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A Linear System with Noisy Output ()

» Several operations in science and engineering need to get back

» a desired signal € RV*!
Z1

T2

TN

1

» from a set of observed data or measured data b € RM*1

by




A Linear System with Noisy Output (cont.)

» based on a modeling matrix or measurement matrix

A € RMXN
ai1 ar2 Q1N
a2 1 a2 - A2 N
A= ) ) . : M
ayi1  ap2 ot aApM N
N
which either

» depends on the model or
» can be chosen beforehand,

where

> M c N1 and
» N e N1><1

are the lengths of

» real-valued output data b and
» real-valued input data x,




A Linear System with Noisy Output (cont.)

respectively.

oy,

Figure 1: A linear system with noisy output.

» In Fig. 1, the linear system can be written as
Ax + (Sb = b,

or, if the perturbation 8y, is negligible, approximately as




Weighted Least Squares
» A weighted least squares (WLS) optimization problem can be
formulated as

N
Twis = arg minz wpr? st. Az =b. (6)
T

n=1

» The Lagrangian function of (6) can be written as

N
f(x,A) = Z wpz? + AT(Az — b), (7)

n=1

where

> X\ € RV*! is the Lagrange multiplier vector, which is also
unknown.




Weighted Least Squares (cont.) ()

» The closed-form solution of (6) by using the Lagrange
multiplier method is given by

Zwis = D' (w)AT(AD Y (w)AT) b, (8)

where
> w c RY*! is the weighting vector, denoted by

and
» (-)~!is the inverse of a square matrix -.




Iteratively Reweighted Least Squares

» An iterative computation was introduced earlier as follows.

Algorithm 1 Iteratively Reweighted Least Squares (IRLS) [1, 2]

Input: A € RM*N b e RMXL pe(0,1], K € 2!
Output: #, € RV*!
Z[0] «+ 1
w[0] 1
€ [0] 1
140
while ¢,.[i] # 0 do
141+ 1
&[i] < min (&:[i — 1], + Lr+1(2[i — 1))
&[i] + D (w[i — 1]) AT (AD (w[i — 1]) AT)
B[]  (&2[i] + &i]1)' 2"
end while
return &[i]

D=0



IRLS with Diagonal Regularization

» Next we let the weight w,, be |Z,[i][P~2, i.e.
wnli] = [n[i] P72, (10)

where

» i is the index of iteration, p is the exponent of an £, norm and
» 3,[i] is the n-th element of #[i] € RV*!, j.e.

2li) = [21[i] @] --- En[d]" (11)

» An alternative optimization for the i-th iteration can be
written in the form of

N
£li] = argmin y [2n[i — 1P} st. Au=b. (12)




IRLS with Diagonal Regularization (cont.) @10

» Following from the same way as (8), one would arrive at

&[] = D¥(j2[i — 1]P2) AT (AD¥ (j2[i — 1]P~2) A7) b,

(13)
where
» the definite reciprocal operator (-)T is defined as
1
sz:{z’ 270, (14)
0, z=0,

> for z € C1*1




IRLS with Diagonal Regularization (cont.)

» We propose an algorithm based on (13) as follows.

Algorithm 2 IRLS with diagonal regularization

Input: A € RM*N p ¢ RMXL 5 € (0,1], Npax € Z}r“, €min €
Ri%1
Output: £, € RVx!
Z[0] «+ 1
10
€z < €min + 1
while ¢; > enin A7 < Npax do
1 1+1
2]i] « D¥(ja[P~2) AT (ADF(|z|-2)AT) 'b

=& [i—1]
. l2[i]—2[i—1]]l2

S ) |
end while

return &[i]




IRLS with Diagonal Regularization (cont.)

» Since &,[i] has a high probability to be nonzero during the
iteration, the definite inverse for the matrix D(|z|P~2) can be

replaced by
D7 (|z|P~2) = D (|z|P~2
(l[P~%) (|2J ) (15)
= D(|[").
» Since the matrix ADT(|2[i — 1]|P"2)AT can be
ill-conditioned, we approximate it by
ADT(|&[i — Hp 2)AT
1 16
( 2li — 1P~ 2)AT+51) , (16)

where

> cc Riﬂ is a small positive constant close to zero.




Numerical Examples
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Figure 2: RMSRE as a function of p for K = 32, M = 128, and N = 256
from Ny = 100,000 independent runs.




Numerical Examples (cont.)
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Figure 3: Elapsed time of computation as a function of p for K = 32,
M =128, and N = 256 from N = 100,000 independent runs.
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Numerical Examples (cont.)

1

Root-Mean-Squared-Relative Error

2
2

10°

|&—oll

EA,wn,supp(wn)-fsb {

107" ¢

—e— T [3.4]
IHT [3, 4] (iitialized by 1.5 [5])
e— RIS [1,2]
—a— IRLS-DR (e =109
£ IRLSDR = 1079 and initalized by @115)
—— RLL[5] y CVXPY [7])

£A,2q,supp(a, ){HA%H%

€5, {15613}
Signal-to-noise ratio (in [dB])

SNR=10log; (

):

Figure 4: RMSRE as a function of SNR for K = 32, M = 128, N = 256,
p=0.9, and epin = =107% from Ng = Ng, = 32, Nyypp(ao) = 32,
Ns, =100, and Nr = NaNgupp(aq)Ns, = 102,400 independent runs.




Numerical Examples (cont.)
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Figure 5: RMSRE as a function of sparsity ratio for M = 128, N = 256,
p = 0.9, SNR ~ 30[dB], and epin = & = 1076 from N = N, = [1X],
Ngupp(ao) = K, Ns, = 100, and Nr = Na Ngupp(ae) Vs, independent
runs.




Conclusion ®eo

» We derive a closed-form solution of the IRLS optimization.

» We resolve an ill condition of a required matrix inverse by
adding the diagonal regularization.

» Numerical results illustrate that

» the error given by the new proposed IRLS method is obviously
lower than that by the conventional IRLS algorithm.

D=0
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Thank you for your attention
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