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Abstract— The quality of a product or process is an
important issue for both customers and producers. The quality
could be defined as a linear relationship between the response
variable (s) and explanatory variable (s), which is called a
linear profile. Another essential concept in quality control is
the adaptation of quality specifications with customers'
standards. The proper tool to measure customers'
specifications is process capability indices (PCls). To find the
PClIs for profiles, the profile parameters should be estimated.
These parameters can be estimated using classic estimators.
However, in the presence of outliers, the classic estimators do
not estimate the parameters accurately. Therefore, the
performance of the classic indices using classic estimators is
appropriate only in the absence of contamination. In this
research, robust estimate methods such as M-estimator and
LR-weighted MCD estimators are used to propose robust PCIs
for multivariate linear profiles. The proposed robust indices
include C;,;, and MC,. for a multivariate linear model. The
performance of the proposed robust PClIs is compared with the
classic PClIs in the absence and presence of contamination. The
result of simulation studies shows that robust PCIs perform
better than classic PCIs in the presence of outliers. In the
absence of contamination, the robust PCIs perform as
accurately as classic PCIs. The proposed PCIs using LR-
weighted MCD outperform the M-estimator method in all
considered contamination scenarios.

I. INTRODUCTION

The quality of a product or process defines by a linear
relationship between the explanatory variable(s) and the
response variable(s). This relationship is called a “Profile”.
Kang and Albin introduced the profile concept in the study
in which they proposed two methods for monitoring simple
linear profiles in phase II [1]. The process capability index
is another quality control concept that quantifies product or
process performance and measures  customers’
specifications. Many PClIs are investigated to evaluate this
adaptation. PCIs help to specify whether a process is in
statistical control or not. Many univariate process capability
indices are proposed. Multivariate process capability indices
are investigated for processes with multiple correlated
quality specifications. The first step in calculating PCIs is to
estimate the unknown parameters of the model. However,
the classic estimators do not perform accurately in the
presence of outliers. Outliers are those observations that do
not have the same distribution in comparison to other
observations normal and can cause contamination in the
data. To overcome this problem, robust estimators are
introduced which are not affected by the outliers and are
robust in the presence of contaminations. The parameters of
the profile model are usually estimated using classic
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estimators. The classic estimators are not robust when there
are outliers in the data. To overcome this problem, robust
estimators are used which are not affected by the outliers
and can estimate the parameters accurately. Ebadi and
Shahriari proposed a robust method to estimate the
parameters in a simple linear profile and compared the
performance of robust estimators with classic methods in
presence of outliers [2]. Kordestani et al used three robust
methods to estimate the parameters of multivariate simple
linear profiles in two stages [3]. Hassanvand et al used two
robust methods, M-estimator including Huber's and
Bisquare to estimate the process parameters with different
autocorrelation rates across the stages of two-stage process
in simple linear profiles [4]. Mahpouya et al designed a
multivariate robust T? control chart based on a bootstrap re-
sampling technique and robust estimators in the presence of
outliers [5]. Kang et al, Rabbani et al, and Sedaghat et al in
separate studies, consider novel optimization schemes
which can be used in minimizing the loss function in
estimating the profile parameters [6],[7],[8]. Ahmadi and
Shahriari introduced a robust control chart for simple linear
profiles [9]. Based on the robust estimates they got in phase
I monitoring of the simple linear profile, they constructed a
control chart that can detect the shifts much quicker than the
classic control charts. Khatibi and Dezyani used a
regression-based model in machine learning and CNN to
analyze the medical video frames [10]. Navazi et al used
regression models to investigate the effect of stay-home
orders during the Covid-19 pandemic [11]. Saraei et al
applied the statistical analysis method in the system
parameters to find the most optimum factor of an experiment
[12].

The process capability indices are obtained using
parameter estimates based on different estimation methods.
Wang and Chen used principal components analysis (PCA)
to derive the process capability index based on the
multivariate normal processes data [13]. Sarrafian and
Shahriari proposed a process capability index for the simple
linear profile [14]. Niavarani et al presented three PCIs for
the multivariate environment [15]. Two new PCIs is
proposed that estimate process performance for simple
linear profiles [16]. Parameters in this study are estimated
by the least squares (LS) estimator which is sensitive to the
presence of outliers. Ebadi and Amiri proposed three PCIs
for a Multivariate simple linear profile [17]. They also
employed principal component analysis to propose their
new PCI. Their proposed PCIs for a multivariate simple
linear profile failed to estimate the capability of the process
in presence of outliers as parameters are all estimated by
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classic methods. Karimi Ghartemani et al utilized a
multivariate PCI vector to estimate process capability
indices in simple linear profiles [18]. Mehri et al introduced
two robust capability indices for multiple linear profiles
[19]. Their proposed robust PCIs are calculated using the M-
estimator and Fast-t estimator to estimate parameters in
multiple linear profiles in presence of outliers. The
performance of the proposed robust indices is much better
than classic indices.

In this research, the robust process capability indices for
multivariate simple linear profiles are introduced. To the
best of our knowledge, no research has been done to
determine the process capability performance in
multivariate linear profiles in presence of outliers.
Therefore, in this study, we investigate the parameters of
multivariate linear profiles using robust estimators, M-
estimator and LR-Weighted MCD, and defined robust PCIs
for these types of profiles.

The rest of the paper is structured as follows: In Section
2, the robust estimation methods are introduced briefly. In
Section 3, three robust principal components are proposed.
In Section 4, simulation studies are analyzed. Conclusions
and future works are discussed in Section 5.

II. ROBUST ESTIMATION OF MULTIVARIATE SIMPLE
LINEAR PROFILES

A multivariate simple linear profile characterizes the
quality of a process by a multivariate regression model
consisting of an explanatory variable and some correlated
response variables. M samples of size n fixed-value
explanatory variables are available [20]. For each value of
the explanatory variable, p corresponding response values
are recorded. The multivariate linear profile can be defined
as (1):

Yk:XkBk+Ek KZl,Z,....,m (1)

T- .
where, Y, =(Y,,,Yo,--->Y,) 1S an nxp matrix of the response

variables for the kthsample, and X, =[1 x, ]is an nx2 matrix
of the explanatory variables. For simplicity, we consider
fixed values for the explanatory variables, and we take the
same set of values for each sample. Bk:([im(,[i”()Tis a2xp
matrix of the model parameters. E,=(e;y.€y,.. .,enk)Tis nxp
matrix of error terms for the kthsample and the vector of
regression errors at each point e;, follows a p-variate
Normal distribution with a mean vector 0 and pxp variance-
covariance matrix ), . The variance-covariance matrix of
the error terms is defined as (2), where o; represents the

. -th -th
covariance between i and j error vector terms at each
observation.
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A.  M-estimator

M-estimator proposed by Huber; in this method, a
function of the error is substituted with the squared of errors
in the least squares method [21]. With this replacement, the
effect of outliers will be nullified when estimating the model
parameters. The parameters are obtained by minimizing the

3),
min Y2, p (%) =min Y, p( YITXIB) 3)

where p is a function from a family of Huber or Bisquare
functions, S is the robust estimate of ¢ and e is the residual.
Equation (4) is used to calculate S:

_ median |e;-median(e;)|
0.6745

According to Kudraszow and Maronna in a multivariate
linear profile, due to the correlation between response
variables, Mahalanobis norms of the residuals are replaced
by univariate residuals [22]. In this case, for matrixes
BeR”*  and £3RY* | Mahalanobis norm of residuals is
calculated as:

4)

S

d;(B,2)=(ii;(B)" ! ﬁi(B))% (5)

where, @;(B)=y.-B"x;. Therefore, estimating parameters of
multivariate linear profiles can be obtained as follows:

1
2
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Values of (B) and (X) are obtained by calculating the
derivatives of (6) with respect to the coefficient and
covariance matrices. Then, the Iteratively reweighted least
squares (IRLS) method is used to achieve solutions to the
optimization problem.

B. Minimum Covariance Determinant (MCD) Regression

The LR-Weighted MCD estimator is a robust estimator
that can be used to estimate the parameters of a multivariate
linear regression model in the presence of outliers [23]. The
algorithm consists of two steps.

e Step 1: Estimation of the Location Vector (L)

The MCD estimator is obtained by minimizing the
determinant of the covariance matrix subject to a
constraint on the number of data points used in the
estimation. The MCD estimator is given by:

fi=median (Y )+ ¢, mad(Y,) , K=1,2,....m (8)

size n, and mad (Yy) is the median absolute
deviation of the m samples. The constant ¢, depends
on the dimension of the data and the breakdown



point of the estimator, which determines the
proportion of outliers that can be accommodated.
e Step 2: Estimation of the Regression
Parameters
The regression parameters are estimated using
a weighted linear regression model. The weights
are determined based on the Mahalanobis distance
of each observation to the estimated location
vector. According to Maronna et al, The
Mahalanobis distance is a measure of the distance
between a point and a distribution, taking into
account the covariance structure of the
distribution [24]. The weighted linear regression
model is given by:

Y- =X Byt e 9)

where e, is the n X p matrix of the regression errors.
The weights are given by:
-2/(p+1)
. R (10)
U n d'z/ (pt1)
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where d;; is the Mahalanobis distance between the i
observation and the estimated location vector, and the
sum in the denominator is taken over all n observations.
The regression parameters are estimated by minimizing
the weighted sum of squares:

_ 1 R
Bi=(XkWiXy) Xk Wi(Yi-f) an

where Wy is the nxn diagonal matrix of weights. The
LR-Weighted MCD estimator combines the robustness
of the MCD estimator with the efficiency of the
weighted regression model to provide a robust and
efficient estimator of the location vector and regression
parameters.

III. PROPOSED METHODS

A. Proposed Robust Capability Indices Based On the
First Component of the Capability Vector

Shahriari et al proposed a three-component vector of
multivariate process capability indices [Cpy, PV, LI] [25].
Ebadi and Amiri developed the multivariate process
capability vector into a multivariate linear profile [17]. In
the current research, robust estimators are used to estimate
parameters to evaluate the robust PCIs. So, the M-estimator
and fast LR-Weighted MCD are utilized to estimate the
profile parameters. The first vector of the proposed process
capability for the i=1,2,...,n and j=1,2,...,p is defined as:

1
GBIt = (12)
I, I (UPL;-LPLy)

where USL;; and LSL;; are upper and lower specification
limits for the i™ level of the jth response variable. UPL;; and

LFPVLU are modified process regions, which are simplified by
Hérdle and Simar in (13) [26].

—_— f CI) 5~ 2 <2
UPLij:HijJr XapGij ) LPLI]:HU - Xapcij (13)
where ﬂij and 6% are the robust estimates of the mean and

variance for the i'" level of the j®the response variable,
respectively.

B. Robust Process Capability Indices Based on
Principal Component Analysis

The PCI based on the principal component analysis was
proposed by [13]. In this method, a set of correlated response
variables is reduced to a set of linear combinations of
uncorrelated variables. By recognizing variables, those retain
a long portion of the information contained in the original set
of data (approximately 80-90% of the observations). This
method reduces the initial P response variables to the q
principal components. The new components resulting from a
dimension reduction are considered new response variables,
and new relationships between these response variables and
independent variables are generated. Therefore, q Principal
components will be considered in the further analysis.
According to [17] the process capability index for the
multivariate linear profile can be estimated by the PCA
method, however, their proposed PCI is not robust in the
presence of outliers. Hence, in this research, the robust
process capability index based on the PCA method is
calculated by using eigenvalue (1;, 1, ..., 1) and eigenvector

(), €,..., &) of the variance-covariance matrix . as
follows:

1
g = (TP & an
MCPC’( =1 i Cp;pcij) (14)
where q is the number of principal components that retain
80-90% of variability, and Cp;pcij is a univariate process

capability for the i™ level of a j™ PC.

~ _ USchij —LSchij ( 1 5)
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where §,; is a robust estimate of the variance-covariance

matrix. Upper and lower specification limits calculate as:
2 _.T
Spcj*ej SeJ (16)
USL,¢j=¢{ USL; , LSL,=¢{LSL; (17)

Same as the Cpy PCI, the M-estimator, and fast LR-
Weighted MCD is used to estimate the profile parameters in
this PCI as well.

C. Efficiency of the Estimators

In this research, the efficiency of the estimators (M-
estimator and LR-Weighted MCD) is evaluated. Efficiency
means the closeness of an estimator to the intended
parameter. To find the efficiency, Euclidean norm, and
Condition number are used for each estimator. According to
[24] to calculate the closeness of the variance-covariance
matrix (2) to its actual value (X,), Euclidean norm is defined
in (20):



Norm(E-Z)=||=-Z || (20)

Also, the second efficiency estimator that examines the
closeness of the variance-covariance matrix () to its actual
value (%), by the condition number that is defined as (21):

. MG
Cond()= ﬁ 1)

where, A and A, are the largest and smallest eigenvalues,
respectively. As much as the result of (20) and (21) are
smaller, the estimator’s performance is better.

IV. SIMULATION STUDIES

In this section, the regression model parameters and
proposed PCI by the classic and robust estimators in the
presence and absence of outliers are simulated. The model
presented by [20] is utilized in this simulation. The proposed
model is as follows:

Y, =3+2x+e, , Y,=2+1xte, (22)

where x; values are [1,2, 3,...,10] and the error terms vector
(¢1,&,) 1s a bivariate Normal random vector with mean
vector Zero and known covariance matrix
L= [ 61 0105p
0102pP 03
c3=1andp=0.5.

]. Also, for the sake of simplicity, 67 =

In each simulation run, m = 20 profiles are generated. To
consider the results in the presence of outliers, the
simulations are conducted under the four following scenarios
to estimate and compare the proposed PCls.

e Absence of contamination

e Presence of contamination in error terms
variance-covariance matrix

e Presence of contamination and shift in error  terms
matrix of the mean

e Presence of contamination and shift in both intercept
and slope simultaneously

The above scenarios are compared under different
percentages of outliers in data. The contamination
percentages are assumed 0.05, 0.1, 0.15, and 0.2. It means
that in each profile, 100% of observations include outliers,
and (1- 8)100% of the observations follow the profile model.
In 1000 simulation runs, the multivariate linear profile
parameters are estimated based on classic, M-estimator, and
LR-Weighted MCD in the absence of contamination. As it is
shown in Table I, all estimators perform similarly and close
to their actual values in the absence of contamination. Small
Cond(X) shows the efficiency of each estimator. In the
second scenario, the performance of estimators is compared
in the presence of contamination in error terms variance-
covariance matrix. In this situation, 8100% of observations
of each profile have error terms that follow Normal
distribution, NID((0,0),%5), and (1- 8)100% of observations
follow the considered profile model. In this case, §100% of

Table .  Comparison of robust and classic estimates of model
parameters in the absence of contamination

Estimators By ﬁlz fiu ﬁzz 2z Cond(%)
0847 0476
M 298 200 199 099 [0 040 3013
LR-
weighted 295 200 200 099 g:’ég g;‘gg] 2.967
MCD : :
. 1.0094 0,502
Classic 297 201 199 099 [\%%% 0399 3036
Actual 3 2 2 2 [015 Of] 3

observation error term variance-covariance is 3=%,+%, that

2; 2x and A=1,2,4,6,8 . In figure I,

the classic and robust estimators of variance-covariance
matrix are compared based on the different contamination
percentages and the norm of variance-covariance matrix
error terms. The figure shows by increasing the
contamination percentage and norm of the variance-
covariance matrix error terms, the classic estimator is
affected by the contamination drastically, while the two
robust estimators are less affected by contamination even in
the large contamination percentages. Also, the results of
simulation studies for the third and fourth scenarios are
similar to the second scenario. In the following, the
performance of proposed robust PCIs is investigated for the
first and second scenarios. In this simulation study, the
specification limits for different levels of the independent
variable are considered as (23):

contaminated by X,= [

USLU:XB + 4 5 LSLU:XB - 4 (23)
1 1
where, B= B ﬂ , X= 1 2 . The actual PCI is calculated
1 10

based on the actual parameter values of the profile model.
The actual value of PCIs helps to compare the performance
and accuracy of proposed robust and classic indices. As
presented in Table II, the classic PCI has a better
performance and is closer to the actual values than the robust
PCIs. The simulation studies' results for scenarios two to four
were alike, so only the second scenario's findings are
discussed here.

Table II. Comparison of the robust and classic process capability indices
in the absence of contamination

Estimators épm Mepc NMC,,,,,
M 1.2329 1.1487 1.5440
LR-weighted
MCD 1.3508 1.2569 1.6934
Classic 1.2865 1.1939 1.6176
Actual 1.2288 1.1630 1.5396
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Figure. 1. comparison of the classic and robust estimators in different
contamination and norm of variance-covariance matrix error terms of
outliers

Considering 6 100% contamination and different error terms
variance-covariance values of outliers (Z;), the robust, and
classic process capability indices are presented in Tables II1
and IV. In Table III, by increasing the contamination
percentage and the norm of error term variance-covariance
of outliers, the classic Cpy; is affected by the outliers and its
values are much less than the actual values. However, two
robust Cp,, indices using the M-estimator and LR- Weighted
MCD estimate much closer to the actual values and less
affected by the outliers. Table III's results shown in Figure 2.
Table III.  Comparison of the robust and classic process capability ¢ pyin

the presence of the §100% NID((0,0),Z5) contamination in error terms
variance-covariance matrix

Estimators classic M LR-weighted MCD

o norm(Z;) Com Com Com
3.16 1.1835  1.3159 1.2792

6.32 1.1268  1.2924 1.2642

0.05 12.64 1.0754  1.3008 1.2723
18.97 1.0368  1.3251 1.2957

25.29 0.8954  1.3019 1.2781

3.16 1.1590  1.2977 1.2646

6.32 1.0493 1.2440 1.2380

0.10 12.64 09158  1.2261 1.2483
18.97 0.7993 1.2243 1.2306

25.29 0.7716 ~ 1.2333 1.2643

3.16 1.0915  1.2337 1.2268

6.32 0.9830  1.1748 1.1893

0.15 12.64 0.8572  1.1807 1.2226
18.97 0.7778  1.1670 1.2271

25.29 0.6494  1.1795 1.2346

3.16 1.0452 1.1921 1.1777

6.32 09217  1.1509 1.1891

0.20 12.64 0.7617  1.1171 1.1959
18.97 0.6638  1.1118 1.2011

25.29 0.6222  1.0947 1.1829
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Figure. 2. comparison of the robust Cp,, indices and classic Cp), index
based on the presence of contamination in error terms variance-covariance
matrix

Proposed robust process capability indices are more accurate
and perform closer to actual values than the classic index,
even with different levels of contamination. Table IV
presents simulation results for estimated process capability
using the multivariate capability vector and PCA method,
varying X5 and contamination percentages. The proposed
process capability index, MC,,, using LR-Weighted MCD
performs better than MCPC using M-estimator in higher
contamination percentages and large values of norm(Z;).
Figure 3 compares robust and classic Mépc indices'
performance based on error term contamination in the
variance-covariance matrix.

Table IV. Comparison of the robust and classic process capability M 5pcin
the presence of the §100% NID((0,0), £5) contamination in the error terms
variance-covariance matrix

Estimators classic M LR-weighted MCD

] norm(%;) | MC,. | MC, MC,,
1.4950 1.6646  1.6150 1.4950

1.4257 1.6243  1.5845 1.4257

0.05 1.3152 1.6199  1.5888 1.3152
1.2652 1.6248  1.5921 1.2652

1.1938 1.6282  1.5988 1.1938

1.4200 1.5977  1.5551 1.4200

1.3014 1.5414  1.5455 1.3014

0.10 1.1591 1.5197  1.5402 1.1591
1.0510 1.5459  1.5626 1.0510

0.9882 1.5628  1.5705 0.9882

1.3768 1.5582  1.5327 1.3768

1.2217 14718  1.5037 1.2217

0.15 1.0578 14608  1.5346 1.0578
0.9618 1.4493  1.5215 0.9618

0.8741 1.4995  1.5784 0.8741

1.3123 1.4945  1.4746 1.3123

1.1658 14223 14519 1.1658

0.20 0.9740 1.3840  1.4801 0.9740
0.8727 1.3860  1.5081 0.8727

1.4950 1.6646  1.6150 1.4950
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Figure. 3. Comparison of the robust M C,,. indices, and classic MC,.
based on the presence of contamination in the error terms variance-
covariance matrix

V. Conclusion

In this research, Multivariate linear profiles were
evaluated in presence of the outliers. To estimate the
parameters of this type of profile, a classic method (Least
squares) and two robust estimators, (M-estimator and LR-
Weighted MCD) were compared by using simulation studies.
Simulation results show that all three methods estimated the
parameters very close to the actual value in absence of
outliers, however, in presence of outliers in error terms
variance-covariance matrix, as the percentages in
contamination and shift in error term variance-covariance
increased, the classic method was affected by the outliers,
and the robust methods outperformed the classic method.
Two robust process capability indices for multivariate linear
profiles were proposed. Using the simulation studies, the
performance of these PCls was investigated. Both robust and
classic PCIs were estimated close to their actual values in the
absence of outliers. However, in the presence of outliers, the
classic PCI was affected by the contamination and its
performance was not close to the actual value. on the
contrary, the robust PClIs still performed well in the presence
of contaminations. According to the results of the simulation,
the proposed process capability indices using LR-Weighted
MCD estimators performed better than the process capability
indices using the M-estimator in different percentages of
contamination as well as different error terms variance-
covariance values of outliers. Proposing robust process
capability indices for multivariate multiple profiles is an
issue for the future research.
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