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Abstract—The time dependent viscoelastic properties such 

as creep and stress relaxation are very important properties to 

be considered when designing with viscoelastic materials 

working at high temperature or extreme conditions. Mechanical 

models consisting of springs and dashpots are used to model 

these time dependent properties. Determining these models is 

done by fitting a Prony series to experimental creep or stress 

relaxation data. Most of the Finite Element Analysis softwares 

that are capable of viscoelastic modeling also uses Prony series 

to characterize such a material. Therefore, it is useful to have a 

fast, simple, and mathematically less cumbersome method to fit 

such a Prony series. The novel method introduced in this paper 

can be used to fit a short Prony series and makes the process 

much simpler and faster. 
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I. INTRODUCTION 

Most of the engineering materials are considered to be either 
viscoelastic or viscoplastic due to their time-dependent nature 
of mechanical properties[1]. Viscoelastic properties of 
materials play an important role in defining their mechanical 
properties. Thermoplastic polymers are generally considered 
to be viscoelastic rather than purely elastic. Viscoelasticity 
greatly depends on the temperature, stress and strain rate etc. 
[2][3]. Therefore, under extreme conditions even metals 
which are commonly considered to be elastic also can show 
significant viscoelastic properties. Polymers above the glass 
transition temperature also shows significant viscoelastic 
properties [4]. 

 When materials go through processing and fabrications 
they are often subjected to extreme conditions where drastic 
viscoelastic responses appear. These properties have to be 
considered when it comes to deciding process parameters. 
Therefore, viscoelastic modeling is a crucial step for these 
decision making [5]. The common practice is to use Finite 
element analysis (FEA) integrated to the design phase to 
analyze the stress strain responses of components. Most of 
these FEA packages require a mechanical model to be 
determined by the user for viscoelastic analysis. These 
mechanical models can either be simple maxwell models or 
complex generalized maxwell models [6]. The common 
practice to model a material with a chosen mechanical model 
is to perform a creep or a stress relaxation experiment and fit 
the experimental data to a Prony series. For this purpose, 

creep experiments are used in practice more than relaxation 
experiments as it is easy to maintain a constant stress than to 
a constant strain in the specimen[7]. 

 In order to fit time domain data to a Prony series, many 
methods have been used throughout the literature [8] such as 
Procedure X method [9], the collocation method [10] , and 
the multidata method [11]. The approach used in the multi 
data method is attractive in the way that it uses a simple linear 
regression to determine the fitting influence coefficients. A 
set of retardation or relaxation times are predetermined and 
often they are chosen to be in one-logarithmic-decade apart. 
Nevertheless, this method could result in negative influence 
coefficients. The unreliability of predetermining retardation 
times promotes negative influence coefficients being 
returned from above mentioned methods [12]. 

To get rid of such complications, J. F. Clauser and W. A. 
Knauss proposed a method for determining the spectrum 
from time domain data set by regularizing the solution via the 
spectrum curvature. This approach led to reasonably smooth 
spectra for modulus functions [13]. Emri and Tschoegl have 
suggested to eliminate negative Prony coefficients by 
employing windowing methods to fit time-domain data [14] 
[15], which requires positive coefficients. However, figuring 
out the minimum number of best fitting retardation time set 
get biased with experience and expertise. On the other hand, 
algorithms which are capable of optimizing both the 
retardation times and influence coefficients are 
mathematically cumbersome and time consuming [16] [17]. 

Therefore, this study was done in order to develop an 
algorithm which is simple, straight forward and can be used 
to truncate the Prony series such that it contains a minimum 
number of exponents and enforces positive influence 
coefficients from least squares schemes. The developed 
algorithm provides a reliable and simple method to evaluate 
the most influential retardation times to fit a short Prony 
series. The idea behind this algorithm is that the creep or 
relaxation test data themselves reflects the most influential 
retardation times necessary to fit a short Prony series with a 
desired accuracy.  

II. THEORITICAL BACKGROUND 

Creep compliance for viscoelasticity is modeled with a 
Prony series as  



  ���� � �� � ∑ �	�1 � ��/����
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��  is the glassy compliance, �	  is the influence 
coefficient or retardation strength and �	  is the retardation 
time. Creep without the glass compliance can be expressed 
using a sum of exponential components as 

  ∑ �	�1 � ��/����
	��   (2) 

 Both the influence coefficients �	  and the retardation 
times �	  are unknown parameters that are to be evaluated. 
Predetermination of retardation times makes the above 
evaluation much simpler by resulting in a linear set of 
equations to be solved to evaluate the influence coefficients. 
Usually in this method a relatively long Prony series model 
is pre-determined using a finite set of retardation times which 
are usually homogenously spread in the logarithmic time 
scale. (10s, 100s, 1000s, 10000s, 100000s etc.). Assume that 
this series can be approximated by a discrete finite number of 
exponential components which have retardation times that 
sparsely populate the time domain of the experiment. For an 
example, consider a distribution of retardation times with one 
in every decade of time. The differentiation of the creep 
compliance is 
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Each exponential component in the above series has a 
time period where it’s contribution to the total sum becomes 
significantly greater than those of others. Inside these time 
periods we can assume 
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When natural logarithm was taken in those time periods 
it can be approximated as 

  ln �� � �
�

��
� �  (5) 

where � is a constant. Therefore, the above logarithmic 
distribution becomes linear in those respective time intervals. 
This logarithmic distribution is then subjected to piecewise 
linearly regression. The set of retardation times to be used in 
the Prony series is approximated using the discrete set of 
gradients found in the piecewise linear regression. Finally, 
the resulting set of linear equations is solved using a least 
squares scheme with the experimental data in order to fit the 
respective influence coefficients. Flow diagram in Fig 1 
illustrates a simplified version of the algorithm. 

III. EXPERIMENT 

To test the suggested algorithm and to fit a short Prony 
series for a given strain response of a creep experiment, both 
experimental and generated strain data were used. Creep 
experiments were performed for a thin layer of Polyether 
ether ketone (PEEK) of 25 microns thick, 5 mm wide and 25 
mm in length.  A constant stress of 10 MPa was applied on 
the sample. Strain was recorded for 1700 seconds. For further 
evaluation of the algorithm three data sets were generated 
with following two sets of retardation times (6000s ,6200s 
,6300s) and (200s, 6200s, 32000s) and the third set of data 
was generated using a Prony series that comprises of a 

sequence of retardation times ranging from 500 s – 30000 s 
with a step of 10 s.  

 

 
Fig.  1.  Flow diagram of the algorithm 

 

IV. RESULTS 

A. Experiment 1 

 
Using the experimental strain data, the numerical 

derivative was first calculated. This step amplifies the noise 
present in the strain data. However, the noise can be kept to a 
minimum using appropriate smoothing schemes. Then 
natural logarithm of those points was taken, and Piecewise 
linear regression was performed to figure out the minimum  



 
Fig.  2. Experimental (black colour) and predicted (red colour) creep of 
experiment 1. 

 
Fig.  3. Piecewise linear regression of experiment 1.  

number of straight lines required to fit the distribution 
reasonably (See Fig. 2 and Fig. 3). The inverse of the 
gradients of these two lines were approximated as the 
retardation times and were then used to fit an appropriate 
short Prony series. The predicted Prony series was as follows 

 ���� � 0.000145�1 � �#.#�$%�� � 0.000092�1 � �#.##��(��(6) 

The Rsquared of the fit was 0.997 
 

B. Experiment 2 

 
The Prony series used to generate the strain data is as 

follows (7). The three retardation times are relatively close to 
one another, and the respective influence coefficients are also 
closely spaced.  

 ���� � 3�1 � ��/+###� � 5�1 � ��/+(##� � 6�1 � ��/+$##�(7) 

The algorithm resulted in one retardation time to be used 
in the Prony series. The gradients of the straight line used in 
the peicewise linear regression was 0.0001631  which in 
return gives a retardation time of 6131.207 -. The resulted 
prony series was  

 
Fig.  4. Experimental (black colour) and predicted (red colour) creep of 
experiment 2. 

 
Fig.  5. Piecewise linear regression of experiment 2. 

���� � 13.93988�1 � �#.###�+$���   (8) 
 

The  Rsquared of the fit was 0.99994.  
 

C. Experiment 3 

 
The Prony series used to generate the strain data is as follows 
(9). The three retardation times are well separated in the time 
domain. The respective influence coefficients are closely 
spaced. 

 ���� � 3�1 � ���/200� � 5�1 � ���/6200� � 6�1 � ���/32000� (9) 

The piece wise linear regression of the logarithm distribution 
is showed in Fig. 7. The three retardation times predicted 
were 317.5712-, 8274.3099-, 87510.5012-  
The resulting Prony series is as follows  

 ���� � 3.2878�1 � �#.##$�01�� � 6.4842�1 � �#.###�(#1�� �
6.9021�1 � �#.####��0(��  (10) 

The Rsquared of the fit was 0.9998. 
 



D. Experiment 4 

 
For the fourth experiment the retardation times chosen to 

generate the creep data are a sequence from 500 s to 30000 s 
by a step of 10 s. The generated creep curve is extremely 
smooth. The gradients predicted were 0.00029624, 
0.00012613, 0.000027906. The fitted prony series 

 ���� � 29.19�1 � �#.###(2+(0�� � 42.77�1 � �#.###�(+�$3� �
96.99�1 � �#.####(%2#+3�  (11) 

The Rsquared of the fit was 0.9999. 
 

 
Fig.  6. Experimental (black colour) and predicted (red colour) creep of 
experiment 3. 

 
Fig.  7. Piecewise linear regression of experiment 3. 

 
Fig.  8. Experimental (black colour) and predicted (red colour) creep of 
experiment 4. 

 

 
Fig.  9. Piecewise linear regression of experiment 4. 

 
TABLE 1. RETARDATION TIMES AND INFLUENCED 
COEFFICIENTS USED IN DATA GENERATION AND PREDICTED BY 
DEVELOPED ALGORITHM 

Exp 

No. 

Data generation Algorithm prediction 

COD 

Retardation 

times 

Influence 

coefficients 

Retardation 

times 

Influence 

coefficients 

1 - - 
72.78 0.0001449 

0.9997 
888.888 0.0000917 

2 
6000 3 

6131.207 13.974 0.9999 6200 5 
6300 6 

3 
200 3 317.571 3.287 

0.9998 6200 5 8274.309 6.4842 
32000 6 87510.50 6.9021 

4 500-30000 0.1-1 
3375.641 29.193 

0.9999 7928.327 42.775 
35834.587 96.995 

 

V. DISSCUSION 

The first experimental data set was obtained by 
performing creep experiments on a thin talc filled PEEK 
composite. The constant applied stress was 10 MPa and was 
well within the linear viscoelastic region of the composite. 
The creep behavior of the composite reveals that the 
composite is a viscoelastic solid [18].  The retardation times 
approximated by the algorithm were 72.78s, 888.888s and the 
respective influence coefficients are approximately equal. It 
reflects the fact that this composite has a creep behavior 
which spreads over three hours. The second experiment was 
done by generating data using a source function and a random 
noise. the source function was a Prony series with three 
discrete retardation times that are closely spaced. The 
algorithm predicted one retardation time which was close to 
the ones used in the source function.  

The third source function has three retardation times 
which are well separated in the time domain. The retardation 
times and the influence coefficients predicted by the 
algorithm are fairly close to the ones used in the source 
function despite the fact that the last retardation time which 
returned a prediction that is more than twice what has been 
used in the source function. The fourth source function used 
a sequence of retardation times ranging from 500s to 30000s 



in 10s steps with influence coefficients taking random real 
numbers from 0.1-1. The algorithm predicted three 
retardation times to be used and the resulting Prony series 
represented the experimental data well with a Rsquared value 
above 0.999. These four experiments reflect the fact that the 
algorithm can be used to successfully model creep/ stress 
relaxation of all kinds of viscoelastic materials with the 
shortest possible Prony series.  

Discrete retardation time method [19] that is used to fit a 
Prony series is a fast and a simple way to determine the 
influence coefficients of a Prony series when the retardation 
times are given [20]. However, the major shortcoming of this 
method is predetermining the retardation times which often 
depends on the experience and often performed in a trial-and-
error approach. Since the discrete retardation time method 
only relies on a linear regression it can easily be programmed 
using most of the programming language which contain very 
efficient regressing schemes. This algorithm allows the users 
to predetermine the most critical retardation times needed to 
fit a Prony series and later to be used in linear regression. One 
critical advantage of this method is by using retardation times 
predicted by the developed algorithm, the influence 
coefficients predicted by the linear regression becomes 
positive even without any pre-smoothing or regularization of 
the data. Due to above reasons this method is very effective 
and efficient in fitting a short Prony series.  

The first experiment was conducted to test the algorithm 
against real world data. the modeled Prony series contains 
three components with relatively close influence coefficients. 
The goodness of fit was as high as one could expect from a 
linear regression against a data set with a high level of noise. 
Rest of the three experiments done using generated data sets. 
The creep behaviors used in data generation are exotic and 
tests the ruggedness of the algorithm against different kind of 
creep behaviors. The ideal solution would be recovering the 
same influence coefficients and retardation times as of the 
source function. However, the inverse problem associated 
with Prony series fitting is ill defined and therefore not 
guaranteed to predict the same set of parameters. The focus 
of this algorithm is to determine the shortest Prony series that 
fits the data to a specified accuracy.  

The second experimental data set has a smooth creep 
behavior in the sense that the source function has closely 
spaced retardation times. The first retardation time predicted 
by the algorithm is not far off from the average of retardation 
times in the source function. The algorithm is capable of not 
only figuring out the least number exponential components 
but also figuring out them in an intuitively sound manner. The 
third data set was created to test the algorithm against a creep 
behavior that is described by discrete retardation times that 
are widespread. First two retardation times predicted by the 
algorithm are close to their source function counter parts. 
However, the third predicted retardation time was higher. 
Despite of that the goodness of fit was really high. The fourth 
experiment was performed to test the algorithm against a 
creep behavior represented by a long sequence of retardation 
times. The resulting creep curve was representative of a 
highly viscoelastic material [21].  

If the linear regression was performed with randomly 
chosen retardation times without any constraints, it is 
possible the influence coefficients to be negative which is 
physically meaningless. On the other hand, constraints could 
make regular regression schemes unstable. One of the main 

advantages in this algorithm is it greatly reduces the 
possibility of negative influence coefficients being returned. 
It also allows one to truncate the Prony series to a minimum 
necessary number of components. This could benefit in 
saving computational power and time. Since the derivative of 
both Prony series of creep compliance and the stress 
relaxation is of the same form this method can also be used 
to fit stress relaxation Prony series. 

VI. CONCLUSION 

Viscoelastic modeling is crucial and necessary when 
working with relatively highly viscoelastic materials such as 
polymers and rubbers. Under extreme conditions even highly 
elastic materials such as metals start to show significant 
viscoelastic properties. Thus, not accounting for the time 
dependent mechanical properties in design could result in 
failure before reaching the expected lifetime. 

 A Prony series is a mathematical representation of a 
spring and dashpot model and describes how the material 
creeps or relaxes with time. Fitting the Prony series using 
creep experimental data can be a cumbersome task. The 
algorithm proposed in the paper simplifies the process by first 
determining the most influential retardation times and then 
determining the relevant retardation times. The proposed 
method was tested using both real experimental and 
generated data covering different types of creep behaviors.  
According to the results, the method is capable of producing 
the shortest Prony series and resulting in better computational 
efficiency.  
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