to-depth conversion with the stretching parameter v/2. Another way to find
the lateral displacement is by using tan θ instead of sin θ. On the same triangle we
have that

tan θ =

x0 − x00
.
z0

(1.4)

Then the lateral displacement is given by ∆x0 = x0 − x00 = z0 tan θ.
In summary: we assume a model consisting of a dipping reflector of dip θ on a medium
with constant velocity v. A point (x, z) of the reflector is mapped into the reflection data
as follows.
• For modeling: A lateral displacement with respect to the input location x0 takes
place with the displacement given by the formula ∆x = x − x0 = z tan θ, which
maps the coordinate x0 in the input (model) to the coordinate
x = x0 + z tan θ

(1.5)

The time is computed from equation 1.2. That is,
t=

2(x0 + z tan θ) sin θ
v

(1.6)
(1.7)
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Equations 1.5 and 1.7 are the “hand” zero offset (coincidence of source and receiver)
modeling equations for the dipping reflector with dip θ, constant velocity v and
depth z and lateral position x.
We could write the mapping


2(x0 + z tan θ) sin θ
0
modeling(x , z, θ, v) 7→ x + z tan θ,
v
0

• For migration : Giving a flat reflection event with dip p = dt/dx, a point with
lateral coordinate x, time t and a known wavespeed v we can migrate this point
as follows.
Find the dip of the reflector from p = 2 sin θ/v. That is
θ = arcsin

p v 

.
2
From equation 1.3 find x0 the lateral location of the output as
vt sin θ
2
From the previous equation ∆x = vt sin θ/2, and from equation 1.4 we see that
x0 = x −

z=

∆x
vt sin θ
vt cos θ.
=
=
.
tan θ
2 tan θ
2

We can write these last two equations in terms of p = 2 sin θ/v. That is
pv 2 t
x0 = x −
p 4
p
p
vt 1 − p2 v 2 /4
vt 4 − p2 v 2
vt 1 − sin2 θ
z =
=
=
2
2
4
So “hand migration” of a dipping reflector is achieved by the mapping

migration(x, t, p, v) 7→

!
p
pv 2 t v t 4 − p2 v 2
x−
,
.
4
4
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Perhaps a better way to illustrate what modeling does and what migration does, is
by assuming that the velocity is 2 km/s and so the stretching factor above is v/2 = 1
(in km/s). Then we can use the same vertical axis (time or depth) and plot the reflector
and the reflection on the same frame.

x00

0

x0

x01

x1

θ

z0

z1

z
Figure 1.2: The brown dipping interface is modeled to the red reflection. The red
reflection is migrated to the brown dipping iterface.
Figure 1.2 shows the composed of both frameworks. The dipping reflector in brown
is modeled to the red reflection and likewise the red reflection is migrated to the dipping
reflector in brown. We see here clearly the two effects. Lateral shifting and dip change.
Migration moves events in the up-dip direction, while modeling shifts events in the downdip direction.
But migration is much more than we have shown here. In fact, at the edge of the
dipping reflector another phenomena takes place. This is the phenomena of diffraction.
Inside the reflector Snell law provides reflections where the incidence angle is equal to the
departure (reflection) angle. While the wave travels in all directions (a source spreads
energy over a spherical wavefront in a homogeneous isotropic medium) inside the reflector there is constructive and destructive interference and the constructive interference
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happens when the incident angle is equal to the reflection angle. At the edges there is
cancelation on one side of the edge (the one pointing inside) and there is no cancelation
in the other.
Figure 1.3 shows the numerical modeling of a tilting plane using SU. Here we clipped
the amplitudes to amplify the display of the hyperbolas hanging from the edges of the
model.

Figure 1.3: The zero offset modeled data of a tilting plane.

Then, besides shifting and tilting of dipping events migration does something else
which we discuss here. We will model a diffractor. We could think of a diffractor as a
big underground bolder with high contrast with its surroundings. We want to simulate a
modeling experiment to this diffractor in the same way we did with the dipping reflector.
Figure 1.4 illustrates this. On the left frame we see the model. The diffractor is
represented by the brown ball. We have a set of source/receiver devices on the surface.
We select for this study two particular receivers (in red). One directly above the diffractor
and another to the right of the first one. Snell’s law does not apply on a diffractor. A
ray of energy that hits the diffractor is scattered in all directions. We will first compute
the travel time trajectory of the arrivals.
Let us consider a point in the surface, (x1 , 0) as an arbitrary point. The distance
d between this diffractor point with coordinates (x0 , z0 ) can be computed using the
Pythagoras theorem. That is,
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Figure 1.4: On the left we have a model of a point diffractor (brown). On the right we
see a representation of the recorded data with blips that mark the travel time of the rays
shot from the receivers (red) x0 and x1 on the model.

d=

q
(x1 − x0 )2 + z02 .

The two–way travel time from and to this receiver location is given by
p
2 (x1 − x0 )2 + z02
2d
t1 = t(x1 ) =
=
.
v
v
This equation corresponds to the hyperbola (in blue) which is drawn in the right
frame of Figure 1.4. The apex of the hyperbola is located at the coordinate x = x0 , and
the time for this apex is t0 = 2z/v. This hyperbola is known as a diffraction.
We find then that the model of a point diffractor in constant velocity is a diffraction
hyperbola, and the migration of a hyperbola in constant velocity is a diffractor. If we
do time-to-depth conversion so that the scales match on the left and right frames we see
that the migration corresponds to the apex of the hyperbola.
In symbols we can write the following mappins:

modeling(x0 , x1 , z0 , v) 7→

!
p
2 (x1 − x0 )2 + z02
x1 ,
)
v
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and for a hyperbolic event in time:
migration(x, t, v) 7→ (x0 , z0 ).
where the x0 is the lateral coordinate of the apex of the hyperbola and z0 = vt0 /2 is the
depth corresponding with the apex of the hyperbola.
In fact, a reflector can be seen as a continuum of diffractors, and each diffractor could
generate a diffraction. The superposition of these difractions generated the flat reflection
discussed above. Figure 1.5 was created in Seismic Un*x (SU) with a velocity of v = 2
km/s so that the vertical scale of time and depth coincide. The red circles are diffractors.
Each diffractor creates a diffraction (the hyperbolic evens). We see, toward the right, that

Figure 1.5: A set of diffractions corresponding to set of diffractors (the red points) along
a dipping interface.

the diffractions start getting close together and make the following pattern. There is zone
of small amplitudes where the signal is attenuated due to destructive interference. On the
extreme right pointed by the orange arrow we see a straight event. This event happens
due to constructive interference. It would be the response to modeling the red dipping
event joining the diffractor points, which are sitting at the apexes of the hyperbolic
diffractions. If we put the point diffractors much closer together, the interference would
destroy the information clearly seen here except at the reflection pointed out by the
arrow. That reflection would be greatly enhanced. In a way this a form of Huygens

15
principle. While Huygens principle states that the wavefront is an envelope of wavefronts
comming from an previous instance, we state that the reflection is formed as an envelope
of diffractions of close points along the reflector. We observe once again that modeling
flatten out events and move them down dip while migration will do the opposite (which
make sense since it is an inversion process). That is, it shifts events updip and increase
their slope.
Besides the lesson of understanding the kinematics (observing just what happens to
the travel times) we see that there is much more going on here. We have amplitudes, and
we have frequencies, and faces (wavelet shapes). We have constructive and destructive
interference. Hence we need to exit the hand migration techniques and acknowledge that
migration is a wave equation process. Therefore from now on we will navigate in the
world of the wave equation.

16
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Chapter 2
The wave equation of the scattering
field
2.1

Introduction

We start by listing some assumptions make on the derivation of the integral solutions of
the wave equation for modeling and migration. The list is next.
• The method is asymptotic in frequency. That is, only leading order terms are held,
therefore the method could give poor results when the high frequency assumption
is violated. I will not define in which sense this frequency is violated, instead I
refer the reader to Bleistein et. al, [12].
• Multipathing occurs when there could be more than one ray joining two different points in the medium. The Green’s functions used here provide eikonal and
transport equations which are not suited for multipathing. The Kirchhoff inversion
formula can be extended to consider multipathing but we will not deal with that
in this context. We touch tangentially on some solutions when multipathing is
present, in chapter 3.
• The derivation shown here is valid only for an acoustic medium. Here density
is assumed constant. The assumption of constant density does not in any way
changes the kinematics of the problem but could affect the dynamics. However
ignoring the effect of density is a current practice in the industry of depth imaging.
• The source is confined to a point in space. A perfect Dirac delta. This assumption
is not very far from reality. A small charge of dynamite occupies a volume that
17
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is a point when compared to the surrounding space being explored. The same
argument would work even for an array of airguns or a vibroseis truck (being this
huge compared with a dynamite charge).
• Initially we assume that the source is confined in time (that is the source function
in time is f (t) = δ(t). At the end of the derivation we will introduce the spectrum
of the source F (ω). This assumes that the model is convolutional, that is the
recorded signal is the result of a convolution of many events (including the source)
and being convolution a commutative process, it could be applied in any order, so
the effect of the source could be added at the end of the process.
• We will not derive the wave equation here. There are many places where this
equation is derived. My website 1 has a list of documents which are related to the
wave equation and in particular a link to the document “WaveMechanics” which
offers several derivations of wave equations in different media, including one for
a complete elastic anysotropic media. Here 2 there is a direct link to the wave
mechanics document.

Before writing the mathematical symbols I want to point out a notation convention.
The fields depend on one ore more multidimensional variables. For example a Green’s
function should be written in space/time as G(xs , x, t, t0 ), evaluated at a point (x, t)
due to some source at xs , at the time t0 . I will write all the dependent variables only
when it is necessary to explain the meaning of the symbols involved.
We start with the derivation of the wave scattering which gives rise to the Born and
Kirchhoff integrals for modeling. In the context of these notes we only will deal with the
acoustic wave equation.
The acoustic wave equation with an arbitrary source f (x, t) where x is a multidimensional spacial coordinate and t is time, and density 1, is given by



1
2
∇ − 2 ∂t u(x, xs , t, t0 ) = f (x − xs , t − t0 ).
v (x)
2

Here ∇2 is the Laplacian operator acting on the wavefield u(x, xs , t, t0 ), and ∂t is the
partial derivative with respect to the time variable t.
1
2

www.jaramilloherman.com
https://drive.google.com/open?id=0B4W-gdhbNpsDRE5uRUtzQ2UxVVk
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Perturbation theory

We can define an operator

L = ∇2 −


1
2
∂ .
v 2 (x) t

(2.1)

In operator notation, the wave equation here outlined is L[u(x, xs , t, t0 )] = f (x − xs , t −
t0 ).
The wavefield u(x, xs , t, t0 ) represents the wave motion at any point x and time t,
due to a source function f with reference to some fixed location xs and time t0 . In some
fields such scattering theory or seismic theory, we are interested in only one part of this
wave field. Hence we want to decompose the total wavefield u(x, xs , t, t0 ) into two parts;
an incident wavefield and a scattered wavefield. We write this with the equation

u = ui + us
and solve the wave equation for the scattered wavefield us given that we know in advance
how to compute the incident wavefield.
A common method to solve for this type of problems is through perturbation theory
3
. The idea is to assume that we know how to solve the wave equation for the incident
wavefield with some known parameters. That the incident wavefield reacts to a contrast
on a parameter (a reflector or a scatter) where the velocity differs from the velocity
in the “incident” medium. This contrast in velocity is known as a perturbation. The
perturbation creates the wave disturbance known as scattering.

2.2.1

Perturbation Theory of Operators

We consider here a solution of the equation L(u) = f where we have the following
associations

3

L

:

∇2 −

L0

:

∇2 −

1
v 2 (x)
1
v02 (x)

https://en.wikipedia.org/wiki/Perturbation theory

:

us (x, t)

:

ui (x, t)
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In general, if we want to solve a problem of the form L(u) = f we can split the
operator L in two parts L0 and L1 . The first part is associated with the background
parameter v0 and its corresponding field ui . The second part L1 associated with the
parameter v1 and the field us . That is, we write L = L0 + L1 . The idea is that L0 has
a known solution (Green function) for v0 , and L−1
0 f = ui . However we do not how to
find the inverse for L or L1 . Let us do some operator algebra that allows us to put the
problems in terms of known solutions.

(L0 + L1 )(ui + us ) = f
L0 (ui + us ) + L1 (ui + us ) = f
−1
ui + us + L−1
0 L1 (ui + us ) = L0 f
ui + us + L−1
ui

0 L1 (ui + us ) = 
−1
us = −L0 L1 (ui + us )
L0 us = −L1 (ui + us ).

(2.2)

It seems that, to solve for us we just need to multiply the last equation above by
L−1
0 . However note that the source term in the right hand side has a dependence of us ,
which is the unknown we want to solve for. This circular dependence creates and infinite
recursion.

2.2.2

Linearization. The Born Approximation. Modeling

As indicated above, Equation 2.2 is a non linear equation in us due to the circular
dependence on us on both sides of the equal sign. Equation 2.2 is a recursive equation
on us and could be solved by starting with some us initial and find us which is used as
the next iteration value creating an infinite sequence which might or might not converge.
We can linearise equation 2.2 by assuming that the initial us is 0. This produces the
equation

L0 us ≈ −L1 ui .

(2.3)

Note that this time on the right us is not present and we can solve this problem
by thinking that the new source (previously f ) is now −L1 ui . Of course this provides
an approximate solution us which we can add to ui to “improve” the estimation. Then
we can use this new ui + us as a new background velocity and iterate as many times

2.2. PERTURBATION THEORY
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as required to find a good estimate of v. The convergence or stability analysis of this
process is not guaranteed and the study of it is outside the scope of this document.
The approximation
−L1 (ui + us ) ≈ −L1 (ui )
is known as the Born Approximation 4 While this approximation was first used by Born
in the context of quantum mechanics it is valid on the type of problems shown here.
Another way to get to linearization using the Born approximation is by deriving the
Lippmann-Schwinger equation 5 and finding the infinite series associated with it known
as the Neumann Series 6 . The truncation of these series to a linear system is the Born
approximation. We will follow this approach below.

2.2.3

Linearization of the Acoustic Wave Equation for the scattering field

We now go back to equation L[u(x, xs , t, t0 )] = f (x − xs , t − t0 ) where L is the operator
given in equation 2.1.
Let us write what we know. First, the problem we want to solve

L[u(x, xs , t, t0 )] = f


∇2 −

Now the problem we know how to solve

L0 [u0 (x, xs , t, t0 )] = f
∇2 −


1
2
∂ u(x, xs , t, t0 ) = f.
v 2 (x) t


1
2
∂ u0 (x, xs , t, t0 ) = f.
v02 (x) t

Then

L1 = L − L0 =

1
1
− 2
2
v0 (x) v (x)



∂t2 ,

and equation 2.3 becomes
4

https://en.wikipedia.org/wiki/Born approximation
https://en.wikipedia.org/wiki/Lippmann%E2%80%93Schwinger equation
6
https://en.wikipedia.org/wiki/Neumann series

5
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∇2 −




1
1
1
2
∂ us = −
−
∂t2 ui .
v02 (x) t
v0 (x2 ) v 2 (x)

(2.4)

We know the Green function for this equation and the convolution of the Green
functions with the source term (the right hand side) we find us .
We can write equation 4.2 as
v02 (x)∇2

−

∂t2




v02 (x) v02 (x)
= −
−
∂t2 ui
v02 (x) v 2 (x)
 2

v0 (x) v02 (x)
=
−
∂t2 ui .
v 2 (x) v02 (x)


us

The coefficient on the right hand side is known sometimes as the perturbation α(x).
That is,

α(x) =

v02 (x)
v02 (x) v02 (x)
−
=
− 1.
v 2 (x) v02 (x)
v 2 (x)

Bleistein et. al, [12] start with a definition of the perturbation α(x) in this way to derive
the Born modeling equation. Then they find α(x) when doing inversion. Here, instead
of defining α(x) as above without any insight we define it as a way to simplify the wave
equation above.
Equation 4.2 without linearization can be written as



α(x) 2
1
2
∂t us = 2
∂ u
∇ − 2
v0 (x)
v0 (x) t
2

(2.5)

One good thing of posting the problem in this way is that α is a dimensionless
parameter which is 0 when the background and actual velocity (perturbation) are equal,
that is, there is no perturbation. Also, with the help of this parameter, the equation
above has more symmetry. See that the time derivative in both sides is weighted by the
same inverse velocity square term (besides the perturbation α(x) on the right).
We now define the Fourier transform used in these notes. The forward Fourier transform of a time function f (t) is given by
Z
F (ω) =
0

∞

dtf (t)eiωt ,
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and the inverse Fourier transform of F (ω) is given by
1
f (t) = Re
π

Z

∞

dωF (ω)e−iωt .

0

We point out the following observations:
(i) There are many definitions of Fourier transforms. Note from the direct Fourier
transform that we assume that the signals f (t) are causal since they really are in
our context. However, we sometimes write
Z

F (w) = dωf (t)eiωt
Z
1
f (t) =
dtF (ω)e−iωt
2π
where we do not want to emphasize causality and domain of integration.
(ii) The inversion of a causal function is a complex function. We want to deal here
with real signals f (t) .
(iii) We use capital letters for the direct functions in the frequency domain F (ω) and
small letters for the inverse Fourier transform of this. That is, for functions in the
time domain (f (t)).
If v0 (x) = c0 , in equation 2.5 is constant then taking the Fourier transform along the
time direction the equation simplifies to


ω2
ω2
2
∇ − 2 Us = 2 α(x)U (ω).
c
c
Furthermore, if k = ω/c is the wavenumber associated with the constant velocity c and
frequency ω we can write
(∇2 − k 2 )Us = k 2 α(x)U (ω).
There are multiple ways to split the total wave field in parts and create approximations for partial wavefields. The short scattering theory document 7 illustrates other
7

https://drive.google.com/open?id=0B4W-gdhbNpsDeFFqMkN1aEk3ZXc
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wavefield partitions which provides the Rytov approximation, the de Wolf approximation, as well as the Born approximation shown here. The document above also illustrates
a hybrid method with an infinite number of possible approximations between the Born
and the Rytov approximation.

2.3

The Born and Kirchoff Modeling Formulas

Equation 2.5 has the advantage that we know the Green’s function of the operator
associated with the background velocity v0 and we can proceed. Again, we have a
contribution of the scattering field on the right but we will go back to this issue later.
Let us for clarity rewrite equation 2.5 here.



α(x) 2
1
2
∂t Us = 2
∂ u
∇ − 2
v0 (x)
v0 (x) t
2

Given that the coefficients of the equations are stationary (non time dependent) we can
take the Fourier transform to simplify this equation into


ω2
α(x) 2
2
ω u(x, ω).
∇ + 2
Us (x, xs , ω) = − 2
v0 (x)
v0 (x)

(2.6)

Recall that an n-time derivative maps into (−iω)n in the frequency domain.
At this point we use the fact that we know how to solve invert for the left hand side
of this equation since we know its Green’s function. The Green’s function satisfies the
equation



ω2
G(x, r, ω) = −δ(x − r)
∇ + 2
v0 (x)
2

(2.7)

where r is an arbitrary point in the volume of scatterers that we call D. The minus “-”
sign here is convenient due to the “-” sign in equation 2.6.
We use the usual opertion G[L(u)] − u L(G) from the Green’s function technique to
invert for the Us wavefield. That is, we multiply equation 2.6 by G and equation 2.7 by
Us to find
ω2
α(x)U (x, xs , ω) +
v0 (x)
G(x, r, ω)∇2 Us (x, xs , ω) − Us (x, xs , ω)∇2 G(x, r, ω).

δ(x − r)Us (x, xs , ω) = G(x, r, ω)

2.3. THE BORN AND KIRCHOFF MODELING FORMULAS

25

This is the place where a differential equation is inverted to an integral operator. We
integrate the previous equation over all volume of scatterers to find
ω2
dx G(x, r, ω)
Φ(r)Us (r, xs , ω) =
α(x)U (x, xs , ω) +
v0 (x)
D
Z
dx G(x, r, ω)∇2 Us (x, xs , ω) − Us (x, xs , ω)∇2 G(x, r, ω).
Z

D

Here φ(r) = 1 if r is inside the volume D, 1/2 if it is in the boundary of D and 0 if it
is outside of D (since the delta does not have support here). The second integral above
can be converted from a volume integral to a surface integral using the second 8 Green’s
identity. This is
ω2
α(x)U (x, xs , ω) +
dx G(x, r, ω)
v0 (x)
D

Z
Φ(r)Us (r, xs , ω) =

(2.8)
Z
dS G(x, r, ω)
S

∂Us (x, xs , ω)
∂G(x, r, ω)
− Us (x, xs , ω)
.
∂n
∂n

The two integrals above give rise (as we will show) to the Born (the top integral) and
the Kirchhoff (the bottom integral) modeling formulas.
We still have a few variables that are undefined.
(i) We need to define the volume of integration. According to the way we choose the
volume of integration we could find the Born modeling formula or the Kirchhoff
modeling formula.
(ii) We have not said anything yet about the boundary conditions and these need to be
addressed. No initial conditions are required at this moment since we are working
on the frequency domain where the time variable was eliminated.
(iii) We need to define the Green’s functions to be used. For constant velocity these
Green’s functions are analytic but for variable velocity they need some approximations.
We address these issues in the order listed above. First we derive the Born modeling
equation, then we end the chapter with the Kirchhoff modeling equation.
8

https://en.wikipedia.org/wiki/Green%27s identities
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The Born Modeling Equation

Let us assume that the volume of integration D is limited by a surface S = S0 ∪ S∞ such
that S0 is the acquisition surface (the sources and receivers are just under this surface)
and S∞ is a spherical cap receding to infinity in the +z direction. The volume D as well
as the delimiting surface is sketched in Figure 2.1. The velocity above the reflector Σ

Figure 2.1: Surface S, surrounding the volume of integration D is the union of the surface
S0 and a spherical cap smoothly joined to S0 but receding to infinity in the +z direction.

is the background velocity v0 (x) while the velocity under the reflector Σ is the velocity
v(x).
Let us state the boundary conditions. Since the propagation of waves in the underground does not have boundaries to stop the way to move further away we will use the
Sommerfeld radiation conditions (Bleistein et. al, [12] ). Let us define r = kxs −xk.
This is how far the propagation goes from the source. We need two conditions, one for the
function U (x, xs , ω), and another for its derivative (since we are dealing with a second
order differential equation). The Sommerfeld radiation conditions are
(i) Condition for the field U (x, xs , ω).
r U (x, xs , ω)
is bounded
(ii) Condition for the field spacial derivative.


iω
∂U (x, xs , ω)
∓
U (x, xs , ω) → 0,
r
∂r
v(x)

faster to zero as r → ∞.

2.3. THE BORN AND KIRCHOFF MODELING FORMULAS

27

The first condition indicates that the field U (x, xs , ω) behaves as O(1/r) (big O), (asymptotically as ∼ 1/r) while the second condition indicates that the field decays as o(1/r)
(small o) as r → ∞. This means faster or decays asymptotically as ∼ 1/r1+γ , with
γ > 0.
These conditions will ensure that the field and its derivatives do not diverge as r → ∞.
Also it allows for uniqueness in the solution, and that we do not get reflections from
infinity (for the causal wavefield with the “-” sign) and allow radiation from infinity in
the case of an anticausal wavefield “+”.
Let us first consider the integrals over a volume D0 above the volume D. That is, we
consider the surface S0 , and spherical shell S−∞ (not shown in the figure) receding to
infinity as z → −∞ (in geophysics z is negative up, and positive down). On this upper
D0 volume α = 0 (the perturbation α is 0 above the reflector Σ in the figure). Hence the
first integral (over D0 ) vanishes. We are left with the surface integral over the surface
S−∞ ∪ S0 . Here is where we apply the Sommerfeld radiation conditions. The integral at
∞ vanishes. The wavefield (or the Green function which also satisfies the wave equation)
decays as 1/r, while its derivatives behave as 1/r1+γ for large r, hence the product of
them behaves as 1/r2+γ with γ > 0, . Now differential of surface dS on a spherical cap
behaves as r2 , then the product of the differential by the integrand behaves as ∼ 1/rγ
which at ∞ is 0. So we end up on the right hand side with the surface integral over
S0 . On the left, side with the expression Φ(x)δ(x − r) we find that Φ(x) = 0 since our
receivers at r are all under the ground in the volume D and not in the volume D0 . All
the argument in this paragraph is to justify that the surface integral over S0 is 0 when
we consider that the wavefield can spread all the wave to infinity.
We now sit at the lower volume D with sources under the surface S0 and a reflector
at Σ. By the same argument (Sommerfeld radiation conditions) from the previous parameter the surface integral at S∞ (in the lower spherical cap) vanishes, and since we
just showed that the surface integral over S0 vanishes we find that the surface over S
vanishes and
Z
Us (r, xs , ω) =

dx G(x, r, ω)
D

ω2
α(x)U (x, xs , ω).
v0 (x)

We still have a problem. The field U in the right is the sum of the incident Ui and
scattered field US . Hence we have the unknown in both sides of the equation. We can,
splitting U write
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ω2
α(x)Ui (x, xs , ω)
dx G(x, r, ω)
v0 (x)
D

Z
Us (r, xs , ω) =

(2.9)
2

Z
dx G(x, r, ω)

+
D

ω
α(x)Us (x, xs , ω).
v0 (x)

This is a recursion formula which generates and infinite series.
We can characterize the perturbation function α by a small constant parameter  > 0.
Tha is, α = α0 , here α0 is bounded by 1.
We define
Z
f =−

dx G(x, r, ω)
D

ω2
α0 UI (x, xs , ω).
v 2 (x)

Z
T Us =

dx G(x, r, ω)
D

(2.10)

ω2
α0 Us (x, xs , ω).
v 2 (x)

Then on this new notation we write equation 2.9 as
Us = −f + T Us

(2.11)

Let us create a solution by iterating this equation. Start with Us = 0 on the right
and so Us = −f , then plug this Us on the right side and find Us = −2 T f − f , plug
again this Us on the right side and find Us = −3 T 2 f − 2 T f − f , in general find that
Us = −(I + T + 2 T + · · · )f.
An interesting observation is that this infinite series could be generated from a different point of view. Call λ = 1/, so equation 2.11 can be written as
(T − λI)Us = f.

(2.12)

In this way we see that for f = 0 the solutions Us 6= 0 are eigenfunctions of T with
eivgenvalues λ corresponding to T . Comparing this equation with equation 2.12, we see
that
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(T − λI)−1 = −(I + T + 2 T + · · · ).
This should come as no surprise by comparing the geometric series
1
1
=−
= −1 − x − x2 + · · ·
x−1
1−x
and the inverse of an operator such as the eigenvalue operator above is given by
(T − λI)−1 = −λ−1 (I − λ−1 T )−1
= −λ−1 (I + λ−1 T + λ−2 T 2 + · · · )
= −(I + T + 2 T + · · · ).
We see that the geometric series of elementary algebra can be used for operators as well.
The series shown here is know as the Neumann series.
These series is the starting point for multiple scattering. Multiples are generated by
choosing several orders of this series. The single scattering experiment (the linear term
in  only) is assumed as the Born approximation. That is, in the Born approximation
we assume

Us ≈ −f.
We are ready to convert this into the symbols of integral operators above. That is, using
definition 2.10
Z
Us (x, xs , ω) ≈ 

dx G(x, r, ω)
D

ω2
α0 UI (x, xs , ω).
v 2 (x)

We will ignore the ≈ sign and write this as an equality, and recalling that α = α0 we
write
Z
Us (x, xs , ω) =

dx G(x, r, ω)
D

ω2
α UI (x, xs , ω).
v 2 (x)

(2.13)
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This is the Born modeling formula. However, if we want to program this equation in a
computer we need to define some additional symbols. We need to define the incident
wavefield Ui (x, xs , ω) and the Green’s function G(x, r, ω). First we assume that the
incident wavefield is equal to some function

UI (x, xs , ω) = G(x, xs , ω)F (ω).
This makes sense. We are saying that the incident wavefield corresponds to some signal
with spectrum F (ω) which propagates through the undergrown from xs to x. If the
source would be a perfect spike in time, then F (ω) = 1, and the Green’s function is
the mathematical symbol for the incident field, otherwise the wavefield is convolved in
time with the source with limited spectrum F (ω), which in the frequency domain is the
multiplication of the frequency spectrum F (ω) by the impulse response G(x, xs , ω). We
then rewrite equation 2.13 as

2

Z
dx

Us (x, xs , ω) = ω F (ω)
D

α(x)
G(x, r, ω)G(x, xs , ω).
v 2 (x)

In this equation r takes the place of the receiver, so instead of r we write xr for the
receiver. That is,

2

Z

Us (x, xs , ω) = ω F (ω)

dx
D

α(x)
G(x, xr , ω)G(x, xs , ω).
v 2 (x)

(2.14)

This equation can be computed in serveral ways.
• Compute the Green’s functions from the wave equation for source and for receiver,
in a computer using finite differences and stored in look up tables, then the integral
is evaluated by reading velocities and α(x) from files and the pre–computed Green’s
functions from tables.
• Using the WKBJ approximation that we explain here. The WKBJ is an extension
of the WKB approximation. 9 The initials are given for the authors WentzelKramers-Brillon. Then the “J” is added for Jeffreys. The WKBJ approximation
assumes that the wavefield behave as the product of an amplitude factor with an
exponential function which carry a phase factor. Both the amplitude and phase
9

https://en.wikipedia.org/wiki/WKB approximation
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factors are unknown but can be computed. That is, it is assume that a Green’s
function for the wave equation is given by the equation

G(xs , x, ω) = A(xs , x) eiωτ (xs ,x) .

(2.15)

It is interesting that the amplitude factor in the WKBJ approximation is independent
of frequency, so it varies slowly. The phase factor is linear in ω. There is no doubt that
any complex number can be represented as an amplitude times and exponential which
takes care of the phase. However it is remarkable that the WKBJ approximation assumes
an amplitude independent of frequency and a linear phase and still works so good in
practice. The WKBJ approximation is an anzats (a smart guess) and it generalizes the
fact that in constant velocity the Green’s function is actually exactly of the form shown
in equation 2.15. The computation of the amplitude and phase factors of the WKBJ
Green’s function is in the hearth of ray tracing. If introduce the WKBJ approximation
into the wave equation and hold only the leading order terms we find that the leading
order term provides and equation for the phase, known as the eikonal equation .
The next order term provides an equation for the amplitude known as the transport
equation .
We will derive the eikonal (for the travel time τ ) and transport (for the amplitude
A ) equation .
Assume the Helmoltz equation


ω2
∇ · ∇U (x, ω) + 2 U = 0,
v

(2.16)

and U = A(x, xs )eiωτ [x,xs ] . The i-th component of the gradient U (with respect to x) is
given by
∂U
≡ U,i = [A,i + iωAτ,i ]eiωτ
∂xi
The spacial derivative of U,i is given by
U,ii = [A,ii + iωA,i τ,i + (i)2 Aω 2 τ,i τ,i + iωA,i τ,i + iωAτ,ii ]eiωτ
= [A,ii + iω(2A,i τ,i + Aτ,ii ) + (i)2 ω 2 Aτ,i τ,i ] eiωτ = 0
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Then since

P

U,ii = ∇2 U , we find from the 2.16 equation


1
∇ A + iω(2∇A · ∇τ + A∇ τ ) − ω A ∇τ · ∇τ − 2
v
2

2

2


=0

and this implies the eikonal equation

∇τ · ∇τ =

1
v 2 (x)

with τ (xs , xs ) = 0, and the first transport equation
2∇τ · ∇A + A∇2 τ = 0
There are many publications about computing travel times by solving the eikonal
equations using finite differences. A well known publication is that by Vidale [74]. The
eikonal solvers have the disadvantage that only provide first arrivals. A ray tracing
method which is robust to solve for several arrivals (most energetic in addition to the
first arrival) and computes amplitude is the wavefront construction method (see Vinje
et. al., [75]). Provided that we can find the travel-times (phase) and the amplitudes we
can rewrite equation 2.14 as

2

Z

Us (x, xs , ω) = ω F (ω)

dx
D

α(x)
As (x, xs ) Ag (x, xg )eiω[τs (x,xs )+τr (x,xr )] .
v 2 (x)

This is, perhaps, the Born modeling equation that has been implemented the most.

2.3.2

The Kirchhoff modeling equation

Let us assume that instead of taking the volume D as in Figure 2.1, we consider only
the volume limited above by the surface S0 and below to the surface Σ, assuming we can
extend the surface Σ until it closes the volume with the surface S0 . The closed surface
is now S = Σ ∪ S0 . On this volume α(x) = 0 and so the equation 2.8 turns out to be.


∂Us (x, xs , ω)
∂G(x, r, ω)
Φ(r)Us (r, xs , ω) = dS G(x, r, ω)
−Us (x, xs , ω)
.
∂n
∂n
S
Z
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We can assume that the receiver r = xr is below the acquisition surface S0 and so
Φ(r) = 1, to write


∂Us (x, xs , ω)
∂G(x, xr , ω)
Us (xr , xs , ω) = dS G(x, xr , ω)
− Us (x, xs , ω)
.
∂n
∂n
S
Z

We can use the same arguments above to check that the surface integral on S0 is zero,
so that we can write

∂G(x, xr , ω)
∂Us (x, xs , ω)
− Us (x, xs , ω)
.
Us (xr , xs , ω) = dΣ G(x, xr , ω)
∂n
∂n
Σ
Z



(2.17)
It is apparent that this formula has a circular dependence since we have the scattering
field Us in both sides of the equation. However, on the left we compute the wavefield anywhere inside the volume, while the Us should be specified only on the boundary. Hence
we need to know Us on the boundary and for that we need some boundary conditions.
This boundary conditions are known as the Kirchhoff approximation [10].
The Kirchhoff approximation is written as two equations (since we are dealing with
second order differential equations). These are

Us = RUI

,

∂UI
∂Us
= −R
.
∂n
∂n

(2.18)

where R = R(x, xs ) is the geometrical-optics reflection coefficient. The equation on
the left has sense from the point of view ray tracing theory. The scattered wavefield is
amplified (or shrink) by the reflection coefficient on the incident scatterer. The second
equation can be seen as the first equation but with a “-” sign indicating that the incident and scattered wavefield have opposite directions along the normal direction to the
scatterer. That is we are dealing with reflections and not with transmissions.
As in the case of the formulation of the Born modeling formula we assume that the
incident wavefield is of the form uI = F (ω)G(x, xs , ω), where F (ω) is the spectrum of a
source wavelet. Then, along the reflecting boundary
Us = RUI = RF (ω)G(x, xs , ω),
an we can rewrite the equation 2.17 as
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Z
∂G(x, xs , ω)
∂G(x, xr , ω)
Us (xr , xs , ω)= −F (ω) dΣR(x, xs ) G(x, xr , ω)
+ G(x, xs , ω)
.
∂n
∂n
Σ
As in the Born modeling formula this equation can be computed in several ways.
• The Green’s function can be computed by solving the wave equation (for example
in finite differences) and stored in look up tables. We have not estimated the
reflection coefficient but if can be computed from the known Green’s functions.
• We recur once again to the WKBJ approximation. Here the Green’s functions for
source and receiver are

G(x, xs , ω) = As (x, xs )eiωτs (x,xs )

,

G(x, xr , ω) = Ar (x, xr )eiωτr (x,xr ) .

The reflection coefficient R(x, xs ) can be computed by assuming continuity of the wavefield and its normal derivave accross the reflecting surface Σ. This produces

R(x, xs ) =

∂
τ (x, xs )
∂n

−

n

+

n

∂
τ (x, xs )
∂n

1
2 (x
v+

)−

1
2 (x
v+

−

1
v 2 (x)
1
v 2 (x)

+



+



2
∂
τ (x, xs )
∂n

2
∂
τ
(x,
x
)
s
∂n

o1/2

o1/2 ,

see Bleistein [10]. We now perform the following computations
∂G(x, xs , ω)
= iω n̂ · ∇τs (x, xs )A(x, xs )eiωτs (x,xs )
∂n
and
∂Us (x, xs , ω)
= −iωF (ω)n̂ · ∇τs (x, xs , ω)As (x, xs )eiωτs (x,xs )
∂n
We can parameterize the recording surface with a parameter ξ so that sources and
receivers are labeled as xs = xs (ξ) and xr = xr (ξ).
Z
Us (xr (ξ), xs (ξ), ω) = iωF (ω)
Σ

R(x, xs )a(x, ξ)n̂ · ∇x τ (x, ξ)eiτ (x,ξ) dΣ.

(2.19)
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with

a(x, ξ) = As (x, xs )Ar (x, xr ) ,

τ (x, ξ) = τs (x, ξ) + τr (x, ξ)

The factor
n̂ · ∇x τ (x, ξ)
is known as the obliquity factor and it is proportional to the cosine of the angle between
the normal to the reflector Σ and the incident ray.
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Chapter 3
Kirchhoff Migration
3.1

Introduction

We start by providing a few historical notes on the development of Kirchoff migration.

3.1.1

A Short Survey of Kirchhoff Migration History

We already showed in the first chapter (see figure 1.4) how a point diffractor scatters
energy that is recored in time with peak energy smearing along a hyperbolic trajectory
in constant wavespeed. In constant velocity and zero offset, the apex the hyperbola
provides the location (in time. This can be converted to depth after multiplying by v/2,
where v is the wavespeed). This suggest that if we recover all the energy scattered over
the hyperbola in the its apex we will map the origin of the scatter.
There is another way to see migration in simple terms. We want to think of the idea
of an impulse response. That is, given a spike in the data domain (a high amplitude
concentrated spot in a single trace for a small window of time). What would be the
migrated output? Think that, for simplicity, we have a constant velocity model but
only a single arrival time. If we have only one arrival time we want to think of all
points of the model that produced that time. If we have sources and receivers located
at the same position (zero offset), that single time could come from any point such that
t = 2d/v. There is no indication of the direction where the energy came from. Then
a whole sphere centered at the recording device, and with radius d = vt/2, could have
produced a reflection at the picked time. This sphere is known as an isochrone (since
it corresponds to a single time of reflection). In seismic we only look down into the earth
and the lower semisphere is to blame for the spike in time. These observations were
published by Hagedoorn [31] in 1954.
37
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CHAPTER 3. KIRCHHOFF MIGRATION
The basic developments

While the seismic method gained momentum during the mid–1920s up to 1954, the
work of Hagedoorn [31] marked a special moment on the development of migration. The
reader interested on the development of migration before Hagedoorn’s publication, where
migration was done manually or with the help of mechanical devices, can consult Gardner [27]. Hagedoorn illustrated geometrical connexions between the classical Huyghen’s
principle and migration. In the same way as a wavefront at a given time t can be seen as
the envelope of a continuum of wavefronts with sources in a wavefront on a previous time
t − δt, migration can be seen as an envelope of isochrones. An isochrone is a locus of geometrical points x such that the energy travel–time from a given source x s to the point x
and from there to a receiver x r is constant. In a constant velocity medium, the isochrone
is elliptical. For zero offset (source coincident with receiver) the isochrone coincides with
a wavefront, assuming the propagation velocity is half of the actual propagation velocity.
The set of isochrones that form the envelope (migrated front) is uniquely defined by the
source and receiver location for each trace and the time of the reflection. Hagedoorn set
up the basis for what was known later as the diffraction stack.
Figure 3.1 illustrates what was called the diffraction stack as understood by Hagedoorn.

Figure 3.1: Illustration of the diffraction stack from Hagedoorn, 1954.

We observe the hyperbola corresponding to all the times corresponding to a single
scatter. However in the figure we also see that for each trace and a single time along
that trace (located at the hyperbola) there is a circle (a sphere in three dimensions)
such that if we swing that circle (with radius t, but in depth would be vt/2) , it will
go through the apex of the hyperbola. We can revisit Figure 1.5 to see how a set of
diffractions corresponding to a discrete collection of diffractor points aligned together
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along a dipping direction build a reflection by having constructive interference along the
envelope of the diffractions. In the same way we can migrate a set of spikes closed together
to see how each impulse response (a circle in two-dimensional constant velocity media)
will build an image by doing constructive interference along the envelope. Figure 3.2
shows a few spikes migrated with a Gazdag algorithm. We see that each spike migrates

Figure 3.2: Gazdag migration in a set of spikes.

to a circle (semi-circle) and that the envelope along the set of semi-circles produce the
image of a dipping event. In practice the spikes should be closer together and destructive
interference would cancel the amplitude along the circles except for the envelope. This
is not the first time that we have been exposed to the isochrone swing on these notes.
Figure 1.2 shows how migration is achieved by swinging reflections from their vertical
position to an up–dip position.
Figure 3.3 shows another example from the historical Hagedoorn paper 1 . Migration
before the digital revolution was made with migration charts such as this shown in
Figure 3.3. In this figure we have an example of non-zero offset data where the source
S and receiver R are not at the same location. From each device (source and receiver)
we draw wavefronts and in the intersection of these wavefronts we would find a possible
reflection.

t(x) = ts (xs , x) + tr (xr , x) = constant.
1

note the spelling error in the caption :)
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Figure 3.3: Construction of isochrons with migration charts.

This is, again, the definition for an isochrone but here in the case of non-zero offset. For
the case of constant velocity, the point of the locus of all points such that the sum of
the two distances (or times in this case) from two fixed points (source and receiver) is
constant, is an ellipse. Geometrically we could say that migration is a superposition of
ellipses. Figure 3.4 from Schneider [62] historical paper illustrates how migration would
collect amplitudes from many trace along a diffraction curve (hyperbolic for constant
velocity). In addition Figure 3.5, also from Schneider, shows the dual process of migrating
in the output domain by smearing energy along an isochrone. To do manual migration
using migration charts, both the isochrone curve as well as the diffraction curved were
used simultaneously. The data are in time domain and both the isochrone and diffraction
curves where also drawn in time domain. Figure 3.6 (also from Hagedoorn) illustrates
how one point is migrated. Here the point O is in the input trace at some time t, and
from the theory should be located at the bottom of an isochrone. This point should
swing up (unless it corresponds in a horizontal reflector where it would not move) due
to the dipping event until it reaches the top of a diffraction curve center at the output.
While the point O in the input belongs to the data, the point P is drawn by hand as an
output of migration. Notice however that the migrated output coincides with the apex of
the hyperbola. This would be a problem for non-zero offset data, where
√ the apex of the
hyperbola is shifted down from 2z/v (diffractor location in time) to 2 h2 + z 2 /v. In this
case, if h 6= 0, Figure 3.6 would be invalid. Migration was originally done in time and
zero offset. When the Common Depth Point (CDP) method appeared [47] seismic were
required to move to non-zero offset aquisition. Then the data should be corrected for
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Figure 3.4: Migration as summation along a diffraction. From Schneider, [62]

Figure 3.5: Migration as smearing along an isochrone. From Schneider, [62], 1978
the offset to simulate a zero–offset experiment. This is done through Normal Moveout
(NMO) [?]. So initially migration was done with two important assumptions
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Figure 3.6: This figure, from Hagedoorn, 1954, shows how the point O is migrated to
the point P.
(i) Data were migrated directly in time records without having a time-to-depth conversion included as part of the migration.
(ii) Data were migrated from zero offset records.
The first point above was identified with time migration . Later depth migration
methods appear which will migrated using the depth as reference and acknowledging
lateral variations of velocity which shifts the apex of the “hyperbola” (not a hyperbola
anymore). In this case a more general diffraction response. The second assumption was
lifted to yield what we know as pre-stack migration. In addition, during the evolution,
migration went from 2D to 3D and from isotropic acoustic to anisotropic elastic.
An illustration of migration charts used before the digital revolution is shown in
Figure 3.7 also from the Hagedoorn paper. The chart consist of a suit of isochrones
curves combined with diffraction curves (the procedure was done for two–dimensional
data for obvious reasons) to manually identify the reflecting surface. An event (point) in
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Figure 3.7: Migration as smearing along an isochrone.
the bottom of an isochrone will swing until it reaches the apex of a diffraction. There are
many isochrones for all possible depths (actually those are times. Migration was done in
the time domain since the data is taken in the time domain and so we could make a fair
comparison of isochrones with diffraction curves) and many diffraction curves. The two
sets (of isochrones and diffraction curves) could be slided to find visually the migration
locations.
Figure 3.8 shows in the top a zero offset data set that we want to migrate in a
constant velocity model. Here Andreas Rüger and myself picked the travel times and
for each travel time draw a circle through a C code that output PostScript data. The
envelope of the circles shows the actual reflector that created the reflections in the top.
3.1.1.2

The Later Developments

More than two decades passed before the diffraction stack acquired an status of wave
equation process. Schneider, [62] in 1978 used the wave equation and some mathematical physics from the classical text Morse and Feshback [52], to set the theoretical basis
for the migration technique known for many years as the diffraction stack. Schneider
showed how this type of migration is a wave equation process with the ingredients of
classical geometrical optics. Gregory Beylkin [8] put the Kirchhoff migration in a higher
theoretical frame by the use of Fourier Integral Operators (FIO). He used the Generalized Radon Transform (GRT) as an alternative representation for the Kirchhoff integral.
Norman Bleistein [11] made a few modifications to the method of Beylkin that are worth
to mention here. He accounted for the band–limited character of the data. While Beylkin
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Figure 3.8: Migration by smearing along an isochrones. The reflecting surface is seen as
the envelope of the set of isochrones.

inverted in terms of step (Heaviside) functions, Bleistein did it in terms of band–limited
delta (zero phase) functions by the introduction of a time–derivative operator (the so–
called rho filter which accounts
to multiplication by i ω in the frequency domain in the
√
case of 3D data or by iω for the case of 2D or 2.5D data). Most important, Bleistein formally proved that, asymptotically, his Kirchhoff migration formula represented
the reflectivity function. That is, and estimate of the reflection coefficient at each layer
interface. In this sense, Kirchhoff migration evolves from a simple imaging technique
into an inversion technique, a useful tool for Amplitude Versus Offset (AVO) inversion
that goes beyond migration and reaches into the field of data interpretation. This shifts
migration from the end of the processing sequence into the middle of it leaving quantitative interpretation as a following process. Bleistein also shows in his cornerstone paper
an easy trick to compute the scattering angle at each image point in the underground.
This attribute is important in the conversion from offset gathers to angle gathers among
other things. De Hoop, et. al. [25] extended the concept of Kirchhoff migration in two
directions: as an inversion method and to full anisotropy. Their extension requires heavy
mathematical machinery both from the deterministic as well as from the statistical corners. Finally, Marteen de Hoop rises the theory of migration/inversion in the context
of microlocal analysis. The topic of microlocal analysis requires of heavy mathematical
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tools such as Fourier Integral Operators (FIO) and pseudo–differential operators. This
topic is developed by Lars Hörmander 2 in the following references [38], [39], [40], [41].
To make justice, I want to add here the work of Ten Kroode, et. al. [72].

3.1.2

Migration versus Inversion

Migration is part of a global problem known as inversion. In colloquial terms, inversion
theory extracts certain important information from some given data. A detective’s purpose could be to find who committed a crime. He/she should collect enough data (data
acquisition), for example: fingerprints, DNA samples, names of suspects, etc. then do
some processing (data processing), such as processing of fingerprints and DNA samples
to identify suspects. Finally through interpretation, the detective correlate all the information collected and processed to identify the most likely suspect. These whole process
of data acquisition, processing and interpretation to find the agents (parameters) that
generated such data is inversion. Another example is that of diagnosing a disease on
a person. A medical doctor initially order some test to collect data (data acquisition).
These data could be, for example, blood samples, urine samples, X-rays and ultrasounds.
With this information the doctor could move to the next step by extracting a biopsy
(tissue sample) and then to diagnostic a possible cancer. This example resembles that
of the seismic inversion problem to find hydrocarbons. The geologist (the doctor in the
previous example) uses a large pool of data (seismic data, well logs, core samples etc.)
to identify possible hydrocarbon reservoirs. We could make the analogy of seismic data
with ultrasounds, seismic processor with radiologist, core samples with a biopsy etc.
The inversion problem has two important components. A statistical component (“inversion is a probability density distribution in the space of models”) 3 and a deterministic
component. Unfortunately only few research groups develop both concepts simultaneously (a notable exception is shown in the work of de Hoop et. al. [25]). In my opinion,
the ideal inversion should have both approaches. A careful deterministic analysis to
obtain a first initial guess into an iterative statistical analysis. The reason that the statistical analysis is necessary is because non only real data are contaminated with noise
but also because the number of constraints on the data are usually less than the number
of unknowns so that the systems are usually under–determined with a huge null space.
We only can say that there is a set of probable solutions with some weight on them, but
hardly we could say THIS is the solution, under seismic inversion. In which case the
density distribution would be a sole spike. Tarantola, [71] provides a comprehensive
2

https://en.wikipedia.org/wiki/Lars H%C3%B6rmander
I heard this expression many times from John Scales while taking his inversion theory course at the
Colorado School of Mines.
3

46

CHAPTER 3. KIRCHHOFF MIGRATION

analysis of the inversion theory problem from the statistical point of view. This is an
excellent book that could be downloaded here for free 4 . It is a well known fact that
linear inversion is the easiest of all inversions. In general both deterministic and statistical schools take a problem which is not linear and make approximations to convert it
into a linear problem, then use known techniques for linear inversion to obtain model
parameters from the given data. Tarantola, [70] investigates these techniques to invert
for seismic data.
In spite of all the advertisement to statistical inversion provided in the last two
paragraphs, I will only offer in these lectures deterministic inversion techniques. That
is, starting from first physical principles and using well established mathematical models
(integrals or differentials) I formulate the model and sketch deterministic inversions using
mathematical theories that solve the wave equation.
So, in which way is migration an inversion problem? True amplitude migration
recovers the reflectivity function (a relative change in acoustic impedance) across the
geological interfaces. That is, we are finding a parameter from the data previously
acquired and processed. Even if the migration is not true amplitude, it should provide
an image of the underground. If the wave propagation velocity used for migration is
correct and the migration algorithm is correct the image is a true image of the model
used to get the data (the underground structures). In this case we say that we are doing
imaging. The interesting point is that we need to find first the wave propagation velocity
to obtain good images. However we need good imaging tools to find the velocity. So
we are going in circles. We need the velocity in order to find the velocity. The topic of
finding the velocity of a pack of geological layers is an inversion problem that we will
not consider in these lectures. This is a topic which is very active in today’s geophysical
community. So, in what follows we will assume that we know the wave propagation
velocity across the geological layers.
Another point worth to mention is that of random and deterministic noise. We will
assume that the data going into migration is already processed and rid of random noise
(such as ambient noise, for example: wind, cows chewing cables or whales passing by
the recording equipment). Multiples and surface waves, among other artifacts, are a
type of deterministic noise that should be filtered before imaging. There are migration
techniques which image multiples but we will not consider those here. We will also
ignore converted waves (that is, the analysis presented here is based on the acoustic
wave equation. The methodology shown here could be extended to the elastic wave
equation including anisotropy but with a great deal of mathematical effort.
4

http://www.ipgp.fr/˜tarantola/Files/Professional/Books
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The formalization process

We already stated that Schneider [62] was responsible for giving full theoretical support
to the diffraction stack with elements of geometrical optics, making of if a wave equation
migration process known today as Kirchhoff migration.
Gregory Beylkin [8] elevated the theoretical status of Kirchhoff migration by deriving
the operator from the wave equation using the Born approximation, the GRT, and elements of the mathematical theory of FIO. Norman Bleistein [11], inspired by the work
of Beylkin, provided a different view of migration by defining an operator that produced
band–limited representations of the reflectivity of the earth. He, thus showed, that his
operator actually did inversion in addition to imaging. De Hoop, et. al. [25] extended
on the work of Bleistein by inverting in general anisotropic media. In addition to their
high theoretical deterministic development, they added statistical analysis on their inversion. In addition, de Hoop embedded the migration/inversion problem in the theory
of microlocal analysis with the use of pseudo–differential and Fourier integral operators.

3.2

The Mathematics of Kirchhoff Migration

I know of three different paths used to attack the Kirchhoff migration problem. Here is
a short summary of them.

3.2.1

The work of Beylkin, Bleistein and others

Beylkin, [8] derives a migration equation following the perturbation theory illustrated
here. He solves the problem in an n–dimensional space and with a great deal of generality.
He gets to the first integral (the volume integral over V ) and ignores the surface integral
(over Σ) following the idea of leading order asymptotics, since the first integral is of order
O(ω 2 ) while the second integral will have lower order on ω 5 . Beylkin then reduces the
volume integral to a generalized Radon transform and used the methods from pseudo–
differential operators to invert the volume integral.
Bleistein et. al., [12] arrive to the volume integral over V by picking the right boundaries so that using the radiation conditions 6 the surface integral over Σ vanishes. Then
Bleistein et. al., developed an inversion method that asymptotically yields the result of
Beylkin.
5

if the Green functions are of the from Aeiωφ their derivatives will be of the order of O(ω)
The Sommerfeld radiation conditions state that no reflections are produced or come from a boundary
that goes to infinity
6
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The method developed by Beylkin has some shortcomings: if data with zero phase is
used for migration using Beylkin’s method, then the output will be traces with a rotated
phase (90 degree rotation in 3D and 45 degree rotation in 2D). Another problem is that
the solution is linear on the perturbation α.
Bleistein et. al., found the problem with the phase and defined another operator
(named β) by forcing the i ω factor into their inversion formula. They showed that
migration actually recovers the reflection coefficient, making of their findings an inversion
work.

3.2.2

Jaramillo

Jaramillo, [43] (download thesis here) 7 considers the volume V as the layer between the
recording surface Σ0 and the reflecting surface ΣR . Since in that space α(x) = 0 then the
volume integral disappears and the surface integral remains. By picking a causal Green
function and the right boundary conditions 8 the Kirchoff modeling formula is derived.
Now this surface integral (Kirchhoff modeling) is converted to a volume integral (by
multiplying the integrand by a delta distribution normal to the reflecting surface) and
the volume integral is inverted using the methods of Beylkin. This method has the
advantage that it does not assume linearity in the perturbation α(x) 9 . Jaramillo’s
method also leads naturally to the right phase factor without forcing the formula with
an artificial introduction of an iω factor.

3.2.3

Docherty

Docherty, [26] derives the migration formula using an interesting approach. He defines
the volume of integration V as Jaramillo does. That is, a layer between the recording
surface Σ0 and the reflecting surface ΣR . However, instead of converting the surface
integral into a volume integral he uses Clearbout, [19] idea of the imaging condition
principle. 10
I believe that Docherty’s work is clear, robust and short. He does not use sophisticated
inversion machinery but first physical principles and directly shows how migration is
7

www.jaramilloherman.com
The Kirchhoff approximation. This will be discussed in detail later
9
It does not depend on the perturbation at all. The modeling formula, in this case, could have been
derived without using the perturbation theory machinery, making the derivation simpler
10
This will be explained in detail later but the main idea is that the scattered wave field is the
reflectivity times the incident wave field. That is, uS (xs , x, ω) = R(xx , x, ω) uI (xs , x, ω), so that the
reflectivity is actually the ratio of the scattering and the incident wavefields. After converting this ratio
to the time domain and evaluating in t = 0 the reflection coefficient is extracted.
8
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inversion in the sense that it does not only serves as an imaging tool but provides
information about the rock parameters (such as the reflectivity). I will discuss Docherty’s
ideas next.

3.2.4

Inversion from the Green’s function

We start with the Kirchhoff modeling formula 2.17 that we rewrite here


Z
∂Us (x, xs , ω)
∂G(x, r, ω)
Us (r, xs , ω) = dΣ G(x, r, ω)
− Us (x, xs , ω)
.
∂n
∂n
Σ

(3.1)

There are three issues that we want to consider to attack this problem:
(i) Selection of the Green’s functions.
(ii) Selection of the volume of integration.
(iii) Boundary conditions.
3.2.4.1

Green’s Functions

We assume that the Green’s function is given by the anticausal WKBJ approximation
G(x, r, ω) ∼ AG (x, r)e−i ωτg (x,r)

(3.2)

This Green’s function has been quite useful through the years, however it has some
limitations as described in the section 3.3 particularly under the Gaussian Beam migration paragraph, where a more accurate Green’s function is suggested. We note that this
Green’s function is really a anzats and it is exact for the case of constant wavespeed.
Note also that although we could say that any complex number could be written as an
amplitude times a complex exponential where the argument of the exponential represents
the phase of the complex number, this case is special, since the amplitude AG (x, r) is
independent of frequency and its phase is linear with frequency. If the velocity model is
not too complicated this anzats provide remarkable good results.
Let us now assume that US along the boundary is given by the causal Green function
US (x, xS ) ∼ AS (x, xS ) ei ω τs (x,xs )

(3.3)

We now take the normal derivatives of equation 3.2 and 3.3, and retain only the
leading order. That is the order on ω which makes the amplitude look like a constant
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under differentiation. This is the compromise of making high frequency approximations.
Then we find
∂G(x, r, ω)
= AG (x, r)(−iω)e−iτg (x,r) ∇τg (x, r) · n
∂n
(3.4)
∂Us (x, xS , ω)
= AS (x, xS )(iω)eiτs (x,xs ) ∇τs (x, xs ) · n
∂n
We now replace equations 3.2, 3.3, and 3.4 into equation 3.1, to find
Z

d Σ i ωAG (x, r) AS (x, xs ) ei ω[τs (x,xs )−τg (x,r)]

Us (r, xs , ω) ∼
Σ

[∇τs (x, xs ).n + ∇τg (x, r).n]
(3.5)
3.2.4.2

Selection of the Volume of Integration

We now modify the volume of integration so that the recording Σ0 and reflecting ΣR
surfaces are the top and bottom of a giant cylinder that expands toward infinity. We
name the side surface of the cylinder as Γ. That is
Σ = Σ 0 ∪ ΣR ∪ Γ

(3.6)

Figure (3.9) shows an illustration of the cylinder Σ. As the cylinder expands towards
infinity the lateral area grows as
2πRh

(3.7)

where h is the mean distance between the top and bottom layers and R is the cylinder
radius.
Now for the WKBJ Green functions the amplitudes satisfy the transport equations
and due to geometrical spreading (energy conservation) behave like
A ∼ O(1/R)

(3.8)

so the area of the cylinder wall behaves as Area(Γ) ∼ O(R) while the product of amplitudes is of the order O(1/R2 ) then the integral goes as O(1/R) and therefore at infinity
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Figure 3.9: The volume V is now of a cylindrical shape, growing to the sides.
the integral vanishes along the side of the cylinder. Note that the couple of terms with
gradients are the projections along the normal to the reflector of the slowness vectors
from the source and from a hyptothetical receiver at r which are bounded numbers.
Actually their magnitude is cos θ/v, where θ is the angle that the ray direction (∇τ )
makes with the normal. Also the exponential term has magnitude |eiΦ | = 1, since the
phase Φ = τs + τg is real. Therefore equation (3.5) reduces to
Z
dΣ i ωAG (x, r) AS (x, xs )
Us (r, xs , ω) ∼
Σ0 ∪ΣR
i ω[τs (x,xs )−τg (x,r)]

e

[∇τs (x, xs ).n + ∇τg (x, r).n]
(3.9)

We now will show that the asymptotic contribution of the integral along the reflecting
surface ΣR is zero.
Let us define the phase term
Φ(x, xx , r) = τs (x, xs ) − τg (x, r)
We use the method of stationary phase.
11

11

We parameterize the surface of integration

The stationary phase topic is out of the scope of this document, we just use the main concepts
here. The idea behind the stationary phase method is that as ω gets large (and that is why we call
this a high frequency approximation) the exponential function oscillates rapidly making the integral to
have cancelation of the peaks and valleys of the oscillation. The way to slow down the oscillation is by
making ∇Φ = 0, since in the Taylor series expansion of the phase, the constant term of this expansion
provides the leading asymptotic contribution, the linear term dissaperas (since the gradient is 0) and
the next term is a second order term that leaves the integral as a Gaussian which has the main energy
concentrated along the peak (where ∇Φ = 0).
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with a two–dimensional parameter ξ = (ξ1 , ξ2 ) as follows:
Φ(ξ) = Φ(x(ξ), xs , r)
ξ = (ξ1 , ξ2 ),
We see the integral along the surfaces as an integral along ξ. The stationary phase
method claims that the critical points (where the extreme values might be found) that
are inside the integration domain are those whose phase is stationary. That is, those
whose gradient with respect to the integration parameters ξ is zero. Then,
∂Φ(ξ)
∂x
= [∇τs (x, xs ) − ∇τg (x, r)] ·
= 0.
∂ξi
∂ξi
Now, since the vector ∂x/∂ξi is tangent to the surface of integration, then the components
of the gradient of the travel–times τs and τg along this surface of integration (Σ0 ∪ΣR ) are
equal. This is Snell’s law derived from the representation of the scattering field integral
and the method of stationary phase. From the Pythagoras theorem, the square norm of
a vector is the sum of the squares of the norms of its orthogonal projections along the
plane of incidence and the normal to the plane. Now, since both vectors ∇τg and ∇τs
have the same norm 1/v(x) 12 then the normal projections (up to a possible change of
sign) are to be the same 13 . That is,
|∇τs (x, xs ).n| = |∇τg (x, r).n|.
Then in equation (3.9) we either duplicate or cancel the contributions of the projections
of the gradients of the travel times along the normals to the integration surface. We
observe that at the reflecting surface ΣR , the energy from the source comes in the down
direction while the energy reflected goes in the up direction. That is the gradients have
different sign when projected along the normal to the reflector, so the algebraic sum
of the projections of the gradient along the normal to the reflector cancels. On the
other hand when r is located at the receiver surface Σ0 , the energy from the source and
from the reflecting surface comes in the same direction so the normal component of the
gradient along the acquisition surfaces double. We are aware that other energy from
the source such as direct arrivals and diving waves can also hit out observation point
r; however that energy is considered noise for this method of migration and should be
filtered a priori.
since both of them satisfy the eikonal equation ∇τ · ∇τ = v12
Both vectors have the same magnitude and the same size of “horizontal” component, therefore they
should share the same size of “vertical” component
12

13
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Since there is cancellation along the reflector ΣR and doubling along the acquisition
surface Σ0 , equation (3.9) turns out to be
Z
Us (r, xs , ω) ∼ 2
dΣ0 i ωAG (x, r) AS (x, xs ) ei ω[τs (x,xs )−τg (x,r)] ∇τg (x, r).n
Σ0

By applying the definition of the scatterer WKBJ approximation approximation (3.3)
we find
Z
Us (r, xs , ω) ∼ 2
dΣ0 i ωAG (x, r) e−i ω τg (x,r) ∇τg (x, r).n uS (x, xS , ω)
Σ0

(3.10)
3.2.4.3

Boundary Conditions

The boundary conditions shown here are a tool to introduce the imaging condition
which is used here and will be very important for migration methods which use downward
continuation or reverse time migration. We already discussed the boundary conditions
shown below (see equation 2.18), but we repeat them here for clarity. These conditions
are known as the Kirchhoff approximation [10].

US (x, xs , ω) ∼ R(x, xs , ω) UI (x, xs , ω)
∂UI (x, xs , ω)
∂US (x, xs , ω)
∼ −R(x, xs , ω)
∂n
∂n

(3.11)

We see that the second equation is actually the leading order term of the expansion of
the derivative on the first equation which the sign “-” reversed because the incident and
scattered field energy moves in opposite directions. These boundary conditions are well
founded in ray tracing theory. I want to add that the first of the Kirchhoff approximations
is the start of the concept of imaging condition that Claerbout [18] introduced in 1970.
Physically this condition just say that the scattered wavefield’s amplitude gets scaled by
the reflection coefficient. In other words, the reflectivity could be extracted by taking
the ratio of the scattered wavefield over the incident wavefield. This would correspond to
a deconvolution in the time domain. The other important part of the imaging condition
is to pick the field at t = 0. This is explained in further detail in equations 3.12, 3.13
and 3.14. We will make use of the first of these imaging conditions in equation 3.12 and
in chapter 4 on migration by wavefield continuation. From the two boundary conditions
above we will only discuss the first.
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We now return to the first of the Kirchhoff approximation (3.11) and write it as
R(xs , r, ω) ∼

US (xs , r, ω)
UI (xs , r, ω)

note that we are using this time r as an argument for the scattered and incident fields
instead of x. This is convenient because r would be a point in the output space (free
variable) while x is a dummy variable (variable of integration) in the input space.
The reflectivity in the time domain is given by
Z
1
US (xs , r, ω) −iωt
R(xs , r, t) ∼
e
(3.12)
dω
2π
UI (xs , r, ω)
Where the integral is performed over all range of frequencies, and we used the definition
of Fourier transform.
The imaging condition is achieved at t = 0 [19]. Although Claerbout explains the
imaging condition in detail, I will give a short empirical note about it. When we see US
and UI from the point of view of the WKBJ approximations they can be written as an
amplitude term times an exponential with a phase factor; that is, in these few lines I
will approximate the scattering US and incident UI wavefields field by their asymptotic
representation (that could be found by using stationary phase analysis on equation 3.10
for the case of the scattering field) only for the purpose of explaining Claerbout’s imaging
condition. We will return to the scattering field US full expression after equation 1.1.
That is, for the moment, we will assume that the scattering field US is represented by
US (xs , r) ≈ AS (xs , r) ei ωτs (xs ,r) ,
and a similar expression is used for the incident wavefield UI . Those wavefields correspond to the specular (Snell’s law rays) incidence and reflected angles. That is, the
amplitude and phase match the ray–theoretical amplitude and traveltime for the specular
rays. Under these assumptions we find that
Z
Ag (xg , r) i ω [τg (xg ,r)−τi (xs ,r)] −iωt
1
dω
e
e
R(xs , r, t) ∼
2π
AI (xs , r)
Z
1 Ag (xg , r)
dω ei ω [τg (xg ,r)−τi (xs ,r)−t]
(3.13)
=
2 π AI (xs , r)
1 Ag (xg , r)
=
δ(τg (xg , r) − τi (xs , r) − t)
2 π AI (xs , r)
so the carrying signal is over the support of the delta distribution. That is along
t = τg (xg , r) − τi (xs , r).

(3.14)

3.2. THE MATHEMATICS OF KIRCHHOFF MIGRATION

55

Now we know that at the reflector τg = τi , that is t = 0. This is why the imaging
condition is given by the zero lag deconvolution of the scatter with the incident field. So
going back to equation (3.12) and applying the imaging condition we find that
Z
1
US (xs , r, ω)
m(xs , r) = R(xs , r, t = 0) ∼
(3.15)
dω
2π
UI (xs , r, ω)
where m(xs , r) is the image at the point r for a shot at xs . It is obvious from here
that the image is a measure of the reflectivity embedded on the data, and so this is an
inversion more than an imaging process.
The final step is given by the use of US (xs , r, ω) from equation (3.10) and the WKBJ
approximation
UI (xs , r, ω) ∼ AI (xs , r) ei ω τi (xs ,r)
on equation (3.15). That is
Z
1
dω US (xs , r, ω) e−i ωτi (xs ,r)
m(xs , r) =
2π AI (xs , r)
Z
1
dω d Σ0 i ω AG (x, r) e−i ω [τi (xs ,r)+τg (x,r)] [∇τg (x, r).n] US (x, xS , ω)
=
π AI (xs , r)
Z
Z
1
=
d Σ0 AG (x, r) [∇τg (x, r).n] dω i ω e−i ω [τi (xs ,r)+τg (x,r)] US (x, xS , ω).
π AI (xs , r) Σ0
(3.16)
Up to now we used Green functions that, by definition, correspond to responses to
perfect impulses. That is, a source represented by a Dirac delta distribution. In reality
all sources are band limited. Since we assume that our seismic wavelet is the result
of a convolutional model, then the source signature, receiver spectrum and all other
convolutional factors can be damped into a spectrum F (ω). That is why we can include
the spectrum (being the model convolutional, we could leave this step for the end, since
the order of its application will not change the final result). The migration formula in
the shot domain is in this case
Z
1
d Σ0 AG (x, r) (∇τg (x, r).n)
m(xs , r) =
π AI (xs , r) Σ0
Z
dω i ω F (ω) e−i ω [τi (xs ,r)+τg (x,r)] US (x, xS , ω)
In practice the filter F (ω) is used more to filter the data US (x, xS , ω) for antialiasing
purposes and it is in general zero phase, to preserve the phase of the input data. Note
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that the filter is spatially invariant. That is, we assume that the source signature will
be consistent from shot to shot, if this is not the case, then proper deconvolution should
be applied to the data before migration.
We now redefine two important variables. When doing modeling r was used for the
receiver point xg , and x was associated with a point in the reflecting surface ΣR . Now,
when we are reversing the process we want to say that r is an image point and x is the
receiver location. Let us write r = x, and x = xr in the previous equation.
Z
1
d Σ0 AG (xr , x) (∇τg (xr , x).n)
m(xs , x) =
π AI (xs , x) Σ0
Z
dω i ω F (ω) e−i ω [τi (xs ,x)+τg (xr ,x)] US (xr , xS , ω)

(3.17)

This derivation is naturally developed in the shot gather domain. Here xs is fixed
and the differential d Σ0 is a differential over the receivers. We would like to have a way
to migrate from other seismic sorting domains such as common offset or common angle.
Next section will explains how this can be done.

3.2.5

Other domains: The Beylkin determinant

In equation (3.17) Σ0 is the acquisition surface, and since this equation is an implementation for a common shot gather geometry, then the differential d Σ0 is over the receiver
locations. Similarly we can interchange source by receivers and equation (3.17) could
then represent a common receiver gather.
Let us define the concept of migration dip. At each image point r, and for each
source/receiver combination there can be an association of a source ray (from source to
image point) and receiver ray (from image point to receiver). To these rays there are the
associated times τi (xs , r) and τg (x, r), where, in our particular shot gather experiment,
x = xg is the receiver location. The migration dip is the normalized gradient of the total
travel time with respect to the image point r. We note the migration dip as ν. Then
ν=

p
∇ [τi (xs , r) + τg (x, r)]
=
|∇ [τi (xs , r) + τg (x, r)] |
|p|

with
p = p(xs , r, x(ξ1 , ξ2 )) = ∇ [τi (xs , r) + τg (x, r)] = ∇τg (x, r)
The unit vector ν is normal to the isochrone surface
I(r) = τi (xs , r) + τg (x, r) = t
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for any constant time t.
In our common shot gather experiment, as we move around the receiver locations,
the migration dips sweep a cone (aperture cone) that intersected with the unit sphere
produces a cup. This cup can be seen as a mapping of the acquisition surface (surface of
receivers) into the unit sphere. Let us call this cup S0 . We can then integrate over this
cup instead of integrating over the acquisition surface. This will imply the introduction
of a Jacobian as follows
dΣ0 =

dΣ0
dS0 .
dS0

Let us parameterize the piece of sphere S0 sweep but the unit vectors ν in terms of the
two–dimensional parametric vector ξ = (ξ1 , ξ2 ), so

dS0 = dν =

√
√
gξ dξ = gξ dΣ0

(3.18)

with
√

gξ =

∂ν
∂ν
×
∂ξ1 ∂ξ2

the metric induced under tha change of variable [44]. Figure 3.10 suggest the validity
of this formula. We can think of the coordinate ξ1 as running along the azimuth and
the coordiante ξ2 running along the polar angle. The dark patch is the projection from
the surface to the sphare of our differential area of acquisition. Here the sides of the
curved parallelogram are dν/dξ1 , and dν/dξ2 . The area of the curved parallelogram is
the maginute of this cross-product.
Now,
√

gξ =

∂ν
∂ν
∂ν
∂ν
×
= ν·
×
∂ξ1 ∂ξ2
∂ξ1 ∂ξ2

=

p ∂p/|p| ∂p/|p|
·
×
.
|p|
∂ξ1
∂ξ2

The expansion of the triple product (a determinant), will create four terms (two per each
derivative of the two derivatives), three of those will be zero due to the fact that they
are the volumes of degenerated boxes (on each case two of the vectors that generate the
box are parallel) and only one will survive. That is
1
∂p
∂p
√
gξ =
p·
×
3
|p|
∂ξ1
ξ2
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Figure 3.10: An illustration of acquistion coordinates along a spherical shell.
so
dS0 =

1
h[xs , r, x(ξ1 , ξ2 )] dΣ0
|p|3

with
h(xs , r) = p ·

∂p
∂p
×
∂ξ1
ξ2

being the Beylkin determinant [11]. Therefore
dΣ0
|p|3
=
.
dS0
h((xs , r, x(ξ1 , ξ2 ))
This equation, together with equation 3.18 show how to transform migration from integrating data over an acquisition surface to integrating those data projected into a unit
sphere. Then, if we want to define a new acquisition surface (a surface of common offsets
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for example) we can back–project the data from the unit sphere to the required surface
with the appropriate introduction of the corresponding Jacobian.
That is, for example, if the offset surface is identified as Γ we can then write the
transformation
dS0 =

dS0
dΓ
dΓ

where as before
dS0 √
1
∂p
∂p
h[(xs , r, x(γ, γ)]
= gγ =
×
p·
=
3
dΓ
|p|
∂γ1
γ2
|p|3
with γ is the manifold of midpoints for the given offset.
Explicit formulas for the Beylkin determinant are hard to get in general, specially for
the common offset domain, however they are easy to find for constant velocity models.
Bleistein [12] show closed analytical formulas for the Beylkin determinant in a medium
with constant velocity.
The operators shown here are valid for surfaces that require some degree of smoothness, that is all the required derivatives and continuity on them should exist. However we
know that data are acquired in a limited space and we need to ensure that the aperture
is big enough to include the portion of surfaces involved.
Another domain, besides common shot and common offset, which is important to
consider is common scattering (opening) angle. In this domain data change as a function
of dip angle. This domain, which requires further work, is gaining popularity for several
reasons:
• It can handle multi–pathing.
• The inversion should provide reflectivity as a function of the common opening
angle. This make the data ready for AVA analysis.
• Common scattering angle is well suited for MVA (Migration Velocity analysis)
I refer the reader to Bleistein and Gray [13] for an analytical derivation of the migration/inversion Kirchhoff formula in the common–opening–angle domain. Blestein et. al.,
[14] further expand on the topic. In both cases the idea of using jacobians to simulate
new geometries is widely used. It is important at this time to discuss some data gathering concepts. So far the so–called single configuration geometries have been discussed.
That is, there is not redundancy in the data in the sense that each trace in the dominion
of integration images each model point only once. For example for each shot gather we
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will find the image of a given image point x; for a different shot we could image the same
point x and so for many shots, the point x could be imaged multiple (fold > 1) times.
Due to the lack of information, phenomena such as aliasing or aperture limitations could
create artifacts. In order to better handle these issues, data are integrated over a four–
dimensional space. That is, the two–dimensional manifolds along sources and receivers
or either the two–dimensional space of migration dips (two dimensions here) plus the
azimuth φ and the scattering angle θ. In order to single out the scattering angle Dirac
delta’s are used. Still, even after having multiplicity of data we could find redundancy
without completeness. In this case least squares solutions are desirable.
A general approach for common scattering angle migration in anisotropic media using
the GRT is found in Brandsberg-Dahl et. al, [15] and in de Hoop and Brandsberg-Dahl
[24]. Not only their approach is quite general but it uses Maslov theory to go around
the issues of caustics and multi–pathing. In addition, it does the inversion using both
a deterministic as well as an statistical (least square) approach. Versions of the work of
de website. 14

3.3

Today’s issues, their solutions and the future

In spite of all the theoretical work and an immense computational effort, Kirchhoff
migration has a few limitations that we discuss next.

3.3.1

Problems: Caustics, multi–pathing, shadow zones, high
frequency:

Kirchhoff migration rest on the theory of ray tracing (see Cěrvený, [22]). While ray
tracing is usually fast and flexible it presents a few limitations. Caustics occur when the
ray cross-section in 3–D has zero volume or in 2–D zero area. Due to energy conservation,
the amplitude along the ray is an inverse function of its cross-section measure. When
this measure goes to zero, the amplitude diverges to infinity. The theory of ray tracing
also shows that the phase along the ray increases by π/4 in 2–D and by π/2 each time a
ray goes through a caustic. A caustic is formed when rays intersect. Furthermore, when
rays intersect there is not anymore a single ray path that connects the source with the
image point and the image point to the receiver. That is, the source/receiver Green’s
function is multivalued. The Kirchhoff migration theory up to this point did not account
for caustics.
14

http://cwp.mines.edu/researchpublications/CWPresearchreports.html
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Figure (3.11) 15 shows a model with a velocity function satisfying the Gaussian distribution given by
2
2
c(x, z) = 1 − 0.4e−9[x +(z−1) ] .
(3.19)
This model simulates a low velocity gas cloud zone coded with a Gaussian lens velocity
distribution centered 1 km below the origin of the coordinate system. The source is
located at the surface z = 0 and a horizontal reflector is located at depth z = 2 km.

Figure 3.11: A lens model used for the purpose of explaining the caustic phenomena in
ray tracing. 3.19
Caustics come with multi–pathing. Figure 3.12 shows a few rays with source located
at (x, z) = (0, 0). The rays should follow the path of least time according to Fermat’s
principle. As the rays approach the low velocity bubble they slow down and their direction approaches to vertical. Eventually they will intersect each other under the low
velocity zone. At the first intersection the wavefront will split in three parts (marked as
1, 2 and 3 in the figure. That is why this phenomena is sometimes known as triplication.
We would have similar phenomena if a receiver is put somewhere in the surface and
rays would started down at the reflector, due to source–receiver reciprocity. This would
gives as a combination of 9 arrivals (3 for each source and receiver). We can see how
the ray–paths increase exponentially (in powers of 3) for each focus. This makes the
problem of Kirchhoff migration more complicated both from theoretical as well as from
15

This and next figure are borrowed from Stolk and Symes [68]
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Figure 3.12: A few rays through the lens model. Source is located at (x,z)=(0,0).
the computational point of view. Next we propose some solutions being implemented in
the industry against this problem.

3.3.2

Solutions: extended Green functions, semi–recursive Kirchhoff migration, Gaussian beam migration:

A few proposed solutions to the multi–pathing problem are listed below:
• Extended Green Functions: Operto et. al. [55] proposed a solution to the
multi–pathing problem by considering all path branches in the ray tracing Greens
function. They approached the problem starting with the wave equation and used
the Born approximation to derive the forward (Born) operator. Then they used
inversion theory following Tarantola’s methods, to obtain a solution that agrees
with the results in Beylkin [8] in absence of caustics. The ray tracing Green function
that they used was:
x,ss)
N (x

x, ω; s ) = S(ω)
G0 (x

X

π

x, s )eiωTn (xx,ss)−i 2 sign(ω) αn (xx,ss) .
An (x

(3.20)

n=1

Here S(ω) describes the wavelet signature, n is the ray index that goes from 1 to
x, s ) between the source s and the image
the maximum number of possible paths N (x
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x, s ) is the amplitude along the ray–path indexed by n, ω is the circular
point x , An (x
x, s ) is the travel–time along the n–th ray–path. Finally αn (x
x, s ) is
frequency, Tn (x
16
the KMAH index that counts the number of caustics along the ray. Operto et
al. tested their results with a set of runs to the Marmousi [73] model. While their
results look good, they had to build a sophisticated 2–D ray tracing algorithm [45]
that satisfies dense and uniform sampling along the model. Note that while their
tests are in a 2–D model, the green function displayed in their paper corresponds to
a 3–D context (otherwise the phase shift would be a multiple of π/4 and not of π/2).
I believe that a wavefront construction like the one used by Operto et. al., for the 3–
D case would be difficult to implement and probably at a very high computational
cost. They claim that they did it but I have not seen results of their algorithms
in 3–D models. It is interesting to observe that they also tested other alternatives
such as a strong smoothing of the velocity field, which eliminates multi–pathing
but reduces resolution; also tests were ran by using the most energetic arrival
ray–branch. In any case, the best results were obtained by using all branches.
A complex 3–D model could have an extremely high number of multi–paths that
would complicate things farther. Even in 2–D and with sophisticated Kirchhoff
migration technology, I have not seen better images of the Marmousi model than
those obtained by the use of wavefield–continuation algorithms. I believe that part
of the reason is that there is no way to correct for the weakness of low frequency
approximations under Kirchhoff. That is a limitation that asymptotic methods
have to live with.
• Semi–recursive Kirchhoff Migration: A different way to defeat the issue of
multi–pathing in Kirchhoff migration is explained in Bevc [6]. Given the complexity
of computing multi–arrival times, he decided to use a divide and conquer method.
Bevc used a recursive wave equation datuming through Kirchhoff migration to split
the problem in several small problems. He tested his algorithm in the Marmousi
model with good results (still not better than those using a wavefield–continuation
migration algorithm). Bevc’s argument is that by computing a small travel–time
(travel–time between a datum and its next target) the issue of caustics does not
happen. That is, if sufficiently close to the source, rays are spreading for each strip.
By layer–stripping the model, multi–path is simulated by combining the travel–
times of several layers. Figure 3.13 from Bevc’s paper illustrates the situation.
Here travel paths are sketched from the surface to a new datum, and from the new
datum to a target datum. The hope is that no caustics are generated in between
cycles. While Bevc’s results are encouraging they are applied in a 2–D case. I am
16

KMAH are the initials Keller, Maslov, Arnold and Hörmander
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Figure 3.13: Bevc’s idea of Kirchhoff semi–recursive algorithm,
not aware of successful cases for 3–D using Bevc’s layer stripping–like Kirchhoff
migration.
• Gaussian Beam Migration: Hill [37] addresses the solution of the caustics and
multi–pathing Kirchhoff migration problem by using Gaussian beams. Gaussian
beams were introduced as a method which retains the good quality of traditional
rays, while improving over the deficiencies that traditional ray tracing bear such as
caustics, multi–pathing, shadow zones and low–frequency coverage. Hill, partially
based his work on the work of Cěrvenỳ et. al. [23] among other Cěrvený’s group
publications.
The traditional ray tracing approach for Kirchhoff migration is based on the WKBJ
Green function approximation to the Helmholtz equation. Using Hill’s notation we
write the Green’s function as.
G(r, r0 ; ω) ≈ A(r, r0 ) exp[iω T (r, r0 )].

(3.21)

We think about a ray that has a source in r0 and receiver at r. We observe
that both the amplitude A and the travel time T are frequency (ω) independent.
While this approximations has provided good results in areas with low complexity,
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the history has proven different for complex areas. We could extend the Green’s
function to consider multi–pathing as in equation 3.20 however this will not solve
the other limitations of the WKBJ approximation, such as caustics, shadow zones
and high frequency restriction. The idea behind Gaussian beams is to extend this
Green function to a function that would heal the problems inherited from using the
Green’s function 3.21. This extension is given by a weighted average of Gaussian
beam rays (the definition of Gaussian beam rays as well as the mathematical details
of this formulation are out of the scope of this document) over a continuum of ray
directions. The central ray is still the traditional ray, but the solid cone of beam rays
around the central ray smooths out the irregularities of the traditional approach.
The mathematical equation for the Gaussian beam Green’s function as shown by
Hill is
Z Z
dpx0 dpy0
0
uGB (r; r0 , p0 ; ω),
(3.22)
G(r, r ; ω) ≈
pz0
where p0 = (px0 , py0 , pz0 ) is the slowness vector at the source r0 . The implementation of this method is challenging. Af far as I know, for many years, only Hill’s
implementation was successful. Hill’s work was kept in the dark for about eleven
years (from 1990 until 2001 until he got permission from Chevron to publish his
work). Today, Gaussian beam migrations has a large interest in the industry because it provides good images in complex areas and still preserves the flexibility of
Kirchhoff migration.

3.3.3

Discussion

Even with the help of a multi–pathing Green’s function, or a semi–recursive Kirchhoff
migration or Gaussian Beam migration algorithms we could find migration artifacts.
Stolk and Symes [68] show that under certain conditions we can get kinematic artifacts on
prestack depth migration. This could even happen in a wavefield–continuation algorithm.
They present some striking examples. They even contradict the hypothesis of Xu, et.
al. [81] who claim that artifacts do not show up in common angle gather domain. The
reason for kinematical artifacts rest on the under–determined system of equations used
to image data. Ten Kroode et. al. [72] showed that to define an image uniquely the
following system of imaging equations should be satisfied
T (i,j) = Tdata ,

∇α T (i,j) = pα ,

∇β T (i,j) = pβ ,

.

(3.23)

Here T (i,j) is the travel–time of the i–branch of the source ray and the j–branch of the
receiver ray in the ray tracing. Tdata is the time in the data for the particular event
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being migrated, α and β are the parametric vectors for the source and receiver surfaces.
That is, if we look the data as shot gathers, α would be the source location and β the
receiver location. If instead we have the data sorted as common offset gathers, then α is
the common vector offset while β corresponds to the common midpoint. pα and pβ are
the slowness vectors at the recording surface. Note that we used here super–indices to
distinguish between the slowness vectors at the recording surface from those at the image
point. The completeness of equations would guarantee what Ten Kroode et. al. call the
Time Injectivity Condition (TIC) . To better understand the concept I will illustrate it
with two examples borrowed from Xu, et. al. [81]. Figure 3.14 shows two scenarios. Left
is an example of a situation in a common shot gather, where the arrival time for two
different rays could coincide, as well as the source and receiver positions s, r and receiver
slowness pr . It is obvious that there is an ambiguity between the image point x and the

Figure 3.14: Left: violation of the TIC for a common shot gather. Right violation of the
TIC for a common offset gather. From Xu et. al., 2001,
image point x 0 . Both points produce the same total travel time as well as slowness at
the receiver r . The right figure shows the case of a common offset gather. Here we find
coincidence in travel–times as well as in the slowness midpoint vector for a couple of
source/receiver rays. There is ambiguity about which point x or x 0 should be imaged.
The ambiguity would disappear in the multi-fold data experiment which Stolk and Symes
[68] call complete areal coverage. That is, when we can pick a set of shot gathers, if
working in the shot/receiver sorting domain, or a set of offset gathers, if working in the
offset/midpoint sorting domain. Since in the common shot gather we only have one shot,
we do not have a way to uniquely determine the slowness of the ray at the shot as shown
in Figure 3.14. A similar idea works when considering a common offset gather. I am
still trying to find a figure that illustrates the ambiguity in the case of a common angle
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gather without success. This is left as an extra-points homework exercise for advanced
students. This ambiguity phenomena is proper of Kirchhoff methods. A shot profile
wavefield–continuation migration could suffer of the same symptoms. However, due to
the nature of the experiment, a survey sinking method would heal the problem (see
Stolk and Symes [68].) It is then, the multi–fold redundancy which removes the under–
determined character of our imaging equations. With multi–fold data we could even move
to the other side of the spectrum. That is, we could end–up with an over–determined
system. At the end, stacking resolves the imaging issues by damping unwanted artifacts
and constructing a distinctive image.
A stunning example is shown in Stolk and Symes paper. A shot gather corresponding
to a source at −0.5 km on the model of Figure (3.11) is displayed in Figure 3.15). It

Figure 3.15: A shot gather for the model in Figure 3.19. Source is located at -0.5 km.
From Stolk and Symes, 2004,
is amazing the complexity of the events given that they correspond to a flat horizontal
reflector under the low velocity zone. If you count the number of events you should
see that they are seven. I would say that two events are missing, since the triplication
should produce 3x3=9 events. Where are the two missing events? (another extra–point
homework). Stolk and Symes migrated the lens model data, in an offset gather domain
(where the TIC is violated) and found the image displayed in Figure 3.16. It is clear,
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Figure 3.16: A common offset migration of 1 km of the lens model. After Stolk and
Symes, 2004,
from the figure, that the ambiguities produce a number of artifacts. Impressive is the
result of stacking, when all rays were took into account. Figure 3.17 shows the stacking
of images for the lens model. The shape and location of the reflector is well defined,
clean, precise and shows no artifacts.

3.3.4

Conclusions

Kirchhoff migration has been a fundamental tool for imaging seismic data through the
years and it will keep being fundamental. The reason is that it is fast and target oriented.
It provides good images when its hypothesis are not violated. Kirchhoff migration is
based on ray tracing theory which assumes a high frequency approximation. It presents
difficulties in low frequencies, shadow zones, and multiplathing. Healing to the problems
of Kirchhoff migration assumptions have been provided through some layer stripping
downward continuation, angle gather migration, and Gaussian beam migration, among
others. However the healing of these problems come at the expense of high cost. We will
present in the following sections different migration algorithms which do not have the
problems of Kirchhoff migration but are not as flexible to handle different acquisition
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Figure 3.17: A stack image corresponding to the lens model. After Stolk and Symes,
2004,
geometries and target oriented benefits.
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Chapter 4
Migration by Wavefield
Continuation Methods
4.1

Historical Introduction and fundamentals

In this introduction I try to follow the events in time order, however after the work of
Claerbout many people started to develop new algorithms which pointed into different
directions. So I had to sacrifice chronology by threading content.
Claerbout, [18] was the first person who used the Kirchhoff approximation 3.11 to
image reflectors by using finite differences. The imaging conditions are fundamented in
the analysis carried through equations 3.12, 3.13 and 3.14. Figure 4.1 shows the abstract
of Claerbout’s [18] Geophysics paper. He indicates clearly (in the highlighted text) that
the image is obtained as the ratio of the up–going wavefield by the down–going wavefield
at each image point. Figure 4.2 shows a graphical description of the method. At this
point Claerbout is using a monochromatic wave (and hence the wavy character of the
image) for the experiment. He did not use the other part of the imaging condition which
says that the image is picked at zero time or in other words, the image is the sum of all
frequency components. A year later in 1971, Clearbout published a paper [19] with the
use of the zero time imaging condition. Figure 4.3 shows the stack of four frequencies
computed by Claerbout. The zero time imaging condition is explicit in his equation (3).
Due to numeric stability the computation of the image as the ratio of the up–going
wavefield over the down–going wavefield was modified. Clearbout [19] suggested “Let
the integrand U/D of equation (3) be multiplied and divided by the complex conjugate
of the down–going wave. Then, the denominator is the spectral density DD∗ of the
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Figure 4.1: Abstract of Clearbout, 1970 Geophysics paper,
down–going wave. A spectrum is real and contains no phase information. Recalling
earlier remarks about automatic gain control, we find it natural to omit the denominator
and consider another reconstruction formula:
NX
shots Z
00
U (x, z, ω)D∗ (x, z, ω) dω
“M ap(x, z) =
i=1

Today, this imaging condition (zero lag cross–correlation of the up–going with the down–
going wavefields) is perhaps the most commonly used.
Now the question is how to get to the wavefields at the imaging point? Claerbout
suggest to downward continue the source by forward propagating it from the surface
and to downward continue the receivers by reverse propagation from the locations in the
surface.
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Figure 4.2: Graphical description of Claerbout’s method to image seismic data. From
Claerbout, 1970
So, following Clearbout, the idea of migration was synthesized in two steps
• Downward continuation of the source and receiver wave fields
• Imaging condition
The mathematical and computational intensive work is concentrated in extrapolating
the wavefields. The imaging condition is relatively easy.
In the last 40 plus years a great effort has been dedicated to the task of wavefield
extrapolation. Wavefields have been extrapolated by the use of implicit and explicit finite
differences in space/time and space/frequency domains; by using Kirchhoff datuming,
by using Fourier transforms, by using Taylor series, and by using combinations of the
previous forms.
Historically, implicit finite differences were the first to be used for extrapolating
wavefields [18]. We will discuss Claerbout’s implicit finite difference algorithms ahead in
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Figure 4.3: Graphical description of Claerbout’s method to image seismic data. From
Claerbout, 1970
section 4.5.2.1. His books 1 could be downloaded for free from the internet.
Berkhout [4] discusses the theory of explicit extrapolators. He shows how extrapolation could be achieved either by doing Taylor series or by using directly the wave equation
(as Clearbout did). The Taylor series representation depends not only on the data at
a given boundary but of the derivatives of the data. Since those derivatives are not
recorded, they are computed based on the wave equation. He provides a mathematical
proof that in a constant velocity medium the Kirchoff migration operator is equivalent
to the infinite Taylor series expansion of the exact wavefield extrapolator operator. In
1

http://sepwww.stanford.edu/sep/prof/
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practice the explicit extrapolators are based on a truncated Taylor series expansion of the
wavefield. The advantage of using explicit extrapolators is that the extrapolation could
be done as a simple spatial convolution, while implicit extrapolators require a solution
of a linear system of coupled equations. Another advantage of the explicit extrapolatros
method is that it is easier to extend from 2–D to 3–D. In addition, explicit extrapolators
are applied in the space domain and therefore can handle lateral velocity variations by
extending the lookup tables so that they acknowledge the local velocity. This is not
possible with methods in the wavenumber domain. The difficulty for implicit methods
resides in the error generated by splitting the depth extrapolation process alternately
along the inline (x) and crossline (y), (Claerbout, [20] and Hale, [32]). One important
consideration while implementing an explicit extrapolator algorithm is that truncation of
Taylor series creates instability. Also, in order to image large dips (say for example over
50 degrees) many terms of the Taylor series expansion are needed and this will increase
the cost of the computations. The instability issues come from having the amplitude
spectrum of the extrapolator be larger than one (due to truncation). This would create
evanescent energy that will increase without bounds as we move downwards. Holberg
[42] expands on the use of Taylor series and show how to heal some of the problems of
instability introduced by the truncation of the Taylor series expansion of the downward
continuation operator. This is achieved through the use of a constrained least–squares
method, that will minimize the amplitude and phase errors which are the source of instability, mainly in the evanescent energy region. Blacquière et. al., [9] extended Holberg’s
algorithm for the 3D case. Actually, I found in Blacquière et. al., the best and most
detailed description of the general explicit extrapolation technique from all the literature tha I have had the opportunity to review. This reference is used extensively in the
development of the section on explicit extrapolators. Hale [33], implemented a different
algorithm to compute stable explicit extrapolators. He called his algorithm “The modified Taylor series” algorithm. His purpose was to flatten the amplitude spectrum in the
pass-band range, while ensuring that no spectral components in the wavefield are amplified by a factor greater than one. At the same time he forces the high wavenumbes (on
the evanescent region) to be zero at uniformly–spaced wavenumbers. Figure 4.4 shows
the amplitude spectra for 19–cofficient explict extrapolators, for a fixed normalized frequency of ω ∆x/v = π/2 radians. The gray curve shows an unconstrained least–squares
resault. This is obtained by inverse Fourier transform the exact downward continuation
operator and truncating to the desired number of coefficients N = 19. He minimizes the
difference between these and the ideal amplitude spectrum, that is 1. The ripply character is typical of least–squares designed filters. Using Hale [33] words: “Note that the
amplitude is greater than one for some wavenumbers; Fourier components of a seismic
wavefield corresponding to these wavenumbers will grow exponentially as this extrapo-
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Figure 4.4: Amplitude spectra for 19–coefficient explicit extrapolators designed by an
unconstrained least–squares method (light gray), the conventional Taylor series method
(black) and the modified Taylor series method. Wavenumbers greater than 0.25 correspond to evanescent waves. From Hale, [33]

lator is applied repeatedly in the recursive process of depth extrapolation.” The term
labeled “Taylor Series” is a simple truncation of the Taylor series expansion of the exact
downward continuation operator. Finally, the curved labeled “Modified Taylor Series” is
obtained by Hale’s idea of flattening the spectrum to 1 under the evanescent region and
tapering it to zero in the evanescent region. This approximation will trade off stability
for phase error which eventually undermines the ability to position reflectors correctly.
This trade off between stability and accuracy is discussed in detail in Nautiyal et. al.
[53].
On the same issue of the Geophysics journal, Hale [32], published a technique to speed
up the computation of the explicit extrapolator filter exploiting the circular symmetry
of the problem when extended to 3–D. Hale based his work on the work of McClellan,
[48], McClellan and Chan [49] and McClellan and Parks [50]. The efficiency comes from
the fact that only the one–dimensional extrapolation filters, the same used in 2–D depth
migration, are needed. Hence, the 3–D depth migration grows only linearly with the
length of the tabulated one–dimensional extrapolator filters.
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Soubaras [65] and [66] shows an algorithm that further cleans up the migration impulse responses. Two components are new here
• Instead of using the McClellan transform, as Hale did, he took advantage of the
cylindrical summetry and expanded the radical component of filter as a polynomial
in the Laplacian. This provided artifact-free impulse responses close to Nyquist,
at the same cost.
• The algorithm provides an easy way to extend the problem to a rectangular grid
and a possibility of time-migration implementation.
Wavefield extrapolation could also be done in the frequency/wavenumber F–K domain. Gazdag [28] shows how downward continuation can be done by transforming
the data into the F–K space and then recursively extrapolating the wavefield by phase
shifting, that is by multiplying by the complex exponential exp ikz ∆z . The algorithm is
known sometimes as Gazdag migration or phase shift migration . The hearth of
the algoritm is rooted in the equation
P (kx , ky , z + ∆z, ω) = P (kx , ky , z, ω) eikz ∆z

(4.1)

with
r
kz =

ω2
− (kx2 + ky2 ).
v2

That is, starting at the surface z = 0 we Fourier transform the data from space/time
(x, y, t) to wavenumber/frequency (kx , ky , ω). Then, use equation 4.1, to downward continue to the next depth z + ∆z and from this to the next using a recursive approach.
Because of this recursive design, phase–shift algorithm acknowledges vertical changes of
velocity. That is, at each depth step we could use a new velocity v(z). This makes of
phase–shift a powerful tool to accurately image steep dips in sedemintary basins. Still
this method does not handle lateral velocity variations. The extension of the F–K methods to consider lateral velocity variations involve Fourier transformations to from K to x
domains, do something in the spacial domain and then transform back to the wavenumber
domain K. That something is the reason for the next few lines in this document.
For years there has been a “holy war” between the defenders of the so–called wavefield–
continuation methods and those of Kirchhoff migration. Kirchhoff migration has been
critized because it is an asymptotic method (see the assumptions in chapter 2 section 2.1
and chapter 3 section 3.3) and therefore does not perform well on the low range of the
frequency spectrum; because it is ray–tracing based and the multi–pathing and shadow
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zones deteriorate the images. People has done a big effort to compensate for these deficiencies and part of the effort is addressed in the section 3.3.2. On the other hand
Kirchhoff has been praised for the flexibility on dealing with irregular recording geometries, for computational speed and for good resolution along large dipping events and
even imaging of overhang structures (imaging over 90 degrees). Also Kirchhoff has been
flexibile with vertical as well as lateral variations of velocity. Wavefield–continuation
methods have been also pushed over the last 30 years toward the improvement of their
imaging resolution at high dips and to improve their computational efficiency as well as
to extend is range of validity to media with lateral velocity variations. Therefore in what
follows we will focus in efforts to improve steep dip images as well as inhomogeneities on
the velocity field.
Gazdag and Sguazzero, [29] developed an extension of Gazda’s phase shift method.
They called the method Phase Shift Plus Interpolation (PSPI). The idea is that, since
the regular phase shift method developed by Gazdag [28] did not account for lateral
variations of velocity, they introduced the idea of making several extrapolations each
with a constant but different velocity. Then from the several extrapolations make an
interpolation. We will show the details of these methods in section 4.3.5.
Stoffa et. al. [67] developed what they called “split-step” . Their idea worked
for post-stacked data in the frequency-wavenumber domain (initially, then there is a
transformation inside the algorithm from wavenumber to space) , and worked in media
with lateral velocity variations using a reference slowness field. It is also known as a phase
screen phase screen method. It is another extension of the phase shift method but
instead of using more than two velocities for a full extrapolation and then interpolation
it uses only two velocities. One is a reference slowness (the inverse of velocity) field
and then a perturbation of this. It is much like the worked we show in chapter 2 on
the derivation of the Born modeling formula. The perturbation is applied as a second
phase shift after the regular phase shift extrapolation is performed with the background
slowness (velocity) after doing inverse Fourier transform from the wavenumber to the
space domain. Sometimes these methods are know as dual domain or mixed domain.
Here are a few references of the screen method, from the research group directed by
Ru-Shan Wu at the University of California, Santa Cruz. Xie and Wu [78], [79], [80].
[77]. Rousseau [46] puts the Generalized Screen Propagators (GSP) methods in the
context of microlocal analysis. We will address the details of screen propagator methods
in section 4.3.6.
The method known as Fourier finite-difference migration was introduced by
Ristow and Rühl [57]. This is hybrid method (pseudo-spectral) which combines the
Fourier benefits of fast speed with the finite difference in time for variable velocity media.
The benefits of this algorithm besides handling variable velocities is that it work good
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at imaging steep dips. All methods so far mentioned work as downward continuation
methods in space. They are all one-way migration methods. There is only one known
method where the continuation is performed in time. This is known as Reverse Time
Migration . The method was introduced simultaneously by various Baysal, et. al.,
[2]. This is the most expensive method but it is also the most accurate. Since the
continuation is time and not in depth it goes two ways (up and down) and does well at
imaging steep events.
To finish this survey on seismic migration work we mention the important method
of The least square migration. . We mention here the work of Nemeth et. al.,
[54]. The idea of least square migration is to minimize the error between the synthetic
data modeled with a given acquisition geometry and velocity information and the data
acquired in the field. Data can be initially migrated with a given migration algorithm
and then the image is used to diffract back data which is matched against field data.

4.2

The idea behind wavefield–continuation

Both seismic modeling and seismic migration are wave phenomena. Modeling is achieved
by the recording of the wavefield in a surface after a source started it and after if went
through a medium. Migration extracts the images of the medium by doing the reverse
process of propagating backwards the wavefield from the receivers into the medium. 2
The image is obtained by stacking a piece of the wavefield at each propagation step,
this extraction is called the imaging condition and we will discuss the details of it later
on this document. Ideally the migrated images are a plot of the reflectiviy along the
geological interfaces. Therefore, and before we define how those images are extracted,
we want to understand more about how to propagate a wavefield.
In our context we will use the acoustic wave equation. Conceptually the methodology
is the same even for the full elastic anistropic wave propagation phenomena at the expense
of a much more complicated mathematical development. The acoustic wave equation for
a point source is given by
Lp = ∇2 p(x, xs , t) −

1 ∂ 2 p(x, xs , t)
= f (t) δ(t − t0 ) δ(x − xs ).
v 2 (x)
∂t2

Here the function f (t) describes the source signature, x is any point in the medium, xs
is the source location, t is time, and p(x, xs , t) is the wavefield at the point and time
2

In fact, this is true for zero offset data. When the data are not zero offset, that is when the source
and receiver locations do not coincide, we would need to consider both the forward propagated from
source wavefield and the backward propagated from receivers wavefield.
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(x, t) due to the source at the point and time (xs , t0 ) traveling along a medium with a
wavespeed v 2 (x). Note that we are ignoring the density here as we did in the derivation
of Kirchhoff migration. When doing migration we consider the source term (the right
hand side of equation 4.2) only to compute the forward propagating wavefield, but when
backpropagating the wavefield from the receivers we will use the already recorded data
in the receivers as the boundary condition acting on the homogeneous equation Lp = 0.
We can also use the homogeneous equation and put the source as a boundary condition.
The two problems are decoupled and have significant differences. For migration, the
emphasis is given to the back-propagation of the receivers. The forward propagation of
the source could be done by ray tracing or finite differences or any other solution of the
wave equation in the time/space or frequency/wavenumber or any combination between
them. We will concentrate our efforts in the back-propagation of the receiver wavefield
and therefore in the solution of the homogeneous wave equation Lp = 0, that is:
Lp = ∇2 p(x, xr , t) −

1 ∂ 2 p(x, xr , t)
= 0.
v 2 (x)
∂t2

Where we replaced xs by xr to emphasize that we are using the recorded data as sources
for the back-propagation. Note that here we will use the input data as a boundary
condition. That is we assume that we know the data at a given surface Σ and start
back-propagating from there. It is common to use the surface Σ as z = 0, and so we
want to back-propagate data of the form p[(xr , yr , z = 0, t)].
Since the wavefield continuation techniques shown below are based on either finite
difference algorithms, Fourier algorithms or convolutional algorithms we assume that the
data are both temporal and spatial regularly sampled. We then locate the receivers in a
flat datum that we call z = 0. This datum should be free of near surface anomalies. So,
for migration purposes, we assume to know the data p(x, y, z = 0). We rewrite the wave
equation 4.2 as
Lp = ∇2 p(x, y, z, t) −

∂ 2 p(x, y, z, t)
1
= 0.
v 2 (x, y, z)
∂t2

with the boundary condition p(x, y, 0, t) = D(x, y, t) being the acquired data. We should
warn you at this time that a second order differential equation requires two boundary
conditions. We will see how to go around this problem as we introduce the different
algorithms.
Land data are usually acquired in areas with variable topography and under lateral
changing near–surface conditions. In order to transform the data so that we can safely
assume the boundary condition at z = 0, a few techniques have been developed. What I
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call the zero order approximation is to perform elevation statics, which shifts whole traces
according to the elevation of the source and receiver locations. Berryhill, [5] describes
a technique to shift traces in a dynamic way along slanted trajectories (statics are done
along vertical trajectories) by either downward continue or upward continue the acquired
wavefield using a Kirchhoff operator. Bevc, [7] provides a wave equation datuming technique that upward continue the data to a flat datum, above the highest topography, with
the benefit that his algorithm does not requires detailed a priori knowledge of the near
surface velocity. Both Berryhill and Bevc formulate their datuming theories in terms of
Kirchhoff wavefield extrapolators, given the flexibility that Kirchhoff has for irregularly
acquired data. As an alternative method that does not depend on the extrapolation
using Kirchhoff wavefields, Shragge and Sava, [64] used conformal mapping coupled with
Riemannian wavefield extrapolation to regularize the problem so that wavefield continuation could be extrapolated directly from topography. Of course the wave equation
operator 4.2 should be transformed according to the new Riemannian. coordinates from
the Cartesian coordinates that we assume in this document.
Most of the algorithms proposed here are designed in the frequency domain. Given
that the velocity is stationary (does not depends of time) we can take the Fourier transform in equation 4.2 and obtain the Helmholtz equation
∇2 p(x, y, z, ω) +

ω2
=0
v 2 (x, y, z)

with the boundary condition p(x, y, 0, ω) = D(x, y, ω). I believe that the frequency
domain is preferred due to the fact that data in the frequency domain is smaller (there
are less frequencies that time samples), products are simpler than convolutions and the
operator −iω is simpler than its time domain pair ∂/∂t. This will translate into savings
in computer time plus simplification of the mathematical formulation.

4.3
4.3.1

One–way wavefield–continuation methods
The basics

One–way wavefield–continuation methods focus in the downward continuation of the
field. That is, they extrapolate the wavefiled along the z–axis. In constrast two–way
wavefield–continuation methods extrapolate the wavefield along the t–axis. By extrapolating along the z–axis we can direct the wavefield at our will. That is, we can move
it upward or downward, while the extrapolation in time implies that both upward and
downward wavefields are involved. Reverse time extrapolation algorithms are computationally intensive but have not dip limitations. One way operators present the advantage
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that only one boundary condition (since they lead us to a first order ODE) is required
and that is all we have. Traditionally we acquire one data set at the surface (assuming
a single component. Elastic data requires several components and so several data sets).
Today, we can acquire particle velocity and particle acceleration (using accelerometers)
but we are not considering two input seismic data set on these notes. Downward continuation operators present dip limitations (they have a singularity at 90 degrees dip
and in practice images present artifacts close to 90 degrees) but are simpler to formulate
and implement. The reason for the singularity at 90 degrees is that, this is the limit
between a wavefield going down and turning back up. Since the wavefield is propagated
only in one direction it will miss the turning point and the following events along the
reverse direction. A great deal of effort have been devoted to improve the accuracy of
wavefield–continuation methods during the last 20 years, and this effort is shown in some
detail under the section 4.5.2. A different direction (other than fighting with numerical
techniques) to overcome the dip limitations of one–way wavefield–continuation methods
is by redifining the propagation coordinates. Higginbotham et. al., [36] introduced the
concept of directional depth migration. Here a rotation of the Cartesian coordinates is
introduced in order to propagate the wavefield in a direction other than the vertical and
then overcome the 90 degrees singularity at the expense of missing other dips. Zhang
and McMechan, [82] used Higginbotham’s idea by picking the horizontal direction for
the wavefield continuation. The horizontal direction is ideal for near vertical events (salt
flanks, for example) but will filter out horizontal events. Therefore they combine the
regular extrapolation along the vertical direction with an additional extrapolation along
the horizontal direction to image all dips. Shan and Biondi, [63] use plane–wave decomposition to split migration into different plane wave migrations. For each plane wave
migration the take off angle (assuming source plane waves) can be used as the direction
of the new z 0 tilted axis. In this way the algorithm is targeted to optimally migrate all
dips of interest. Sava and Fomel [58] introduced a change of coordinates so that the
continuation could be done along general trajectories This change of coordinates would
imply the rewriting of the wave equation operator along the new (Riemannian) coordinate system. For the purpose of these notes I will study only the traditional downward
continuation along the vertical (Cartesian z) direction.
In order to find a one–way equation to downward continue the wavefield, I follow
Clearbout’s, [20] method to decompose the two–way equation into two one–wave equations in a constant velocity medium. From here we can pick only one of those to downward propagate the wavefield. After taking a 3–dimensional Fourier transform in x, y
and z on equation 4.2. We find the dispersion relation
kx2 + ky2 + kz2 =

ω2
,
v2

(4.2)
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where kx , ky , kz are the wavenumbers corresponding with the three Cartesian spacial
coordinates (x, y, z). It is important to realize at this point that this transformation
is correct only if the velocity v(x, y, z) = v is constant. Otherwise we would need to
transform the velocity into the wavenumber domain and deconvolve it with the frequency
function. This assumption is very strong, however we will see in the following how people
have twisted this argument over the years in order to fit any special needs. From the
dispersion relation 4.2 we find
r
kz = ±

ω2
− kx2 − ky2
v2

(4.3)

The plus ”+” sign would continue the wavefield downwards, while the minus ”-” sign
would continue the wavefield upwards. At this point we could use the following symbols
∂
∂x
∂
ky ≡ i
∂y
∂
kz ≡ i
∂z
∂
ω ≡ −i
∂t

kx ≡ i

where the left hand side are the wavenumber/frequency representations and the right
hand side, their counterpart representations in the space/time domain. The direct substitution of these expressions into the dispersion relation 4.3 can be supported under the
umbrella of the theory of pseudo–differential operators [40], and the formal justification
is outside the scope of this document. At this point the math becomes sloppy; however
Claerbout’s ideas have proven useful for practical purposes.
We know replace kz by i ∂/∂z in 4.3, and apply it to the transformed data P , and
find
r
ω2
∂P
= ±i
− kx2 − ky2 P
(4.4)
∂z
v2
with P = P (kx , ky , z, ω) being the two–dimensional Fourier transform of p(x, y, z, t) in
from the spacial coordinates (x, y) to the wavenumber coordinates kx , ky . Let us, for
simplicity call the square root on the right again kz and take the positive sign (the
negative sign is used to propagate waves upward). That is we write
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∂P
= i kz P
∂z
and solve the first order differential equation. Integration of this equation provides
P (kx , ky , ω, z) = Ceikz z .
where C is a constant to be found. If we set z = 0 in this equation we see that
P (kz , ky , ω, 0) = C,
and so
P (kx , ky , ω, z) = P (kx , ky , ω, 0)eikz z .
Now we see that, after changing z by z + ∆z,
P (kx , ky , ω, z + ∆z) = P (kx , ky , ω, 0)eikz (z+∆z) = P (kx , ky , ω, z)eikz ∆z .

(4.5)

The solution P 0 (x, y, z, ω) can be found by taking the double inverse Fourier transform
of equation 4.5 over the domain kx − ky . We extrapolate (in the wavenumber/frequency
domain) by using the equation
P (kx , ky , ω, z + ∆z) = P (kx , ky , ω, z) ei

q

ω2
v2

−kx2 −ky2 ∆z

(4.6)

and in the time/space (or any mixed combination of those) domain by either Fourier
transform it or equivalently, by doing that operation directly as a convolution in the
dual (being that time or space) domain. The key factor for the downward extrapolation
operator is
q
D(kx , ky , ω, v) = ei

ω2
v2

−kx2 −ky2

This is the key equation for all the discussion that follows under this section. While
v was assumed constant, we will see how geophysicist have done all kind of tricks
to go around this limitation. For example, since equation 4.6 is written in the spacial z domain, we could safely assume v = v(z), that is a wavespeed changing with
depth only. Equation 4.6 has been implemented in a variety of domains (space/time–
wavenumber/frequency and any possible combination of them) and by different techniques such as implicit finite differences, explicit convolutional extrapolators, and many
other that will be discussed below.
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To illustrate the concept of wavefield downward continuation I built a simple 2D two–
layer model with a flat interface at two kilometers, and a velocity of 2 km/s in the upper
layer and of 4 km/s on the lower layer. The model is illustrated in Figure 4.5 with the
source location at x = 0, z = 0 and a few receivers on each side of the source. To simplify
and because detailed information such as number of receivers, receiver spacing, source
type, source spectrum etc, will not add in the clarification of the concept of wavefield
downward continuation, in this example, they are will be ignored. I also claim that there
is no need to use a 3D model to explain the concept of wavefield downward continuation.
For this example I will address mainly the kinematic aspects, which are easier to quantify
and visualize and ignore the dynamics of the problem. That is, the dynamics is important
here only qualitatively, in the sense that provides distinctive events. Figure 4.6 shows on

0
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0

distance (m)
-2500
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v=2 km/s

2000
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Figure 4.5: A simple 2D, two–layer model to illustrate the concept of wavefield downward
continuation
the left, the source wavefield represented by a source wavelet hanging at trace location
x = 0. On the right we see the actual synthetic data computed analytically (due to the
simplicity of the model). The kinematics of the data is given by the hyperbolic equation
1q
1q
2
2
(2 d) + xg =
16 + x2g
tg =
v
2
with v = 2 km/s and d = 2 km and xg being the receiver x–coordinate. The apex of the
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hyperola is located at x = 0, t = 2. That is how the source and receiver wavefields look
at the start of the downward continuation recursion.

Figure 4.6: On the left we see a halved wavelet that represents the source at (x, t) = (0, 0)
used for downward continuation. On the left we see the actual synthetic data recorded
at the the receiver locations and displayed used a density plot.
Figure 4.7 shows four different stages of the downward continuation process. I chose
to display the source and receiver wavefields at one quarter of the depth (top–left), half
of the depth (top–right), three quarters of the depth (bottom–left) and the bottom of the
model (bottom-right). The rays are not computed, they are just a sketch for illustration
purposes. The wavefields embedded in a light green background are computed with an
split–step 4.3.6 numerical algorithm. Let us comment on each frame. On the top–left
frame we collect the source wavefield at a depth of 1 km, which represents one fourth
of the total depth. We see in the spatial model the cone of energy propagated down to
this depth. The time data shows a piece of hyperbola close to the surface representing
the peak amplitude of the propagated source energy. We name the curve with peak
amplitude as the singular curve. The kinematics of this event (the singular curve) is
easy and we describe it by the equation (from Pythagoras theorem)
ts =

1√
1√ 2
∆z + x2 =
1 + x2 .
v
2

Here, ∆z = 1 and x is the horizontal offset from the source. We observe that the apex
of the hyperbola corresponds to x = 0, ts = 0.5. For the receiver wavefield on this frame,
we reversed it in depth so that it would look as if the reflected source wavefield was
recorded a quarter of the depth. The kinematic is easier to understand following the ray
trajectories. That is from the source ray–leg is complete while the receiver ray–leg is
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Figure 4.7: Four frames of the downward continuation wavefield for source and receiver
data. Here the source and receiver are downward continued to a quarter of the depth
(top–left), half of the depth (top–right), three-quarters of the depth (bottom–left) and
the bottom of the model (bottom-right) Top–right, source and receiver down
chopped. The equation that describes the kinematics of this event is
tg =

1p
1√
((∆z + d)2 + x2 =
9 + x2 .
v
2

This equation is easy to understand by folding the receiver ray–legs into the second layer,
so they look like a straight continuation of the source ray–leg. Here ∆z = 1 and d = 2.
The apex of the hyperbola is located at x = 0, tg = 1.5.
On the top–right frame we forward propagated the source wavefield down to the
model interface at z = 2 km and backward continued the receiver wavefield down to
the same datum, corresponding to the reflecting interface. Therefore here both, the
source and receiver wavefields have kinematical coincidence. This observation is key for
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the Claerbout’s imaging condition discussed above and that we will see again in certain
detail later. The kinematics of both wavefields is contained in the equation
ts = tg =

1√ 2
1√
∆z + x2 =
4 + x2 .
v
2

Note that for the source wavefield we should write ∆z = 0 + d while for the receiver
wavefiled we would write ∆z = 2d − d = d, where d = 2 km. The apex of the hyperbola
is at x = 0, ts = tg = 1. The bottom frames are a bit more interesting, at least from the
receiver side. Let us start with the bottom–left frame. Here the source–wavefield was
propagated up to three quarters of the model, while the receiver wavefield was reversed
so as it would have been recorded at three quarters of the total depth of the model. The
kinematics of the source field is not hyperbolic anymore and the function ts = ts (x) is
not straight forward. The traveltime as a function of the ray parameter p = sin θ/v1 is
given by
ts (p) = t1 + t2 =

∆z
d
p
p
+
v1 1 − p2 v12 v2 1 − p2 v22

where θ is the take off angle from the source location, t1 is the ray leg time in the top
layer and t2 is the ray leg time in the bottom layer. The apex of the curve is obtained
at p = 0. That is, in the point (x = 0, t = 1 + 1/4 = 1.25). In the case of the receiver,
the time of the second layer should be subtracted to the time of the wavefield downward
continued up to the reflector. That is
tg (p) = t1 − t2 =

∆z
d
p
− p
2
2
v1 1 − p v1 v2 1 − p2 v22

The apex of the singular curve is located at (x = 0, t = 0.75). Since v2 > v1 the
term 1 − p2 v22 goes to zero faster than 1 − p2 v12 and that is why for large propagation
angles (large p values) the substracted time is larger and this reverse the curvature of
the singular curve. If v2 = v1 then the symmetry between source and receiver kinematics
would be perfect and the kinematics of this frame for the receiver would be that of
the frame at a quarter depth for the source. Finally for the frace in the bottom-right,
we the same algebraic equations as those for the bottom–left frame. The difference is
that here ∆z = 2 and then the apex of the source singular curve would be located at
(x = 0, t = 1 + 1/2 = 1.5) while the apex of the singular curve for the receiver plot is
located at (x = 0, t = 1 − 0.5 = 0.5). If v2 = v1 then for the event at the bottom of the
model, the receiver wavefield would have collapsed to a point in (x = 0, t = 0). That is,
source and receivers would completely interchange roles.
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At this point we should have a good feeling about the downward continuation of
sources and receivers. This is the most expensive process of migration by wavefield–
continuation, however there is an important part of migration under wavefield–continuation
not considered on this section. That is the part related to the imaging condition. We
will include the imaging condition as part of the analysis presented in the next section.

4.3.2

Claerbout’s original methods and the exploding reflector
concept.

4.3.2.1

The exploding reflector model

Claerbout’s [20] describes the exploding reflector concept as follows. Imagine that a
reflector explodes at some time t = 0, and this explosion generates a wave that moves
upward hitting the receivers at the surface. The receivers register the echoes in time.
We assume that the ray paths started at the reflector and ended up at the receiver. It
is a one-way experiment, from the reflectors to the receivers. We can reverse the movie
by propagating backwards from time t = T and depth z = 0, until the time is t = 0 and
the depth z = Z would be the depth of the exploding reflector. In this way migration is
the mapping from the data space to the image space
d(t = T, x, y, z = 0) =⇒ m(t = 0, x, y, z = Z).
The exploding reflector concept can be seen as a particular case of the imaging condition
for zero offset. Since we assume that the ray path is only one (no multipathing is allowed
under this assumption), then in a regular experiment where the ray path goes down and
then up again we can just assume that the velocity is half of the wave speed, and only
one-way time from the reflector to the surface. As indicated in the imaging condition
analysis (see equation 3.14) the reflector is located at a point r such that

t = τg (xg , r) − τi (xs , r) = 0.
Since the experiment is zero offset xg = xs , and since the ray is the same going down and
then up, the difference is 0, so the imaging condition is attained at t = 0. Now, having
t = 0 is equivalent to find the wavefield at all frequencies and adding them. Recall that
1
u(t = 0) =
2π

Z

iω(t=0)

F (ω)e

1
dω =
2π

Z
F (ω)dω.
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So, migration under the exploding reflectors model is achieved by downward propagating
the wavefield for all components (this is propagating from z = 0 to all depths z = Z)
and adding all the frequency components. Claerbout used this to implement the first
finite difference algorithm which is illustrated in the next section.
4.3.2.2

The original “implicity f-x” method:

The first migration using wave equation extrapolation methods was done in the frequencyspace domain (ω, x, z) by John Claerbout. This method is expalined on his book [20].
It was originally done in 2D and hence we will ignore in this disucussion the cross-line y
dependendence.
The dispersion relation 4.2 for 2D is given by the equation
kx2 + kz2 =

ω2
,
v2

and from here
ω2
− kx2 ,
v2
where we only selected the “+” root. Now, going back from kz to z by taking the inverse
Fourier transform along the z axis, and applying the operator to a field p(x, z, ω) we see
that
kz =

r

ω
∂p
=i
∂z
v

1−

v 2 kx2
p.
ω2

Up to here there are no approximations other than the fact the velocity is constant. A
problem occurs. The algorithm is implemented in the (x, z, ω) domain and we still have
a kx inside the square root. Since the kx2 symbol in the spatial domain is given by the
inverse Fourier transform
kx2

=⇒

Inverse F ourier

−

∂2
.
∂x2

The question here is what would be the meaning of
ω
∂p
=i
∂z
v

r
1−

v2 ∂ 2
p ?
ω 2 ∂x2

(4.7)
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The operator with a differential inside the square root is not well defined. The formalization of this type of operators is within the domain of FIO and pseudo-differential
operators developed by Lars Hörmander 3 in [40].
Claerbout knew about the difficulties in the implementation of the operator 4.7 and
looked for ways to circumvent this problem. One way is to write
kz =

ω√
1 − X2
v

(4.8)

where X = vkx /ω and expand kz in Taylor series on X. In this way having a polynomial
in X is a safe way to interprete a symbol such as


n

(AX )p = A

iv ∂
ω ∂x

n


p=A

in v n ∂ n
ω n ∂xn


p.

For example the first two terms on the Taylor series expansion are
√

1 − X2 ≈ 1 −

X2
2

(4.9)

and if we perform this approximation then we can say that
"



2 #


ω
X2
ω
v2
∂
w
v2 ∂ 2
kz =
1−
=
1− 2 i
=
1+ 2 2 .
v
2
v
2ω
∂x
v
2ω ∂x
Replacing kz = i ∂/∂z we find
∂
w
p = −i
∂z
v



v2 ∂ 2
1+ 2 2
2ω ∂x

This is the parabolic wave equation . Note that we lower the order of the derivative in z by 1 so the hyperbolic wave equation turned into a parabolic PDE. This is,
of course, an approximation which has the advantage of propagate waves only in one
direction. However it is a first order Taylor series approximation and it is not very accurate. It should be good for angles below 15 degrees and that is why Claerbout call
it the 15 degree approximation. Higher order terms on the Taylor series will introduce
3

https://en.wikipedia.org/wiki/Lars H%C3%B6rmander
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high order differentials which are more difficult to implement in a computer.
√ Francis
Muir’s proposed a different way to approximate the square root operator 1 − X 2 by
using continued fraction expansions. This method has the advantage of keeping the order
of the derivatives low but it requires to solve the wave equation by implicit instead of
explicit methods. Implicit
√ methods require matrix inversions which are more expensive.
The idea is to call R = 1 − X 2 , and so
R2 = 1 − X 2

,

R2 − 1 = −X 2

,

(R − 1)(R + 1) = −X 2 .

(4.10)

This suggest a recursion formula by writing R2 ≈ Rn+1 Rn , for n  1, and so
(Rn+1 − 1)(Rn + 1) = −X 2

,

(Rn+1 − 1) = −

X2
Rn + 1

,

Rn+1 = 1 −

X2
Rn + 1

This recursion creates a continued fraction. We can get started by assuming X = 0.
This means kx = 0 (we do not have v = 0 and neither ω = ∞. This corresponds to
horizontal plane waves). A migration algorithm that just works for horizontal events 4 .
We could call it the zero dip approximation. If X = 0 then R0 = 1, and

R1 = 1 −

X2
.
2

This happens to be the Taylor second order approximation 4.9. The next level of recursion is
X2
X2
=1−
2
R1 + 1
2 − X2

(4.11)

X2
X2
=1−
2
R2 + 1
2 − XX 2

(4.12)

R2 = 1 −
and one more level is

R3 = 1 −

2−

2

We could keep going on this but the complexity have a tall in the computation demands.
Equation 4.11 is called by Claerbout the 45 degree approximation since it is good for
4

Still, Claerbout call this the 5◦ approximation
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Figure 4.8: Dispersion relations. The exact is the black curve, then comes the 5◦ in
green, the 15◦ in purple, the 45◦ in red, and the 60◦ in blue. The plots are normalized
by having ω/v = 1.
events up to 45 degrees deep (this is an approximation. There is no a mathematical proof
of this, it is a qualitative assessment). Likewise Claerbout calls approximation 4.12 as
the 60 degree approximation.
Figure 4.8 shows the curves for the different dispersion relations derived here. We
normalized the dispersion relation to have radius ω/v = 1. I would say that the 5◦ would
be the zero degree.
We illustrate how the 45 degree operator is approximated. From the definition of R
(see 4.10) and equation 4.8 we see that

ω
kz =
v

X2
1−
2
2 − X2

!

We multiply both sides of this equation by (v/ω)(2 − X 2 /2) to find


v
X2
X2
3X 2
kz 2 −
=2−
− X2 = 2 −
.
ω
2
2
2
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If we replace the Fourier symbols for their partial derivatives we find


v ∂
iv v 2 ∂ ∂ 2
3 v2 ∂ 2
2i
+
−
2
+
ω ∂z
ω ω 2 ∂z ∂x2
2 ω 2 ∂x2


p(x, z, ω) = 0,

or


v ∂
∂2
2i
+ 2
ω ∂z ∂x



∂ v
3v 2
+ 2
∂z ω 2ω




− 2 p(x, z, ω) = 0.

A rigurous treatment should consider the order of operations. For example, while the
symbols kz v, and vkz seem to commute, it is not the same (∂/∂z)v that v∂/∂z, when
v = v(z) changes with depth z. The operators commute for constant velocity.
We observe that the differential equation above is significantly more complex that
the regular wave equation with up to third order mixed derivatives. It seems that we
are complicating matters. The 60 degree equation is even more complicated. Figure 4.9
shows an impulse response of the 45 degree algorithm using the SU program sumigfd.
The correct impulse response should ride along the red line. The hearth shape is characteristic of this algorithm. Figure 4.10 shows a set of impulse responses for several
migration approximations. The exact impulse response should ride along a semicircle on
the top left frame. This figure is taken from the Wiki SEG 5 website.
The work of Claerbout has a historical value but the “f-x” migration is not longer
in use in practice. Its complexity, its difficulties with variable velocity, and its dip
limitations pushed this migration algorithm out of the practice methods today.
4.3.2.2.1 Interpretation of R and X: √We finish this section by giving some geometrical interpretation to the equation R = 1 − X 2 . From

kx2

+

kz2

ω2
= 2
v


,

vkx
ω

2


+

vkz
ω

2
=1

(4.13)

The last equation can be seen as the parametric equation of the circle sin2 θ + cos2 θ = 1,
and we find

sin θ =
5

vkx
=X
ω

,

cos θ =

vkz √
= 1 − X 2 = R.
ω

http://wiki.seg.org/wiki/Mathematical foundation of migration
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Figure 4.9: An implicit finite difference migration impulse response for the 45◦ operator.
Figure generated with the SU program sumigfd . The red line indicates where the exact
impulse response should be located.
In Figure 4.8, θ is the angle with respect to the vertical line. The meaning of the angle
here is more than just a parameter.
Consider a monochromatic plane wave in 2D with frequency ω traveling at a constant
speed v. This can be described from the equation
ukx ,kz ,ω (x, z, t) = Aei(ωt−kx x−kz z) = Aeiω(t−px x−pz z)

(4.14)

where px = kx /ω and pz = kz /ω are the slowness vector components (we show why there
are the slowness vector components below). We do not care much of the amplitude factor
A which in general should be a function of all parameters also involved in the phase. We
observe the disturbance traveling at a constant phase

ωt − kx x − kz z = const.
Let us take implicit differentiation (holding fixed ω, kx , and kz )
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Figure 4.10: A set of migration impulse response for different approximations. The exact
impulse response should ride along the semi-circle on the top left frame. Figure taken
the wike.seg.org website.

∂t
kx
=
= px
∂x
ω
(4.15)
∂t
kz
=
= pz .
∂z
ω
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We already interpreted the horizontal slowness dt/dx = px = sin θ/v
The vector

∇t =

∂t ∂t
,
∂x ∂z
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6

in equation 1.1.


= (px , pz ).

which is the slowness vector, satisfies the eikonal equation (∇t)2 = p2x + p2z =
wavespeed v. Hence again the interpretation of

1
,
v2

for the

sin θ
∂t
=
∂x
v
cos θ
∂t
=
∂z
v
is valid. The slowness vector p = (px , pz ) is decomposed into two components along the x
and z directions. We think of px as the slowness measured in a piece of horizontal earth’s
surface and pz as the slowness measured in a vertical borehole. Then from equations 4.15.
We can write equation
sin θ
kx
=
ω
v
cos θ
kz
=
,
ω
v
and then equation 4.13 make sense with θ being the angle of a monochromatic plane
wave with frequency ω propagating at the speed v.
It makes sense that migration can only image dips such that the waves bouncing from
those dips propagate at the appropriate angle. Hence, for example in constant velocity
horizontal events are seen by horizontal plane waves (θ = 0, kx = 0) while vertical events
are seen by vertical plane waves θ = π/2, kz = 0). We can write equation 4.14 in three
different ways:
ukx ,kz ,ω (x, z, t) = Aei(ωt−kx x−kz z) = Aeiω(t−px x−pz z) = Aeiω[t−(sin θ/v)x−(cos θ/v)z)]
A monochromatic plane wave with frequency ω traveling at an angle θ with a wavespeed v
at an angle θ with the horizontal line. Slowness components px , pz , wavenumbers kx , kz .
6

actually we used v/2 instead of v, since we were recording an event that went down and then up
again. Here we are just interesting in an event that is moving through the medium.
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The reader should get use to all these different interpretations of the same concept.
That is, the following relations for plane waves are used many times during derivations
of migration equations
px =

∂t
sin θ
kx
=
=
∂x
v
ω
(4.16)

pz =

4.3.3

cos θ
kz
∂t
=
= .
∂z
v
ω

Wavefield–continuation migration according to the different types of surface boundary conditions

How we start downward propagating the source and receiver wavefield makes a computational difference. The most commonly used techniques are:
• shot–profile migration and
• survey–sinking migration.
4.3.3.1

Migration by shot–profile

In shot–profile migration the source is an impulse (computationally it is just a wavelet)
being forward propagated in depth at the same time that a collection of receivers are
downward continued. The example shown in the previous section illustrates how data
is extrapolated for the case of shot–profile migration. The other element of wavefield–
continuation migration is the imaging condition. In section 4.1 I discussed a few facts
of the imaging condition for shot–profile migration. There is abundance of literature on
this topic. Chattopadhyay and McMechan, [17] and Costa et. al., [21] discuss imaging
conditions for reverse–time migration; Schleicher et. al., [61] compare a set of imaging conditions for shot–profile migration. The imaging conditions are applied at each
extrapolation step. All imaging conditions provide the same kinematical images, but
with difference in amplitudes. When true amplitude is required, more care should be
payed to the selection of the imaging condition to be used. For the purpose of these
notes, and in the context of shot–profile migration I will choose as imaging condition
the time zero–lag cross–correlation of the forward propagated source wavefield with the
downward continued wavefield from the receivers at each depth step. Figure 4.11 shows
a sequence of source (top) and receiver (bottom) wavefields for fourty depth intervals.
The construction of the image is achieved by saving at each depth step the zero lag
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Figure 4.11: Wavefields for fourty depth intervals. Depth increases from left to right.
The top frame shows the shot wavefields being forward propagated downwards and the
bottom frame shows the wavefields for the receiver being downward continued from the
surface.

cross–correlation of the wavefield forward extrapolated from the shot (the corresponding
wavefield for the depth being image in the top of Figure 4.11) with the corresponding
wavefield downward–continued from the receiver (the corresponding wavefield for the
depth being imaged in the bottom of Figure 4.11). Note that the place of intersection
of the wavefields for source and receiver is in the middle depth. There is where the
reflector exists and where the zero–lag cross–correlation would be maximum. To be
more specific, I will pick two cases. One of a depth corresponding to one quarter of
the model depth and another where the imaged depth corresponds to half of the model
depth. Figure 4.12 shows the source and receiver wavefields after being extrapolated
(forward in depth with the source and downward with the receiver) down to a quarter
of the model depth. The bottom frames show the cross–correlation of the two wavefields
(left) and the accumulated image after picking the zero–lag cross–correlation here and
in previous depths. The low amplitud events that we observe in the partial image correspond to background noise. This noise will be obscured when we get to image the actual
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depth (m)
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Receiver Waveﬁeld
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Par5al Image

Figure 4.12: The top frames show the source wavefield after being propagated down
to one fourth of the model depth, and the receiver wavefield downward continued from
the surface down to one fourth of the model depth. The bottom left shows the cross–
correlation of both wavefields, and bottom right shows the image saved so far by picking
this zero–lag cross–correlation.
structure. Figure 4.13 shows the corresponding imaging condition sequence applied after
the extrapolation of the source and receiver wavefields has advanced to half of the model
depth. It is here where the reflector exists and it is here where the two wavefields coincide
giving the maximum zero–lag cross–correlation. The reconstructed image shows well the
reflector for the illuminated piece that the recording aperture implies. In practice and
with noisy data, the image does not come up that clean, but after migrating many shots
and stacking their images, the signal to noise ratio would increase and the image should
stand.
4.3.3.2

Migration by survey sinking

This concept was introduced by Claerbout [20]. When considering prestack data we have
one more dimension (in the 2D case), or two more dimensiones (in the 3D case). For the
concept we follow Claerbout 2D case. The idea can be extended to 3D along the same
lines shown here. We should consider for example a set of sources labeled as xs , receivers
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Figure 4.13: The top frames show the source wavefield after being propagated down to
one half of the model depth, and the receiver wavefield downward continued from the
surface down to one half of the model depth. The bottom left shows the cross–correlation
of both wavefields, and bottom right shows the image saved so far by picking this zero–lag
cross–correlation.

labeled as xr , and the distance bewteen source and receiver is the offset 2h = xr − xs .
The “h” stands for half offset.
The operator 4.3 is used to extrapolate zero offset data (plane waves). We want to
find an operator that extrapolate non-zero offset data. This operator is called the Single
Square Root SSR operator. In contrast we will show next the Double Square Root
DSR operator to propagate non-zero offset data.

4.3.3.2.1 The DSR in source/receiver space Let us assume that we want to
downward continue a wave field P [xs , xr , zs , zr , t(xs , xr , zs , zr )] to a next level in depth
P [xs , xr , zs + ∆zs , zr + ∆zr , t(xs , xr , zs , zr )] where (xs , zs ) and (xs , zr ) are the positions
of some imaginary underground source and receivers. For this purpose we would like to
know the rate of change of P with respect to z. We can think of zs = zs (z) = z, and
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zr = zr (z) = z, and by using the chain rule
∂P
∂z

∂P
∂t
∂P
=
∂t

∂t ∂zs ∂P ∂t ∂zr
+
∂zs ∂z
∂t ∂zr ∂z
∂t
∂P ∂t
+
.
∂zs
∂t ∂zr

=

(4.17)

since ∂zr /∂z = 1, and ∂zr /∂z = 1.
Now, from the eikonal equation
 2  2
∂t
∂t
1
+
= 2,
∂x
∂z
v
we find for z = zs and z = zr ,
s


2
∂t
∂t
1
= ±
−
∂zs
vs2
∂xs
s

2
1
∂t
∂t
−
= ±
,
∂zr
vr2
∂xr
with vs = v(xs , zs ) and vr = v(xr , zr ). We use this in equation 4.17, and choosing the
” + ” modes
s

∂P
=
∂z

1
−
vs2



∂t
∂xs

s

2
+

1
−
vr2



∂t
∂xr

2


 ∂P
∂t

We want to move now to the Fourier domain in time and space (except for z), and use
the relations 4.16 to find
s

∂P (ks , kr , z, ω)
= −iω 
∂z

1
−
vs2



ks
ω

s

2
+

1
−
vr2



kr
ω

2


 P (ks , kr , z, ω),

where ks is the wavenumber for the source position xs and kr the wavenumber for the
receiver position xr . This equation is Claerbout’s DSR operator used to downward
continue both sources and receivers . He called it the survey sinking equation.
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We now show how this equation is used to downward continue non-zero offset data.
The solution of this differential equation is

P (ks , kr , z, ω) = C exp





s
−iωz 

1
−
vs2



ks
ω

s

2
+

1
−
vr2




2 
kr 
.

ω

where C is an unknow that we solve. If z = 0 we see that
P (ks , kr , 0, ω) = C.
Now, let us map z to z + ∆z,


s
 2 s
 2 

1
ks
1
kr 
+
−
−
P (ks , kr , z + ∆z, ω) = C exp −iω(z + ∆z) 
2
2


vs
ω
vr
ω
and splitting the exponential into two parts (one with power z and the other with power
∆z), we see that the part with power z provides P (ks , kr , z, ω) and the other an exponential with ∆z as a factor of the power. That is,

s

 2 s
 2 

1
ks
1
kr 
+
.
P (ks , kr , z + ∆z, ω)=P (ks , kr , z, ω) exp −iω∆z 
−
−
2
2


vs
ω
vr
ω
(4.18)
This is how we downward continue the wavefield P recursively, from z to z + ∆z. There
are several issues with the implementation of this equation. Which velocity do we use
to go from z to z + ∆z: vs or vg ? It is cumbersome to deal with ks and kr together
since this implies that we need to load all data in the survey at once. In practical
implementations we sort the data in shot gathers and use one square root (the square
root corresponding to the receivers) and downward continue to ∆z, then we sort the
data in common receiver gathers and downward continue to sources for each receiver by
∆z. The imaging condition at each step is applied at t = 0 (sum over all frequencies),
h = 0 (pick points where xs = xr ).
Here are the details about the wavefield for shot/receiver gathers is done. For each
shot there is a wave equation

104

CHAPTER 4. MIGRATION BY WAVEFIELD CONTINUATION METHODS

∇2 u(xr , zr , t) −

1 ∂ 2 u(xr , zr , t)
= 0,
v2
∂t2

we take Fourier transform on all coordinates to find the dispersion relation


2
kxr

+

2
kzr

ω2
− 2
v


= 0.

We reduce the order of derivative on the zr direction by saying that
r
kzr = ±

ω2
2 ,
− kxr
v2

(4.19)

and following the same steps on the SSR method we find that
P (kxr , zr + ∆zr , ω) = P (kxr , zr , ω)eikzr ∆zr

(4.20)

with kzr defined in equation 4.19. This recursive formula shows how to downward continue the receivers for a common shot gather. The same analysis shows that the formula
P (kxs , zs + ∆zs , ω) = P (kxs , zs , ω)eikzs ∆zs

(4.21)

can be used to downward continue the sources for a common receiver gather.
The algorithm for survey sinking in this way is then the following.
(i) Take the data and sort it in common shot gathers. For each shot gather downward
continue the receivers using equation 4.20. This could be done in the frequencywavenumber domain directly by taking the the data from (xr , t) to (kr , ω). Implicit
finite differences can be also implemented if we want to use ∂/∂xr instead of kr .
(ii) Take the data back into space coordinates (by taking inverse Fourier transform if
necessary). Sort the data in receiver gathers and use equation 4.21 to extrapolate
the sources.
(iii) Apply the imaging condition. This is done by adding all source extrapolated data,
all receiver extrapolated data at h = xs − xr = 0, and t = 0 (that is adding all the
frequencies. We assume that the data is Fourier transformed to spatial coordinates.
That is,
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I(xs , zs ) =

X
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P (zs , xs = xr , h = 0)

ω

Note that h = 0 means zero subsurface offset or xs = xr .
It is obvious that this method implies a lot of Input/Output work on a computer
system. We could think of applying the SSR for only the shots (or receivers) but then we
need to find the imaging condition under this domain. That is, we can downward continue
using equation 4.20 for each shot gather and then apply certain imaging condition. The
imaging is found by computing previously the times from each shot to all points of the
model. Then when doing the downward continuation, instead of using time zero t = 0,
we use the time computed in the fowrward propagation from the source. This is actually
a shot profile migration with an excitation imaging condtion (see for example Chang and
McMechan [16] for the excitation imaging condition concept).
Here is how an output point (x, z) is obtained.
(i) We know the source location (xs , zs ). From that source location we can compute
the time t(xs , zs , x, y) to all (x, y) points inside the model.
(ii) We downward continue the data at the receiver P (xr , zr , t) to each (x, z) point in
the media. This downward continuation will provide a new field Pd (x, z, t), for all
times t (from 0 to the record length).
(iii) Pick a small window of energy around t = t(xs , zs , x, y) (the time in the travel time
table computed in step (i)) . That window is the output migrated image. That is,

I(x, z) = Pd (x, y, t = t(xs , zs , x, y)).
4.3.3.2.2 The DSR in offset/midpoint space Migration could be done in the
offset/midpoint domain. For 2D data we have the relations
xr − xs
2
xr + xs
xm =
2
xh =

where xh is the source-receiver offset and xm is the midpoint. This relation can be
inverted as
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xs = xm − xh
xr = xm + h.
We need to find relationships between the wavenumbers ks , kr and kh , km . Let us use
equation 4.16 together with the chain rule in t = t[xs (xm , xh ), xr (xm , xh )]. That is,
∂t
∂t ∂xm
∂t ∂xh
1 ∂t
1 ∂t
=
+
=
−
.
∂xs
∂xm ∂xs
∂xh ∂xs
2 ∂xm 2 ∂xh
Then
ks
1
=
(km − kh )
ω
2ω
or
ks =

km − kh
.
2

Likewise
∂t
∂t ∂xm
∂t ∂xh
1 ∂t
1 ∂t
=
+
=
+
∂xr
∂xm ∂xr
∂xh ∂xr
2 ∂xm 2 ∂xh
and
kr =

km + kh
.
2

We now can replace the values of ks and kr in the DSR equation 4.18 for the source/receiver
experiment and find
s


2 s

2
1
1
∂P (km , kh , z, ω)
km − kh
km + kh 
= −iω 
−
+
−
P (km , kh , z, ω).
2
2
∂z
vs
2ω
vr
2ω
(4.22)
This is the DSR equation for the offset/midpoint domain.
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Phase-shift

The classical paper for phase shift migration is due to Jenö Gazdag, [28]. Gazdag’s
paper is still biased toward Claerbout’s ideas of the 15◦ , 45◦ , 60◦ ,etc approximations from
Claerbout’s work. However the idea of extrapolation based on equation 4.6 was well taken
and today is in the hearth of the classic implementation of the phase shift wavefield
continuation based on the SSR. We rewrite equation 4.6.
i

P (kx , ky , ω, z + ∆z) = P (kx , ky , ω, z) e

q

ω2
v2

−kx2 −ky2 ∆z

.

(4.23)

While the phase shift method is expected to be more efficient than finite-difference
methods we should point out a few constraints which imposed limitations on the method.
(i) The algorithm is implemented only for zero offset data. Non-zero offset data could
be treated with the DSR (survey sinking) algorithms described in section 4.3.3.2.
See equations 4.18 and 4.22.
(ii) The algorithm is implemented in the frequency-wavenumber domain. The wavenumbers are only along the x, y directions. The z direction is not Fourier transformed.
(iii) Equation 4.23 assumes that v can only change with z. That is, at each depth
interval we can use only one value of v(z).
(iv) The method does not account for reflection and transmission effects, multiples, or
evanescent waves. The amplitude is not correct and due to the restriction on lateral
velocity variations, the method does not image steep dips correctly.
Let us list a pseudo-algorithm for phase shift migration.
1. Start with the data p(x, y, t, z = 0) where z = 0 means that we have the data at a
datum z = 0, so we can think of static corrections applied to the data previously.
2. Transform the data from (x, y, t) to (kx , ky , ω) by taking a 3 fold Fourier transform.
3. Multiply the obtained P (kx , ky , ω, z = n∆z) by the phase factor. The first time
this step is called n = 0, then this step will be included on a loop where n is
incremented by steps of 1. We then need to evaluate equation 4.23 as follows:
z = n∆z
i

P (kx , ky , ω, z + ∆z) = P (kx , ky , ω, z) e

q

ω2
v2

−kx2 −ky2 ∆z

.
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4. Apply the imaging condition. Recall that the imaging condition is the sum over
all frequencies. That is we find

P (kx , ky , t = 0, (n + 1)∆z) =

X

P (kx , ky , ω, (n + 1)∆z).

ω

5. Go back to step 3. This time z = (n+1)∆z, and we find P (kz , ky , t = 0, (n+2)∆z).
Run this cycle until we reach a number m such that m∆z = zmax .
6. We have the data P (kx , ky , t = 0, z) for all z steps. We can now take the data back
from kx , ky to x, y and the imaged section is given by the data

mig(x, y, z) = p(x, y, z, t = 0).
Please observe that I use the notation capital P when we are in the frequency domain
and p when we are in the time domain.

4.3.5

Phase Shift Plus Interpolation: PSPI

As we showed above the phase shift algorithm has limitations when lateral variations
of velocity are present. The SSR algorithm implementations shown above, both in the
frequency-wavenumber domain and space-wavenumber domain are not valid (in the case
of phase shift) or simply are unstable or inaccurate. The approximations to the 15◦ , 45◦ ,
65◦ implemented in the space domain by using finite differences not only are costly but
have they are inaccurate for steep dips, they can have stability issues, and can have numerical errors due to the ODE approximations obtained from continued fraction, Taylor
series, or any other approximation. Gazdag and Sguazzero [29] devised an extension
of the phase shift method so that it could handle lateral velocity variations. Gazdag
and Squazzero idea is pretty simple. First, the same phase shift algorithm shown in section 4.3.4 is used but for several reference velocities along the horizontal axis (x and/or y
if 2D or 3D). Then the reference wavefields stored in disk are used to interpolate the final
result to take into account the lateral velocity variation. While we know that the wavefield P is a function of four variables (three spacial or their wavenumber corresponding
dual variables, and one temporal or frequency) for simplicity we just write P (z) and for
the moment ignore all the other variables which will not contribute to the understanding
of the ideas behind the algorithm.
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The first thing done in this algorithm is to acknowledge the exact velocity v(x, z) (let
us leave out the second dimension y for now. The generalization to 3D is trivial). This
can be done exactly for vertical waves and with a good approximation for nearly vertical
waves. That is, we can assume that kx  1 and do the time correction
P ∗ (z) = P (z)ei(ω/z)∆z .
What this approximation is doing is moving the data correctly (with the exact velocity)
at the lowest point of the migration impulse response, which corresponds to kx = 0.
Then we need to correct for dips with kx > 0. This correction is done with another
operator
ω

P (z + ∆z) = P ∗ (z) ei(kz − v0 )∆z .

(4.24)

Here v 0 6= v(x, z) is a constant velocity reference. If it happens that v 0 = v(x, z), then
equation 4.24 would be just the phase shift method. Equation 4.24 is implemented for
several reference (constant) velocities. Let us, for simplicity, assume only two velocities
(we can use more for higher precision at the expense of cost). Then we create several
wavefields P1 , P2 , · · · Pn , which we interpolate (linearly) to find the correct wavefield.
Here is the algorithm:
(i) Read the data p(x, z, t) and take its Fourier transform from time to frequency. Then
we have P (x, z, ω).
(ii) Phase shift the data with kx = 0 but for the exact velocity. This is done after
multiplying the data in frequency by the phase shift factor ei[ω/v(x,z)]∆z . Then we
have P ∗ (x, z, ω) = P (x, z, ω) ei[ω/v(x,z)]∆z .
(iii) Now we take the Fourier transform from x to kx (or in 3D both (x, y) to (kx , ky )).
(iv) Downward continue with several reference velocities v1 , v2 , · · · vn . We have several
wavefields
(v) Take inverse Fourier transform from kx to x and then interpolate.
Let us, for simplicity assume that we have only two reference wavefields.
Choose v1 (z) = Min[v(x, z)] ,

v2 (z) = Max[v(x, z)].
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P1 (z, x, ω) = A1 eiθ1 = A1 (cos θ1 + i sin(θ1 )) = Re(P1 )(z, x, ω) + iIm(P1 (z, x, ω)
P2 (z, x, ω) = A2 eiθ1 A2 (cos θ1 + iA2 sin θ1) = Re(P2 )(z, x, ω) + iIm(P2 (z, x, ω).
We do the following linear interpolation. We could do the linear interpolation in
the amplitude-phase domain but since the phase has a period of 2π which creates
some ambiguity with phase wrapping, we rather choose the real and imaginary part
of the complex wavefield. That is

Re(P1 )(v2 − v) + Re(P2 )(v − v1 )
v2 − v1
θ1 (v2 − v) + θ2 (v − v1 )
θ=
v2 − v1
Im(P1 )(v2 − v) + Im(P2 )(v − v1 )
Im(P ) =
,
v2 − v1
Re(P ) =

and then write

P (z, x, ω) = Re(P ) + i Im(P )
(vi) Finally, apply the imaging condition by summing over all frequencies.

I(x, z) = p(z, x, t = 0) =

X

P (z, x, ω);

ω

This algorithm could be optimized for better treatment of lateral velocity variations. For
example, if the velocity variations are not big then we do not need too many reference
velocities but if there is a great deal of change on velocities we might want to use more
reference velocities. Figure 4.14 shows the number of velocities used by Baoniu Han in
his master’s thesis [34]. For the computation of the number of reference velocities Han
used an algorithm by Bagaini et. al., [1]. We explain now Bagaini et. al., method.
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Figure 4.14: Number of velocities used in the Marmousi model as a function of depth by
Han in his thesis.
4.3.5.1

Adaptive choice of reference velocities

Let us assume that we are extrapolating the wavefield in a layer [z, z + ∆z]. We further
assume that we have a velocity distribution v(x, y) in that layer and want to find some
reference velocities. Initially we can distribute the velocities uniformly in L bins. That
is, let cm and cM the smallest and largest velocity on the whole model. Then we can
define

ckz = cm + k

cM − cm
L

,

k = 0, · · · , L.

We want to optimize the number of velocities using some statistical method. That is,
we can introduce a probability density function
Pzk = prob{ckz ≤ v ≤ ck+1
Z }.
This probability function is computed by counting each velocity v(x, z) that goes into
each bin. The counting is done along the x direction for each depth level z.
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The statistical entropy measures the amount of randomness on some system. It is a
measure of the states of a system. In statistical termodynamics a state of a particle (gas
particles) is given by its velocity and position. In our case we want to see how spread
are the velocities. In this way the entropy is a dispersion measure used by Bagaini et.
al., that is equation A.2

Sz = −

L
X

pi ln pi

j=1

with k = 1. We see that if the velocity is constant the probability is 1 and the entropy is
0. On the other hand when the velocity has maximal dispersion so all the bins are filled
equally then pi = 1/L and
 
L
X
1
1
1
ln
= L ln L = ln L.
Sz = −
L
L
L
j=1
Then 0 ≤ S ≤ ln L. We can use the exponential of S to find the number of reference
velocities between 1 and L. That is, the maximum number of velocities used in layer
[z, z + ∆z] is given by
bz = eSz .
This then provides the number of bins where we want to assign the velocities. This
number is variable between 1 and L. We now are required to find the reference velocities. Without any previous knowledge of the probability distribution we can assign a
uniform distribution of velocities between the minimum cm and maximum cM . that is a
distribution

ci = cm +

i(cM − cm )
bz

,

i = 0, · · · bz .

Note that when i = 0 we have the minimum velocity cm and when i = bz we find
the maximum velocity C M . Instead of this uniform (linear interpolation) distribution of
velocities we want a distribution that acknowledges the probability density distribution of
the velocties. This is done by building an auxiliary array yk that indicates the probability
(accumulated) distribution). This array is found with the equation
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yzk

Z

ckz

=
cm

Pzk (v)dv

,

k = 1, · · · , L − 1 ,
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yz0 = 0 , yzL = 1,

The reference velocities are found as follows:
(i) The first velocity is the minimum velocity. That is,

vz1 = cm
(ii) After this there is a cycle. To find the velocity find the right bin, that is find k
such that, for each i = 1, · · · , bz , find k such that

yzk <

i
≤ yzk+1 .
bz

Then do the following proportion

vzi+1

=

ckz

 k+1
− ckz
i
k cz
− yz k+1
.
+
bz
yz − yzk


(4.25)

In equation 4.25 the vector i/bz is the uniform probability (accumulated) distribution. It
assumes an equal distribution of velocities between minimum and maximum. The term
i/bz − ykz is the deviation from that uniform distribution. If there is no deviation the
whole term on the right is 0 and v i+1 = ckz as expected. If there is deviation then we
should account for the deviation. The factor i/bz − ykz is proportional to the ratio at the
end. The ratio at the end is the change of the smooth uniform velocities with respect to
the probability distribution. Note that if for example i/bz is in its extreme right, that is if
i/bz = yzk+1 −ckz then the result is ckz +ck+1
−ckz = ck+1
as expected. Then this is weighted
z
z
k
k+1
interpolation between cz and cz which accounts for the probability distribution of the
actual velocities. That is, equation 4.25 is a linear interpolation between ckz and ck+1
z
with a weight proportional to the offset between the uniform probability distribution and
the actual propability distribution.
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..........................work in progress.............................. ..........................work in progress.........

4.3.6

Split-Step

..........................work in progress.............................. Stoffa et. al [67] ..........................work
in progress..............................

4.3.7

Phase Screen propagators

..........................work in progress.............................. Xie [78], [79], [80] ..........................work
in progress..............................

4.3.8

Fourier Finite difference

The method of Fourier finite differences was introduced by Ristow and Rühl in 1994
[57]. As the preview one-way methods, the concern is on lateral velocity variations and
steep dips. The phase shift method is good for steep dips but not for lateral velocity
variations. On the other hand finite difference methods in space can handle well lateral
variations on velocities but they do not do well at steep dips. The idea of Ristow and
Rühl was to get the best of the two worlds. That is, use both phase shift to get better
steep images and finite difference to take into account lateral velocity variations. The
Fourier finite difference method is a mixed method in the (ω, kx ), (ω, x) domains. I want
to point out that the PSPI method 4.3.5 also address the issue of the limitation of simple
phase shift for lateral velocity variations by adding several reference velocities. Ristow
and Rühl do not spend time talking about PSPI (except for a few lines) and focus the
comparison of their method with the split-step method of Stoff et. al., [67] and finite
difference methods.
The idea of the Fourier finite difference method starts, as in all one-way wavefield
continuation methods, with the dispersion relation for 2D (the work was originally developed for 2D data but it is extensible to 3D). That is if velocity is constant we can
write

kx2 + kz2 =

ω2
,
c2

where c is constant. If c changes with depth we can take the Fourier transform only
along the x direction and write
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∂ 2 p(kx , z, ω)
=
∂z 2
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ω2
2
− kx p(kx , z, ω)
v 2 (z)

This is a second order differential equation which is solved by the operator
p(kz , z, ω) = C e±ikz ∆z ,
where
s
kz =

ω2
− kx2 ,
v 2 (z)

and C is an integration constant. We showed that C is such that the extrapolator
operator
p(kz , z + ∆z, ω) = p(kz , z, ω)eikz ∆z .
This the key for the phase shift (Gazdag) algorithm. Now the question is what happens if
instead of v(z) we have v(x, z) where we should acknowledge lateral velocity variations?
Can we say that
s
kz =

ω2
− kx2 ,
v 2 (x, z)

(4.26)

when v(x, z) has variations with respect to x? The mathematical answer is “no”. This
equation was derived assuming v(z) no v(x, z). So the equation technically is not valid
for v(x, z). However Ristow and Rühl, as well Claerbout, simply say that taking v(x, z)
instead of just v(z) should be fine. The theory behind the mathematical basis for this
lies in the FIO and it is outside the scope of these notes. Ristow and Rühl claim that
the operator in equation 4.26 is exact and that is no true. Still the purpose of this
section is to explain how the Fourier finite difference algorithm is lay out and not if its
theoretical basis are well supported. We then assume that the “ideal” operator is that
in equation 4.26 and that we want to evaluated by considering and approximation of it
using a Taylor series expansion. Ristow and Rühl consider the “error” term
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s
d=

ω2
− kx2 −
v 2 (x, z)

r

ω2
− kx2 ,
c2

(4.27)

where c is a constant velocity quantity (the lowest at each extrapolation layer) and v(x, z)
is the actual velocity. The difference d is computed using a Taylor series expansion up
to fourth order. To simplify notation we write d as
s
ω
d=
v

v 2 kx2 2 ω
1−
−
ω
c

r
1−

c2 kx2
,
ω2

Let us call

X=

vkx
ω

,

Y =

ckx
.
ω

we already interpreted before X and Y as cosines of propagation angles if the velocities
were the actual velocities of the media. From basic Taylor series up to fourth order we
know
√
W2 W4
1 − W2 ≈ 1 −
−
+ O(W 5 ).
2
8
With this, for W = X and then W = Y , we do the Taylor series up to fourth order
and write

d ≈
=
=
=





ω
v 2 kx2 v 4 kx4
ω
c2 kx2 c4 kx4
1−
−
−
1−
−
v
2ω 2
8ω 4
c
2ω 2
8ω 4
 ω ω   ω v 2 k 2 ω c2 k 2   ω v 4 k 4 c4 k 4 
x
x
x
x
−
−
−
−
−
v
c
v 2ω 2
c 2ω 2
v 8ω 4
8ω 4
 ω 1  c k 2 v 2 k 2 c2  ω 1  c k 4 v 4 c4 k 4 
ω c
x
x
x
−1 −
− x2 −
−
c v
c 2 v ω2
ω
c 8 v ω4
8ω 4

2

4
ω
ω 1 kx v
ω 1 kx v
2
(p − 1) −
(p − p ) −
(p − p4 ),
c
c2
ω
c8
ω
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where p = c/v. Now replacing back X
ω
ω
d ≈ (p − 1) + p(p − 1)
c
c



X2
X4
+ (1 + p + p2 )
2
8


.

Ristow and Rühl replace the term in parenthesis as a rational expression
1 2 1 4 2
X2
X + X (p + p + 1) =
.
2
8
a1 − b 1 X 2
The coefficients a1 and b1 are found by expanding the rational function in series. That
is, we can write

X2
X2
1
X2
2
4 2
2
=
=
1
+
X
(b
/a
)
+
X
b
/a
+
·
·
·
.
1
1
1
1
a1 − b 1 X 2
a 1 − X 2 (b1 /a1 )
a1
Then by matching coefficients we find

a1 = 2 ,

b1
1 + p2 + p4
=
a21
8

a1 = 2 ,

b1 =

or
1 + p2 + p4
.
2

We go back to d,

d≈

ω
ω
X2
(p − 1) − p(1 − p)
c
c
a1 − b 1 X 2

We now replace the symbols p = c/v, X = vkx /ω, kx = i∂/∂x and d from equation 4.27.
That is,
s

ω2
∂2
+
=
v 2 (x, z) ∂x2

r



ω2
∂2
ω
ω
+ 2 +
−
+
c2
∂ x
v(x, z)
c


v 2 (x,z) ∂ 2
ω
c
ω 2 ∂x2
1−
v(x, z)
v(x, z) a1 + b1 v2 (x,z)
2
ω

∂2
∂x2

.
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We can call the whole right expression as kz and use it to extrapolate as follows:
P (kx , z + ∆z + ω) = P (kx , z, ω)eikz ∆z
The first term on this sequence is done in the frequency domain as a phase shift. Then
the data is turned into (x, z, ω) domain and all the three terms on the right are done by
finite difference. That is, let us call Q(kx , x, ω) the data after the phase shift with the
first term was applied. We can find the data in the (x, z, ω) domain, let us call this data
q(x, z, ω) and then we have the equation
0

0

q(x, z + ∆z + ∆z 0 , ω) = q(x, z + ∆z, ω)ekz ∆z .
This corresponds to solving the differential equation
ω
∂q
=i
∂z
v(x, z)


1−

c
v(x, z)



v 2 (x,z) ∂ 2
ω 2 ∂x2
2
∂2
a1 + b1 v ω(x,z)
2
∂x2

q,

which can be written as
∂q
∂z



v 2 (x, z) ∂ 2 q
a1 + b 1
ω 2 ∂x2



ω
=i
v(x, z)


1−

c
v(x, z)



v 2 (x, z) ∂ 2 q
ω 2 ∂x2

The solution of this partial (implicit) differential equation in terms of z provides the
propagation to the next level.

4.4

Two–way wavefield–continuation methods

One way extrapolation methods in depth as shown above can be efficiently implemented
but have the limitation of imaging steep dips. Even worse, with one way methods we
can not image overhangs, that is we can not obtain images for angles larger than 90
degrees with respect to the vertical. One way to overcome this problem is by the use to
time continuation, instead of depth continuation, methods. When we continue in time
both wavefields (upward and downward) are taking into account. This solution works for
imaging overhangs because the upward wavefield reflects from surfaces width dips over
90 degrees. The classic method for two-way wavefield continuation method is Reverse
Time Migration (RTM) that we show next.
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4.4.1

Reverse Time Migration

4.4.1.1

Basic Theory, Assumptions, Advantages, and Limitations
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According to Scales, [60] RTM was first introduced by Hemon [35]. It this is the case,
1978 would be a key year for the development of imaging method in the industry since
in that year Kirchhoff migration was also introduced by Schneider, [62], and Stolt [69]
introduced its F-K migration algorithm. Both Kirchhoff and RTM are the most common
methods used in the industry. However there seems to be consensus among geophysicists
that RTM was introduced in 1983 almost simultaneously by Whitmore [76], McMechan
[51], and Baysal et. al., [2].
In RTM we pose a Boundary Value Problem (BVP) where we need to solve two wave
equations with some boundary conditions. The problem is solved numerically with a
finite difference implementation. The equations are solved in time. In one equation we
assume zero boundary conditions and a point source located in a time depth location.
That is we solve the equation



1 ∂2
D(x, xs , t, t0 ) = δ(x − xs )δ(t − t0 ).
∇ −
v(x) ∂t2
2

The source is located at x = x0 at time t = t0 . We assume that the wavefield is 0 at
the boundaries. We discuss the validity of the boundary conditions later on this section.
The second wave equation that we need to solve is



1 ∂2
U (x, xs , t, t0 ) = 0.
∇ −
v(x) ∂t2
2

where we assume that the field U is zero everywhere in the model except on the upper
boundary where we know the data. That is we know U (x, y, z = 0, xs , t, t0 ) for all times.
Again we need to further discuss boundary conditions later. The equation is solved
backwards in time. That is, we can reverse the trace or simply loop starting at the
maximum time Tmax , then Tmax − ∆t, · · · , Tmax − k∆t. The image is obtained by time
cross-correlating the D wavefield with the U wavefield at each time step and picking the
zero lag cross-correlation. This is the imaging condition . There are other type of
imaging conditions. For example Baysal et. al., [2] propose a zero offset RTM and the
exploding reflector model where the imaging condition is attained at t = 0. McMechan
[51] also used the exploding reflectors t = 0 imaging condition. So the extrapolation is
done from the maximum time t = Tmax , down to t = 0. Usually a small window around
the t = 0 wavefield is taken for the output image.
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The name RTM was coined up by Baysal, et. al., [2]. McMechan [51] called this
process as Boundary Value Migration (BVM). Whitmore, [76] also sees RTM as a BVP.
Let us make a couple of lists of advantages and disadvantages of RTM.
4.4.1.1.1

advantages

• RTM can handle arbitrary dips. It can image overturned rays. That is, for example,
we can get good images under salt structure which are impossible in one-way
extrapolation methods (at least on the classical extrapolation on depth).
• Besides having capabilities for imaging arbitrary dips, the time extrapolation allows
us to use arbitrary velocities. Recall that in one-way methods (based on Fourier
transform) we had limitations on the type of velocity that we could use and then
all kind of tricks were developed to get around this assumption. We need to point
out that Baysal et. al., [2] proposed the method in the k-t (wavenumber-time)
domain and so the advantage of variable velocity disappears.
• The extrapolation of the full wavefield in time avoids the issues with evanescent
energy presented when using the SSR or the DSR methods of one-way wavefield
continuation methods.
• Kirchhoff is also a two way method since it is based on ray tracing which could
account for overturned rays. However Kirchhoff is asymptotic and has problems
imaging structures under the salt due to blind zones, ray distortion through the
salt, multipathing, and high frequency assumptions. RTM on the other hand does
not present these problems and is the best technique to find images under salt
structures.
• While we need to know the velocity model in order to migrate, we could use
migration as a feedback process to provide a new better velocity model. RTM
is central in the solution of velocity inversion known as Full Waveform Inversion
(FWI). Lailly [56] proved mathematically that the gradient of the cost function
that minimizes the difference between synthetic data modeled with a velocity v
and the field data (which carries the field or real velocity) is found by an RTM of
the residual between synthetic and field data (as functions of the guessed velocity
v). This gradient is the key step on the optimization problem to update velocities.
Tarantola [70] exploited Lailly’s idea and made popular the introduction to velocity
(and other parameters such as density, quality factor, anisotropic parameters, etc.)
inversion as the origin of what today we know as FWI.
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disadvantages

• RTM is costly. It was prohibitively costly up to only a few years ago (after the year
2000) where fast computer with large Random Access Memory (RAM) memory and
disc storage become available at low relative cost. While before the year 2000 RTM
was almost not used by the industry, today RTM together with Kirchhoff are the
most common methods employed by the imaging seismic industry.
• Another difficulty with the RTM method is that if the boundaries between velocities
are sharp we can get internal reflections (since we are doing propagation using
the full wave equation). One way to avoid internal reflections is by smoothing
the velocity field or by introducing a density model in a way that the impedance
contrast between layer is small and no spurious reflections are produced.
4.4.1.2

Boundary and Initial Conditions

Weglein et. al, wrote the document Reverse time migration 7 where they disregard
the theoretical footing of RTM as introduced by the first authors and the following
development. Here are a few critics from Weglein and friends on the classical RTM.
• “ The original RTM method of running the wave equation backwards with surface
reflection data as a boundary condition is not a wave theory method for wave-field
prediction, neither in depth nor in reversed time”
• “. . . Consequently, even with an accurate velocity model, current Greens theorem
RTM formulations can lead to image location errors and other reported artifacts.”
• “In this paper, we for the first time place Reverse Time Migration (RTM) on a
firm theoretical footing derived from Greens theorem”.
Among Weglein and friends concerns are the boundary conditions as follows:
(i) boundary conditions known at a small part of the surface: Data are acquired in the surface and to solve the wave equation we should have data with some
known information in a closed surface. The information that we require could be
data, for Dirichlet boundary conditions; the derivative of the data, for Neumann
boundary conditions; any combination of these, Robin boundary conditions; both,
for Cauchy boundary conditions; or mixed boundary conditions where we can know
the data in some part of the boundary and its derivatives on the rest.
7

http://mosrp.uh.edu/assets/secure/tech-news/Green RTM v5 Part II.pdf
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(ii) Not enough boundary conditions. That is, to solve a second order differential
equation we should know the data and its first derivative but in acquistion traditionally we only register data. Now we can measure particle velocity and particle
acceleration (with accelerometers) and both data sets should be enough to have a
complete boundary wavefield to start the propagation.
With simple examples I want to address the concerns of Weglein et. al., and justify the
good images that we obtain from RTM algorithms.
Let us assume that we have the simple ordinary differential equation
d2 u
= 0.
dx2
Clearly the general solution is given by

(4.28)

ug (x) = Ax + B
This is actually a set of infinite solutions since we do not know A and B and any constants
would satisfy the differential equation. We then have a non-uniqueness situation which
make of the problem 4.28 and ill-posed problem. To fix this we should add some boundary
conditions. If the domain of u is the whole line then we need to especify the behavior
of u at −∞ and ∞. For simplicity let us assume that u is defined in the interval [0, 1].
Then we can say that, for example we know u(0) = u0 , u(1) = u1 , then we can set up a
system of two equations with two unkowns
u0 = B

,

u1 = A + B

which has the easy solution B = u0 , and A = u1 − u0 , and then we can say that the
function
u(x) = (u1 − u0 )x + u0 ,
satisfies the BVP
d2 u
= 0
dx2

u0 x = 0
u(x) =
u1 x = 1

(4.29)
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This is a Dirichlet problem since we are providing the data at the boundary (the
boundary are the points 0 and 1). It is easy to check that the solution of this problem
is that of equation 4.29 and it is unique.
This is interesting. Eventhough we have a second order differential equation we do
not need information about the first derivative to solve it. However we need to have the
data especified in all its boudary points (at 0 and at 1).
Let us now assume a different BVP
d2 u
= 0
dx2

u0 x = 0
0
u (x) =
u1 x = 1

(4.30)
(4.31)

where u0 (x) = du/dx. That is, instead of providing the data we provide the derivative
of the data. Let us see how we can use this information to solve the problem. We know
that the general solution is given by
ug (x) = A + Bx,
so u0g (x) = B. The problem is that the derivative is constant and so it is B at x = 0
and it is B also at x = 1. We do no have enough information to solve this probem. No
enough data might means an underdetermined system with infinite number of solutions.
Let us see:
up (x) = A + Bx = A + u0 x.
We have no way to determine A and the problem is ill-posed. It has an infinite number
of solutions. The BVP 4.31 is know as the Neumann problem (since it uses Neumann
boundary conditions).
There is another set of boundary conditions that we want to try. These are the
Cauchy boundary conditions where both the function and its derivatives are especified
at the boundary. Tha is, we have the Cauchy problem the BVP is
d2 u
= 0
dx2
u(0) = u0 ,
u0 (0) = v0 ,

u(1) = u1
u0 (1) = v1 .
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We apply this to the general solution ug (x) = A + Bx, to find
u0 = B
u1 = A + B
v0 = B
v1 = B.
We have three equations with two unknowns (A, B). It could be possible that this
system does not have solution. We are given too many conditions.
For our seismic problem (let us assume that it is a 1D problem and we have only
a layer with top and bottom boundaries) we know data at the top but we do not have
information at the bottom. Is it possible that we can solve the problem by having
information only at one part of the boundary?
Let us assume that we know the function and its derivative at point of the boundary.
That is, let us assume the problem
d2 u
= 0
dx2
u(1) = u0
u0 (1) = u1

We are providing only data at the second end of the interval. We replace this in the
general solution A + Bx, to find
A + B = u0

,

B = u1

from which we find that B = u1 , and A = u0 − u1 , and the solution
u(x) = (u0 − u1 ) + u1 x,
is the unique solution to the problem. This means that we can provide data only at one
part of the boundary and still be able to find a unique solution to the problem.
Weglein and friends show a simple example more related to wave phenomena that
the example I show above. Their example corresponds to the 1D wave equation
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d2 u
1 d2 u
−
= 0.
dz 2 c2 dt2
Take the Fourier transform in time and find



d2
ω2
+ 2 U (k) = 0,
dz 2
c

where we define k = ω/c and rewrite this as
 2

d
2
+ k U (k) = 0,
dz 2

(4.32)

The solutions of this equation are e±ik , and so the general solution can be written as
U (k) = Aeikz + Be−ikz .
We think about this as two waves, one going up and the other going down. As in the
first problem we have two unknowns A and B and we need some boundary conditions to
solve them. Let us think that we define boundary value problem with equation 4.32 and
data at two points z = a and z = b. It is easy to show (and this is shown by Weglein
and friends) that if we provide the value of the funtion and its derivatve at one end (say
z = b) we can find a unique solution of the problem. The method is no different to
corresponding problem solved above.
In general the question here is if given a boundary value problem we have enough
data to solve the problem. For the case of the wave equation we can find approximate
asymptotic solutions as we did in the Kirchhoff and Born approximations. In that
case we needed to specify some boundaries and some conditions on those boundaries.
Since we needed to define some closed surface we use spheres and showed how (using
the Sommerfeld radiation conditions) the assumption of the zero boundary conditions
in pieces of the surface other that the acquisition surface was valid. The Kirchhoff
approximation equation 2.18, which is basic some boundary conditions for the function
and its derivatives was used as follows. The assumption of the Green’s function on the
boundary helped us to solve the integral while the assumption of its derivative provides
a way to link the wavefields with the reflection coefficient. This reflection coefficient
allowed us to find an expression of the inversion operator. (see equation 3.12). In the
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same way that we did for the evaluation of the Kirchhoff migration formula we can
assume that the wavefield is 0 in the boundaries that are not the acquistion surface.
This is done in finite differences by using absorving boundary conditions in the part of
the surface that does not coincide with the recording surface.
In summary, to do RTM we need to solve the 2 followin BVP:



1 ∂2
∇ −
D(x, xs , t, t0 ) = δ(x − xs )δ(t − t0 )
v(x) ∂t2
2

D(x, xs , t = t0 , t0 ) = 0 x 6= xs


∇2 −

,

t 6= t0 .


1 ∂2
U (x, xs , t, t0 ) = 0
v(x) ∂t2
U [(x, y, z = 0), xs , t, t0 ] = Data(x, y, xs , t, t0 )
U [x ∈ S 0 , xs , t, t0 ] = 0,

where S 0 = S − Sz=0 is the whole surface S minus the acquisition surface.
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Other Methods

..........................work in progress..............................

4.5.1

FK migration. It is not Kirchhoff, it is not wavefield
continuation, but is still migration.

..........................work in progress..............................
..........................work in progress..............................
..........................work in progress..............................
Due to the great expense of wavefield–continuation migration for large data sets some
techniques have been developed that consider the mixing traditional data sets in new
domains. The most known techniques on this field are
• Phase–encoding migration
• Plane wave migration
• Common azimuth migration
• Narrow azimuth migration
4.5.1.1

Phase–encoding migration

..........................work in progress..............................
4.5.1.2

Plane–wave migration

..........................work in progress..............................
4.5.1.3

Common–azimuth migration

..........................work in progress..............................
4.5.1.4

Narrow–azimuth migration

..........................work in progress..............................
..........................work in progress..............................
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4.5.2

Numerical propagation techniques

..........................work in progress..............................
4.5.2.1

Implicit finite differences extrapolation

.
..........................work in progress..............................
4.5.2.2

Explicit extrapolators

The key idea here is that the explicit extrapolators are a discrete version of the inverse
Fourier transform in space of expression ??. Given that the solution to the problem
(equation 4.6) is a product in the wavenumber domain, the equivalent in the spatial
domain is a two–dimensional convolution. That is:
Z Z
0
P 0 (x0 , y 0 , z, ω)D0 (x − x0 , y − y 0 ) dx0 dy 0
(4.33)
P (x, y, z + ∆z, ω) =
x0

y0

With the prime sign “ 0 ” indicating the spatial versions of their respective P and D
wavenumber pair. Hence, for example D0 (x, y) is two–dimensional inverse Fourier transform of ?? to the spatial domain. In practice the filter is discrete and tricks are done so
that one–dimensional filters could be used, for the two–dimensional construction.
. ..........................work in progress..............................
Holberg [42] Hale [33] Hale [32]
..........................work in progress..............................
Given that the exact extrapolating operator in the frequency/wavenumber domain is
symmetric with respect to kx and ky , the representation as a finite filter with unknown
cofficients (to be found) is given in terms of a cosine basis. For 2–D the approximation
is of the form
e

i

√ω
c

−kx2 ∆z

≈

i=N
X

hn (ω/v) cos(i∆x kx )

i=0

and for 3–D, of the form
i

e

√ω

−kx2 −ky2 ∆z
c

≈

i=N
Xx j=N
Xy
i=0

j=0

hij (ω/v) cos(i∆x kx ) cos(j∆y ky )
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The main ideas behind the Hale–McClellan algorithm rest on the circular symmetry of
the exact 3–D extrapolator. By defining
|k| = k = kx2 + ky2
we can recycle the expansion for 2–D where instead of kx now we look into the variable
k. The coefficients should be the same. That is, we have
e

i

√ω
c

−kx2 −ky2 ∆z

=e

i

√ω
c

−k ∆z

=

i=N
X

hn (ω/v) cos(i∆x k).

i=0

An expansion of the cosine function based on the Chebychev recursion
cos(nθ) = 2 cos[(n − 1) θ] − cos[(n − 2) θ]
allows us to express cos(nx) as a polynomial in the variable cos(x). So eventually equation 4.34 can be written as
i

e

√ω
c

−kx2 −ky2 ∆z

=

i=N
X

pn (ω/v) cosi (∆x k)

i=0

where each pj is a function of the hi coefficients that could be easily found. Finally, using
the McClellan expansion of the cosine function
cos(k ∆x) ≈

i=N
Xy
Xx j=N
i=0

M c(i, j) cos(i∆x kx ) cos(j∆y ky )

j=0

is used into 4.34 so that
i

e

√ω

−kx2 −ky2 ∆z
c

≈

i=N
Xx j=N
Xy
i=0

rij (ω/v) cos(i∆x kx ) cos(j∆y ky )

j=0

The rij coefficients expand the two–dimensional filter corresponding to the exact downward continuation operator ei kz z . They are found as functions of the pn coefficients and
of the McClellan M c(i, j) coefficients. McClellan original expansion is given by
cos(∆xk) ≈ −1 + 0.5(1 + cos(∆x kx )) (1 + cos(∆x ky ))
and Hale’s [32] improved expansion is given by
cos(∆xk) ≈ −1 + 0.5(1 + cos(∆x kx )
−0.5 c (1 − cos(2 ∆x kx ))(1 − cos(2 ∆x ky ))
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where c is an adjust factor. The designed of each expansion is done base on the circularity
(constant curvature) of its contours. This design is outside of the scope of this document.
Note that Hale’s [32] ∆x = ∆y is assumed.
..........................work in progress.............................. Soubaras [65], [66]. ..........................wo
in progress..............................
..........................work in progress..............................

4.6

Further Reading

I encourage the reader to take a look to a tutorial paper, by Gray, et. al. [30] that
covers a good history of migration. This paper is a comprehensive review of the history
of migration methods with their problems and solutions up to the year 2000. A more
classical view of the history of seismic migration is covered under Bernard [3]. The
tutorial paper of Sava and Hill [59] shows a complete, still simplified, overview and
classification of the wavefield–continuation methods for imaging.
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[21] J. C. Costa, F. A. Silva Neto, M. R. M. Alcântara, Schleicher J., and A. Novais. Obliquity–correction imaging condition for reverse time migration. Geophysics,
74(3):S219–S227, 2008.
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Appendix A
Entropy as a measure of randomness
This is a small discussion about entropy which is used in the finding of the reference
velocities used in the PSPI algorithm 4.3.5.
The concept of entropy comes from statistical mechanics. In the description of microscopic system there could be too many variables. For example in a cubic centimeter
of gas there could be about 1019 molecules and it is practically imposible to describe the
state (position or velocity) of each molecule individually. Then to understand the system
it is divided in a convenient number of bins. By doing this binning we are converting the
problem from a microscopic to a macroscopic problem. The macroscopic problem does
not gives the molecule detail but having some averages it provides a description of the
system which for practical purposes have the level of detail needed.
We can use statistics to assign a probability distribution to the large system. In
thermodynamics this is the probability that molecules are in some state. For example
let us assume that we have two bins A and B and two molecules. We want to study the
possible positions of the molecules. In this case the position is determined by the bin
where the molecule resides. There could be several possibilities. Two in bin A, two in
bin B, or one on each. The probability of one on each is larger since we have 1 event for
both molecules in one bin and 2 events for the molecules spread in both bins. Figure A.1
illustrates this.
If we talk about probabilities then we have thtoat the case of both in bin A present
probability pA = 1/4, both in bin B probability pB = 1/4 and both split in bins A and
B, pAB = 1/2, since we do not care if it is blue in A or blue in B. If we have instead 4
molecules, the number of events for them to be evenly distributed between bins A and
B is 6. That is the number of choices that we have two molecules out of 4 in on bin.
This is computed by the binomial coefficient:
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Figure A.1: Two containers A and B with blue and green molecules. The probability
of getting the two molecules dispersed in different containers is double of that where all
molecules are in the same container.
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The number of ways we can put them all in bin 1 is given by the binomial expression
 
4
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=
= 1,
4
4!0!
where 0! = 1. The number of ways to get 3 in one bin and 1 in another bin is given by
 
4
4!
=
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In general if we have n bins and have m molecules, the way to distribute them in chunks
of i1 , i2 , ·, in , such that i1 + i2 + · · · in = m, is given by the multinomial coefficient


m
i1 i2 · · · in


=

m!
.
i1 !i2 ! · · · in !

The largest number is such that i1 , i2 , · · · in are as closed to each other as possible. If
n = m then when ik = 1, k = 1, · · · m provides the largest counting n!. The second law
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of thermodynamics states that the system moves in a way to have the maximum entropy.
That is the molecules get spread as much as possible so that the probability on each bin
is a uniform as possible.
In the case of migration using PSPI we could think of the probability that a given
velocity is in some interval. We then would like to characterize a velocity distribution and
be able to assess how this distribution in the micro is laid out using a macro approach (
a set of L velocities).
We then assume a discrete system with probabilities pi . From the definition of probability we know that
X

pi = 1.

i

Each measure pi is an individual and microscopic state. Statistics provides a way to
estimate some properties of the system in the macro. For example for a given property
Xi with probability pi = probability(X = Xi ) we can estimate the average of this
property over the whole system as

hEi =

X

Xi pi

i

here Xi could be temperature, energy, velocity, etc.
The probability distribution gives information about the randomness of the system.
For example if for an event X its probability is 1 this indicates total certainty and 0
radonmenss. If only two probabilities exist (as in a coin toss) then a 50/50 indicates
the maximum random distribution for this particular example. Of course if the two
sides of the coin are equal then we would have a 100/0 distribution which again has 0
randomness. In general if we have n events the uniform probability p = 1/n for each
event indicates the maximum randomness.
While the list of pi provides a precise description of the randomness of the system it
could be too large to be of any practical value. We would like to find a function of pi
which provides a useful insight into the randomness of the event distribution. We will
show that entropy provides such a function. Let us define the entropy function by the
symbol S. We find S by assuming some desired properties. For example:
(i) We want entropy to be extensive from the micro to the macro. That is, if we have
a system C composed of two parts A and B we would like
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SC = SA + SB .

(A.1)

(ii) We want entropy to increase with randomness and should be largest when the
states present a uniform (equiprobable) distribution. We then can guess an entropy
function of the form

S=

X

pi f (pi )

i

where f is a function that weights the total “average” in a way that favors the
uniform distribution over all other distributions. We need to find f .
Let us assume that we have two systems A and B of microstates. For example let us
assume we have two containers A and B of gass with some molecules and want to merge
them into a C container. See Figure A.2

=

+
A

B

C

Figure A.2: Two containers A with blue gas molecules and B with green gas molecules.
Mixing both containers in C.
The microstates of the molecules in container A (position or velocities) can be identified with m probabilities pi , and those in container B with n probabilities pj . The total
number of microstates in container C would not be the addition but the multiplication
m × n, since for each state in A there are n states in B. The probability of a combined
(join probability) microstate is again a multiplication pi pj since the two systems are
independent.
The individual entropy for systems A and B are given by
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SA =

m
X

pi f (pi )

i=1

SB =

n
X

pj f (pj )

j=1

The combined (join) entropy of system C is expected to be

SC =

m X
n
X

pi pj f (pi pj )

i=1 j=1

We now use the extensive property A.1. That is,

SC = SA + SB =

m
X

pi f (pi ) +

i=1

n
X

pj f (pj )

j=1

We then need to find f such that

m X
n
X
i=1 j=1

pi pj f (pi pj ) =

m
X
i=1

pi f (pi ) +

n
X
j=1

pj f (pj )
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If f (x) = ln x then we see that
m X
n
X

pi pj ln(pi pj ) =

i=1 j=1

=

m X
n
X

pi

i=1

=

pi pj (ln pi + ln pj )

i=1 j=1
m
n
X
X

m
X

pj (ln pi + ln pj )

j=1
n
X

pi

i=1

pj ln pi +

j=1

m
X
i=1

=
=

m
X
i=1
m
X

!
pj ln pj

j=1

1


=

n
X



n 
n
7 X

X



pi 
p
+
pj ln pj 
ln
p
j
 i



j=1


j=1

1
m 
n
7X
X

pi ln pi +
pi
pj ln pj

i=1


pi ln pi +

i=1

n
X

j=1

pj ln pj

j=1

So with f (x) = ln x we find that SC = SA + SB . There is no change in the previous
analysis if f (x) = C ln x where C is any constant. Boltzman used the contant C = −k
with

k = 1.380 × 10−23

J/K.

The minus “-” sign is there since the logarithm of a number smaller than 1 is negative
and he wanted the entropy to have a positive value. Then the entropy is finally defined
as

S = −k

n
X
j=1

We can change this equation as follows

pi ln pi .

(A.2)
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S = −k

n
X

ln ppi i = −k ln pp11 pp22 · · · ppnn = k ln

j=1

where

Ω=

pp11 pp22

1
.
· · · ppnn

pp11 pp22

1
= k ln Ω
· · · ppnn
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