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Abstract
This document shows interpolation from a unifying approach corresponding to
the field of functional analysis. Here interpolation is seen as a linear combination
of a basis on a linear space. It summarizes the work of many people in the signal
processing community including medical imaging, computer graphics and seismic
data processing.

1

Introduction

Many interpolations techniques are explained here. The link of all interpolation techniques here studied is the representation of a function in terms of its projections on a
coordinate system. This is a basic problem of linear algebra where a vector is represented as a linear combination of some vectors on a basis set. In the continuos the theory
involves functional analysis. The context of Hilbert spaces is ideal for the general problem. Transform theory, approximation theory, interpolation, finite elements, wavelets,
sampling and many other ideas are all related under interpolation techniques.
As it is now, this is more a chapter of a book in linear algebra or functional analysis
that a paper to be submitted for publication. The document is designed to be posted
in a website so that the user can navigate through it and use the links to jump between
sections, equations, figures, bibliographic references or any other references inside the
document or to move back and forth to web links outside the document. The intendent
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links are explicitly posted in footnotes as a way to let the reader know the explicit form
of the web site that he/she is visiting. This is good in the case of reading the paper
from a hard copy or in the case that the link inside the document is broken. Almost the
entire document was elaborated thanks to the abundance of free literature in the internet.
The speed of access of information electronically makes research on any field much faster
today that it was before, when only hard copies were available and the access to them
were slow, difficult and limited. Not only is the electronic information easy and fast to
access (except when it is kept hidden in purpose be it for confidentiality or for business)
but the search engines are tools that let us know about references that otherwise would
be impossible to acquire.

2

Theory

We assume that we live in a linear space of functions and that functions there we have a
basis for that linear space which are given by the set
Φ = {φi (x)}.

(2.1)

Here i is an index can run over the natural numbers. In practical implementations
i = 0 · · · n with n bounded. In theory n can grows up to infinity. We assume x to be a
real variable but the analysis below can be extended to several real or complex variables.
In fact for signal processing x should in general lie in the two or three dimensional space.
Also the functions are indexed by a one-dimensional type index indicating that our space
is of rank one. This could be also extended of any rank (multi-index) spaces. All these
assumptions are made to avoid too much detail and to be able to show the important
aspects of the unified treatment presented here.
We want the space to have inner product so we could as well think that we are
working in Hilbert spaces. The representation of the function is then
X
f (x) =
ci φi (x).
(2.2)
i

A different way to write equation (2.2) is by writing
X
f (x) =
K(x, i) ci .

(2.3)

i

with K(x, i) = φi (x). If the index i is allowed to run on the continuum and noted as y
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instead of i then we could write
f (x) =

Z

K(x, y) c(y) dy

(2.4)

I

where I is some domain of integration. Equation (2.4) is the prototype of transform
theory. Here K(x, y) is known as the kernel of the equation. The following is a list of
a few transforms according to the type of kernel used. Weights of π and other scales
ignored.
• If
K(x, y) = δ(x − y)

and

I = (−∞, ∞)

Dirac Delta. The identity transformation. Actually it does not transform the input.
Here f (x) = c(x).
• If
K(x, y) = ei x y

and

I = (−∞, ∞)

Fourier Transform.
• If
K(x, y) = ex y

and

I = (0, ∞)

K(x, y) = y x−1

and

I = (0, ∞)

Laplace Transform.
• If

Mellin Transform.
• If
K(x, y) = y Jo (x y)

and

I = (0, ∞)

Hankel Transform. Here Jo is the zeroth order Bessel function.
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• If
K(x, y) =

1
y−x

and

I = (−∞, ∞)

Hilbert Transform.
• If
K(x, y) = s

−1/2



x−y
Ψ
s



(2.5)

Wavelet Transform. Here s is a scaling factor (somehow related to frequency or
resolution level) and y is a shifting value. It is interesting to observe here that
the Kernel has one more degree of freedom. That is the kernel should be written
K(x, y, s). The wavelet transform is a more general transform in this sense and
it allows better localization in time and frequency simultanously than the classical Fourier transform. In section (2.4.7) we will ellaborate more on the wavelet
transform.
Discrete transforms are based on equation (2.3). We have to be careful that x
can run over a discrete or continuous domain, so that between x and y there are four
possible pairs by combining discrete and continuum. The Z transform is a discrete
Fourier transform where Z = exp(ixy). Mapping this exponential into Z makes the
Discrete Fourier transform a power series over the unit circle. This can have many
advantages. The discussion of those are out of the scope of this document. For more
detail here, the reader is referred to Oppenheim (1989).
In the context presented here it should be clear that a transformation is just
a representation of a function in a given basis. If the basis is orthonormal then the
inversion (inverse transform) of equation (2.4) is easy (the adjoint, or Hermitian), so
orthonormality is a desired property. The most common transform (Fourier) is based on
orthonormal functions exp(ixy). In the signal processing field y is usually identified with
time t and x with frequency ω for temporal domains. In the case of spatial domains y
is mapped into ky known as wavenumber. The coefficients c happen to be projections of
the function f into the orthonormal basis Φ that represented under the kernel K.
For a finite dimensional space, f in equation (2.3) can be reconstructed exactly ∗ by
∗
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known its projections ci into its basis φi in the infinite dimensional space some truncation
of these series has to be performed and reconstruction is only partial.
So far we have not seen the relation with interpolation and all this. Interpolation
is an attempt to reconstruct a function given that it is known in a discrete (usually finite)
set of points. So the information about those points has to be stored somewhere in our
equations. In equation (2.2) we will identify ci with the values of the functions at certain
discrete (no necessarily uniformly distributed) set of points.
The theories of approximation and transformation try to do a similar job of reconstructing functions (signals) from known values as do the theories of interpolation,
however it is important to recognize that the interpolated functions has to coincide
with the input samples on the known values, while an approximated functions can fit the
curve fairly well (in the sense of least square or some other minimum error measures) but
the input points are not necessarily preserved. A common test on signal processing to
check for an interpolation program is to sample the interpolated data at the input locations and substract the input and output data sets. The result should be zero, otherwise
the program is not doing interpolation but other sort of approximation.
All said, let us then rewrite equation (2.2) by replacing ci for fi where fi = f (xi )
are the values of the function at certain discrete set of points
x0 , x1 , · · · , xj , · · ·.

(2.6)

X

(2.7)

Then
f (x) =

fi φi (x).

i

Let us now derive some conditions for equation (2.7) to be an interpolator.
If f = c with c = constant then from equation (2.7)
X
X
fi φi (x) = c
φi (x).
(2.8)
c=
i

i

So, if further c 6= 0 a trivial case that does not need any interpolation,
X
φi (x) = 1

(2.9)

i

This condition is known as partition of unity. That is for a basis to be an interpolator
the sum of all base functions on any point should add up to one. If also φi (x) ≥ 0 then
5

the set of φi (x) are a probability density function and the interpolated point f (x) would
be the mean of the basis function at each point. This brings the question of why not
using probability density distribution as basis for interpolation?. The answer will lead to
the field of statistical interpolation. This approach, although interesting, is not common
and a field of ongoing research.
Another condition for equation (2.6) to be an interpolator is that the input samples
should be preserved through the transformation. That is
X
fj =
fi φi (xj ).
(2.10)
i

All this says is that exactly at the input points, the sampled matrix φi (xj ) is the identity
matrix, that is

1 when i =j,
(2.11)
φi (xj ) = δij =
0 when i 6= j.
where δij is the Kronecker delta. This property is sometimes known as cardinality
Ivan W. Selesnick ∗ , (1999).
Let us list the most common interpolators.

2.1

Lagrange interpolators: Polynomial interpolation

Let us start with a basis β defined as
β = {x0 = 1, x, x2 , · · · , xn }

(2.12)

Then use equation (2.2) to form the system of equations
f (xj ) =

n
X

ci xij .

(2.13)

i=0

This system has a unique solution on the space of polynomials given that the base
vectors are linearly independent. That is, in this system the so called Vandermonde
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matrix



1 x1 x21 · · · x1n
 1 x2 x2 · · · x2n 
2


V =
.. . .
.. 
..
 ... .
.
.
. 
2
1 xn xn · · · xnn

(2.14)

is not singular. The inversion of this system however is expensive for a large number of
interpolation points (equations). Let us solve this problem in a different way.
From equation (2.7) we have after evaluating it in the point xj that
X
f (xj ) =
fi φi (xj )
(2.15)
i

We also assume that φi (x) is a polynomial of order n. Since we required that φi (xj ) = δij
then the polynomial φi (x) has root at each point xi , i = 1 · · · n except at i = j. That is
φi (x) = αi

n
Y
k6=j

(x − xk )

(2.16)

Now since φi (xi ) = 1 then
αi

n
Y
k6=j

(xi − xk ) = 1

(2.17)

1
k6=j (xi − xk )

(2.18)

that is

and

αi = Q n

n
Y
x − xk
φi (x) =
xi − x k
k6=j

(2.19)

with the index k = 0, 1 · · · , n. The basis (2.19) for interpolation were published by
Waring (1779), rediscovered by Euler in 1783, and published by Lagrange in 1795 (Jeffreys
and Jeffreys (1988)).
The reader interested in finding how from the system of linear equations (2.13),
and by using the inverse of the Vandermonde matrix, we can obtain equation (2.19) can
7

Figure 1: Here we illustrate a set of basis for Lagrangian interpolation. They are six
polynomials of order five each, and going through the input sample (zeroes) locations.
look at the web site Harold V. McIntosh ∗ .
The application of the polynomial interpolation in practice would be as follows. If
n+1 points are to be interpolated then the Lagrange polynomials defined by equation 2.19
would make the basis that goes through all the points being interpolated. Figure (1)
shows the set of basis for interpolating around six points. They are six polynomials
each of degree five. One problem with Lagrange interpolation is that it produces high
amplitude oscillations at the edges of the curve. This effect is known as the Runge
phenomenon (Runge (1901)).
The interpolation of the points, for the basis in Figure (1) into a five degree polynomial through the six samples is shown in Figure (2).
Figure (3) illustrates better the Runge phenomenom (similar to the Gibbs phenomenon when complex exponential basis are used, the case of Fourier series). The red
curve is the Runge function defined as
f (x) =
∗
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(2.20)

Figure 2: The interpolating polynomial through six samples. Observe the overshooting
on the left and undershooting on the right.
the blue curve is a 5th-degree polynomial, while the green curve is a 9th-degree polynomial. Observe how the approximation gets worse at the edges, as the degree of the
polynomial increases. One way to remedy the problem of Runge phenomenon is by using
Chebyshev interpolation. The web site Trefethen ∗ discuses the problem. In Chebyshev
interpolation, the nodes (sample locations) are forced to be the zeros of a Chebyshev polynomial (of degree one less than the number of samples). Then the interpolation is done
using Lagrange interpolation along these nodes. One obvious problem of this method
is that we can not guarantee data located at the nodes of a Chebyshev polynomial. Li,
(2004) (also Ren-Cang Li ∗ ) shows that among all polynomials that approximate a given
function, the Chebyshev polynomials do as well as the best. Again, this interpolation
assumes that data is known at the zeroes of t eh Chebyshev polynomial. I believe this is
very unlikely in practice.
Using n-order polynomials for n + 1 points is not only way to interpolate using
Lagrange interpolation. For example for a given set of points x0 , x1 , ..., xn we can choose
them in n couples xi−1 , xi , i = 1, ..., n. Then interpolate in between couple neighbors.
The degree of the polynomial for couples is one, then this would be piecewise linear
∗
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Figure 3: Runge phenomenon: The red curve is the Runge function, the blue curve is a
5th-degree polynomial, while the green curve is a 9th-degree polynomial. Observe how
the approximation gets worse at the edges, as the degree of the polynomial increases.
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interpolation (the most common interpolation). In triplets would be piecewise quadratic,
in quadruples piecewise cubic, and so on. While all these piecewise interpolations produce
piecewise continuous curves, they are not necessarily differentiable on their joins, that is
they would be C0 functions. If we desire smoothness then we should use other type of
interpolation. That is the case of splines . As we will show, splines also cure the problem
of high oscillations at the edges of the curves. High order Lagrange interpolation is rarely
used in practice.

2.2

Piecewise polynomial interpolation: Splines

Let us state the problem assuming that each two consecutive input points will be interpolated by using a cubic polynomial (cubic spline). There are n + 1 points and n couples.
Initially we could formulate the problem as follows. Define

S0 (x)
x ∈ [x0 , x1 ]




x ∈ [x1 , x2 ]
 S1 (x)
···
S(x) =
(2.21)


···



Sn−1 (x) x ∈ [xn−1 , xn ]
We will assume that the function S(x) is continuous up to its second derivatives C2
and it will go through the sample points. Let us balance unknowns (variables) versus
constraints (equations). There are n cubic polynomials, each described by 4 unknown
coefficients, so there are 4 n unknown coefficients. Since the function should preserve the
input points (S(xi ) = f (xi )) we have n + 1 constraints, now for each interior point (n − 1
of them) there are 3 continuity conditions, so we have a total so far of 4n − 2 conditions.
We need two additional conditions. These are provided by constraining the behavior of
the zero, first or second order derivative on the edges. Here are some cases:
• Clamped cubic spline:
S 0 (x0 ) = u
S 0 (xn ) = v
for given values u and v
• Natural cubic spline:
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S 00 (x0 ) = 0
S 00 (xn ) = 0
• Periodic cubic spline: Any one of the following conditions
S 0 (x0 ) = S 0 (xn )
S 00 (x0 ) = S 00 (xn )
together with
S(x0 ) = S(xn )

(2.22)

Whether or not the system so defined has solution or not will not be discussed here. The
web site McKinely and Levine ∗ has a good detail on the solution of these equations and
practical implementation, in terms of a non-singular Toeplitz matrix.
Figure (4) shows how cubic splines do a much better than Lagrange interpolation
on the edges, removing so much of the Runge phenomenon. I should give a note of
warning. If what we are interpolating is a polynomial then polynomial interpolation
is ideal. The Runge phenomenon is shown where non-polynomial functions are being
interpolated or either when polynomial of low order are interpolated with high order
polynomials.
Let us now re-formulate the problem of cubic splines so that it fits equation (2.7).
All interior points to the sub-intervals are to be defined, we know the values of the
points at the nodes. Hence, we can be sloppy about the joining points (nodes) between
subintervals.
We rewrite equation (2.7) as
X
f (x) =
fi φi (x).
(2.23)
i

where if fi = 0 then we can remove the term (since it does not contribute) and re–order
the index. So that without loss in generality we can say that each fi is not zero. Then
∗
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Figure 4: Here we observe how a cubic spline interpolation does a good job on removing
the Runge phenomenon that otherwise the Lagrange interpolation will introduce
we define:
φi (x) =

S(x)
χ[xi , xi+1 ]
fi

where χ is the characteristic function of the interval [xi , xi+1 ]. That is

1 if x ∈ [xi , xi+1 ]
χ(x) =
0 otherwise
and i = 0, ...n − 1. It should be obvious than
X
f (x) =
fi φi (x).

(2.24)

(2.25)

(2.26)

i

so that cubic splines fit our model of interpolation as a function expansion over certain
basis.
Other order splines are treated similarly. For m-order splines we want continuity
up to the m − 1 derivative. Let us assume that we have n + 1 samples. This samples
will form a net of n segments and each segment will need m + 1 coefficients. The total
number of unknowns is n(m + 1)
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Since the interpolated function should preserve the input samples then we have
n + 1 equations for those input samples. Now for each interior sample (n − 1 in total)
there are m continuity conditions, that is m(n − 1) equations, so up to now we have
m(n − 1) + n + 1 = mn − m + n + 1 equations. The final equations are those of
the boundaries. We can constrain the values on the boundaries and their derivatives
up to an order m − 1. Then we can build m − 1 equations and the total would be
mn − m + n + 1 + m − 1 = mn + n = n(m + 1). So that we can match number of
constraints against the number of parameters. The proof the existence of this solution is
beyond the scope of this document.
In practice mainly cubic splines are used. A couple of reasons are:
• 3 is the lowest degree that is not planar in 3D.
• Higher degree can introduce more wiggles and it is costly.

2.3

The use of the delta distribution as a template to generate
basis for interpolation

For convenience we will assume the continuum and start with equation 2.4. Since we
want to preserve the input samples we need that, for each input sample xk
Z
f (xk ) = K(xk , y) c(y) dy = c(xk ).
(2.27)
I

That is K(xk , y) = δ(xk − y) would to the job since after applying the sifting property
of the Dirac delta
Z
δ(xk − y) c(y) dy = c(xk ).
(2.28)
I

A set of translating deltas works fine as a basis but is not interesting, the support of each
delta is just a point and it does not give room to interpolate outside of the input samples.
However any representation of the delta as a superposition of functions of larger support
can serve as an interpolator that will move information in between samples. Let us list
a few examples.
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2.3.1

Sinc interpolation

[] Let us use the representation
1
K(x, y) = δ(x − y) =
2π

Z

∞

e−i k (x−y) dk

(2.29)

−∞

Then by plugging this into equation (2.4) we find


Z
Z ∞
1
−i k (x−y)
f (x) = c(y)
e
dk dy.
2π −∞
I

(2.30)

In the case of band–limited data with Nyquist frequency on the range [−π, π] the expression in braces would be
Z π
sin[π(x − y)]
1
e−i k (x−y) dk =
= sinc(x − y),
(2.31)
K(x, y) =
2π −π
π(x − y)
Known as the sinc function. If y is sitting on the discrete space we would have
K(x, yk ) = sinc(x − yk ).

(2.32)

We should warn here that since the zeroes of the sinc function are all uniformly distributed this function should be only used to interpolate uniformly distributed data.
The sinc basis form the ideal interpolator for band–limited data related to wave phenomena processes. A sinc function does not have bounded support (it goes all the way
to infinity in both directions) therefore it presents difficulties of implementation. One
approach to overcome this, is to apply a smoothing window that will taper the edges so
that most of the energy is well considered. This however will distort the spectrum from
a perfect box. Figure (5) shows a few elements of a sinc basis together with its interpolated function. A few windows used to limit the support of the sinc function while
smoothing to reduce errors are Hann, Bartlett, Hamming, Balckman, Welch, Parzen,
Lanczos, Kaiser, Gaussian. There are plenty of references on this in books and the Internet. The link Theußl, Hauser, Gröller ∗ has plenty of graphical illustrations on how
these windows distort the idea box in the frequency domain. The Kaiser and Gaussian
windows seem to be the best behaved. Meijering et. al. † (2001), show a table with the
analytical description of some of these windows and other windows no listed here.
A different way to approximate the sinc function for interpolation is by using
∗
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Figure 5: A set of sinc interpolators used to reconstruct the function in black color.
splines. Meijering et. al. ‡ (1999a), shows how to approximate the sinc function using
classical polynomial splines. The method to evaluate the goodness of a polynomial spline
is to compare its spectrum with a box, which is the spectrum of a sinc function. He concludes that cardinal splines are far better than piece–wise Lagrange central interpolators
(define therein).
Let us now return to the representation (2.30). Identifying I = (−∞, ∞), we
rewrite this as

Z ∞ Z ∞
1
i ky
c(y) e dy e−i kx dk
f (x) =
2π −∞
−∞
Z ∞
1
=
F [c(y)]e−i kx dk
(2.33)
2π −∞
= F −1 F [c(y)];
where we recognize that F [c(y)] is the Fourier transform of c(y) and F −1 stands for
‡
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inverse Fourier transform. Hence we are reconstructing f (x) from its samples c(y). The
trick of taking the Fourier transform of a sampled data set to the y domain and then
inverting the result back into the x domain taking care of having the output points x in
the interpolated values is a common practice in signal processing. These implementations
are usually done in the discrete space by the use of the Fast Fourier Transform (FFT). The
mathematical formulation as in equation (2.33) is an underestimation of the problem in
practice. There, after taking the data in the Fourier domain, their spectrum is artificially
extended (by padding frequencies) so that when taking the inverse transform the sampling
rate is finer.
2.3.2

Other interpolators

The representation of the Dirac delta as the superposition of complex exponentials is
an example of a more general problem in the context of functional analysis and distribution theory. The complex exponentials here are inner products of the eigenfunctions
simple harmonic oscillator ∗ These eigenfunctions will form a complete orthonormal basis
that generates the space that they represent. We will be more explicit about this further
below.
The purpose of this section is to extend the idea of the delta as a builder of
interpolators beyond the example of sinc functions.
The Sturm–Liouville problem consist of a template of second order ordinary differential equations. The Sturm–Liouville operator is defined as
Lu =

1
[ −(pu0 )0 + qu) ] ,
w

(2.34)

with certain boundary conditions which I will ignore in this document. The eigenvalue
problem associated is defined as.
Lu = λ u;

(2.35)

here p, p0 q and w are continuous real-valued functions functions on a certain interval
(except possible by the endpoints). Also w > 0 is a weight function. The inner product
used on this formulation is given by
Z
(2.36)
< f, g >= f (x) g(x) w(x) dx
I

∗
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where I is an interval (bounded or unbounded) and g(x) is the complex conjugate of g(x)
if the context is that of complex functions.
Many sets of orthogonal eigenfunctions of wave related problems come from these
set of equations. There is a close relationship between Green functions, eigenfunctions
and transform pairs. The Dirac delta links all these relations (Keener, 1988). Keener
shows that
δ(x − ξ) =

∞
X

φk (x) φk (ξ) w(ξ),

(2.37)

k=1

where each φi (x) is an eigenvector of the Sturm–Liouville operator after normalization.
Since the eigenvectors of the Sturm–Liouville operator are orthogonal then the φk are
orthonormal. Here w(ξ) is the weight function that goes into the inner product defined
by (2.36).
The idea to do interpolation based on the delta expansion (2.37) is the following:
The sifting property of the delta distribution says
Z
f (x) = f (y) δ(x − y) dy,
(2.38)
I

now by plugging equation (2.37) into equation (2.38) we find
f (x) =

=

Z

f (y)
I

∞
X
k=1

=

∞
X

∞
X

φk (x) φk (y)w(y)

k=1

φk (x)

Z

f (y) φk (y) w(y) dy

(2.39)

I

ck φk (x)

k=1

with
ck =

Z

f (y) φk (y) w(y) dy =< f, φk > .

(2.40)

I

The result in (2.40) is normally derived following a different path. Here I include that
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derivation for completeness. If a function f can be expanded in a basis as follows
X
f (x) =
ck φk (x)
(2.41)
k

and the basis is orthonormal, then the coefficients ck are easily found by taking inner
products of f to each element of the basis (that is projecting f into its components along
the basis coordinates), since from (2.41)
X
X
< f, φk >=
cj < φj , φk >=
cj δjk = ck .
(2.42)
j

The Kronecker delta δij appears directly due to the fact that the basis are orthonormal.
Interpolation is then achieved with the use of equation (2.39) which happens to be the
same equation used to approximate functions. The way to distinguish between approximation and interpolation is that in interpolation it is necessary that the input samples
hold their values in the process.
The website Sen and Powers ∗ contains a set of lecture notes on mathematical
methods with great detail on the Sturm–Liouville problem and its relation with orthogonal polynomials. Next we present a list of eigenvalue/eigenfunctions of the Sturm–
Liouville operator according to w, p, q and domain of definition I, just naming the
eigenfunctions. The reader interested in the explicit form of such eigenfunctions can visit
the Sen and Powers website.
• Sines, Cosines, Complex exponentials, Fourier series, Fourier Transform, Sinc basis
– p=1
– q=0
– w=1
– I = [ 0, 2 π ]
Here we are assuming that the solution is periodic with period 2 π, however the
interval can be any closed interval after proper scaling of the x-axis. The eigenvalues
are λn = n2 and the eigenfunctions are φn (x) = cos(n x) or φn (x) = sin(n x),
n = 0, 1, ... These eigenfunctions are the basis for Fourier series and the extension
from the discrete to the continuum of this will create the Fourier transform. In the
∗
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complex plane the proper combination cos(nx) + i sin(nx) = exp(in x) produces the
complex basis that generated the sinc interpolation on the previous section.
• Legendre Polynomials Pn (x):
– p = 1 − x2
– q=0
– w=1
– I = [−1, 1].
The eigenvalues are λn = n (n + 1) and the eigenfunctions are φn (x) = Pn (x).
• Hermite Polynomials Hn (x).
– p = e−x

2

– q = 0;
– w = e−x

2

– I = (−∞, ∞).
2

The eigenvalues are λn = 2 n and the eigenfunctions are φn (x) = e−x Hn (x)
• Chebyshev Polynomials Tn (x).
√
– p = 1 − x2
– q=0
– w=

√ 1
1−x2

– I = [−1, 1]
The eigenvalues are λn = n2 and the eigenfunctions are φn (x) = Tn (x). These
are called Chebysheve polynomials of first kind. In the second kind both p and w
are three times those on the first kind. The first kind are most commonly used in
practice for interpolation.
• Laguerre Polynomials Ln (x).
– p = x e−x
– q=0
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– w = e−x
– I = [0, ∞)
The eigenvalues are λn = n and the eigenfunctions are φn (x) = Ln (x)
It is interesting to observe that all polynomials above can be found by starting
with the basis 1, x, x2 , ... and then doing Grand-Schmidt orthogonalization using the
inner product defined in equation (2.36). This is not a coincidence, the theory of Hilbert
spaces and linear operators is all well defined.
Although we have seen articles where these polynomials have been used for interpolations, they do not seem to be used in the way indicated here. In any case by
the fundamental theorem of algebra the interpolating polynomial is unique, only its representation in terms of this or those basis changes. When looking at interpolation as
in this document, we have to be careful with the extent and number of base functions.
All polynomials as well as sinc functions have an infinite extent. This is an unwanted
property due to the fact that we only have a finite time and space to perform numerical
computations. From all the set of polynomials and sinc functions, the sinc functions
seem to behave the best. Sinc functions decay as 1/x as x moves away from the sample,
so that the sinc are well weighted at the sample and naturally tapered away from it.
Polynomials do not decay, and if they are high order, they oscillate with high amplitude. Truncated polynomials that approximate a sinc function are a good alternative.
Meijering et. al. ∗ (1999a), show an analysis of polynomial approximations to the sinc
function. Local interpolation (with splines) seems to be the best option. Another problem with base functions of unbounded support is that all basis go through all sample
locations therefore any output function gets contribution from all basis † . A truncation
of the basis will result in an approximation and will possibly change the values of the
input samples. Now, if instead of using functions with unlimited domain we use functions
with bounded support, we can limit the number of base functions on the approximation
to a finite (perhaps small) number without changing the values on the input samples.
This will be the topic of discussion in the next section.
∗

http://imagescience.bigr.nl/meijering/publications/download/media2001.pdf
Recall the partition of unity property (2.9). Each function gets a bit of the pie. The good think
about the sinc functions is that when their center of action (input sample location) is far from the
interpolation point the contribution is small, so that we can think locally around the input sample with
certain level of confidence. With polynomials the story is very different
†
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2.4

Convolutional interpolation

2.4.1

Motivation

The Whittaker–Shannon’s sampling theorem (Whittaker, 1915), (Whittaker, 1935),
(Shannon, 1949), (Oppenheim & Schafer, 1989) indicates that, in theory, a band–limited
signal f (x) can be reconstructed from its uniformly distributed samples provided there
are at least two samples per cycle of the highest frequency. The interpolating formula is
given by
X
f (x) =
fk sinc(x − k).
(2.43)
k

In this formula samples are sitting along the integer numbers, however they can be
mapped to other uniform distribution by stretching the sinc function accordingly. Sinc
interpolation was a topic of discussion under section (2.3.1). Equation (2.43) is in the
form of a convolution between the function discrete values of f (x) and the sinc function
sinc(x). We also discussed in this section the problems that this type of interpolation
faces, mainly the fact that the function has not bounded support. The correction for this
problem can be achieved by using windows to taper the sinc function limiting then the
domain of influence or either by replacing the sinc function by band–limited functions
whose spectrum resembles a box. Meijering et. al. ∗ (2001), illustrates quite well both
methods of approximations to the sinc function using windows and polynomial splines.
Another problem for the application of the Whittaker–Shannon’s theorem is that in
practice functions have bounded support, therefore their spectrum is not bounded so we
do not have the hypothesis to apply the theorem. Getting around this problem is not
that difficult, the idea is to define a periodic function where instances of the function are
repeated along the whole space with a period that is at least the length of the support of
the original function. On the other hand, limiting the support in one domain will imply
periodicity in the other domain. This is why we sometimes we see wrap–around effects
on image processing.
2.4.2

Theory

A different way to solve the interpolation problem starts by re–writing equation (2.2) as
X
f (x) =
ci β(x − xi );
(2.44)
i

∗
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where now φi (x) = β(x − xi ) is the same function shifted by an integer number. One
good characteristic of this method is that only one analytical function has to be found
and then shifted versions of it used. The sinc function interpolation is a particular
case of this approach, however the main idea for the goodness of this approach will be
explained below. One limitation here is that the coefficients ci do not necesseraly have to
coincide with the samples of the funtion to interpolate. In that case equation (2.44) would
not be an interpolator, however we will show below that it can be transformed into an
interpolator. Some authors Thévanaz, Blu, Unser † Thévanaz et. al, (2000), illustrates
quite well both methods of approximations refer to the convolutional interpolation as
Generalized Interpolatin, however I try to avoid this term here since the basis are not
arbitray and the formula as stated is not an interpolator. Another limitation of this
approach is that it implies that samples will have a uniform distribution. Sometimes
we think on the samples as being along the integer numbers xi = i. This will not be a
problem since a stretching factor can be introduced to map samples to other distances
(something like changing units). The theory of wavelets touches on this problem. Here
β(x) is a mother wavelet. If we label βij (x) = 2−j/2 β(x/2j − i) then we have now a two
parameter set of base functions originated from one (mother) wavelet. These basis serve
also as interpolators as will be seen in the section (2.4.7).
The interesting part of this convolutional method is that the coefficients ck can be
used as a digital filter along the lines of deconvolution of digital data. The evaluation of
the function f in the sampling points xi produces the following convolution operation
X
f (xk ) =
ci β(xk − i) = c ∗ β
(2.45)
i

where c is a vector with a set of coefficients to be found and β are the discretized values of
the stencil function β(x). The technology of deconvolution can be borrowed here to solve
for c, then once this vector is known, the interpolation formula (2.44) can be evaluated.
Let us then assume that an inverse filter (β)−1 exists. Then we can solve for c
with the equation
c = ((β)−1 ∗ f )

(2.46)

where here f is the vector of discretized points f (xk ). By pluggin c from (2.46) back
†

http://bigwww.epfl.ch/publications/thevenaz0002.pdf
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into (2.44) we obtain
f (x) =

X
i

=

(β)−1 ∗ f )i β(x − xi )

X X
j

i

=

fj ((β)−1 )i−j

X

X

fj

j

i

!

β(x − xi )

((β)−1 )i−j β(x − xi )

(2.47)

!

so by defining
φj (x) =

X
i

((β)−1 )i−j β(x − xi )

(2.48)

we find that
f (x) =

X

fi φi (x)

(2.49)

i

which has the form of equation (2.7). Therefore the convolutional operators also fall in
the cathegory of interpolators in the sense that they preserve the input samples after a
pre–filtering operation.
Before we proceed to list a few deconvolution interpolators, let us list some properties that we wish, the stencil ∗ β should have:
• Partition of unity (equation 2.9): Also known sometimes as normalization. This
will properly ensure the interpolation of a constant function. Who cares about
interpolating a constant function?. An interesting thing is that if all weights are
positive then the interpolated value is the statistical mean among the values taken
on the set of basis functions. When the basis functions are vector functions, then
this goes into the category of parametric interpolation(see section 2.4.9). In the
graphics community this property is known as the convex hull † property. It ensures
that the interpolated graph lies inside the convex hull formed by the input points.
• Bound support. The shorter the better, but no so short as a Dirac Delta.
∗
†

known as mother wavelet in the wavelet theory
http://www.cse.buffalo.edu/pub/WWW/faculty/miller/PH-Supplements/COMPGEOM.PDF
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• Smoothness. At least C2 . Again, there is some magic about cubic, is it because we
live in a 3D world?.
• Low frequency and amplitude oscillation. We do not like wiggles where they should
not be.
• Simplicity: Low cost and easy to implement.
Unfortunately no method will comply with all the requirements above. We have
to sacrify some properties at the expense of others. In what follows, we grade the interpolation methods considered, accordingly with the desired properties listed above.
2.4.3

A Lagrange interpolator Kernel

Lagrange interpolators can be adjusted as convolutional basis. The following restrictions
will have to be considered for a polynomial of degree n:
• The zeroes have to be uniformly distributed.
• The polynomial should be of bounded support, that is it should be truncated outside
of the n + 1 points that represents the zero shift.
• The polynomials should be centered. The idea is to resemble a sinc function that
is symmetric.
Meijering et. al. ∗ (1999a), show an explicit Lagrange interpolator kernel. The re-writting
of the interpolation formula as a convolution with a Lagrange interpolator kernel was first
derived by Schafer & Rabiner (1973). Meijering et. al. formula is as follows:

hj (x), j ≤ |x| ≤ j + 1
βL (x) =
(2.50)
0,
m ≤ |x|,
with


hj+ (x), j ≤ x < j + 1
hj− (x), −j + 1 ≤ x < −j

(2.51)

hj+ = a0j + a1j x + a2j x2 + · · · anj xn

(2.52)

hj− = a0j − a1j x + a2j x2 − · · · (−1)n anj xn

(2.53)

hj (x) =
and

∗
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where n is the order of the polynomials, j = 0, 1, · · · , m − 1 and m > 0 determines
the extent of the kernel. Here n and m are related by n = 2 m − 1. The (n + 1) m
coefficients aij are obtained by evaluating the corresponding Lagrange coefficients in the
corresponding intervals j ≤ x < (j + 1), j = 0, 1, · · · , m − 1, that is: hj+ = Ln−j (x − j),
with
Lnk

=

kY
max

k=kmin

x − xi
xk − x i

(2.54)

and kmin = −dn/2e , kmax dn/2e , xi = m + i. Meijering et. al. show that the kernel βL
converges to the interpolating sinc function as n goes to ∞. The Lagrange interpolator
kernel preserves the input samples. That is, here ck = f (xk ). They follow the partition of
unity, they are of bounded support (the support grows with the degree of the polynomials
involved), they are not as accurate as other methods.
2.4.4

Convolutional splines

History According to Meijering and Unser ∗ , (2003), in 1973, Riefman, (1973) first
used cubic convolution kernels. These kernels consist of piecewise third–degree C1 polynomials. Keys, (1981) proposed the following stencil:
 3 3 5 2
when0 ≤ |x| ≤ 1,
 2 |x| − 2 |x| + 1,
1
5
3
2
β(x) =
− |x| + 2 |x| − 4 |x|, when1 ≤ |x| ≤ 2,
(2.55)
 2
0,
otherwise

and another cubic kernel that covers 7 points (from -3 to 3 ), shown in Meijering and Unser’s
article. The third–order cubic convolution kernel is known as Catmull-Rom, (1974) spline
in the computer graphics literature.
The generalization of cubic convolution to piecewise polynomial kernels of any
order is done by Meijering et. al. † (1999b). The definition of the problem is as follows:
Assuming that data is sampled uniformly, with unit inter–distance sampling
 Pn
i
i=0 aij |x| , j ≤ |x| < j + 1
βn (x) =
(2.56)
0,
m ≤ |x|
where j = 0, 1, ..., m − 1, and the parameter m = 1, 2, .. determines the extent of the
kernel. The relation between n and m considered is n = 2 m−1. The (n+1) m coefficients
∗
†
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aij are to be determined by imposing constraints in βn (x). The first set of constraints is
defined by the property of input sample preservation, the second set of constraints are
obtained by forcing continuity on the kernel and its derivatives along the joining nodes.
That is
1. βn (x) = 1 for x = 0, and βn (x) = 0 for |x| = 1, ..., (m − 1),
(l)

2. βn (x) must be continuous at |x| = 0, ..., m, and for l = 0, 1, ..., k. That is βn (x)
must be Ck .
Meijering et. al. show that the greatest value of k so that the system of equations is
not over–determined is k = 0 for n = 1 and k = n − 2 for n > 1. The way to show
this is by starting with the sum of number of constrains above and by subtracting the
redundant constraints which are produced a the l−continuity of βn (x) at x = 0 for l
an even number. Still when balancing equations versus unknowns one free α parameter
results. When writing the spectrum of βx and expanding in a Taylor series on the wave
number k
β̂(k) = β0 (α) + β2 (α) k 2 + β4 (α) k 4 + β6 (α) k 6 + · · ·

(2.57)

Meijering et. al. show that each function βi (α) is a linear polynomial in α:
βi (α) = a α + b

(2.58)

with a and b independent of α. Park and Schowengerdt, (1983) show that the condition,
for which the kernel β3 (x) best interpolates is given by
β2 (α) = 0.

(2.59)

This condition matches the work of Keys, (1981). It also works the same for polynomials
with different order than n = 3. The idea behind this assumption is that if flattens the
spectrum at k = 0 so that low frequencies are not attenuated and high frequencies are
attenuated faster, resembling the ideal box shape corresponding to the sinc function.
It is obvious that the constraint n = 2 m − 1, makes n an odd number. Meijering
et. al. point out that n = 2 m and n > 2 m are only possible to consider, but that
n = 2 m − 1 produces the lowest possible order resulting in one–parameter polynomials
for which a unique solution exists, using the approach shown here. “ In order to solve for
the unknown coefficients in the case that n > 2m−1, higher–order derivatives are required
to be continuous. However, a larger value of k implies that the resulting kernel will be
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smoother than its lower–order version with the same extent, causing both its spacial and
spectral behavior to be worse. ”
2.4.5

B–splines

B–splines seems to be the method preferred by many authors because of the balance
between cost and precision. Perhaps the shortest and simplest function that serve as a
stencil for equation (2.2) is the box function (B–spline of degree 0) defined as

 1 when |x| < 21 ,
(2.60)
β 0 (x) =

0 when |x| ≥ 21 .

Another good property of this stencil is that the basis produced by it are orthonormal
in the Hilbert space L2 . However, the precision of this stencil is poor. This spline
correspond to nearest neighbor interpolation. It has the least amount of smoothing (it
is discontinuos in its extreme points). There seems to be a tradeoff between smoothing
and support size. The smoother the function is, the longer its support will get. I have
observed that a smooth attribute of the type C2 (cubic B-splines) seems to have the best
compromise between accuracy and efficiency. Higher order B–splines are defined by the
recursive formula
β n (x) = β 0 ∗ β n−1 (x),

n > 1,

(2.61)

with “*” being the convolution operator. Higher order B-splines (n ≥ 1) do not form
an orthonormal basis. It is well known from probability theory that β n (x) represents
the probability density function of the sum of n + 1 independent random variables with
uniform distribution in [−1/2, 1/2]. It is also well known from probability theory that the
sequence of B–splines converges to a Gaussian (normal) distribution Charles Annis ∗ . The
fact that the splines do not converge to a sinc function † might rise questions. However,
the B–splines are in general no interpolators. That is, except for the B–spline of order zero
(nearest neighbor and the B–spline of order one (linear interpolation) all other splines
require prefiltering as indicated in section (2.4.2). After prefiltering, the resulting base
functions φi (x) defined by equation (2.41) should converge, as the degree of the splines
goes to infinity, to the corresponding sinc function that interpolates the input samples.
∗
†

http://www.statisticalengineering.com/central limit theorem.htm
asymptotically we would like that our templates converge to a sinc function
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According to Meijering ‡ (2002), Schoenberg referred to the B–splines in his original
papers (Schoenberg, 1946a) and (Schoenberg, 1946b) as “basic functions” or “basic spline
curves” and the abbreviation “B–splines” was first coined by him (Schoenberg) twenty
years later. Meijering also claims that Schoenberg was aware that Laplace knew the
analytic closed form of the B–spline formula as early as 1820. This analytic formula will
be proven in Appendix A. This is


n+1
n+1
n+1
1 X
k
(−1)
(x +
− k)n+
β (x) =
k
n! k=0
2
n

(2.62)

where (f (x))+ = f (x) H(x) is the causal part of f (x). That is, here H(x) is the heaviside
function

1 for x > 0,
H(x) =
(2.63)
0 for x ≤ 0.
Figure 6 shows the interpolation for the same input samples in Figure 5 but this
time instead of sinc interpolation we are doing B–spline interpolation. We see that the
B–spline interpolation is smoother. Sinc interpolation assumes that the input data is
band–limited in frequency and this is not true in practice. All signals in practice are
of bounded support and therefore they can not be bandlimited in frequency. This does
not mean that other interpolators should behave better. Any interpolator in the limit
should behave like a sinc interpolator. The problem here is that the sinc functions have
slow decay (1/x) and infinite support. To reduce the support of the sinc functions they
are tapered using windows, however the slow decay is still there. B–splines are functions
of compact support that behave locally as sinc functions but have faster decay. That
is why they do a better job at smoothing the curve in Figure (6). In any case, the
choosing of basis for interpolation should be related to the knowledge of an analytical
function that originated the sampled data. If we know that the function is piecewise
constant then a zero order B–splines (nearest neighbor) would be ideal. If the function
is piecewise linear then a B–splines of order one (tent for linear interpolation) would be
ideal. More generally, if we already know that the function is a polynomial then Lagrange
interpolation is the way to go. Unfortunatelly we do not know the analytical behavior of
a great collection of data that comes from nature.
‡
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Figure 6: A set of B–spline interpolators used to reconstruct the function in black color.
Note that the interpolation here is smoother than that in Figure (5).
Some authors (Rebecca Willett ∗ and Sergey Fomel † , (1988)), refer to the basis
defined by equation (2.41) with β being a B–spline, as cardinal splines. There is a bit of
abuse of the word cardinal in the literature. Ivan W. Selesnick ‡ , (1999) refers to cardinal
as functions that behave like Kronecker deltas at each node (have the value of 1 in the
acting node and zero in all other nodes). All interpolators have this property as shown
in equations (2.10) and (2.11). Whittaker, (1915) calls the interpolated result after using
the sinc function as a stencil for the basis the, the cardinal function.
Figure (7) taken from Fomel’s thesis show (top) the plot of a B–spline of order
three with zero shift (center at zero) and its Fourier amplitud spectrum (the splines are
all zero phase). We also display (bottom) here the corresponding interpolator and its
Fourier amplitude spectrum. We observe that the spline looks like a Gaussian (as we
said above the splines should convert to a Gaussian as the order goes to infinity) while
its corresponding interpolator, given by equation (2.10), looks like a sinc function. In
the Fourier domain their amplitude spectra looks like a Gaussian for the B–spline and
like a smooth tapered box the interpolator. Recall that the ideal interpolator should
have an exact box as its amplitude spectrum. A better approximation (also from Fomel’s
thesis) is given by the spline of order seven. Figure (8) shows the B–spline of order
seven and its amplitude spectrum (top). Also (bottom) the corresponding interpolator
∗
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Figure 7: A plot of a B-spline or order three center at zero (left) and its Fourier amplitud
spectrum (right)
and its amplitude spectrum are illustrated. Here the box (in the frequency/wavenumber
domain) is sharper for the interpolator shown that less high frequencies are loss. As
the degree of the B–spline is increased, so is its support and it behaves more like a sinc
function. The good thing about the B–splines is that they have a natural taper. That
is they go smoothly to zero and their support is limited. In consequense (as discussed in
Figure (6)) there will be less ringiness in the interpolated result.
2.4.6

Finite Elements

Go ahead Carlos!
2.4.7

Wavelets

This section will only deal with a short introduction to wavelets and its application for
interpolation. There are plenty of links on the internet and good books about wavelets.
We recommend the book by Mallat, (1998). Here there are a few websites on the topic.
The website links Danna Mackenzie ∗ and presents a nice qualitative (no equations) de∗
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Figure 8: A plot of a B-spline or order seven center at zero (left) and its Fourier amplitud
spectrum (right)
scription and history of wavelet theory. The link Heil and Walnut † , (1989) presents
and article with a unifying mathematical treatment of the wavelet theory in a great
generality from the point of view of functional analysis (wavelets in Hilbert and Banach
spaces). This article also show a few historical notes. The link wavelet.org ‡ , has plenty
of pointers to web sites with books, software, demos, research groups, tutorials, introductions and other material on wavelets. We show a few other websites at the end in
the references section. Good short history introductions and wavelet theory are given in
Win Sweldens Ph.D. thesis § , (1994). The link Mallat ¶ shows a mathematical treatment
of wavelets from the point of view of multi–resolution analysis developed by the author.
Wavelets are about choosing bases in function spaces. It is about approximating
functions in building blocks with different scales and positions. The context of wavelets
for univariate functions is that of Hilbert spaces. Wavelets are also discussed in the
context of general Banach spaces but for practical applications we only need to see them
in the context of Hilbert spaces. The discrete being `2 (the square summable sequences)
†
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and the continuum L2 (IR) (the square integrable functions). For simplicity, we will work
with one–dimensional spaces only, but the theory can be easily extended to multivariate
functions. This is only an introductory section and no much rigor is put to it.
The Fourier series (transform) is a way to approximate a function by projecting it
into its orthonormal basis in an infinite–dimensional space. That is, if f is the function
to be approximated and φi is the orthonormal basis, then
X
f=
< f, φi > φi .
(2.64)
i

The index i covers all the elements on the basis. In the case of the Fourier series (transform) the base vectors φ are sinusoidal functions with different shifts (phases) and scales
(frequencies). These sinusoidal functions are written as complex exponentials of the form
ei xy they are orthogonal on a given domain (initially the domain is [0, 2π] but then latter
this can be extended to a more general form). A normalization factor is needed so that
they are orthonormal. This factor is, as expected, the norm of the sinusoidal function
in the interval of interest. In the case of the Fourier transform the interval of interest
is the whole real line (−∞, ∞). The uncertainty principle states that there can not be
localization simulateously in both the x and y domains (that is time and frequency or
space and wavenumber).
2.4.8

Other common interpolators

2.4.9

The two simplest interpolators

Parametric Interpolation
Bezier Curves
2.4.10

Error Analysis

2.4.11

Multivariate interpolation

Conclusions
here the conclusions
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A

Derivation of the B–spline closed form equation

Here we derive the explicit formula (2.62) for the B–spline stencil. That is


n+1
n+1
1 X
k n+1
(x +
β (x) =
(−1)
− k)n+
k
n! k=0
2
n

where (f (x))+ = f (x) H(x) is the causal part of f (x), with

1 for x > 0,
H(x) =
0 for x ≤ 0.
We use induction. We check that the formula is valid for n = 0. That is




1
1
0
−H x−
β =H x+
2
2

(A.2)

(A.3)

(A.4)

which indeed correspond to the unit box in the closed interval [−1/2, 1/2].
Let us now assume that the formula is valid for the index n and proof that this
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imply that is valid for the index n + 1.
β n+1 (x) = β n (x) ∗ β 0 (x)
= β n (x) ∗ (H(x + 1/2) − H(x − 1/2))
n


n+1
1 X
n+1
k n+1
∗ H(x + 1/2) −
−k
(−1)
=
x+
n! k=0
2
k
+


n+1
x+
−k
2

n

+

∗ H(x − 1/2)



 Z ∞ 
n

n+1
n+1
1 X
k n+1
H(x + 1/2 − τ ) dτ −
τ+
−k
(−1)
=
k
n! k=0
2
−∞
+
Z

∞
−∞



n+1
τ+
−k
2

n

+

H(x − 1/2 − τ ) dτ




 Z x+1/2 
n
n+1
n+1
1 X
k n+1
(−1)
τ+
−k
dτ −
=
k
n! k=0
2
k−(n+1)/2
Z


n+1
1 X
k n+1
(−1)
=
n! k=0
k

x−1/2
k−(n+1)/2

"

x+



n+1
−k
τ+
2

n+2
2

−k
n+1

n+1

−

n

(x +

n
2

dτ



− k)n+1
n+1

#




n+1
n+1
X
1
n+2
1
k
0 n+1
=
x+
+
(−1)
(−1)
−0
(n + 1)!
0
2
(n + 1)!
k=1


n+1 
n+1 
n+2
n+2
n+1
x+
x+
+
−k
−k
k−1
2
2


n+1
1
n+2
n+2 n + 2
+
x+
(−1)
− (n + 2)
(n + 1)!
n+2
2


n+1
k




n+1

n+2
X
n+2
n+2
1
k
(−1)
−k
x+
=
(n + 1)! k=0
2
k
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In the last steps we splitted the sum in three parts. The first term of the left fraction,
all the terms from term 1 to (n + 1)th on the left fraction and term 0 to nth of the right
fraction and then the right (n + 1)th term of the last fraction. We applied the following
binomial identities

 
 

n+1
n+1
n+2
+
=
(A.5)
k
k−1
k

 

n+2
n+1
= 1.
=
n+2
n+1
Therefore by induction equation (2.62) is verified.

B

Approximation theory on Hilbert spaces: The least
squares problem

In this appendix we illustrate the problem of approximating a function in a Hilbert space
H, given that we only live in a subspace of the Hilbert space.

B.1

Motivation

Figure (9) shows a vector x in IR2 (red) and a set of approximations of this vector in
the subspace IR along de abscissa (the black headed vectors on the horizontal axis). The
least square error on the approximations corresponds to the shortest straight segment
from the tip of the vector x to the space IR where the approximation will be carried on.
The shortest segment (vector) is given by the green vector joining the tips of the vectors
x in IR2 and y in IR. We will formally prove that the green vector is orthogonal to the
space IR represented by the horizontal axis on this figure.

B.2

Least square approximation

The context here is that of a general Hilbert H space. Given a subspace V we want to
approximate a vector x in the Hilbert space while living inside the subspace V . If the
vector x lives in V we could perform with zero error, however if x ∈
/ V we would get
errors. This section is about computing that error and finding the best approximation. It
can be shown ((Kreyszig, 1989) Theorem 3.3.1) that if V is complete, there exists a point
y such that the euclidean distance is the least, given the convexity of the subspace V
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Figure 9: Illustration of approximations in the Hilbert space H = IR2 . Here the vector
x in IR2 is approximated by the vector y in V = IR, the subspace corresponding to the
horizontal axis. The error vector z is orthogonal to the space IR and the best solution is
given by the projection (y) of the vector x into the space IR.
that point is unique. We proof that for that point y, the error vector x − y is orthogonal
to V and therefore the solution y = x + (y − x) is obtained by removing the component
of x along the space V ⊥ orthogonal to V . That is by projecting the vector x into the
space V .
The following proof is taken from Kreyszig, (1989) (Lemma 3.3.2). We claim that
the error vector z = x − y is orthogonal to the space V , otherwise it would exist a vector
y 1 in V such that
< z, y1 >= β 6= 0,

(B.6)

Clearly, y 1 6= 0 since otherwise < z, y1 >= 0. Furthermore, for any scalar α,
||z − α y 1 ||2 = < z − αy 1 , z − αy 1 >
= < z, z > −ᾱ < z, y 1 > −α [< y 1 , z > −ᾱ < y 1 , y 1 >]
= ||z||2 − ᾱ β − α[β̄ − ᾱ ||y 1 ||2 ].

37

(B.7)

The expression in the brackets is zero if we choose
β̄
.
||y 21

ᾱ =

(B.8)

so,
||z − α y 1 ||2 = ||z||2 −

|β|2
< ||z||2
< y 1 , y2 >

(B.9)

so that for this election of α we found a smaller error than ||z|| and this contradicts
the fact that ||z|| is the smallest error. So that necessarily the error vector z should be
orthogonal to the space V .
Now if V is closed then H = V ⊕ V ⊥ ((Kreyszig, 1989), Theorem 3.3.4). Here ⊕ is
the direct sum operation that means that each vector in H can be decomposed uniquely
as the sum of y + z with y ∈ V and z ∈ V ⊥ . The mapping
P :

H −→ V

(B.10)

x 7−→ y = P x.
defines P as the orthogonal projection of H into the space V . The vector y is the least
square approximation of x in the subspace V .
We are interested in know how to find least square approximations in the space
of functions given that we have a set of vectors S = {φi }i∈I on that space of functions,
where I is an index set. We assume that the set S spans the subspace V . That is, given a
vector x ∈ H we want to know what is its least square approximation y in the subspace
V , with error z in the orthogonal subspace V ⊥ . We have that
x=y+z

(B.11)

X

(B.12)

and since S spans V then
y=

c i φi .

I

The problem we want to solve is that of finding the coefficients ci , i ∈ I.
We have the following cases, from simplest to most general.
• The set {φi }i∈I is an orthonormal basis for the space V : We take the inner prod38

uct of each φj with x and find
< x, φj >=< y, φj > + < z, φj >,

(B.13)

now since φj ∈ V and z ∈ V ⊥ then the last term on this equation vanishes and we
have
X
X
< x, φj >=
ci < φi , φj >=
ci δij = cj
(B.14)
I

I

so that the coefficients are ci =< x, φi > and the least square approximation y in
V of x ∈ H in terms of the vectors φi is
X
y=
< x, φi > φi .
(B.15)
I

• The set {φi }i∈I is a basis for the space V : That is, the vectors φi are linearly independent. We could carry a Gram–Schmidt orthonormalization to make them
orthonormal and then find the ci ’s using the argument in the previous item. However we follow a different approach suggested in many places (for example,
Unser & Aldroubi ∗ , (1994). We assume that there is a set † of vectors T = {φo i}I
that is biorthonormal with S. That is
< φi , φoj >= δij .

(B.16)

we also assume that this set spans V as well, so that this set is orthogonal to V ⊥
and therefore < z, φoi >= 0. By taking the inner products with φoj we find
< x, φoj >=

X

ci < φi , φoj >=

I

X

ci δij = cj .

(B.17)

I

so,
y=

X

< x, φoi > φi .

(B.18)

I

The link Andrele and Rebollo-Neira ‡ illustrates a recursive algorithm (GramSchmidt type) to find the biorthonormal vectors φoi .
∗

http://bigwww.epfl.ch/publications/unser9405.pdf
We show below how to find such a set
‡
http://www.ncrg.aston.ac.uk/Projects/BiOrthog/latex/sigrep.pdf

†
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What happens when the subspace V is n–finite dimensional?. Here we can rewrite
equation (B.12) as
y = Ac

(B.19)

where A is a matrix whose columns are the vectors φi and c is the vector of coefficients ci . To find c we would like to have another matrix B such that its row
vectors φoi are orhonormal to A, that is
BA = In

(B.20)

where In is the identity matrix in the n–dimensional space. Therefore by multiplying equation (B.19) by B we find
By = BAc = c.

(B.21)

Now since the vectors φi are linearly independent then AT A is invertible, that is
exist AT A such that
(AT A)−1 (AT A) = I

(B.22)

B = (AT A)−1 AT

(B.23)

so that in fact

would do the job. The uniqueness of this matrix is due to the fact that the column
vectors φi of A are linearly independent. This is the well known least square problem
in finite dimensional spaces with full rank matrices (Keener, 1988).
• The set {φi }i∈I is linearly dependent V : That is there are vectors φi that are redundant in spanning the space V . The way to go here is to elliminate those redundant
vectors and go to the previous step. In the case of finite dimensional spaces, after
eliminating redundand vectors the matrix B = A+ is the pseudoinverse operator
(Keener, 1988). The redundancy of vectors defines the null space. Formally the
null space of A is defined as the set of vectors w such that Aw = 0. The dimension
of this space is n − r where n is the dimension of V and r is the rank of the matrix
A. See Scales, page 47 ∗ . Any set (vector) of coefficients c can be changed by
adding an arbitrary vector w in the null space of A and the approximation y would
∗

http://acoustics.mines.edu/ jscales/gp605/snapshot.pdf
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not change since
A(c + w) = Ac + Aw = Ac

(B.24)

the least square pseudo–inverse solution (Keener, 1988) is given by shortest vector
on the solution space (which by the statement at the beginning of this section
should be the only orthogonal vector to the null space (this happens to be convex)
see Figure (9))
In practice when we perform least squares problems we do it with noisy data and
it is difficult to select which vectors are redundant. Therefore statistical tools to
condition the matrix A and reduce the null space are used, Albert Tarantola ∗
(2005)
In signal processing we frequently use sinusoidal basis (Fourier series and transforms) to represent signals. Due to limitations in recording and data processing the data
is sampled so that it is bandlimited. The maximum (Nyquist Frequency) being 1/2 ∆t
for a uniform time sampling rate of ∆t. While the signal resided in a space of possible
very large frequencies (larger than Nyquist) we had to smooth it (antialias) before sampling. The signal is now in a subspace (the signal was projected to the space of vectors
–sinusoidals– with frequencies in a bounded interval) that is a subspace of the original
space of the original signal before sampling. The least square problem here consist in the
reconstruction of the signal within the space of band–limited functions. The Whittaker–
Shannon’s sampling theorem (Whittaker, 1915) shows that inside this smaller space the
signal can be reconstructed exactly by projecting it along the orthonormal basis made
up of sinc functions. This reconstruction is actually interpolation.
Unser and Zerubia † (2005) shows a generalization of the Whittaker–Shannon’s
sampling theorem with no bandlimiting constraints. The idea is to use more general
basis than the sinc functions (wavelets generated from a mother wavelet) and letting
those be in a larger space than the one of band–limited functions.

C

My bookmarks

This appendix illustrates my bookmarks in the internet browser.
∗
†

http://www.ccr.jussieu.fr/tarantola/Files/Professional/SIAM/InverseProblemTheory.pdf
http://www.ccr.jussieu.fr/tarantola/Files/Professional/SIAM/InverseProblemTheory.pdf
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Figure 10: Bookmarks on interpolation
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